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Abstract

Inference of topological and geometric attributes of a Bidchanifold from its point data is a funda-
mental problem arising in many scientific studies and eraging applications. In this paper we present
an algorithm to compute a set of loops from a point data whiggr@ximates ahortestasis of the one
dimensional homology grouid, (M) of the sampled manifold/. Previous results addressed the issue
of computing the rank of the homology groups from point datg,there is no result on approximating
the shortest basis of a manifold from its point sample. livieng our result, we also present a polynomial
time algorithm for computing a shortest basisHaf(XC) for any finite simplicial compleXC embedded
in Euclidean space.
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1 Introduction

Inference of unknown structures from point data is a fundgaieproblem in many areas of science and
engineering that has motivated wide spread researCh|[13121/ 22, 2B]. Typically, this data is assumed to
be sampled from a manifold sitting in a high dimensional spabose geometric and topological properties
are to be derived from the data. In this work, we are partibuliaterested in computing a set of loops
from data which not only captures the topology but is alsoraveéithe geometry of the sampled manifold.
Specifically, we aim to approximate a shortest basis for treedimensional homology group from the data.

Recently, a few algorithms for computing homology grousrfipoint data have been developed. One
approach would be to reconstruct the sampled space fromiitsgata[[5/ 6, 10] and then apply known tech-
niques for homology computations on triangulatidns [18widver, this option is not very attractive since a
full-blown reconstruction with known techniques requicestly computations with Delaunay triangulations
in high dimensions. Chazal and Oudat [7] showed how one carass constrained data structures such
as Rips,éech, and witness complexes to infer the rank of the homodpgups by leveraging persistence
algorithms [16/ 23]. Among these, the Rips complexes arestisiest to compute though they consume
more space than the others, an issue which has started tallessed; see Dey and Li]14].

All of the above works so far considered only focus on computhe Betti numbers, the rank of the
homology groups. Although the persistence algorithms [P3},also provide representative cycles of a
homology basis, they remain oblivious to the geometry oftlamifold. As a result, these cycles do not have
nice geometric properties. A natural question to pose isittiae loops of the one dimensional homology
group are associated with a length under some metric, capmpreximate/compute a shortest set of loops
that generate the homology group in polynomial time? Thisstjon has been answered in affirmative for
the special case of surfaces when they are representediaitgulations[[17]. In fact, considerable progress
has been made for this special case on various versions pfébéem [3/8[ 18, 17, 24]. We cannot apply
these techniques, mainly because we deal with point dasith®f an input triangulation. Also, these works
either consider a surface instead of a manifold of arbitcinyension in an Euclidean space, or use a local
measure other than the lengths of the generators in a basis.

Our main result is an algorithm that can compute a set of hogyoloops from a Rips complex of the
given data and a proof that the lengths of the computed loppso@imate those of a shortest basis of the
one dimensional homology group of the sampled manifold.riiviag at this result, we also show how to
compute a shortest basis for the one dimensional homolagypgf any finite simplicial complex embedded
in an Euclidean space. These results build on: a greedy atkamation of a shortest homology basis
put forward by Erickson and Whittlesey [17], persistencenbmgy introduced by Edelsbrunner, Letscher,
Zomorodian [[16], the concept of intertwined complexes byagzth and Oudot [7], the sealing technique
of Chen and Freedmah|[8], and interpretation of maps thatexirthe manifold with the Rips arech
complexes.

1.1 Background and notations

We use the concepts of homology groufieph and Rips complexes from algebraic topology and gecslesi
from differential geometry. We briefly discuss them andddtrce relevant notations here; the readers can
obtain the details from any standard book on the topics sei¢h518].

Homology groups and generators. A homology group of a topological spaddenotes its topological
connectivity. We uséH(T) to denote itsk-dimensional homology group under the coefficient riag
SinceZ, is a field, H,(T) is a vector space of dimensidnand hence admits a basis of size We are
concerned with theé-dimensional homology grougs; (T'). The elements ofi; (T) are equivalent classes
[g] of 1-dimensional cycleg, also calledoops A set{[¢1],...,[gx]} generatingH;(T) is called its basis



wherek = rank(H;(T)). Simplifying the notation, we safy, ..., g, } generateH(T) if {[g1],...,[g4]}
generateH, (T) and is a basis i = rank(H; (T)). If each loopg in T is associated with a weight(g), the
length of a set of loop& = {g1, ..., 9.} is given byLen(G) = 3¥¢_,w(g;). A shortest set of generatoos
ashortest basisf H (T) is a basig of H; (T) whereLen(G) is minimal.

Complexes: In our case, the topological spaces will be a smooth commectifold M/ c R? without
boundary and simplicial complexes whose vertex set is aedsasiple ofV/. Let B(p, a) denote aropen
Euclideand-ball centered ap with radiusa. For a point se? ¢ R?, and a reabr > 0, theCech complex
C*(P) is a simplicial complex where a simplex € C*(P) if and only if Vert(o), the vertices ofr,

are in P and are the centers dfballs of radiusa which have a non-empty common intersection, that is,
Npevert(e) B(p, @) # 0. The Rips complexk®(P) is a simplicial complex where a simplex ¢ R*(P)

if and only if Vert(o) are within pairwise Euclidean distance @f The two complexes are related by the
following nesting property:

Proposition 1.1 For any finite set” ¢ R? and anya > 0, one has’? (P) C R*(P) C C*(P).

Geodesics. The vertex seP of the simplicial complexes we consider is a dense samplsiicth manifold
M c R?. This density is defined with an intrinsic metric bf. Assume thaf/ is isometrically embedded,
that is, M inherits the metric fronR?. For two pointsp, ¢ € M, ageodesids a curve connecting andg in

M whose tangent derivatives have no component along theriaagace of\/. Two points may have more
than one geodesic among which the ones with the minimumHhesgt calledninimizing geodesicsSince
M is compact, any two points admit a minimizing geodesicp #indg are close enough, this minimizing
geodesic is unique, which we denote9, ¢). The lengths of minimizing geodesics induce a distance
metricdy; : M x M — R wheredy,(p, q) is the length of a minimizing geodesic betweeandq. Clearly,
d(p,q) < duy(p,q) whered(p, q) is the Euclidean distance. d(p, q) is small, Propositioh 112 asserts that
there is an upper bound ah,(p, ¢) in terms ofd(p, ¢). This extends the result ial[2] where Belkin et al.
show the same result on a surfaceRih See the Appendix for the proof. Tieachp(M) is defined as the
minimum distance betweel and its medial axis.

L. 2
Proposition 1.2 If d(p, q) < p(M)/2, one hasiy (p,q) < (1 + 5025)d(p, 9)-

Convexity radius and sampling: For a pointp € M, the set of all pointg with da;(p,q) < « form p’s
geodesic balB,/(p, ) of radiusa. It is known that there is a positive rea), for each poinp € M so that
B (p, o) is convexin the sense that the minimizing geodesics between any twspio B (p, o) lie in
By (p, o). Define theconvexity radiuof M asp.(M) = inf,enr .

We use Euclidean distances to define the sampling densitgaya discrete sé? C M is ans-sample
of M if B(z,e) N P # () for each pointc € M.

1.2 Mainresults

We present an algorithm that computes a set of Ia@ps {g1,. .., gx} from ane-sampleP of M and a
parametery > 0 whose total length is within a factor dependentscend« of the total length of a shortest
set of generators if/. In fact, our proof implies a stronger result, where the teraj eachy; approximates
the length of a generator in an optimal set.



Theorem 1.3 Let M C R? be a smooth, closed manifold wittas the length of a shortest basistbf (1)
and k = rankH{(M). Given a setP C M of n points which is are-sample ofA/ and4e < a <

min{%\/gp(M), pe(M)}, one can compute a set of loo@sin O(n(n + ne)?(n. + ny)) time where

(< Len(@) < (1+ )0, and
(6%

402
1+ 3p26(yM)

n. andn; are the number of edges and triangles respectively in the 8mplexR>*(P).

One can observe that the above result suggestéimgga_,o Len(G) — ¢ (e.g. taken = O(/¢) and
lete — 0). We note thate, = O(n?) andn, = O(n?) giving anO(n®) worst-case complexity for the
algorithm. However, il = O(g) and no two points of lie within 2(¢) distancen. andn, reduces to
O(n) by a result of[[7]. In this case we get a time complexityf.*). In arriving at Theoreri 113, we also
prove the following result which can be of independent esér

Theorem 1.4 Let K be a finite simplicial complex with positive weights on edgAsshortest basis for
H1(K) can be computed i®(n?) time wheren = |K]|.

2 Algorithm description

The algorithm that we propose proceeds as follows. We coen@iRips complesR?*(P) out of the given
point cloudP C M. Next, we compute the rarikof H; (M) by considering the persistent homology group

HY*(R(P)) = imagex.

where the inclusion : RY(P) — R?**(P) induces the homomorphism : H;(RY(P)) — Hy(R?**(P)).
It is known that the rank dﬂ?’Qa(R(P)) coincides with that oH; (1/) for appropriatex.

We show that a shortest basis l8f°* (R(P)) approximates a shortest basistf(M). Therefore,
we aim to compute a shortest basisHff**(R(P)) from R*(P) and R2*(P). To accomplish this, the
algorithm augment®2(P) by putting a weightv(e) on each edge € R>*(P). The weights are of two
types: either they are the lengths of the edges, or a verg lalyell” which is larger thark times the total
weight of R*(P). Precisely we set

w(e) = { length ofe if e € R*(P)
w if e € R?*(P)\ R*(P).

Letthe complexR?*(P) augmented with weights be denoted?&+ (P). A shortest basis dfl; (R?**(P))
does not necessarily form a shortest basiBljb?“(R(P)). However, the firsk loops sorted according to
lengths in a shortest basisldf (R>** (P)) becomes a shortest basisl—tff’Qa(R(P)). We give an algorithm
to compute a shortest basis for any simplicial comg{ewhich we apply taR?>**(P).

To compute a shortest set of generatorsHofC), we first characterize such generators with a property
that relates them to shortest path trees inltfseleton ofKC. We describe this relation and the algorithm
based on it in sectidn 2.2.

Since we are interested in computing the generators of tiehfmology group, it is sufficient to con-
sider all simplices up to dimension two, that is, only vesticedges, and triangles in the simplicial com-
plexes that we deal with. Henceforth, we assume that all texap that we consider have simplices up to
dimension two.



2.1 Shortest persistent loops

We will prove later that a shortest basis feb?’zo‘(R(P)) indeed approximates a shortest basisHf/).
The algorithm $1ORTLOOP computes them.

Algorithm 1 SHORTLOOP (P, )
1: Compute the Rips compleR?“(P) and a weighted compleR 2>+ (P) from it as described.

2: Compute the rank of H?’QQ(R(P)) by the persistence algorithm.
3: Compute a shortest basis fidi (R2*T(P)).
4

. Return the firsk: smallest loops from this shortest basis.

Theorem 2.1 The algorithmSHORTLOOR( P, o) computes a shortest basis for the persistent homology
groupH?’m(R(P)).

Proof: Let ¢1,...,gs be the set of generators sorted according to the non-déwgelengths which are
computed in step 3. They generate(R>**(P)). Out of these generators the algorithm outputs the irst
generatorgyy, . .., gi. Sincek is the rank oin“’za(P) there arek independent generators by (R*(P))
which remain independent i, (R?**(P)). We claim that the loopg, . . ., g; reside inR*(P). For if
they do not, the sum of their lengths would be more tiarwhich is k& times larger than the total weight
of R¥(P). Then, anyk independent set of loops froR“(P) which remain independent iR?**(P) can
replaceg,, . .., gi to have a smaller length so that, . . . , g, could not be a shortest basistdf(R*** (P)).
The above argument implies that, . . . , gx is a basis OH?’M(P). If it is not a shortest basis, it can be
replaced by a shorter one so that again we would have a bakig(&>>* (P)) which is shorter than the

one computed. This is a contradiction. [

It remains to show how to compute a shortest basis;¢R>** (P)) in step 3 of $iORTLOOP.

2.2 Shortest basis

Let K be any finite simplicial complex embedded&. To compute a shortest basis fdy (XC) we make
use of the fact thaH;(K) is a vector space as we restrict ourselve&ocoefficients. For such cases,
Erickson and Whittlesey [17] observed that if a set of logpa K contains a shortest basis, then the greedy
setG chosen fromL is a shortest basis. The greedy éebf L is anorderedset of loops{gi, ... gz},

k = rankHy(K), satisfying the following condition. The first elemeptis the shortest loop i which

is nontrivial inH(K). Supposey,...,g; have already been defined in the 6&t The next chosen loop
gi+1 IS the shortest loop i which is independent af;, . . ., g;, that is,[g;+1] cannot be written as a linear
combination of¢4], ..., [g;]. In the rest of this section, we construct a set of candidaipd from which the
greedy set is chosen with a persistence based algorithm.

2.2.1 Candidateloops

We start with citing a result of Erickson and Whittlesey![1&]simple cyclel is tight if it contains a shortest
path between every pair of pointsdn

Proposition 2.2 Every loop in a shortest basis bf () is tight.

To collect all tight loops, we consider the canonical loop§rted as follows. Lef” be a shortest path tree
in IC rooted afp. Notice that we are not assumifigto be unique but it is fixed once computed. For any two
nodesqi, q2 € P, letspy(q1,2) denote the unique path from to ¢2 in T'. Let E7 be the set of edges in
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T. Given a non-tree edge= (q1,q2) € E \ Er, define thecanonical loopof e with respect tdl’, T'(e) in
short, as the loop formed by concatenatipg (p, ¢1), e, andspr(gz, p), that is,

T(e) = spr(p,q1) © € o spr(qe, p).

Let C,, be the set of all canonical loops with respecpta.e.,C, = {T'(e) : e € E'\ Er}. Then we have
the following easy consequence.

Proposition 2.3 U,cpC), contains all tight loops.

Thereforeu,c pC), can be considered as a candidate set of loops from which éeelgiset can be selected.
However,u,c pC), can be a very large set and in fact has many trivial loops wbéchnot be chosen in the
greedy set. To remedy this, we identify the greedy set gftake the union of these subsets foralt P,
and choose a greedy set from this union.

Let G, be the greedy set chosen fraify. If the lengths of the loops i, are distinct, the greedy set
is unique. However, in presence of equal length loops we meedchanism to break ties. For this we
introduce the notion ofanonical order We assign a unique numbefe) betweenl to m to each non-
tree edgee if there arem of them. For any two non-tree edgesande’, lete < ¢’ if and only if either
Len(T'(e)) < Len(T'(¢')), or Len(T'(e)) = Len(T'(¢')) andv(e) < v(e’). The total order imposed by"
provides the canonical order

e <egx <...<e€nm.

Based on this canonical order, we form the greedysetf C), as described in the beginning of Secfion 2.2.
The first edge:} for which T'(e7) is non-trivial inH; () is in this greedy set. SupposE(e;),...,T'(e})
of G, has been determined. ThéR(e;, ;) of this greedy set is the canonical loop of the first edyg in
the canonical order so thidl(e; ) is independent of all generatof$'(e7), ..., T'(e})}.

Below we argue that),c pG,, is a good candidate set of loops, and eaclGsetan be computed based
on the persistence algorithm.

Proposition 2.4 The greedy set chosen framc pG), is a shortest basis df; ().

Proof: We show thatJ,cpG),, contains a shortest basis Hf (K). Then, the proposition follows by the
argument as delineated at the beginning of se€fidn 2.2.

Consider all canonical loops,cpC,,. Sort them in non-decreasing order of their lengths. If taapls
have equal lengths and if there are poiptsc P for which both of them are i, break the tie using
the canonical order applied to the canonical loops for aich sune point. Based on this order &tbe the
greedy set fromU,c pC,,. Propositio 22 and Propositién 2.3 imply thgi »C), contains a shortest basis
of H; (K) and thug7 is a shortest basis. Consider any Iddp G. Itis a canonical loop with respect to some
q € P for which all loops appearing beforein the canonical order precede it in the sorted sequence. The
loop ¢ is independent of the loops in,c pC), appearing beforé, in particular independent of the loops in
C, appearing beforé in the canonical order, which meafis G,. ThereforeU,c pG, contains a shortest
basisG of H; (K). The proposition follows. ]
Motivated by the above observations, we formulate an alyoriCANONGEN that computes the greedy set
G, of C,,. We note that Chen and Freedmah [8] proposed a similar #igotio compute aapproximation
of a shortest basis of a simplicial complex under a differeatric.

Proposition 2.5 CANONGEN (p,K) outputs the greedy s€t, chosen fronT),,.

Proof: Let {ej,es- - , e, } be the non-tree edges in the shortest path Trdisted in the canonical order.
LetG, = {T'(e1%),T(e2%),--- ,T(exx)}. It suffices to show thafe;*, ez * - - - , ex*} is the set of unpaired
edges. Observe that for any«, T'(e;) is independent of any subset{df'(e;) : e; < e;*}.
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Algorithm 2 CANONGEN (p, K)

1: Construct a shortest path tréein K with p as the root. Lefv denote the set of tree edges.

2: For each non-tree edge= (q1,¢2) € E'\ Er, letT(e) be the canonical loop of.

3: Perform the persistence algorithm based on the followirtgafibn of KC: all the vertices inP =
Vert(K), followed by all tree edges iff’, followed by non-tree edges in the canonical order, and
followed by all the triangles irkC. There arek = rank(H;(K)) number of edges unpaired after the
algorithm, and each of them is necessarily a non-tree edegfeiriRthe set of canonical loops associated
with them.

We prove the proposition by contradiction. Assume sep@ets paired by a triangldn the persistence
algorithm. LetK; denote the complex in the filtration right beforés added. Letf : K; — K be the
inclusion map; it induces a homomorphistn = H; (K;) — Hy(K). Let [¢]; denote the homology class
in IC; carried by the loo. The boundarydt uniquely determines a subset of unpaired positive edges
el < --- < el in K, such thatot], = [T'(e})]: + -+ + [T'(e],)]:. The persistence algorithm picks the

youngest one from this subset to pair with.e.,e;* = ¢/,. On the other hand, we have
[T(eD] + -+ [T(e1)] + [T(eix)] = fl[T(e)]e + -+ + [T(en_1)]e + [T(e#)]e) = fx([0t]:) =0

which means thal’(e;*) is dependent on a subset{df(e;) : e; < e;*}. We reach a contradiction. m
Now we can put together all previous results to design a grakgbrithm for computing a shortest basis
for Hy (KC).

Algorithm 3 SPGEN (K)

1: For eactp € P = Vert(K) computeG,, :=CANONGEN (p,K). Letk = |G,|.
: Sort all loops inU,G,, by their lengths in the increasing order. lggt . . ., g p| be this sorted list.
. Initialize G := {g1}.
: for i :=2to k|P|,do
if |G| = k, then

Exit the for loop.
eseif g; is independent of all loops i@, then

Add g; to G.
end if
. end for
: ReturnG.

© NN

el
[N=)

2.2.2 Computingindependence

In step 7 of SP@&N we need to determine if a generatpois independent of all generatogs, . . . , g, so far
selected inz. We obtaing from running persistence algorithm on a shortest path tasedbfiltration for a
point p in step 3 of ANONGEN. At the end of this persistence algorithm we must have gattennpaired
edge, say, whereT'(e) = g. To determine ify is independent of all generators selected so far we adopt a
sealing technique proposed i [8]. We fjll. .. ¢, with triangles. The filling is done only combinatorially

by choosing a dummy vertex, say and adding trianglesv;v;+, for each edge;v; 1 of the loops to be
filled. Let K’ be the new complex after adding these triangles and theesegC. In effect, these triangles
and edges destroy the generatgfs. . ., g, from K. They destroy the generatgras well if and only ifg

is dependent om, ...,g.. Since we are sealing according to the greedy order, thef pfdcemma 4.4

in [8] applies to establish this fact. Whethgis rendered trivial or not can be determined by augmentiag th



filtration of KC with the simplices i’ \ K and continuing the persistence algorithm fowith the addition
of these new simplices.

Letn,, n., andn, denote the number of vertices, edges, and triangles re@sggdh L. Notice that we
add at most. edges and triangles for sealing since the dummy vertex iscatidat most.. edges to create
new triangles inc’.

2.3 Time complexity

First, we analyze the time complexity oiAQONGEN. Shortest path tree computation in step 1 afNON-
GEN takesO(n, log n,, + n.) time. The persistence algorithm fom80oNGEN can be implemented using
matrix reductions[12] in timé ((n,, +n.)?(n. +n¢)). This is because there aig + n. rows in this matrix
and each insertion of. + n; simplices can be implemented @ n, + n.) column operations each taking
O(ny + n.) time. Therefore, GNONGEN takesO (n,, log n, + (1, + ne)?(ne + ng)) time.

Step 1 of SP&N calls CANONGEN n,, times. Therefore, step 1 of SRS takesO(n?) log ny +ny(ny, +
ne)%(ne + ny)) time. Step 2 of SP&N can be performed i@ (n,klog n, k) time wherek = O(n.) is
the rank ofH,/C. The time complexity for independence check in step 7 is dated by the persistence
algorithm which is continued oft to accommodate simplices i’. Since we add)(n.) new simplices
in X', it has the same asymptotic complexity as for running thsigtnce algorithm okC. We conclude
that SPGN spendsO(n, (n, + ne)?(n. + n;)) time in total. If we taken = |K|, this gives arO(n?) time
complexity.

Now, we analyze the time complexity oH®RTL 0OP which is the main algorithm. Let. andn; be
the number of edges and trianglesRA*(P) created out of, points. Step 1 takes at maS{(n + n. + n;)
time since we only compute edges and triangleR#f(P) out of n points. Accounting for the persistence
algorithm in step 2 and the time complexity of step 3 we gett 8x0RTL OOPtakes

O(n(n + ne)*(ne + ng)) time.

The procedure SP&\(K) computes canonical ses, which is ensured by Propositign 2.5. Then, it
forms a greedy set from these canonical sets which is a shdrasis forH; (K) by Propositiod 2. This
and the time analysis for SR establish Theorein 1.4.

3 Generatorsfor M

In previous section, we showed how to compute a shortess thaisH, (X°) and hence for the persistent
homology group—l?’za(R(P)). We now establish a relationship between these generatdthia generators
in a shortest basis fét; (1/). LetG be a shortest basis iy (1/) andG’ be a shortest basis Hﬁ"za(R(P)).

We show thatz andG’ as bases have the same rank, had(G’) is within a constant factor dien(G).

3.1 Connecting M and the Rips complex

We establish the connection between the loops/chnd those of the Rips complex via tBech complex.
First, we note the following result established[inl[21] whionnects\/ with the union of the ball?* =

UpEPB(p> Oé).

Proposition 3.1 LetP C M be ans-sample. 1Re < o < \/gp(M), there is a deformation retraction from
P> to M so that the corresponding retraction: P* — M hasr(B) C B for any ballB € {B(p, &) },cp.



Recall thaC“(P) is the nerve of an open coveB(p, a) },c p Of the space”®. By a result of Leray [20],
it is known thatP* andC®(P) are homotopy equivalent. The next proposition follows frexamining the
specific equivalence maps used to prove the Nerve Lemma chelafl8]. In particular, the simplices of
the Cech complex are mapped to a subset of the union of the baltereel at their vertices, see Appendix
for its proof.

Proposition 3.2 There exists a homotopy equivalenteC®(P) — P such that for each simplex €
C*(P), one hasf (o) C Upevert(s) B(p, @) and f(p) = p for anyp € P.

The two propositions above together provide the connedieiween)/ and theCech complex:

Proposition 3.3 Let P C M be ane-sample. IRe < a < \/gp(M), there is a homotopy equivalence map
h=rof:C*P)— M suchthath(oc) C M N (Upevert(o) B(p; @) andh(p) = p foranyp € P.

The following proposition establishes the connection leetvtheCech complex and the Rips complex.

Proposition 3.4 Let P C M be ans-sample. Then, fote < o < %\/ép(M),

Jix J2x

HT**(R(P)) = Hi(C™2(P)) 'R HI(CH(P)) R HL(C**(P)),

wherejy, and jo, are induced by the inclusion magsand j, respectively. Moreover, if
C2(P) & R2(P)) £ €2 (P)) £ R (P)) & C*(P),

thenj; = iy 0 i1, andjs = iq 0iz andH**(R(P)) = image (1) wherew, : Hy(R®(P)) — H;(R2*(P))
is induced by the inclusion= i3 o is.

Proof: Based on Propositidn 3.3, it can be proved by following tteaidf [7] for intertwinedCech and Rips
complexes. [

By definition the set of edges i&*/%(P) is same as the set of edgesAt (P). This means a set of
loops inR*(P) also forms a set of loops if*/2(P). In light of Propositiori 314, this implies:

Proposition 3.5 Let P C M be ane-sample andle < o < %\/gp(M). ThenH?’M(R(P)) ~ Hi (M)
and a basis foH{">*(R(P)) is shortest if and only if it is shortest fot; (C*/2(P)).

Proof: From Propositiofi 313 and Proposition]3.4, we have
HI**(R(P)) ~ Hi(C*2(P)) ~ Hi(M).

Let A = {ay,---,a;} be a shortest basis f¢t}"**(R(P)). Eacha; is a loop inR®(P) and hence in
C/2(P). Obviously A is a basis oH;(C*/?(P)) as the inclusion map frord®/?(P) to R*(P) induces
a homomorphism. Thus, a shortest basisHg{C®/2(P)) must be no longer than that &f"**(R(P)).
Similarly if A = {ay,---,a;} is a shortest basis ¢, (C*/%(P)), then eachs; must be inR*(P) and
survive inR?*(P) as it must survive i2*(P). ThusA is a basis forH?’Qa(R(P)) and hence a shortest
basis oﬂ-l?’Qa(R(P)) is no longer than that dfl, (C®/2(P)). This proves the proposition. ]

Therefore, we can focus a#f/2(P) to connect the bases and G’ of H; (M) and H"** (R(P)) re-
spectively.



3.2 Bounding thelengths

Our idea is to argue that a shortest basiélp(fCQ/Q(P)) can be pulled back té/ by the maph of Proposi-
tion[3.3. We argue that the lengths of the generators camastge too much in the process.

Let g be any closed curve if/. Following [4], we define a procedure to approximatby a loopg in
the 1-skeleton ofc®/?(P). This procedure calleBecomposition methois not part of our algorithm, but
forms a basis for our argument about length approximatidihsops in /.

Decomposition method: If £ = Len(g) > a—2¢ > 0, we can write = £+ ({1 +41+...+£1)+{o where

0y = a—2eanda—2e >y > (a—2¢)/2. Starting from an arbitrary point, say split g into pieces whose
lengths coincide with the decomposition ©fThis produces a sequence of points- xg, 1, ..., T, = T
alongg which divide it according to the lengths constraints. Baeaof our sampling condition, each point
x; has a poinp; € P within ¢ distance. We defing = {po, p1,-..,pm} @S consecutive points joined by a
line segment. The proposition below shows thaesides in thd-skeleton ota/2(P).

Proposition 3.6 Given a closed curve on M with Len(g) > « — 2¢ > 0, Decomposition methofinds a
loop § from thel-skeleton o€/ (P) such that:Len(j) < —%_Len(g).

— a—2¢

Proof: From the construction and sampling condition, it followattHor1 < i < m — 2,

d(pi,pi+1) < d(zi,pi) + d(xi, 1) + d(@ig1, Pig1)

a
2 = =
< 244 =« (a—2€)£1

Similarly,
[0

o — 2¢e — 2e

Since%5-{y < a, each edge;p;,1 belongs tcﬂa/2(P). Therefore, we obtain a loop = pop; - .. pm IN

«

the 1-skeleton ofC®/?(P) whose length satisfies:

d(po,p1) < Ly andd(py—1,p0) < Y.

. — a
Len(g) = Ej:old(phpi-i-l) < P Len(g).

Consider a basis dofl; (M) where each generator is a closed geodesid/on For a smooth, com-
pact manifold such a basis always exists by a well known résudifferential geometry[[15]. LetG =
{g1,--.,9x} be this set of geodesic loops. By Proposition] 3.6, we claiat there is a set of loops
G = {j1,...,gr} in C*/2(P) whose length is within a small factor of the length @f However, we
need to show that indeed generatdl; (C*/2(P)) and henced; (K) by Propositioi 3J5. We show this by
mapping eaclhij; < G to M by the homotopy equivalende and arguing thafh(g;)] = [g;] in Hi(M).
Sinceh is a homotopy equivalence map, it follows that the isomaphi* : H, (C*/?(P)) — Hy (M) maps
the clasgg;] to [g;]. This implies thaty generatest, (C*/2(P)).

To prove thath(g;) is a representative of the clagg], we consider a tubular neighborhood gf of
radiusr which is smaller than the convexity radigg(A/). Then, we show that each segmeni;,; of g;
is mapped to a curvi(p;p;+1) which lies within this tubular neighborhood. Because o$ thntainment,
h(pipi+1) must be homotopic to the geodesic segmegnt;, z;11) of g;. All these homotopies together
provide a homotopy betweét(g;) andg;. First we show that the tubular neighborhood of a segmen; of
that we consider is indeed simply connected.



Proposition 3.7 Lety = ~(p, ¢) be a minimizing geodesic between two pointg € M. Consider its
tubular neighborhoodl'ub,(~) on M that consists of the points al within a geodesic distance from
v, i.e., Tubg(y) = {z € M : minye, dy(x,y) < s}. Thenifs < p.(M), Tub,(v) is contractible, in
particular, Tub,(~) is simply connected.

Proof: We show thaflub, () deformation retracts tg. For any pointz € Tub,(~), consider a geodesic
ball B of radiuss. Sinces is less than the convexity radiug,N B has a unique point,,, which is at a
minimum geodesic distance from Consider the retraction map: Tub,(y) — v wherer(z) = x,,. One
can construct a deformation retraction that deforms thetiggeon Tub,(~y) to » by moving each point
along the minimizing geodesic path that connett z.,, in ~. [

Proposition 3.8 Let P C M be ans-sample andle < o < min{%\/gp(M),pc(M)}. If g is the loop on

C/?(P) constructed from a geodesic logn M by Decomposition methaahen|k(§)] = [g] whereh is
the homotopy equivalence defined in Proposition 3.3.

Proof: Sincey is a geodesic loop, it follows from standard results in défeial geometry [15] thdten(g) >
2p.(M). Thusg can be constructed from a geodesic Igopsing Decomposition methodEach vertex;
of g is within ane Euclidean distance from the point in g. By Propositiof 313, for any poinj on the
segmenp;p;+1, h(y) is within a/2 Euclidean distance to either or p;,1. This implies that.(y) is within
a/2 + ¢ Euclidean distance, and hence, by Proposlftioh 1.2, withgieodesic distance to eithey or z; 1.
In addition, since the sub-curve of the geodesic Igopetweenz; and z;;,, denotedg(x;, z;11), is of
lengthl; = o — 2e < p.(M), g(zi,x;+1) iS the a minimizing geodesic betweepandx; ;. Therefore
h(pipi+1) € Tubs(vy(zi, xzit1)) In particular, the geodesic(z;, h(p;)) andy(xiy1, h(pi+1)) reside in
Tuba (v(s, Ti41))-

Consider the loop formed by the three geodesic segmgntsz;1), v(xi, h(p;)), v(zit1, h(pit1)),
and the curvé(p;p;+1). From Proposition 3]7, this cycle is contractiblelihas it resides ilTub,, (y(x;, z;+1)).
In fact, there is a homotopsf; that takesi(p;p;+1) to y(z;, z;41) while H; keepsh(p;) andh(p;+1) on the
geodesicsy(z;, p;) and~y(z;+1,pi+1) respectively. We can combine all homotopEsfor 0 < i < m to
define a homotopy betweétig) andg. It follows that[h(g)] = [g]. ]

Proposition 3.9 LetP C M be ans-sample ande < o < min{%\/%p(M),pc(M)}. IfG={g1,...,9k}

andG’ = {g,..., .} are the generators of a shortest basistif(}/) and H; (KC) respectively, then we
haveLen(G') < (1 + 4)Len(G).

Proof: It is obvious that any;; must be a geodesic loop. Létbe the loop constructed Hyecomposition
methodin the 1-skeleton of¢®/2(P). Thus, we have a s& = {ji, -, j}. By Propositior 318, there is
a homotopy equivalenck : C°/2(P) — M so that[h(g;)] = [g:], which means that! is also a basis of
H, (C*/2(P)). By Propositioi 35 and Proposition B.6,

Len(G) < (1 + 25\ Len().

a

Len(G') < Len(G) <

o — 2¢

]
We now consider the opposite direction, and provide a loveembd for the total length of a shortest
basis ofH; () in terms of the length of a shortest basidaf ).

Proposition 3.10 Let P C M be ane-sample andle < o < min{%\/ép(M),pc(M)}. LetG and G’ be
defined as in Propositidn 3.9. We havenG < (1 + %)Len(@).
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Proof: We construct a set of loops itV from G’. First, we show that the length of these loops is at most
(1+ 37)4%) times the length of~. Next, we show that the constructed loops gendriate\/).

For each loopy’ € G’, we constructj as follows. The vertices of and edgesgbfare the vertices and
edges ofR%(P). For an edge = pq € ¢/, p,q € P thusp,q € M. We connecp andq by the geodesic
v(p,q) on M, and maye to this geodesic. Mapping each edgejiron M, we obtaing. Thus we obtain a
setG = {g1, -, Gr }. By Propositio TRd; (p, q) < (1 + é‘;z((’]’j)))d(p, q) < (1+ %A;L(jw))d(p, q). Hence
the length bound follows.

We now show that the sef is a basis forM. First, observe that’ is a basis foH;(C*/%(P)) by
Propositior{ 35. Now consider mappipg € G’ to M by the equivalence map. Each edge = pq € ¢
is mapped to a curvk(pq). From Propositiof 313, we have thafp) = p andh(q) = ¢q and each point of
h(pq) is within «/2 Euclidean distance and henaegeodesic distance to eithgror ¢q. This implies that
h(pq) C Tubs(v(p,q)). Then, by using similar argument as in Proposifiod 3.8, wélthaty(p, ¢) and
h(pq) are homotopic. Combining all homotopies for each edgg.mve get thaih(g;) is homotopic tay;.
Sinceh is a homotopy equivalencé(G’) and hencés = {qi, ..., gi } are a basis ofi; (M). Therefore,

042
Len(G) < Len(G) < (1+ m)Len(G').

Theorem 3.11 Let P C M be ane-sample andle < o < min{%\/%p(M),pc(M)}. LetG and G’
be a shortest basis df; (M) and H"**(R(P)) respectively. We havWLen(G) < Len(G') <

3p2 (M)

(1+ 2)Len(G).

Theorem 1B then follows from the above result, Theokem &nt, the time complexity analysis in
sectior 2.B.

4 Conclusions

We have given a polynomial time algorithm for approximataghortest basis of the first homology group
of a smooth manifold from a point data. We have also presarteddgorithm to compute a shortest basis for
the first homology of any finite simplicial complex. The questof computing an optimal basis for other
homology groups remains open. Recent results of Chen ardifi@n [[9] indicate that this problem could
be NP-hard.

We use Rips complexes to compute the loops andQesth complexes for analysis. One may observe
thatCech complexes can be used directly in the algorithm. Sire&nww thatC®(P) is homotopy equiv-
alent toM for an appropriate range ef, we can compute a shortest basis far(C*(P)) which can be
shown to approximate a shortest basisHg( /) using our analysis. In technical terms, this will get rid
of the weighting in step 1 and also step 4 ef@&RTLoOP algorithm, and make Theorem 2.1 and Proposi-
tion[3.3 redundant. Although the time complexity does nataffected in the worst-case sense, computing
the triangles foiCech complexes becomes harder numerically in high dimesditan those for the Rips
complexes. This is why we chose to describe an algorithngubi@ Rips complexes.
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paper. Tamal Dey acknowledges the support of NSF grants @3B467 and CCF-0915996, Jian Sun
acknowledges the support of NSF grant ITR 0205671 and DAR®RAtgHR0011-05-1-0007, and Yusu
Wang acknowledges the support of NSF grants CCF-074708DBh@750891 .
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Appendix

Proof of Proposition[L.2l Proof: Let v(¢) be the minimizing geodesic betwegrandq parameterized by
arclength and sét= dy;(p, q). By Proposition6.3 in [21] we have that < 2d(p, q). Letu; = 4(t) be the
unit tangent vector ofy at¢. We havet = das(p,y(t)).

Let B : Ty x Ty — TVL(t) be the second fundamental form associated with the manifbl&ince
v is a geodesicdu,/dt = B(u,u;) = 5(t). Write p = p(M) andd = d(p, q) for convenience. From
Proposition6.1 in [21], we have the nornj5(¢)|| < 1/p as the norm of the second fundamental form is
bounded byi /p in all directions, and thugdu, /dt|| < 1/p. Hence we have that

1 t / t
e — )] = | / duy|| < / -t o ilwuw ¢
[0,4] [0, P P 2 2p

Furthermore, let: - v denote the dot-product between vectorandv. Then we have that

l(ub up) )dt

/ up - up dt = / cos Z(ug, up) dt = / (1 — 2sin?
[0,7] [0,]] [0,7]

t2 l3
()
[0,]] 2p 6p

On the other hand, observe trﬁ; ] Ut - Up dt measures the length of the (signed) projection afong
the directionu,. That is,

/ ug - up dly = (g — p) - up.
[0.]

Hence we have that

d=1p—q|l>(q—p) u >l—£:>l < d+£ < d+4i3
The last inequality follows from the fact thak 2d. This proves the lemma. [
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Figure 1: (a) the mapping cylinded/; = X |_|f Y (courtesy of Hatchef [18]); (b) the maps amakig Y’
ande

Proof of Proposition Proof: The proof is based on that of Nerve Lemma[in/[18] (Chapter 4.G)
Consider the following sequence

co b 2 Apa T pa (1)

Ap

We prove the proposition by showingy= hs o r o Ag o hq is the map. We first introduce the concept of
mapping cylinder. Foramap : X — Y, the mapping cylinden/, is the quotient space of the disjoint
union (X x I) [ ]Y with (z,1) identified with f(z) € Y, denotedM; = X | |, Y, see Figuréll(a). Itis
obvious that)M; deformation retracts t&". It is also well-known thatf is a homotopy equivalence map
if and only if M deformation retracts t&, see Figur€l1(b), where the map= rx o iy is a homotopy
equivalence map frorr to X.

We are now ready to explain each map in the composition of #yefml" is the barycentric subdivision
of C*. Thush is an identity map. Index the points R = {p;}", arbitrarily. LetB;, = B(p;,«). To
facilitate the argument, label the verticeslirusing B;’s and their finite intersections, see Figlie 2. Each
edge (one simplex) i’ is associated with an inclusion map, which induces a seguehmclusion maps
over a simplex of any dimension In

AP can be realized using the concept of mapping cylinder, s&thright most picture in Figuig 2.
The sequence of inclusion maps associated with each sirimplex

(Bi,N---NB;,) — (BiyN---NBy, ;) — - — (BjyN---NB;__,), 2

in—1

induces an iterated mapping cylindeA P“ is obtained by gluing these iterated mapping cylinders over
all simplices inI" each simplexA* havingp; as a vertex in the barycentric subdivisioncofs mapped into
B(p;, @) underf along their boundaries, sée [18] for details. There is am@abprojectionAp : AP* —T°
induced by projecting each finite intersection to its cquogsling vertex il’. Consider the mapping cylinder
Map. The Nerve Lemma is proved in [[18] by showidda, deformation retracts té\ P*. In fact, the
deformation retraction described there maps a simplexc T to the part ofA P® defined over the same
A, namelyAq = rape o ir is @ homotopy equivalence and maps a simpléx € T into the iterated
mapping cylinder defined by the sequence of inclusion mapcasted withA”.

One the other hand) P* can also be considered as the quotient space of the disjoion wf all the
productsB;, N --- N B;, x A", as the subscripts range over setof 1 distinct indices and any > 0,
with the identifications over the faces Af* using inclusionsB;, N ---N B;, < B, N---N Bij N---NB;,
where” means the corresponding term is missing. From this viewpaity pointz € P has a fiberr—!(z)
in AP defined as followss=1(z) = {3, t;x;} where}_,t; = 1 andt’ > 0, andz; is a copy ofz in
B; for thoseB; containingz. see the bottom left most picture in Figlile 2. It is easy totsaeP can be
embedded intd\ P as a section oA P?, in particularr is a homotopy equivalence. Thyiss a homotopy
equivalence.

Observe that each pointin an iterated mapping cylinder over some simplg% = (B;, N --- N

Bi,,--+,BiyN---N B; _,)inTisin the fiberr—!(x) for somez in B;,. In other words, ifA* is in the

insy "
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Figure 2: lllustration of the maps and the spaces involvesgil.

closure of the star of a poipte P in T, then any poiny in the iterated mapping cylinder ove¥” is in the
fiber of a pointz € B(p, o). Now consider a simplex € C*. Any simplex in its barycentric subdivision
much be in the closure of the star of some vertex offhuso, under the mag\, o h, is mapped into the
union of the iterated mapping cylinders defined over the Boep in the barycentric subdivision ef and
its image, under the map is further mapped iNtQ),cvert(s) B (P, @)-

In addition, one can show that the magixes each vertex i’®. This proves the proposition. [
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