
���������
	���
���������������������� ���!���"�#� $&%'�)(+*-,.�/���0�'��1�
2(3�"�4���'*653�879�0�'*��
:;�<���=�#1'�9*

>�?�@A? B&CED�F ∗

GE?�D�HJILK8MONQP!P!R

SUTWVAX�Y"ZL[\X
]�^`_badcfehgjilk�mLnpoLqhnsrtgvuw^Lo`xLg\e+c�o�ilg\y�zL_l{\|Lypc�e}ibm`gji~{�k�k<^`_lr�npo�ehgjo���g\zLzLypnpkAg"ibnp{\oQr��O��o�ilmLnsr9z`gjzEc�_��

� c+r�il^`x���ibm`cvz`_b{d|Ly�cAe;{ju=e+c�g\rb^L_bnpoLq��L�j�������j��rbn�e+npypg\_bn�i���|Qc�i � cAc�o�k�^L_la\cArA����{d_bcvr�zEcAk�n��QkAgjypy��d�)q\npa\cAoi � {�k<^L_la\c�r�� � c � nsr�m�ib{3ehg"��n�e+np��c�ibmLcvib{\ilg\yWypc�o`qjibm�{ju�rb^L|!k<^L_la\c�rf{juOilmLc�e�ilm`g"i�gj_lc3���� "¡<¢hib{3cAgdk�m{\ibmLcA_A� � mLcA_bc9ilmLcv���� "¡<¢�£E¢<¡�¡/nsr=e+c�g\rb^L_bc�xv|��vilmLc/¤`_b¥�k�mLc<i�xLnpr�ilg\o`k<cd��g�k<{\e+e+{\o�xLnpr�ilg\o`k<c/evc�g\rb^L_lc�uw{\_k�^L_la\cArA�+¦�mLc+_bc�r�^Ly�ibnpoLq�ehg"��npe+g\y�y�cAoLqjilm§nsr�k�g\y�ypcAx�ibm`c��`�"���¨���"�0©)�lªl��«L¢��9¡��­¬v�­���"���­�¨®�|Ec<i � c�cAo�ilmLc+i � {npoLzL^Li�k<^L_la\c�r��3¯fn�adc�o§i � {�zE{\yp��q\{do`gjyOk�^L_badcAr P
gjo`x

Q
n�o

IRd
{ju9rbn��AcAr

n
gjo`x

m
�8_lcArbzEcAk�iln�adc�yp�\� � cz`_bc�r�cAodi°ibm`c~�`_�r�i°c���gdk�i9gjypq\{d_bn�ibmLe&ilm`g"i�_b^`o`r°n�o�zQ{dy���oL{devnsgjyEiln�e+c/ib{+k<{\e+zL^Libc

Fδ(P, Q)
��ibm`cfzQgj_bibnsgjy

¤`_b¥�k�mLc<i#r�npe+n�ysgj_ln�i���|Ec<i � c�cAo P
gjo`x

Q
�Q^LoQx�c�_/ibmLc

L1

gjo`x�ibmLc
L∞

oL{d_behrA�/±�zEcAk�n��QkAgjypy��d� � c�_lcAxL^`k<cilmLc+zL_l{\|Lypc�e�{ju�k<{devz`^�ibnpoLq
Fδ(P, Q)

il{
O(nm(n + m))

npo`r�ilg\o`k<c�r~{\u�g�rbnpevz`y�cA_fz`_b{d|Ly�cAe��)cAg\k�m�{ju
� m`npk�m�k�g\o�|Qc�rb{\ypa\c�xUnpo O((n + m) log(nm))

ibnpe+c\�°²tc�oQk<c#ibm`c�z`gj_bibnsgjy³¤`_b¥�k�mLc<i~rbn�e+npypg\_bn�i���|Ec<i � c�cAo
P
gjo`x

Q
^Lo`x�cA_vibmLc

L1

{\_�ibm`c
L∞

oL{d_be´k�g\oµ|Ec3k�{\e+zL^�ilcAxµn�o
O(nm(n + m)2 log(nm))

iln�e+c\�
¦8{�ibmLcv|Qc�r�i#{ju�{\^L_f¶�oL{ � y�c�x�q\cd�EibmLnsrfnpr~ibmLcv�`_�r�i/z`g\zQcA_/il{�r�ib^`xL��ibmLnsrfo`g"il^L_�gjy�x�c<�`o`n�iln�{do�{ju�z`gj_bibnsgjyk�^L_la\c�r�npe+n�ysgj_ln�i���|Qc�i � cAc�o�k<^`_badcAr°^Lo`x�cA_9ibm`c�k<{\o�iln�o�^L{d^`r9r�c�i�iln�oLq'· � mLc�_lc�gjypy³zE{\npodi�r9npo�ilmLc�k<^`_badc#g\_bck�{\o`rbnsx�c�_lcAx`¸<�Lgjo`x�zL_lcArbc�o�itg+zQ{dy���oL{de+npg\y�¹¨ibnpe+c/c���gdk�itgjypq\{d_bn�ibm`eºuw{\_9n�iA�

∗ »°¼�½d¾�¿³À�Á�ÂWÀ�Ã�½`¿8Ä\Å�Æ­¿8ÇAÈ�ÉvÊ³È�Ë�ÆÌÈd¼�¼lÍ�ÆÌÈ�Ë\Î�Ï�Ð�¼~Ñ°ÐdÆÌÀ�Äj¾�Ç<¾�¼�Ò°ÈdÆ�Ó�Î�ÂWÀ�ÔÌÕdÃfÖ�Õd×�Î�Ñ°ØÚÙÜÛAÝ\Þ�ß\à\á!â�ã�â�äOåbãbæ�ç è�édê�èAë­ã�ì�íjì¨æ�ç æ�î�âd¿



� �������	��

�����������

������������ "!�#��� "$% "&'�(�� ")+*-,	�.)0/1�2�.!%3.����45�2�6 7�8�:9;��!=<=�($>�.!?)@�(&?A���B�,�&7�.$C)�D��()E�(A�A����(���6 "!F$G�(!?*IH��.&7<���J( "!=3.&"�=<� "!�#
32B�$%A���)��.��#K�@�(A�D� 732��J=A��()�)��.��!L���232B�#K!� ")� 7B�!�J=#5�2B�#K�@�(A�D� 73- "!�9MB���$G�()� 7B�!���*N��)��.$>��J��(!=<O��)����=3.)����@�(&�,� 7B�&7B�#K*5PRQ
!��()����@�(&8$>�����������
B(9S�� "$% "&'�(�� ")0*O,	�.)0/T�2�.!�)+/1BU3.����45�2�V 7�W)�D=�YX	Z�[�\^]�_2`�a�bdc^`fe�g�\@_.P�h+!i)��� ")� "45�.&"*5J	 "$G�(#K "!=�
)�D��()
�%<�B�#U�(!=<O ")���D��(!=<�&7�.�V�(���-/j�(&"k? "!�#UB�!O)�D=�. "�V���2��A	�23.)� "45�F3.����45�2��/: ")�Dl�Y&7������Dm,��.)+/1�2�.!�)�D=�.$OP:njB�)�DL3��(!
32B�!i)���B�&8)�D=�. "�I��A��2�2<oJ�,���)W)�D=�.*O3��(!�B�!�&"*p#5B%9qB���/T�(��<oP�rjD=��s���t23�D=�.)I<� 7��)@�(!=32��B(9E)�D=�2���F)+/1Bu3.����45�2�W 7�W)�D=�
$% "!� "$G�(&	&7�.!�#K)�DuB(96�F&7������Du!=�232�2���@�(��*Y9qB��1)�D=��<�B�#Y�(!=<v)�D=��D��(!=<�&7�.�T)�B
$>B�45�W9M��B�$w)�D=�V��)@�(��)� "!�#�A�B� "!?)��TB(9
)�D=��)+/1B�3.����45�2�S)�B-)�D=�. "�S���2��A	�23.)� "45�W�.!=<�A	B� "!i)���PSrjD=�Ws���t23@D=�.)T<� 7��)@�(!=32�W)@�(k5�2�S)�D=�W "!�D=�.���.!i)jB���<��.�S,	�.)0/T�2�.!
A	B� "!i)��W�(&7B�!�#%)�D=��3.����45�2�: "!?)�B%32B�!=�� 7<��.�@�()� 7B�!�J=$G�(kN "!�#% ")j$G�(!i*u)� "$>�2�W�
,��.)�)��.�:$>������������B(9x�� "$% "&'�(�� ")+*G9qB��
3.����45�2��)�D��(!��(&")��.��!��()� "45�2�W���=3@Dm���:)�D=�-yI�(�=��<�B��{zl<� 7��)@�(!=32�>|~}�J����0P

rjD=�js���t23@D=�.)R<� 7��)@�(!=32�:�(!=<
 ")��84K�(�� '�(!i)��xD���45�1,	�2�.!Y/: 7<��.&"*F�=���2<
 "!�$G�(!i*%�(A�A�&" 73��()� 7B�!=�:|~�K��J(���KJK�K��J��K}(�0P
Q�&")W�(!=<m�IBN<=�(��| ����A����2���.!i)��2<��(!L�(&"#5B��� ")�D�$�)�B%32B�$%A���)��-)�D=��s=��t23�D=�.)�<� 7��)@�(!=32��,��.)+/1�2�.!m)0/1B>A�B�&"*N#5B�!��(&
3.����45�2�I/: ")�D

n
�(!=<

m
45�.��)� 732�2��J	���2��A��23.)� "45�.&"*5J	 "!

O(nm log(nm))
)� "$>�KP��E�G3. 7�.!i)F�(A�A���B2�� "$G�()� 7B�!��(&"#5B(�

�� ")�D�$>�RD���45��,	�2�.!G<��.45�.&7B�A	�2<%9qB��S��A	�23. '�(&�9q�($% "&" 7�2�1B(9	3.����45�2�V|��NJi���0PxyVB�/1�.45�.��J���BV9f�(��J5!=B
�(&"#5B��� ")�D�$OJN�^�=��3.)
B��W�(A�A���B2�� "$G�()��KJ�/: ")�DO����!�!� "!�#>)� "$>�

o(nm)
D����:,��2�.!U9qB���!=<U9qB��:)�D� 7�:A���B�,�&7�.$�9qB��:#5�.!=�.�@�(&�3.����45�2��P

��D=�.���F)�D=��s���t23@D=�.)I<� 7��)@�(!=32�F9f�(&"&7�V��D=B���)W 7��/:D=�.!�)�D=�.�����(����B���)�&" 7�.���IB���/:D=�.!�)�D=�F)+/1BU3.����45�2�I��D��(���
B�!�&"*�A��(��)� '�(&F�� "$% "&'�(�� ")0*5P�QW!� "!?)��.���2��)� "!�#����232�.!?)O/1B���k� "!�|"�����F32B�$F,� "!=�2<�)� "$>�l/T�(��A� "!�#�)�B�32B�$%A���)��
�(!L "!?)��.#K�@�(&��M����$%$>�2<� :45�.���� 7B�!�B(9E)�D=��s���t23�D=�.)�<� 7��)@�(!=32�KJ�/:D� 73�Dl3��(!p¡+��$>B?B�)�D�B���){¢-)�D=�F "$%A���3.)IB(9S��B�$>�
B���)�&" 7�.����P8£E��B�A	�.��)� 7�2�EB(9�<� ¤z	�.���.!?)6)+*?A	�2�6B(9�����$%$>�2<
s���t23@D=�.)E<� 7��)@�(!=32�T/1�.���j�(&7��BW��)��=<� 7�2<
 "!U|"�K�^�0P6yVB�/T�.45�.��J
����$%$>�2<G45�.���� 7B�!=�1<�BF!=B�)R9M��&"&"*%���2��B�&"45��)�D=�W 7�����=��B(9�A��(��)� '�(&��� "$% "&'�(�� ")0*5J��2��A	�23. '�(&"&"*%/:D=�.!v�� "#K!� ¤H�3��(!i)jA��(��)��
B(9E)�D=�F3.����45�2�V�(���F<� 7���� "$% "&'�(��Pjr6B>)�D� 7�V�.!=<oJ=/1�F "!i45�2��)� "#i�()��
)�D=�I¥�e�Z^`Mbqe�¦6\2§?Z^¨(_Y©>eK`f\.]ibdgNª�¥�Z{«i¬.¦"_^©%J�/:D=�.���
#K "45�.!u)0/1B�3.����45�2�j�(!=<v��)�D����2��D=B�&7<

δ
Ji/T�W/: 7��DG)�B�H=!=<v)�D=��,	�2��)R$G�()�3�D� "!�#%���=3@DG)�D��()T)�D=��&'�(��#5�2��)1A�BK�@�� ",�&7�

9M�@��3.)� 7B�!LB(98)�D=�-)0/1BG3.����45�2���(����$G�()�3@D=�2<O/: ")�D� "!��Ms���t23@D=�.)­ �<� 7��)@�(!=32�
δ
P

£x�(��)� '�(&6�� "$% "&'�(�� ")+*U,��.)+/1�2�.!m3.����45�2�WD����:A����.4N 7B��=��&"*v,	�2�.!p$>�����������2<p,?*vA��()� '�(&6�� "$% "&'�(�� ")0*p,	�.)0/T�2�.!
)�D=�. "��45�.��)� 732�2��J��=�� "!�#p)�D=�YA�B�A���&'�(�-yI�(�=��<�B��{z®<� 7��)@�(!=32�O|"����JE��¯��0J�B��G�;4K�(�� '�(!i)��
B(9^ W)�D=�%°W�l±N²³�;��BNB�){�
$>���(!��0��´?���(���^�0<��.4? '�()� 7B�!� �<� 7��)@�(!=32�KPLrjD=�v&'�()�)��.�
 7�
/: 7<��.&"*��=���2<µ "!¶32B�$%$
��!� ")� 7�2�%���=3�D®���
��)����=3.)����@�(&
,� 7B�&7B�#K*l|~�K���0J�/:D� 73�DL)������()����Y3.����45�F���W�(!mB���<��.���2<O���.)�B(9xA�B� "!?)���P1±? "!=32�-B�!�&"*U45�.��)� 732�2�W�(���-32B�!=�� 7<��.���2<
 "!v���=3�Dla�b'c2\.Z�_.`0_I$>�����������2��Ji)�D=�.*>$G��*G��B�$>�.)� "$>�2�S9q�( "&�)�B-���^·��23.)j�� "$% "&'�(�� ")+*5PRs=B��j�^���($%A�&7�KJN)0/TBY3.����45�2�
 "!G�� "#KD?)TH=#K�����V�(���V�� "$% "&'�(��J?,���)1D���45��&'�(��#5�V<� 7��)@�(!=32��,��.)+/1�2�.!U)�D=�. "�T45�.��)� 732�2�I�M<��=��)�B-)�D=��&7B�!�#Y�2<�#5�2�­ ^P
h+!m)�D� 7�IA��(A	�.��J�/1�>�( "$³)�Bu<��.45�.&7B�Aµ��\�«�g�`Mbdg=§�«�§?c%A��(��)� '�(&x�� "$% "&'�(�� ")0*�$>�����������KJ	/:D=�.���Y�.45�.��*LA	B� "!i)I "!
)�D=��A	B�&"*?#5B�!��(&63.����45�� 7��32B�!=�� 7<��.���2<oP

δ

QW&")
�(!=<¶�IB?<=�(��| �5�S32B�!=�� 7<��.���2<µB�!=�%!��()����@�(&T32B�!i)� "!?�=B��=�FA��(��)� '�(&T�� "$% "&'�(�� ")0*
$>�����������m,?*�32B�$%A���)� "!�#®)�D=��s���t23�D=�.)O<� 7��)@�(!=32�m,	�.)0/1�2�.!¸e�c^bdgNª�¦"_�\@«�g�c2_�\.§N`Mb;¨(_
¥�bq_�\­_¶B(9Y����,	3.����45��B(9

P
�(!=<��(!=B�)�D=�.�m3.����45�

Q
J��(!=<�A����2���.!?)��2<��(!��^�G3. 7�.!i)

O(nm log(nm))
�(&"#5B��� ")�D�$¹)�Bl�@B�&"45�U)�D=�O<��23. 7�� 7B�!��f45�.���� 7B�!ºA���B�,�&7�.$OJ1#K "45�.!��(!

�.����B��-)�D����2��D=B�&7<
δ
Puy�B�/1�.45�.��J8)�D=�. "�-$>�����������vB�!�&"*��(&"&7B�/��-)�BOD��245�GB���)�&" 7�.���
 "!µB�!=�>B(9j)�D=�% "!�A���)�3.����45�KJ

�(!=<u$>B����V "$%A�B���)@�(!?)�&"*5J� "):<�B?�2�T!=B�)W�(&"&7B�/�B���)�&" 7�.���W�(A�A	���(���� "!�#% "!U<� ¤z	�.���.!?)F�;!=B�!��032B�!=���23.��)� "45�� T&7BN3��()� 7B�!=�
�(&7B�!�#>)�D=�I "!�A���)W3.����45�KPSh0!p$G�(!?*p�(A�A�&" 73��()� 7B�!=��J����=3@DL���: "!O��)����=3.)����@�(&�,� 7B�&7B�#K*5J=A���B�)��. "!=��$G�2*u,	���� "$% "&'�(�
B�!�&"*� "!µ���.45�.�@�(&Rk5�.*�&7B?3��()� 7B�!=��J�A	B�)��.!i)� '�(&"&"*�32B������2��A	B�!=<� "!�#L)�Bu9M��!=3.)� 7B�!��(&1�� ")��2��P%y��.!=32�% ")� 7�- "$%A�B���)@�(!?)
)�Bp3��(A�)������meK¦d¦1A� 7�232�2�FB(91$G�()�3@D� "!�#�����,�3.����45�2��PG±N�2�Y)�D=�>&7�^9;)IH=#K�����Y9qB��F�(!��^�=�($%A�&7�%/:D=�.���%/1�>/: 7��D�)�B
3��(A�)�������,	B�)�D%A��( "���SB(9	$G�()�3�D� "!�#Y����,	3.����45�2���;)�D� 73@kY����,�3.����45�2�S "!%)�D=�jH=#K������ ^Px���W�( "$�)�B-<��.45�.&7B�AU�V$>B����
#5�.!=�.�@�(&�A��(��)� '�(&8�� "$% "&'�(�� ")0*U$>�����������I9qB���3.����45�2��P

» )�D=�.�x���.&'�()��2<Y/1B���k
 "!=3.&"�=<��2�x$% "!� "$% "¼2 "!�#�)�D=�js���t23�D=�.)R<� 7��)@�(!=32�T��!=<��.�E4K�(�� 7B��=�x3.&'�������2�xB(9�)��@�(!=�{9qB���$G���
)� 7B�!=�j|~��J?�.�=J��5���0J5�(!=<��^�N)��.!=<� "!�#I ")8)�BW#K�@�(A�D=�j|~��J�¯��0J�)�B�A� 7�232�./: 7���j��$>BNB�)�D�3.����45�2�j|~�K�(�0J()�BV�� "$%A�&7�1A�B�&"*N#5B�!=�
|"���(�0Ji)�B-�����{9f��32�2�W|~���0J��(!=<%)�B-$>B����W#5�.!=�.�@�(&�$>�.)��� 73W��A���32�2��|"����J=��}��0P8h+)R/j���1�(&7��BF�=���2<% "!GD� "#KD��0<� "$>�.!=�� 7B�!��(&
�(A�A���B2�� "$G�()��-!=���(���2��){�f!=�. "#KDi,	B��V�����(��3@Dµ|"���(�0J�3.����45�-�� "$%A�&" ¤H�3��()� 7B�!�|"�^�8�(!=<U$>B���A�D� "!�#�|"�����0P

�



���������	�
����
������ �������.!i)�&"*5Jo32B�!i)� "!?�=B��=��A��(��)� '�(&x3.����45�
�� "$% "&'�(�� ")+*5J�)�D=B���#KDm "$%A	B���)@�(!i)�J	D�����!=B�)�,	�2�.!m�^�N�
)��.!=�� "45�.&"*���)��=<� 7�2<oP�£E���.4? 7B��=�F$>�����������2����)� "&"&ED���45�%&" "$% ")@�()� 7B�!=�� "!lD��(!=<�&" "!�#LB���)�&" 7�.����P�h+!l)�D� 7�IA��(A��.��Jo/T�
 "!i)���BN<��=32�L��!��()����@�(&W32B�!?)� "!i�=B��=�vA��(��)� '�(&W3.����45�p�� "$% "&'�(�� ")+*¶$>�����������p)�D��()G�(&"&7B�/�#5�.!=�.�@�(&W)0*NA��2�>B(9IB���){�
&" 7�.����Jo�(!=<�<��.45�.&7B�A��(!��^�=��3.)��(&"#5B��� ")�D�$ )�Bu32B�$%A���)��� ")�PF±?A	�23. ¤H�3��(&"&"*5J	#K "45�.!��G<� 7��)@�(!=32��)�D����2��D=B�&7<

δ
J	&7�.)

Fδ(P,Q)
<��.!=B�)��I)�D=�VA��(��)� '�(&�s���t23@D=�.)W�� "$% "&'�(�� ")+*v,	�.)0/T�2�.!O)0/TBYA�B�&"*N#5B�!��(&�3.����45�2�

P
�(!=<

Q
JN/:D� 73�DO 7�T)�D=�

)�B�)@�(&�&7�.!�#K)�D�B(9E&7B�!�#5�2��)I����,�3.����45�2�VB(9
P
�(!=<

Q
)�D��()I�(���-$G�()�3�D=�2<�/: ")�D�s���t23�D=�.)�<� 7��)@�(!=32���()W$>BK��)

δ
�q�

9qB���$G�(&6<��^H=!� ")� 7B�!�/: "&"&�,��F "!i)���BN<��=32�2<m��D=B���)�&"*� ^PTrjD=�Fs���t23@D=�.)V<� 7��)@�(!=32�F3��(!L,	��$>�����������2<m��!=<��.�V�(!?*
Lp!=B���$OJ��(!=<p/T�-32B�!=�� 7<��.��)�D=�

L1
�(!=<

L∞
!=B���$>�� "!O)�D� 7�:A��(A	�.��P

h+)-)�����!=�FB���)F)�D��()-)�D=�>A��(��)� '�(&Ss=��t23�D=�.)Y�� "$% "&'�(�� ")0*�3��(!�,	�>32B�!=�� 7<��.���2<¶����)�D=�>&7�.!�#K)�D¶B(9T)�D=�>&7B�!�#5�2��)
$>B�!=B�)�B�!=�YA��()�D� "!��u32�.��)@�( "!�A	B�&"*?#5B�!��(&E<�B�$G�( "!l/: ")�D�/1�. "#KD?)��2<����.#K 7B�!=��J	/:D=�.����)�D=�
/T�. "#KDi)� 7�I�. ")�D=�.�

0B��
1
P�yV�.!=32�
)�D=��32B�$%A���)@�()� 7B�!�B(9

Fδ(P,Q)
,����(���I�� "$% "&'�(�� ")+*L/: ")�D�)�D=�Y��)@�(!=<=�(��<���D=B���)��2��)VA��()�Dl´i�=�.�� 7�2�

 "!�/1�. "#KD?)��2<l���.#K 7B�!=��P-yVB�/T�.45�.��Jo)�D=�YA���B�A��.��)� 7�2��B(91)�D� 7��<�B�$G�( "!µ�(!=<m)�D=��$>B�!=B�)�B�!� 73. ")+*����2´?�� "���.$>�.!i)-B(9
)�D=�
A��()�D=�V32B�!=�� 7<��.���2<�A���B�4N 7<��
$>B�������)����=3.)�������)�Bv)�D=�FA���B�,�&7�.$ /:D� 73�D�B������(&"#5B��� ")�D�$ /: "&"&E�^�NA�&7B� ")�PV���
<��2��3.�� ",	��)�D=��<�B�$G�( "!��(!=<U)�D=�2�@��&7B�!�#5�2��)�A��()�D=�: "!L$>B����-<��.)@�( "&� "!m±N�23.)� 7B�!���P

h+!�±N�23.)� 7B�!��=J1/T�OA����2���.!?)U�(!��^����3.)u�(&"#5B��� ")�D�$ )�B�32B�$%A���)��
Fδ(P,Q)

P�n:�����2<ºB�!�)�D=�OA���B�A	�.��)� 7�2�
B(9�&7B�!�#5�2��)�$>B�!=B�)�B�!=�uA��()�D=��J8/1�u��D=B�/ )�D��()�32B�$%A���)� "!�#

Fδ(P,Q)
3��(!�,��v���2<��=32�2<µ)�B

O(nm(n + m)) "!=��)@�(!=32�2�VB(9S�%�� "$%A�&7�.��B�A�)� "$% "¼��()� 7B�!�A���B�,�&7�.$����������
���	� �"!$#��
s, t, S

 ^P:�S��3@D%�&�����������	� �"!$#��
s, t, S

 W´i�=�.��*
���.)�����!=�U)�D=��,��2��)vA��()�D�9M��B�$ �¶��B�����32��A	B� "!i)

s
)�B®�µ<��2��)� "!��()� 7B�!�A�B� "!?)

t
A������� "!�# )�D���B���#KD �2<�#5�2�U "!

S
 "!�B���<��.��P » ���>���2<��=3.)� 7B�!º9;�@�($>�./TB���k�3. "��3.��$F45�.!?)��v)�D=�O)0*NA� 73��(&"&"*®D��(��<��.�v´?�=�2��)� 7B�!�B(9F��<�4��(!=3. "!�# �

¡0/T��45�^9;��B�!?){¢UB(9VB�A�)� "$G�(&1A��()�D����
 "!�)�D=�u32B�!i)� "!?�=B��=�>²V ' k���)��@�LA��(�@��<� "#K$OJRB���B(9W32B�!=��)����=3.)� "!�#L¡+��D=B���)��2��)
A��()�DG$G�(A�¢:)+*?A	��<��232B�$%A	BK�� ")� 7B�!m|~�(���0Pxh+!=��)�����<oJ5/T��$G�( "!i)@�( "!p������A	�.�����.)RB(9��2<�#5�����2´?�=�.!=32�2�R)�D��()TB�A�)� "$G�(&
A��()�D=�Y$G�2*�4? 7�� ")
 "! B���<��.��P�rjD� 7��JE32B�$
,� "!=�2<®/: ")�D��(!¶�^�G3. 7�.!?)%!=���(�{�f&" "!=���(�%)� "$>�U�(&"#5B��� ")�D�$ )�Bl�(!=��/T�.�
���
�����
���	� �"!$#��

s, t, S
 :´?�=�.�� 7�2��J�A���B?<��=32�2�V�(!LB�45�.�@�(&"&

O(nm(n + m)2 log(nm))
)� "$>�F�(&"#5B��� ")�D�$OP

( ) �	�+*-,/.10 23.54Y�
�{��������6W�

7) �8.9,���0 ���:6����/.9;

QC3.����45�- "!
IRd 3��(!O,	�����.A����2���.!?)��2<m�����Y9;��!=3.)� 7B�! f : [0, 1] → IRd PSQ �;$>B�!=B�)�B�!=�� -Z�_+¥�e�Z�e�©G_.`MZ­b=<�e5`MbM«�g

α 7�I�>32B�!i)� "!?�=B��=�I!=B�!��0<��23.�������� "!�#u9;��!=3.)� 7B�!
α : [0, 1] → [0, 1]

/: ")�D
α(0) = 0

�(!=<
α(1) = 1

P�Q ©>eK`f\^]ib;g?ª
,	�.)0/1�2�.!

f
�(!=<

g
 7�%�� "$%A�&"* �mA��( "�GB(9V$>B�!=B�)�B�!=�p���.A��(�@�($>�.)��� "¼��()� 7B�!=���

α, β
 YB(9

f
�(!=<

g
���2��A	�23.)� "45�.&"*5J

/:D=�.���O)�D=�LA�B� "!?)
f(α(x))

 7�>$G�()�3�D=�2<º)�B�)�D=�OA�B� "!?)
g(β(x))

Jj9qB��v�(!i*
x ∈ [0, 1]

P��I "45�.!�)0/TBµ3.����45�2�
f, g : [0, 1] → IRd J�)�D=�
X	Z�[�\^]�_2`�a�b'c.`fe�g�\@_-,	�.)0/1�2�.!m)�D=�.$���!=<��.��)�D=�

Lp
!=B���$OJ

D(f, g)
J� 7��<��^H=!=�2<L���

D(f, g) := inf
α,β

max
t∈[0,1]

dp

(
f(α(t)), g(β(t))

)
,

/:D=�.���
dp(x, y)

<��.!=B�)��2�j)�D=�I<� 7��)@�(!=32�V,	�.)0/1�2�.!LA�B� "!?)��
x
�(!=<

y
��!=<��.�:)�D=�

Lp
!=B���$OJ��(!=<

α
�(!=<

β
�@�(!�#5�

B�45�.�V�(&"&�$>B�!=B�)�B�!=�-���.A��(�@�($>�.)��� "¼��()� 7B�!=��P
�V "45�.!µ�U<� 7��)@�(!=32�%)�D����2��D=B�&7<

δ > 0
�(!=<��u$G�()�3�D� "!�# �

α, β)
B(9j3.����45�2�

f
�(!=<

g
Jo)�D=�uc.\@«�Z�_uB(9

(α, β)��!=<��.�:)�D=�
Lp

!=B���$OJ��(&7��B����^9q�.�����2<U)�B%���j)�D=��¥�e�Z.`MbMe�¦�c^bd©Yb;¦¤e�Z^bM`?>%,��.)+/1�2�.!
f
�(!=<

g
9MB����
$G�()�3�D� "!�#

(α, β)
J

 7��<��^H=!=�2<L���

Sα,β(f, g) =

∫

dp(f(α(t)),g(β(t))≤δ

(||(f ◦ α)′(t))|| + ||(g ◦ β)′(t))||)dt,

/:D=�.��� ||v||  7�
)�D=� L2
!=B���$ B(9��O45�23.)�B��

v @ !��($>�.&"*5Jx)�D=�U��32B����G 7�
)�D=�v)�B�)@�(&T&7�.!�#K)�D B(9W)�D=�vA�B���)� 7B�!=�YB(9)�D=�u)0/TBl3.����45�2�
f
�(!=<

g
)�D��()%�(���u$G�()�3@D=�2< /: ")�D

Lp
<� 7��)@�(!=32�U��$G�(&"&7�.�Y)�D��(!

δ
PBAI�()����@�(&"&"*5JE/1�u/1B���&7<

&" "k5�>)�BO$G���N "$% "¼��G)�D=�>&7�.!�#K)�D�B(9:)�D=�2���>A�B���)� 7B�!=��Jx�(!=<�)�D=�%¥�e�Z.`MbMeK¦8X	Z�[�\^]�_2`Vc­b;©�b;¦"e�Z­bM`?>L,	�.)0/T�2�.!
f
�(!=<

g9qB��I�G)�D����2��D=B�&7<
δ
 7�V<��^H=!=�2<����V)�D=�F$G���� "$F��$ ��32B�����B(9T�(!?*L$G�()�3�D� "!�#OB(9

f
�(!=<

g @ )�D��()I 7��J Fδ(f, g) :=
maxα,β Sα,β(f, g)

/:D=�.���
α
�(!=<

β
�@�(!�#5�
B�45�.���(&"&�$>B�!=B�)�B�!=�����.A��(�@�($>�.)��� "¼��()� 7B�!=��PCAVB�)��-)�D��()�9qB��W3.����45�2�

 "!
IRd JR)�D=�vA��(��)� '�(&�s=��t23�D=�.)>�� "$% "&'�(�� ")+*�,	�.)0/T�2�.! P

�(!=<
Q
��!=<��.�Y)�D=�

L1
�;���2��A�P

L∞
 F!=B���$ /-P ��P )�P��

�



<� 7��)@�(!=32��)�D����2��D=B�&7<
δ
 7�-�()V&7������)I)�D=�YB�A�)� "$G�(&EA��(��)� '�(&Rs���t23�D=�.)-�� "$% "&'�(�� ")0*�,��.)+/1�2�.!

P
�(!=<

Q
��!=<��.�V)�D=�

L2
!=B���$�/-P ��P )�P1�%<� 7��)@�(!=32��)�D����2��D=B�&7<

δ/
√

d
�;���2��A�P

δ
√

d
 ^PRh0!U)�D� 7�����.!=���KJ�)�D=�IA��(��)� '�(&6s=��t23�D=�.)��� "$% "&'�(�� ")0*

��!=<��.��)�D=�
L1

B��
L∞

�(A�A���B2�� "$G�()��2��)�D��()���!=<��.��)�D=�
L2

!=B���$OP

� ���	� ������� ����	
��� ����
 � s=B��>)+/1BlA	B�&"*?#5B�!��(&�3.����45�2�
P = 〈p1, . . . , pn〉

�(!=<
Q = 〈q1, . . . , qm〉 Jj�(!�(&")��.��!��()� "45�:/j�2*�)�B�4N 7�./ )�D=�jA��(��)� '�(&=s���t23�D=�.)1�� "$% "&'�(�� ")0*

Fδ(P,Q)
 7�x4N '�W)�D=�T9qB�&"&7B�/: "!�#��^Z�_�_�cf¥�e5\­_�aKbMe�ªKZ{e�©

D = Dδ(P,Q)
B��� "#K "!��(&"&"*� "!?)���B?<��=32�2<� "! | �����

D
 7�u�(!

n
,i*

m
<� '�(#K�@�($ ���=3�D�)�D��()u ")��

i
)�D�32B�&"��$%!

32B������2��A	B�!=<���)�B%)�D=�
i
)�DL�2<�#5�-B(9

P
�(!=<OD�����/: 7<�)�D ||pipi+1||

J=/:D� "&7�- ")��
j
)�Dm��B�/�32B������2��A	B�!=<���)�B%)�D=�

j
)�D

�2<�#5�jB(9
Q
�(!=<YD����x/: 7<�)�D ||qjqj+1||

Pxs=B��R���@�.)xB(9����.#K$>�.!i)��
X
 "!Y)�D=�TA�&'�(!=�KJK&7�.)

lenp(X)
<��.!=B�)��j)�D=�1)�B�)@�(&

&7�.!�#K)�DvB(9�)�D=�W���.#K$>�.!i)��jB(9
X
��!=<��.�1)�D=�

Lp
!=B���$OP����.)

f : [0, len2(P )] → IRd �(!=< g : [0, len2(Q)] → IRd

���.A����2���.!?)
)�D=�U�(��3^�f&7�.!�#K)�D�A��(�@�($>�.)��� "¼��()� 7B�!�B(9
P
�(!=<

Q
J8���2��A	�23.)� "45�.&"*5POrjD=�.! �.45�.��*lA�B� "!?)

(x, y)
 "!

D32B������2��A	B�!=<��R)�B��IA��( "�SB(9oA�B� "!?)��
f(x) ∈ P

�(!=<
g(y) ∈ Q

P6s=��B�$¸!=B�/�B�!�J5/T���(,��=���W)�D=�:!=B�)@�()� 7B�!v��&" "#KD?)�&"*
�(!=<p�=���

P (x)
�(!=<

Q(y)
)�B%���.A����2���.!i)

f(x)
�(!=<

g(y)
J=���2��A��23.)� "45�.&"*5P

Q

P

Q A	B� "!i)
(x, y) ∈ D

 7���x]ib;`0_G ¤9
dp(P(x),Q(y)) ≤ δ

PpnT*l32B�!i45�^�� ")0*�B(9j)�D=�
Lp!=B���$OJ�/:D� ")��IA	B� "!i)��W/: ")�D� "!L�(!i*p32�.&"&

D[i][j]
B(9

D
9qB���$��Y32B�!�!=�23.)��2<L32B�!?45�^�p���.#K 7B�!�P

��!=<��.�:)�D=�
L2

!=B���$OJ�)�D� 7���x]ibM`0_�Z�_qª�bq«�g� 7�j)�D=�I "!i)��.�����23.)� 7B�!L,��.)+/1�2�.!m�(!O�.&"&" "A=���I/: ")�D
)�D=�%32�.&"&

D[i][j]
P>s=B��F3.����45�2�� "!

IRd J�)�D=�Y/:D� ")��%���.#K 7B�!µ 7��)�D=�Y "!i)��.�����23.)� 7B�!�,��.)+/1�2�.!
)�D=�Y32�.&"&

D[i][j]
/: ")�D��u32B�!i45�^�mA	B�&"*N#5B�!�B(9T32B�$%A�&7�^�N ")+*

O(d)
��!=<��.��)�D=�

L∞
!=B���$OJ

�(!=<�/: ")�D �p32B�!i45�^��A	B�&"*N#5B�!�B(9:32B�$%A�&7�^�N ")+*
O(2d)

��!=<��.��)�D=�
L1

!=B���$OPUrjD=�%,	B���!=<=�(��*��2<�#5�2�
B(9j)�D=�
/:D� ")��I���.#K 7B�!=�W�(���I���^9q�.�����2<U)�B>�����­Z�_�_-cf¥�e5\@_Y_�a�ªi_^c^PSh+!U)�D� 7�:A��(A	�.�T/T�-32B�!=�� 7<��.��B�!�&"*v)�D=�

L∞
�(!=<U)�D=�

L1!=B���$>��PRrjD?�=��)�D=��/:D� ")��-���.#K 7B�!O "!O����3�D�32�.&"&o 7�:A�B�&"*N#5B�!��(&fJ��(!=<pD����W32B�!=��)@�(!i)V32B�$%A�&7�^�N ")+*5P
s8 "!��(&"&"*5JI��©>«�g�«5`f«�g�_>¥�eK`;]� "!

D
 7�U�µA��()�D�$>B�!=B�)�B�!=�� "!º,	B�)�D�)�D=��D=B��� "¼�B�!i)@�(&F�(!=<�)�D=��45�.��)� 73��(&

<� "���23.)� 7B�!�PErjD=�.���� 7�1��B�!=�^�f)�B(�0B�!=�W32B������2��A	B�!=<��.!=32��,��.)+/1�2�.!u�(&"&�A�BK���� ",�&7�j$G�()�3�D� "!�#5�jB(9
P
�(!=<

Q
Ji�(!=<>)�D=�

���.)SB(9o$>B�!=B�)�B�!=��A��()�D=�S "!
D
9M��B�$¸ ")��S,�B�)�)�B�$Y�f&7�^9M)132B���!=�.�T)�B� ")��R)�B�A��f�� "#KD?):32B���!=�.��PS�V "45�.!u�(!?*�$>B�!=B�)�B�!=�

A��()�D
π
JR&7�.)

πW
<��.!=B�)��p ")��% "!?)��.�����23.)� 7B�!�/: ")�D®)�D=�p/:D� ")��U���.#K 7B�!=�>B(9

D
P¶rjD=�.!

Sπ(P,Q)
JS)�D=�UA��(��)� '�(&

�� "$% "&'�(�� ")+*u,	�.)0/T�2�.!
P
�(!=<

Q
 "!=<��=32�2<p,?*

π
J=�(&7��B����^9q�.�����2<p)�B>���j)�D=��c.\@«�Z�_�«��

π
J� 7�:�� "$%A�&"*v)�D=�

L1
�f!=B���$

&7�.!�#K)�D
len1(πW )

B(9
πW

PRr6BG32B�$%A���)��
Fδ(P,Q)

J=)�D=��#5B5�(&� 7�:)�BYH=!=<L�(!�«^¥�`Mbd©>e�¦o©>«�g�«K`f«�g�_j¥�eK`;]p/:D=BK���
��32B����� 7�j$G���� "$% "¼��2<oPSrjD� 7�W32B������2��A�B�!=<��W)�BG�(!µ«­¥�`Mb;©>e�¦N¥�e�Z.`Mbqe�¦�©>eK`f\^]ib;g?ªv,	�.)0/1�2�.!

P
�(!=<

Q
P

� � �W�
�j�����:. )B6j���:; 6W�

 �µ
"! .$#&.�%I�:.E��� .9;

h+!p)�D� 7�����23.)� 7B�!�J�/T��A����2���.!i)V��B�$>����)��=<�*UB(98)�D=�-$>B�!=B�)�B�!=�-A��()�D=�: "!O)�D=��9;���2����A���32��<� '�(#K�@�($OP

(a) (b)

(c)

& �('�)��*�,+ ���	�B�-�.��� �/��	
��� �0��

D̂
� � B�!=�� 7<��.�F�u32�.&"&

C = D[i][j]
B(9S)�D=�

9M���2�>��A���32�><� '�(#K�@�($
D
Pus=B��F�.45�.��*�45�.��)��^�

v
B(9:)�D=�%/:D� ")��G���.#K 7B�!µ "!

C
J�/1�

�^��)��.!=<���D=B��� "¼�B�!i)@�(&I���Y/1�.&"&V���>��45�.��)� 73��(&�&" "!=�u9;��B�$
v
)� "&"&� ")%������3�D=�2�G)�D=�

,	B���!=<=�(�� 7�2�-B(9
C
PF±N�2�p�q�5 W "!�)�D=�Y�� "#KDi)IH=#K�����KJ	/:D=�.���%<�B�)�)��2<l���.#K$>�.!?)��-�(���

)�D=�2����_21K`0_^g�c^bM«�gºc2_fª�©G_^g�`;c^P AV�^�N)�J1 ¤9��®¨(_^Z.`MbM\�eK¦-�^�N)��.!=�� 7B�!º�2<�#5�O "!i)��.���@�23.)��
�G9;���2�Y��A���32�Y�2<�#5�KJ	)�D=�.!�/1�%�^��)��.!=<l�(!=B�)�D=�.��D=B��� "¼�B�!i)@�(&S�^��)��.!=�� 7B�!l���.#K$>�.!?)
9M��B�$�)�D=�� "!i)��.���@�23.)� 7B�!LA	B� "!i)��;)�D=�F<�B���,�&7�^�fA�B� "!?)��W "!��;,� j "!O)�D=���� "#KDi)�H=#K������ ^P
���OA���BN32�2���>�.45�.��*�32�.&"&VB(9

D
,?*¶)�D� 7�G)0/TB(�f&7�.45�.&I�^��)��.!=�� 7B�!�P�rjD=�O���2����&")� "!�#

<� '�(#K�@�($  7�
3��(&"&7�2<�)�D=�mZ�_
3Sg�_�a4�^Z�_�_vcf¥�e5\@_OaKbMe�ªKZ{e�©
D̂ @ ���2���M3� - "!µ)�D=�v�� "#KDi)H=#K�����v9MB��Y�(!¶�^�=�($%A�&7�KP5���.)

Arr(D̂)
<��.!=B�)��u)�D=�U�(���@�(!�#5�.$>�.!i)>B(9

D̂ @ ����3�D���.#K 7B�!F "!
Arr(D̂)

 7�632B�!i45�^�oPx±? "!=32�1)�D=�R32B�$%A�&7�^�� ")0*FB(9�)�D=�S/:D� ")��S��A���32�S/: ")�D� "!
����3�Dm32�.&"&�B(9

D
 7�

O(1)
J�)�D=�-32B�$%A�&7�^�� ")0*pB(9

Arr(D̂)
 7����)� "&"&

O(nm)
P

���.)
G
,��1)�D=�T���.)8B(9�#K�� 7<
�2<�#5�2�69M��B�$ )�D=�jB��� "#K "!��(&�<� '�(#K�@�($

D
����/T�.&"&=���6)�D=�T�^��)��.!=�� 7B�!%���.#K$>�.!i)��89M��B�$

)�D=�-���^H=!=�2<m<� '�(#K�@�($
D̂
P6���.)

Arr(G)
,	��)�D=�
�(���@�(!�#5�.$>�.!?)IB(9

G 7
����3�D�32�.&"&� "!

Arr(G)
 7�V�Y���23.)@�(!�#K&7�KP

�



nT*�32B�!=��)����=3.)� 7B�!µB(9
D̂
J��.45�.��*�32�.&"&

C ∈ Arr(G)
3��(!µ32B�!i)@�( "! �()�$>BK��)�)0/TBU9M���2�>��A���32�%�2<�#5�2��)�D��()-D���45�

�. ")�D=�.��¬�«5`;]UA	BK�� ")� "45��B��
¬�«5`;]U!=�.#i�()� "45�F��&7B�A��2��J=�(!=<p)�D=�2�����2<�#5�2��3��(!�!=B�)� "!?)��.�����23.)W)�D=�I45�.��)� 73��(&�,�B���!=<=�(��*
�2<�#5�2�WB(9

C
PxrjD=�-B�!�&"*p�. "#KDi)WA�BK���� ",�&7��32B�!�H=#K���@�()� 7B�!=��B(9

C ∈ Arr(G)
�(���-�.!i��$>�.�@�()��2<m "!Os8 "#K�����G�KP

�q�5  �;,�  �M3�  �M<�  �M��  �d9^  �;#?  �;D� 

s6 "#K�����G� �E�E "#KDi)�A�BK���� ",�&7��32B�!�H=#K���@�()� 7B�!=��B(9R�Y32�.&"&� "!
Arr(G)

P

π1

π2

e1
e2

s=B���)0/TB��;���23.)@�(!�#K��&'�(�­ 
32�.&"&7�
C1

�(!=<
C2

9;��B�$
Arr(G)

JR/1�u�@�2*�)�D��()
C1 ≺ C2

�MB��
C2 � C1

 � ¤9S)�D=�.���� 7�V�v$>B�!=B�)�B�!=��A��()�D�4? 7�� ")��
C1

,��^9qB����
C2
PI�S����*O)�BG45�.�� ¤9M*O)�D��()I)�D� 7�

B���<��.�-���.&'�()� 7B�!� 7��/1�.&"&¤�0<��^H=!=�2<µ9MB��
C1

�(!=<
C2
P>rjD��()- 7��J6�. ")�D=�.�F ")-<�BN�2��!=B�)F�^�� 7��)��G�;!=B

$>B�!=B�)�B�!=�jA��()�DY32B�!�!=�23.)��x)�D=�.$v ^P » �8 ¤9� ")x�^�N 7��)���J()�D=�.!
)�D=�.���j3��(!�!=B�)E�^�N 7��)6)+/1BV$>B�!=B�)�B�!=�
A��()�D=�

π1
�(!=<

π2
J����=3@DY)�D��()

π1
4N 7�� ")��

C1
,��^9qB����

C2
J�/:D� "&7�

π2
4? 7�� ")��

C2
,	�^9qB����

C1
P�yV�.!=32�

 ")j "!=<��=32�2�W�
A��(��)� '�(&�B���<��.��B�45�.��32�.&"&7�T9M��B�$
Arr(G)

P » !=��3��(!U)�D=�.!UH=!=<p��)�B�)@�(&oB���<��.��B(9832�.&"&7�j "!
Arr(G))�D��()F 7�F32B�!=�� 7��)��.!i)
/: ")�D¶�(&"&R)�D=�2�@�>A��( "��/: 7���%A��(��)� '�(&TB���<��.�
32B�!=��)��@�( "!?)���Pu���%���.$G�(��kl)�D��()F)�D� 7�
B���<��.�� "!�#

���.&'�()� 7B�!=��D� "A�$G�2*p!=B�)�,��F/1�.&"&¤�0<��^H=!=�2<m9MB���)0/TBv�2<�#5�2�� "!
Arr(D̂)

PW±N�2�F)�D=�-�� "#KD?)WH=#K�����-9MB��I�(!m�^�=�($%A�&7�KJ
/:D=�.����A��()�D

π1
 "!i)��.�����23.)��

e1
�(!=<

e2
 "!LB���<��.��J�/:D� "&7���(!=B�)�D=�.��$>B�!=B�)�B�!=�-A��()�D

π2
)��@�245�.���@�2�

e2
H=����)W�(!=<

)�D=�.!
e1
P

(a) (b)

��� ).+�� ��
 � � 
�� )�� 
�� ) � ���"
	����� Q�A��()�Dl 7�>\�«�g��2«�Z^©%eK¦S ¤91 ")I 7�I$>B�!=B�)�B�!=�KJ
A	B�&"*?#5B�!��(&o/: ")�Dp45�.��)� 732�2�W&"*? "!�#>B�!O�2<�#5�2��B(9

Arr(D̂)
J��(!=<U ")��j "!?)��.�����23.)� 7B�!L/: ")�D

�(!i*G���.#K 7B�!v "!
Arr(D̂)

D����j�()1$>BK��)jB�!=�����.#K$>�.!?)�P1±? "!=32��)�D=����32B����VB(96��A��()�DU 7�
)�D=�

L1
�f!=B���$ &7�.!�#K)�D�B(9� ")��6 "!i)��.���@�23.)� 7B�!
/: ")�D
)�D=�R/:D� ")��R���.#K 7B�!=��J��(!=<��(!i*����.#K 7B�!

 "!�)�D=�>�(���@�(!�#5�.$>�.!?)�B(9
D̂
 7�-32B�!?45�^�	Jx�(!i*�$>B�!=B�)�B�!=�%A��()�D�3��(!�,��%32B�!?45�.��)��2<

 "!i)�BY�-32B�!�9qB���$G�(&	A��()�DG/: ")�D=B���):<��23.�������� "!�#� ")��1�@32B����KPEy��.!=32��9;��B�$w!=B�/�B�!�Ji/T��32B�!=�� 7<��.�TB�!�&"*>32B�!�9qB���$G�(&
A��()�D=��P:h+!O#5�.!=�.�@�(&fJ	�%$>B�!=B�)�B�!=�
A��()�Dm3��(!L4N 7�� ")�)�D=�
�@�($>�F�2<�#5�F "!

Arr(G)
���.45�.�@�(&6)� "$>�2���M�@�2��)�D=�-)�D� 73@k

A��()�Dp "!��q�5 1B(96)�D=�V�� "#KDi)jH=#K������ ^PRyVB�/T�.45�.��J���32B�!�9MB���$G�(&�B�!=��3��(!U4N 7�� "):����3�DO�2<�#5�-�()j$>BK��):B�!=32�%�M���2�%�;,� 
 "!p)�D=���� "#KD?)�H=#K������ ^P

p

q���
!=B�/ <��2��3.�� ",	���v�� "$%A�&7�
,���)��=���^9M��&6B�,=�@�.��4��()� 7B�!�P � B�!=�� 7<��.���G32�.&"&
C ∈ Arr(G)

P ���.)
p,	�-�YA�B� "!?)�B�!O)�D=�-&7�^9;)�B���,	B�)�)�B�$��2<�#5�
B(9

C
J=�(!=<

q
�YA�B� "!?)WB�!O)�D=��)�B�AmB����� "#KDi)V�2<�#5�KPSrjD=�.!

B�!=�V3��(!u32B�!�!=�23.)
p
�(!=<

q
B�A�)� "$G�(&"&"*m�; fP �KJN/: ")�Du&'�(��#5�2��)1��32B����� R,i*u��$>B�!=B�)�B�!=�VA�B�&"*N#5B�!��(&	3�D��( "!

/: ")�Du�()S$>BK��)R)�D����2��A� 7�232�2��J5/:D� 73�Dv/1�W���^9M�.�R)�B
���1�%`;]iZ�_�_�
7¥�bf_�\@_
\�«�g�36ªK§?Z�eK`Mbq«�g�PS±?A	�23. ¤H�3��(&"&"*5J?)�D=�
H=����)��;���2��A�P8&'����)­ S���.#K$>�.!i)j/: "&"&�,���<��.#5�.!=�.�@�()��� ¤96�(!=<uB�!�&"*> ¤9

p
�;���2��A�P

q
 R 7�1 "!=�� 7<��W)�D=��/:D� ")������.#K 7B�!�PErjD=�

$% 7<�<�&7�>���.#K$>�.!?)- 7�-32B�!?)@�( "!=�2<� "!l)�D=�Y/:D� ")��%���.#K 7B�!�P%rjD=�%32B�!�H=#K���@�()� 7B�!¶B(9T)�D=�YA	B�&"*N3@D��( "!� 7�-���=3@Dl)�D��()
)�D=�

L1
�f!=B���$ &7�.!�#K)�DOB(9�)�D=�I$% 7<�<�&7���@�.#K$>�.!i): 7�j$G���� "$% "¼��2<oP1±N�2�V)�D=�I�� "#KDi)jH=#K�����V9qB��:�(!p�^�=�($%A�&7�I/:D=�.���

)�D=�>&'����)
A� 7�232�G 7�
<��.#5�.!=�.�@�()��KP�rjD=�GB�A�)� "$G�(&T)�D����2�^�fA� 7�232�U32B�!�H=#K���@�()� 7B�! 3��(!¶,	�G32B�$%A���)��2<� "!¶32B�!=��)@�(!?)
)� "$>�-B�!=32��)�D=�F�.!i)���*O�(!=<UA�B� "!?)�A	B� "!i)����(���-#K "45�.!�P

� �"
	��
 ����� ���,+ ��) � 
-	���)1� A�B�/³32B�!=�� 7<��.�
π∗(b, p)

JW�(!�B�A�)� "$G�(&IA��()�D�9M��B�$¹)�D=�m&7�^9;){�f,	B�)�)�B�$ 45�.��)��^�
B(9

D̂
J
b
JT)�B��lA	B� "!i)

p ∈ D̂
P�²I�^H=!=��`;]�_%¥�eK`;]�
0c.\�«�Z�_�e5`

p
���>)�D=�L�@32B����LB(9-)�D� 7�GB�A�)� "$G�(&VA��()�D @ )�D��() 7��J

Sb(p) = S(π∗(b, p))
P Q�&")�D=B���#KDi)U)�D=�LA��()�D��0��32B����O9M��!=3.)� 7B�!

Sb : D̂ → IR
$>�����������2�v)�D=�O&7B�!�#5�2��)

&7�.!�#K)�D�JR��!=<��.�%)�D=�
L1
�f!=B���$¹�(!=<¶)�D=�u$>B�!=B�)�B�!� 73. ")0*®32B�!=��)��@�( "!?)�JS ")%3��(! ,	�u32B�!?45�.��)��2< )�B�)�D=�p��D=B���)��2��)

$>B�!=B�)�B�!=�
A��()�DLA���B�,�&7�.$ B�45�.�V�>/1�. "#KD?)��2<m<�B�$G�( "!�P:h+!=<��2�2<oJ�����B�,=���.��45�2<O,?*O���.45�.�@�(&����2�@�.�@��3�D=�.����J��� "!=32�
�(!i*¶$>B�!=B�)�B�!=�OA��()�D 9M��B�$

s
)�B

t
D����Y)�D=�O�@�($>�

L1
�f&7�.!�#K)�D�JS$G���� "$% "¼2 "!�#�)�D=�

L1
�f&7�.!�#K)�D� "!=�� 7<��U/:D� ")��

�



���.#K 7B�!=�R 7�S)�D=���@�($>�W���S$% "!� "$% "¼2 "!�#F)�D=�
L1
�f&7�.!�#K)�DG "!=�� 7<���,�&'��3�kY���.#K 7B�!=��PEyV�.!=32�jH=!=<� "!�#��(!GB�A�)� "$G�(&�A��()�D

9M��B�$
b
)�B

p
 7��)�D=�
�@�($>������H=!=<� "!�#u)�D=����D=B���)��2��)

L1
�f!=B���$³&7�.!�#K)�Dm$>B�!=B�)�B�!=��A��()�Dm9;��B�$

b
)�B

p
/:D=�.���

)�D=��/:D� ")������.#K 7B�!LD����:/1�. "#KD?)
0
J��(!=<p)�D=��,�&'��3@kU���.#K 7B�!OD����:/1�. "#KD?)

1
P

��� ��� �����"
-	 � )�� ���	� ]�_4�^§Ng�\2`Mbq«�g ¨(e�¦ §=_¶«��
Sb

e�¦"«�g?ª�e�g >®]�«�Z­b=<�«Kg�`fe�¦�
fZ�_­c0¥
� ¨�_^Z^`Mbq\�e�¦ ��_�a�ªi_�b'c�g�«�g 

ai_�\2Z�_�e�c­b;g?ª��^Z{«�©�¦"_
�.`T`f«>Z^b¤ª�]?`�
0Z�_­c0¥
��¬�«K`q`f«K© `f«u`f«­¥����

� �.� � 
 ����� ��� ) � � ��� ���-�@��*u)�D��()V�%A��()�D
π
,	�.&7B�!�#5��)�BG)�D=�-3.&'�����

C(S)
 ¤9

S
 7��)�D=�-���2´?�=�.!=32�FB(9R�2<�#5�2�

9M��B�$
Arr(D̂)

4N 7�� ")��2<p,?*
π
 "!LB���<��.��PjQW!O�2<�#5�^�0���2´?�=�.!=32�

S
 7�F«­¥	`Mbd©>e�¦6e5`

p
 ¤9E)�D=�.���- 7���YA��()�D

π ∈ C(S)9M��B�$ )�D=�%,�B�)�)�B�$Y�f&7�^9M)�45�.��)��^�
b
B(9

D
)�B

p
Jo)�D��()FA���B?<��=32�2��)�D=�%B�A�)� "$G�(&T��32B����>�()

p
P����>�(&7��Bp�@��*m)�D��()

S
\�e�g¶Z�_�e5\^]

p
«­¥�`Mb;©%eK¦d¦ >O "!l)�D� 7�-3������KP AVB�)��Y)�D��()-<��=�%)�BU$>B�!=B�)�B�!=�G�(!=<µ32B�!�9MB���$G�(&S32B�!=��)��@�( "!i)���J8�(!i*

32B�!�9qB���$G�(&�A��()�DU3��(!v4N 7�� ")j�(!v�2<�#5�
e
�()1$>BK��)jB�!=32�KPEy��.!=32�W "!v)�D� 7�1A��(A��.��Ji9qB��j�(!?*>B(9�)�D=���2<�#5�V���2´?�=�.!=32�2�

/1�F32B�!=�� 7<��.��J�!=B>�2<�#5�F�(A�A	���(���:$>B�����)�D��(!mB�!=32�� "!O ")�P

�:�
��	 
�� ����� ¦¤«�gNªu_�ei\^]p¨(_^Z.`MbM\�eK¦8«�ZI]N«KZ­b=<�«�g�`fe�¦6_�a�ªi_
e � `;]�_�Z�_qª�bq«�gl`;]NeK`Te�g >u_�a�ªi_�
0c2_��.§=_^g�\­_ S

\�e�g�Z�_�e5\^]
«­¥�`Mb;©>e�¦;¦ >%bdcFe>c^bdgNª�¦"_�c2_fª�©G_^g�`�
¤¥�«�c@c­bf¬^¦ >u_^©�¥�`?>����
 TZ�«�«��"! Q�������$>�I/: ")�D=B���)�&7BK���WB(9x#5�.!=�.�@�(&" ")+*O)�D��()

e
 7��D=B��� "¼�B�!?)@�(&fPW±?��A�A�BK���

S
 7�WB�A�)� "$G�(&x�()W)+/1B>A	B� "!i)��

p1, p2 ∈ e
Px���-3.&'�( "$�)�D��()��(!?*uA	B� "!i)

p
 "!p)�D=�-���.#K$>�.!i)

p1p2
3��(!O,	��B�A�)� "$G�(&"&"*U������3�D=�2<L,i*

S
���:/1�.&"&fP

Ω

π1 π2

b

p
p1 p2

π

q Ω
π1

π2

b

p
p1 p2

(a) (b)

h+!=<��2�2<oJ�&7�.)
π1

�(!=<
π2
,	�-)0/TBUB�A�)� "$G�(&8A��()�D=�� "!

C(S)
32B�!��

!=�23.)� "!�#L)�D=�G,�B�)�)�B�$Y�f&7�^9M)-45�.��)��^�
b
B(9

D
)�B

p1
�(!=<

p2
J6���2��A	�23^�

)� "45�.&"*5P � B�!=�� 7<��.�1)�D=�����.#K 7B�!
Ω
,�B���!=<��2<G,i*

π1
J
π2
J5)�D=�����.#K$>�.!i)

p1p2
J��(!=<L)�D=��45�.��)��^�

b
PT±? "!=32�

π1
�(!=<

π2
4N 7�� "):)�D=�-�@�($>�-�2<�#5�^�

���2´?�=�.!=32�- "!�B���<��.��J�)�D=�.���
3��(!�!=B�)�,	�
�(!?*p45�.��)��^�L "!L)�D=�F "!i)��.�� 7B��
B(9

Ω
P8h+!Y9q��3.)�Ji�(!?*�32B�!�9qB���$G�(&�$>B�!=B�)�B�!=�:A��()�DG32B�$%A�&7�.)��.&"*Y "!=�� 7<��

Ω
/: "&"&ED��245�%)�Bu9qB�&"&7B�/¸)�D=�%�2<�#5�%���2´i�=�.!=32�

S
P�r6Bp���2�Y)�D� 7��Jo "$G�(#K "!=�Y)�D��()F)�D=�Y���.#K 7B�!

Ω
 7��<��232B�$%A�BK���2<

 "!i)�Bv�
�@�.)�B(983�D��($
,��.���W,i*U�2<�#5�2�: "!
S
�M���2�%�;,� T "!U)�D=�I�� "#KDi)�H=#K������ ^PT±? "!=32�-�Y32B�!�9qB���$G�(&�A��()�Dp "!i)��.�����23.)��

����3�Du�2<�#5�W�()E$>BK��)SB�!=32�KJi/: ")�D� "!v�(!i*%3@D��($F,	�.��Ji)�D=�:$>B�!=B�)�B�!=�WA��()�D>D����RB�!�&"*%B�!=��3@D=B� 732��/:D=�.���:)�B�&7����45�KP
yV�.!=32�Y ")V/: "&"&x9qB�&"&7B�/¸)�D=�%�2<�#5�%���2´i�=�.!=32�

S
P
rjD� 7�� "$%A�&" 7�2��)�D��()� ¤9T)�D=�.���% 7�-�vA�B� "!?)

p
 "!l)�D=�Y "!i)��.�� 7B��FB(9

p1p2
���=3�Du)�D��()

p
3��(!�!=B�)T,	��������3@D=�2<u,i*

S
J?)�D=�.!p�(!i*>B�A�)� "$G�(&	A��()�D

π
�()

p
3��(!�!=B�)1&" 7�V32B�$%A�&7�.)��.&"*> "!=�� 7<��

Ω
Pjs�����)�D=�.��$>B����KJ	)�D� 7�WB�A�)� "$G�(&8A��()�D

π
$F�=��)V "!i)��.���@�23.)V�. ")�D=�.�

π1
B��

π2 7
B�)�D=�.��/: 7���KJ

π
D�����)�BG������3�D

p9M��B�$��(,�B�45�-)�D=�ID=B��� "¼�B�!i)@�(&x�2<�#5�
e
J=�(!=<O)�Di�=�W3��(!�!=B�)W,��I$>B�!=B�)�B�!=�KP

QV������$>�1/: ")�D=B���)x&7BK���6B(9�#5�.!=�.�@�(&" ")0*F)�D��()
π
 "!?)��.�����23.)��

π1
�M���2�1)�D=�1<=����D=�2<�3.����45�1 "!p�q�5 �B(9=)�D=�TA����.4N 7B��=�

H=#K������ ^P����.)
q
,	��)�D=�F&'����)� "!i)��.���@�23.)� 7B�!mA	B� "!i)�P » ,?4? 7B��=��&"*5J�)�D=�-����,	3.����45�2�

π1[b, q]
�(!=<

π[b, q]
�(���-,	B�)�D

B�A�)� "$G�(&1�()
q
�(!=<�D��245�G)�D=�%�@�($>�>��32B����KP AVB�/w32B�!=��)����=3.)
�u!=�./�A��()�D

π′ J�/:D� 73�D� 7��)�D=�G32B�!=3��()��.!��()� 7B�!
,	�.)0/1�2�.!

π1[b, q]
�(!=<

π[q, p]
PV±? "!=32��,	B�)�D

π
�(!=<

π1
�(���
32B�!�9MB���$G�(&fJ

π′  7��32B�!�9qB���$G�(&8�.45�.��*N/:D=�.���YB�)�D=�.�
)�D��(!O�(��B���!=<

q
J����

q
$G��*v,	�� "!u)�D=�V "!?)��.�� 7B���B(98��B�$>�����.#K 7B�!

R ∈ Arr(D̂)
PEyVB�/T�.45�.��J=�� "!=32�

R
 7�:32B�!?45�^�	J

/1��3��(!p������*v$>B?<� ¤9M*
π′ &7B?3��(&"&"*v)�BY$G�(k5�V ")�32B�!�9MB���$G�(&fJ�,?*v32B�!�!=�23.)� "!�#>)�D=�I)+/1BY "!i)��.���@�23.)� 7B�!OA�B� "!?)���B(9 π′

�(!=<
R
<� "���23.)�&"*5PIrjD=�F���2����&")� "!�#vA��()�D

π′′  7�V32B�!�9MB���$G�(&R�(!=<m ")�D����V)�D=���@�($>����32B�������� π′ PWs�����)�D=�.��$>B����KJ
�� "!=32�

π′′ !=B�/ &" 7�2�U32B�$%A�&7�.)��.&"*º "!=�� 7<��
Ω
J

π′′ ∈ C(S)
P rjD� 7�p3��(�=���2�U32B�!?)��@��<� 73.)� 7B�! ���

π′′ ������3@D=�2� SB�A�)� "$G�(&"&"*5PSyV�.!=32�-B����W��������$%A�)� 7B�!O 7�:/:��B�!�#v�(!=<p)�D=�-&7�.$%$G�YD=B�&7<���P
���j���^9q�.�E)�BV)�D� 7�R���.#K$>�.!i)1B�!

e
)�D��()R3��(!%,��:B�A�)� "$G�(&"&"*�������3�D=�2<G,i*

S
���x)�D=�Ibdg"#T§=_^g�\@_�
+bdg�`0_^¨�e�¦

I(S, e) @
e
 7�SB�$% ")�)��2<v/:D=�.!v ")��T3�D=B� 732�� 7�S3.&7���(��Px���V�@�2*Y)�D��()

S
 7��¨�e�¦ bMaGB�!

e
 ¤9

I(S, e)
 7�S!=B�)1�.$%A�)+*5PW�;�������.$G�(��k

)�D��():)�D=���(,�B�45��3.&'�( "$�<�B?�2�j!=B�)jD=B�&7<u9qB����
��&7B�A��I�2<�#5�KPRQ�!p�^���($%A�&7�V 7�:<��2��3.�� ",	�2<U "!pQWA�A	�.!=<� ¤�uQ�PErjD� 7�
 "$%A�&" 7�2�
)�D��()F)�D=�>���.#K 7B�!� "!

D̂
)�D��()��(!¶�2<�#5�^�0���2´i�=�.!=32�v3��(!µ������3@D¶B�A�)� "$G�(&"&"*l 7�F!=B�)
32B�!i45�^�oPpyVB�/1�.45�.��J

 ")��� "!?)��.�����23.)� 7B�!=�V/: ")�DLD=B��� "¼�B�!?)@�(&x�(!=<L45�.��)� 73��(&8�2<�#5�2�V�(���KP: vrjD=��A���BNB(9SB(9E)�D=�I9qB�&"&7B�/: "!�#UB�,=���.��4��()� 7B�!m 7�
�� "$% "&'�(��)�BY)�D��()�B(9 � &'�( "$ ��P~�G�(!=<OB�$% ")�)��2<oP

}



��� ��� �����"
-	 � )�� � � � bd¨(_.g®eL]N«KZ­b=<�«�g�`fe�¦1«�Z>¨�_^Z^`Mbq\�e�¦�_�a�ª?_
e � ¦"_.` S1

e�g�a
S2

¬�_u` �S«l_�a�ªi_ 
fc2_ �.§�_.g�\@_­c �EbM`;]
g�«�g 
{_^©�¥�`?>Vbdg�#1§=_^g�\@_ 
0b;g�`0_^¨�e�¦ c

I(S1)
e�g�a

I(S2)
«Kg

e
���^`	\�e�g�g�«K`�]Ne­¥i¥�_^gG`;]Ne5`f«�g�_j«��T`;]�_1bdg�#1§=_^g�\@_ 
0b;g�`0_^¨�e�¦ c

¦ bq_
\�«�©�¥�¦7_.`0_^¦ >vb;g�`;]�_Fbdg�`0_.Z­bq«�ZF«��-`;]�_�«K`;]�_^Z �

� ���&6W����� ,2!W�:����� � 0 	2��� )B6:�����/6C,�
-�
�E� �:.8� #�� 0 �/,/6����{���

���.)
E
,	�:)�D=�V���.)SB(9��2<�#5�2�1 "!

Arr(D̂)
PxnT�.&7B�/º/T��H=����)1<��2��3.�� ",	����9;�@�($>�./TB���k>)�D��()T32B�$%A���)��2�T)�D=�WA��(��)� '�(&

s���t23@D=�.)6�� "$% "&'�(�� ")+*V�=�� "!�#�)�D=�x9qB�&"&7B�/: "!�#W����,���B���)� "!=� ��#K "45�.!
�(!-�2<�#5�R���2´?�=�.!=32�
S ⊆ E

J �&�����������	� �"!$#��
p, q, S

 
���.)�����!=�-)�D=�Y,	�2��)�A��()�D� "!

C(S)
9;��B�$ )�D=�%A	B� "!i)

p
)�BU)�D=�%A�B� "!?)

q
PY���Y)�D=�.!µ��D=B�/�D=B�/�)�BO "$%A�&7�.$>�.!i)

)�D=� �&�����������	� �"!$#��f -A���B?32�2<������v "!µ!=���(�
&" "!=���(�F)� "$>�KJ8)�D=�.���.,i*µA���B?<��=3. "!�#l�(!µ�^�G3. 7�.!i)YA	B�&"*?!=B�$% '�(&1)� "$>�
�(&"#5B��� ")�D�$�)�B%32B�$%A���)��F)�D=��A��(��)� '�(&�s���t23@D=�.)��� "$% "&'�(�� ")+*U,��.)+/1�2�.!L)+/1BGA�B�&"*N#5B�!��(&�3.����45�2�W�^�=��3.)�&"*5P

� � �	� � 	 ��� � +�
	���4� �
� � � 	 
	��
 � » ���x#5B5�(&N 7�x)�BI32B�$%A���)��:��B�$>�T&7B�!�#5�2��)x$>B�!=B�)�B�!=�jA��()�D% "!>�W/1�. "#KDi)��2<
���.#K 7B�!u�;/T�. "#KDi)

1
9qB���/:D� ")��1���.#K 7B�!=��JK�(!=<

0
B�)�D=�.��/: 7���� ^P���!�9MB���)���!��()��.&"*5J� ")8�(A�A����(���6)�D��()�)�D=�.���S 7��!=B��� "$%A�&7�

3�D��(�@��3.)��.�� "¼��()� 7B�!%B(9�)�D=�2���RB�A�)� "$G�(&?A��()�D=����Bj)�D��()�B�!=�SB�!�&"*V!=�2�2<���)�B:3�D=�23@k�A�B�&"*N!=B�$% '�(&i!?��$F,	�.�6B(9�<� 7��3.���.)��
3������2��PEs�B��W�^���($%A�&7�KJ�<��=��)�BY)�D=��$>B�!=B�)�B�!� 73. ")0*p���2´?�� "���.$>�.!i)�J� ")� 7�:A	BK���� ",�&7�I)�D��()W�(!?*UB�A�)� "$G�(&6A��()�Dp)�BG�
32�.��)@�( "!>A	B� "!i)ED����E)�BIA����@�E)�D���B���#KDOb;g�`0_^Z^bM«�Z8¥�«�bdg�`;c:B(9	�2<�#5�2�E "!

D̂
J?�(!=<%��)��@�( "#KDi){9qB���/T�(��<u3�D��(�@��3.)��.�� "¼��()� 7B�!

B(9F���=3@Dº "!?)��.�� 7B��uA	B� "!i)��u&7����<��uB�!�&"*®)�B��^��A	B�!=�.!i)� '�(&I!i��$
,��.�U<� 7��3.���.)���3������2��P » ���U�(&"#5B��� ")�D�$  "!=��)�����<
32B�$%A���)��2���>���.)�B(9x�2<�#5�^�0�@�2´i�=�.!=32�2�W)�D��()�$G�2*UA���BN<��=32�F�(!OB�A�)� "$G�(&�A��()�D�P

��B����%��A	�23. ¤H�3��(&"&"*5J�32B�!=�� 7<��.�F�v)�B�)@�(&RB���<��.� 〈C1, . . . , CM 〉 B(91)�D=�%���.)�B(91���23.)@�(!�#K��&'�(�
32�.&"&7�I "! Arr(G)/:D=�.���� ¤9
Ci ≺ Cj

J�)�D=�.!
i < j

PR���IA���B?32�2���
Ci
�� "!p "!=3.�������� "!�#>B���<��.�WB(9

i
PT±? "!=32�I)�D=�� "!�·=�=�.!=32�^�f "!i)��.4K�(&6B(9

�(!��2<�#5�^�0���2´?�=�.!=32�% 7�I/1�.&"&¤�f,	�.D��245�2<¶�(&7B�!�#m�vD=B��� "¼�B�!i)@�(&TB���45�.��)� 73��(&S�2<�#5�O� � &'�( "$ ��P~�5 ^Jo/T�Y$G�( "!i)@�( "!�9qB��
����3�D�¬�«�§Ng�a5eKZ�>-ª�Z^bMa>_�a�ªi_

e
B(9��-32�.&"&

Ci
JN�G\�e�g�a�bMaieK`0_�
fc�_.`S«��I_�a�ªi_Ic2_��.§=_^g�\­_­c-���=3�Dv)�D��()S)�D=����!� 7B�!UB(9o)�D=�. "�

 "!�·=�=�.!=32�^�f "!i)��.4K�(&7�Y32B�45�.���F)�D=�%�2<�#5�
e
P AVB�)��%)�D��()�/1�Lai«Og�«5`�$G�( "!?)@�( "!µ)�D=�Y "!�·=�=�.!=32�^�f "!?)��.4��(&7�YB(9j)�D=�2���

�2<�#5�^�0���2´?�=�.!=32�2��PIrjD� 7�I3��(!=<� 7<=�()��^�0���.)-<�B?�2��!=B�)V!=�232�2���@�(�� "&"*m32B�!?)@�( "!��(&"&64K�(&" 7<m�2<�#5�^�0�@�2´i�=�.!=32�2��B�!
e
�;)�D=�

!i��$
,��.�jB(9�/:D� 73�Du3��(!v,	���^��A�B�!=�.!?)� '�(&� "!v/1B�����)T3������� ^J��(!=<> ")S$G��*>32B�!i)@�( "!u "!i4K�(&" 7<v�2<�#5�^�0�@�2´i�=�.!=32�W/:D=BK���
 "!�·=�=�.!=32�^�f "!i)��.4K�(&6B�!

e
 7�j�.$%A�)+*5PSrjD=�V "$%A�B���)@�(!?)WB�,=���.��4K�()� 7B�!p)�D��():/1�I/: "&"&o��D=B�/ ��D=B���)�&"*v 7�T)�D��()����=3@DL�

3��(!=<� 7<=�()��^�0���.)IB(9S�� "¼��
O(nm)

3��(!m,��F$G�( "!i)@�( "!=�2<L9MB��V����3�D�32�.&"&�,?*p$G�(k? "!�#uB�!�&"*L�%A	B�&"*?!=B�$% '�(&6!i��$F,	�.�
B(9C���������
���	� �"!$#��f -´i�=�.�� 7�2��P%s6 "!��(&"&"*5Jx��9M)��.��/1�>32B�$%A���)��G)�D=�>3��(!=<� 7<=�()��^�0���.)

Σ
�����@B?3. '�()��2<l/: ")�Dµ)�D=�Y)0/1B

#K�� 7<L�2<�#5�2�� "!=3. 7<��.!i)I)�BG)�D=�-)�B�A��f�� "#KDi)V45�.��)��^�
t
B(9

D
J=/T�F3��(!L 7<��.!?)� ¤9;*��(!mB�A�)� "$G�(&8A��()�DO9M��B�$

b
)�B

t
,i*

3�D=�23@k? "!�#v)�D=��,	�2��):A��()�DO#5�.!=�.�@�()��2<p,?*U����3@DL�2<�#5�^�0���2´?�=�.!=32�- "!
Σ
P

h+!>/:D��()19MB�&"&7B�/���Ji/T�W<��2��3.�� ",	�� "!p±N�23.)� 7B�!G�=P"�WD=B�/�/1��$G�( "!?)@�( "!U)�D=�W3��(!=<� 7<=�()��^�0���.)19MB��1����3�DU32�.&"&� "!
Π
J

�(!=<���D=B�/CD=B�/ )�BU�(!=��/T�.� �&�����������	� �"!$#��f �´?�=�.�� 7�2�I "!m!=���(�I&" "!=���(�I)� "$>�F "!µ±N�23.)� 7B�!��=P~��PV���Y����$%$G�(�� "¼��
�(!=<L�(!��(&"*N¼���)�D=���.!i)� "�����(&"#5B��� ")�D�$� "!m±N�23.)� 7B�!m�=P~��P

����� �����������! #"%$&�('���)*���+���-,/.0�1��.
�V "45�.! �pD=B��� "¼�B�!i)@�(&jB��F45�.��)� 73��(&j�2<�#5�

e
J6/T�v������ "#K!¶�p<� "���23.)� 7B�!¶)�BO ")��u¦7_
�^` 
+Z­b"ª(]?`I ¤9

e
 7�
D=B��� "¼�B�!i)@�(&:�(!=<

`f«­¥ 
{a5« �Egu ¤9
e
 7�x45�.��)� 73��(&fPErjD� 7�R<� "���23.)� 7B�!G "!=<��=32�2�S�(!�«�Z{a?_^Z­b;g?ª
,	�.)0/1�2�.!vA�B� "!?)��R "!

e
P8s�B��R�^���($%A�&7�KJ

p ≺ q ¤9
p
 7�j)�B�)�D=��&7�^9M)jB(9

q
B��j ¤9

p
 7�:�(,�B�45�

q
P8Q�!U "!i)��.��4K�(&�B�!

e
3��(!p,	�����.A����2���.!i)��2<U,?*G ")��:�.!=<�A	B� "!i)���� 〈 ¦"_
�.` 
_^g�a^¥�«�b;g�` � Z^b¤ª(]N` 
{_^g�a^¥�«�b;g�` 〉  ¤9 e

 7��D=B��� "¼�B�!i)@�(&fJE�(!=< 〈 `f«­¥ 
{_.g�a­¥�«�b;g�` � ¬�«K`q`f«�© 
{_^g�a­¥�«�b;g�` 〉  ¤9 e
 7�-45�.��)� 73��(&fP

�V "45�.!O)+/1BG!=B�!��0�.$%A�)0*O "!?)��.��4��(&7�
I1
�(!=<

I2
B�!

e
J�)�D=�v«�Z{a?_^Z%,��.)+/1�2�.!

I1
�(!=<

I2
J=<��.!=B�)��2<O,?*

I1 ≺ I2
B��

I2 � I2
J� 7�j)�D=�I&7�^�� 732B�#K�@�(A�D� 73-B���<��.�:,��.)+/1�2�.!m)�D=�. "��32B������2��A�B�!=<� "!�#GA��( "�{�f���.A����2���.!i)@�()� 7B�!=��PT�S����*v)�BY45�.�� ¤9;*

)�D��()W)�D� 7��<��^H=!� ")� 7B�!�B(9RB���<��.�� "!=<��=32�2�V�YA��(��)� '�(&xB���<��.�W���.&'�()� 7B�!�B�45�.���%���.)WB(9E "!?)��.��4��(&7�VB�!
e
P��V "45�.!L)0/1B

�2<�#5�^�0���2´?�=�.!=32�2�
S1

�(!=<
S2
J� ¤98)�D=�. "�� "!�·=�=�.!=32�^�f "!i)��.4K�(&7�

I1 = I(S1)
�(!=<

I2 = I(S2)
B�!

e
�(����!=B�!��0�.$%A�)0*5J

)�D=�.!
S1 ≺ S2

�MB��
S1 � S2

 � ¤9
I1 ≺ I2

�MB��
I1 � I2

  @ B�)�D=�.��/: 7���KJo)�D=�.���Y 7�I!=Bu���.&'�()� 7B�!=��D� "A�,	�.)0/T�2�.! S1�(!=<
S2
P A�B�)���)�D��()�,i* » ,=���.��4K�()� 7B�!m��P~��J� ¤9

I1 ≺ I2
J=)�D=�.!O)�D=�-�� "#KD?){�0�.!=<�A�B� "!?)Y�;���2��A�PS,�B�)�)�B�$Y�0�.!=<�A	B� "!i)­ 

B(9
I1
3��(!�!=B�)�&" 7�I)�B%)�D=���� "#KD?)WB(9:�;���2��A�PE,��.&7B�/� T)�D��()WB(9

I2
P

�



�V "45�.!����@�.)YB(9I�2<�#5�^�0���2´?�=�.!=32�2�
L
JR/T�p�@�2*�)�D��()

L
\�«K¨(_^Z­cm�(!��2<�#5�

e
 ¤9 ⋃

S∈L I(S) = e @ )�D��()% 7��J)�D=�%��!� 7B�!µB(9:)�D=�% "!�·=�=�.!=32�^�f "!?)��.4��(&7�� "!=<��=32�2<l,?*
L
32B�45�.���

e
P » ���
�(&"#5B��� ")�D�$ $G�( "!?)@�( "!=�-9qB��F����3�Dµ#K�� 7<

�2<�#5�
e ∈ G

�O\@e�g�a�bqa5eK`0_�
0c2_.` � ai_^g�«5`0_�aO¬�> L(e)
J�/:D� 73@DL 7�W�(!LB���<��.���2<L&" 7��)WB(9E�2<�#5�^�0���2´?�=�.!=32�2�W)�D��()W32B�45�.���

e
JV�(!=<º/:D=BK�@��B���<��.�U 7�U32B�$%A��()� ",�&7�l/: ")�D�)�D=��A��(��)� '�(&�B���<��.�O32B�!=��)��@�( "!i)��U,	�.)0/T�2�.!��2<�#5�^�0���2´?�=�.!=32�2�O���
 "!i)���BN<��=32�2<��(,�B�45�KP�rjD=�p9qB�&"&7B�/: "!�#�B�,=�@�.��4��()� 7B�!� 7�G��)��@�( "#KD?){9MB���/j�(��<oJ����vB�!=�L3��(!��� "$%A�&"*®A	�.�{9qB���$ )�D=�
���
�����
���	� �"!$#��

b, p, S
 �´i�=�.��*v9MB�������3�DL�2<�#5�^�0���2´?�=�.!=32�

S ∈ L(e)
P

��� ��� �����"
-	 � )�� ��� � bd¨(_.gºe�g >µ_�a�ª?_
e
e�g�a�`;]�_O\�e�g�a�bMaieK`0_�
fc�_.`

L(e)
e(c­c.«�\2bMeK`0_�a �EbM`;]µbM` � �.«�Zpe�g >v¥�«Kbdg�`

p ∈ e � eKg�«­¥	`Mbd©>e�¦N¥�e5`;] π∗(b, p)
\�e�gµ¬�_�\�«�©�¥�§�`0_�aL¬�>

O(|L(e)|) g=§N©G¬�_^Z
«�� �&�����������	� �"!$# 
 � �.§=_^Z­bf_­c"�
AVB�/¶32B�!=�� 7<��.�8�(!?*V���23.)@�(!�#K��&'�(�x32�.&"&

C ∈ Arr(G)
P8°W�23��(&"&?)�D��()�)�D=�.���1�(���1�. "#KDi)�A	BK���� ",�&7�S32B�!�H=#K���@�()� 7B�!=�

9qB��
C
JE���
 "&"&"�=��)��@�()��2<¶ "!¶s8 "#K�������KP ���.)

eL
J
eB
J
eT

�(!=<
eR

<��.!=B�)��v)�D=�v&7�^9;)�Jx,	B�)�)�B�$OJx)�B�A�JR�(!=<µ�� "#KD?)
,	B���!=<=�(��*µ�2<�#5�2�
B(9

C
J6���2��A��23.)� "45�.&"*5P�±? "!=32�G/T�GA���BN32�2���Y�(&"&T32�.&"&7�
 "!

Arr(G)
 "!�B���<��.��JR�()F)�D=�v)� "$>�v/1�

A���BN32�2���
C
Ji/T�V�(&"������<�*vD��245��)�D=��3��(!=<� 7<=�()��^�0���.)��T9qB��

eL
�(!=<

eB
J��(!=<v/1��/: 7��Dv)�B
$G�( "!i)@�( "!O���=3�Du&" 7��)��R9qB��

eT
�(!=<

eR
P

p1

p3

p2

p4

p6

p5

���.)
L1 ⊕ L2

<��.!=B�)���)�D=��32B�!=3��()��.!��()� 7B�!�B(9x�(!OB���<��.���2<O&" 7��)
L2

)�BY)�D=���.!=<OB(9
L1
P1±N�.)

LL = L(eL)⊕L(eB)
�(!=<

LU = L(eT )⊕L(eR)
P8�����@��*
)�D��()1�(!>�2<�#5�W���2´i�=�.!=32�

S2
 7�We�g

_ 1K`0_.g�c­bq«�gmB(9E�(!=B�)�D=�.��B�!=�
S1

 ¤9
S1

 7���FA����^H��pB(9
S2
P����.)

X
,	���
&" 7��):B(98�2<�#5�^�0���2´?�=�.!=32�2��P

²I�.!=B�)��:,i*
ExtS(X, e)

)�D=���^��)��.!=�� 7B�!=�RB(9o�2<�#5�^�0���2´?�=�.!=32�2�SB(9
X
��BV)�D��()

e
 7�E)�D=�j&'����)R�2<�#5�KJ

�(!=<Y9qB��S�I���.)RB(9o�2<�#5�2�
E′ J5<��.!=B�)��W,i* ExtS(X,E ′)

)�D=����!� 7B�!GB(9��2<�#5�^�0���2´?�=�.!=32�2� ⋃
e′∈E′ ExtS(X, e′)

Pxr6B
32B�$%A���)��

LU
9M��B�$

LL
J�/1�F!=�2�2<L)�D=�-9MB�&"&7B�/: "!�#U���2����&")���P:h+!i)��� "45�.&"*5J

LU
3��(!L,	�F32B�$%A���)��2<�,i*O�^��)��.!=<� "!�#

�2<�#5�^�0���2´?�=�.!=32�2��9M��B�$
LL
J��(!=<O)�D� 7�W�^��)��.!=�� 7B�!O/: "&"&���B���#KD�&"*u¡0A����2���.��45�2��¢I)�D=�FB���<��.�WB(9R�2<�#5�^�0���2´i�=�.!=32�2�� "!

LL
�M���2��)�D=���� "#KDi)SH=#K������ "&"&"�=��)��@�()� "!�#
)�D=�� "!?)��� ")� 7B�!�J?/:D=�.���

p2, p4
�(!=<

p6
�(���W�^��)��.!=<��2<>,i*%B�A�)� "$G�(&�A��()�D=�

9M��B�$
p1, p3

�(!=<
p5
 ^P6���W�=���

eL ⊕eB
�;���2��A�P

eT ⊕eR
 8)�B-<��.!=B�)���)�D=��32B�!=3��()��.!��()� 7B�!pB(9

eL
�(!=<

eB
�;���2��A�P

eT
�(!=<

eR
 ^PR£6B� "!?)��W "!

eL
�;���2��A�P

eT
 1A����232�2�2<LA�B� "!?)��: "!

eB
�;���2��A�P

eR
 ^P

� � 
 
 ��� ����� _.`
N = |LL|

ai_^g�«K`0_
`;]�_-c^b <�_F«��
LL

�

����	��e5\^]�_�a�ª?_�
fc�_��.§=_^g�\@_Gb;g

LL
\�e�gOªi_^g�_.Z{eK`0_

O(1)
_21K`0_^g�c^bM«�g=cF`f«

eT ∪ eR
�:Xo§?Z.`;]�_^Z^©>«�Z�_ � `;]�_F¦7_^g?ªK`;]L«��e�g >U_ 1K`0_^g�c^bM«Kgl« �

S ∈ LL
`f«

eT ∪ eR
bdc |S| + O(1)

�

�
"�UX�«�ZUe�g >>¥�«�b;g�`

q ∈ eT ∪ eR �
`;]�_^Z�_Ubdcve�gº_�a�ª?_�
fc�_��.§=_^g�\@_

S ∈ ExtS(LL, {eT , eR})
c^§�\.]µ`;]NeK`

S
b'c

«­¥�`Mb;©>e�¦�eK`
q
�



� � � g >V¥�«�bdg�`
p ∈ eL ∪ eB

¬^Z�_�e���cF`;]�_
\^]Ne�b;g
eL ⊕ eB

bdg�`f«>` �S«�¥�«�Z.`MbM«�g=c � s1
e�g�a

s2
� � _.`

LL[m]
¬�_FeKg >

_�a�ª?_�
fc�_��.§=_^g�\@_.�^Z{«K©
LL

`;]NeK`�b'cS«­¥�`Mb;©>e�¦?eK`
p
� � ]�_.g {LL[1], . . . ,LL[m]} \�«�¨(_^Z­c s1 �

e�g�a {LL[m], . . . ,LL[N ]}\�«�¨�_^Z@c
s2
�


���� � g >1¥�«�b;g�`
q ∈ eT ∪eR

¬^Z�_�e���cW`;]�_�\^]�e�bdg
eT ⊕eR

bdg�`f«-` �S«1¥�«�Z.`MbM«Kg�c � s′1
e�g�a

s′2
� � _2`

LL[k]
¬�_�eKgU_�a�ª?_�


c2_ �.§�_.g�\@_ �­Z�«�©
LL

c^§�\^]U`;]NeK`8c2«�©G_-_ 1K`0_^g=c­bq«�g�«��VbM`xb'cV«^¥�`Mbd©>e�¦oeK`
q
� � ]�_^g

ExtS({LL[1], . . . ,LL[k]}, s′1)\�«�¨�_^Z@c
s′1 �

e�g�a
ExtS({LL[k], . . . ,LL[N ]}, s′2)

\�«�¨(_^Z­c
s′2
�

 TZ�«�«��"! � &'�( "$ �{�� 19qB�&"&7B�/��� "$%$>�2<� '�()��.&"*U9;��B�$ )�D=�V9f��3.):)�D��():)�D=�.���F�(����B�!�&"*U32B�!=��)@�(!i)�!?��$F,	�.��B(9E�2<�#5�2�
 "!�)�D=�F32�.&"&

C
P�r�Bu��D=B�/C3.&'�( "$ �q�5 ^J�)@�(k5�Y�(!i*mB�A�)� "$G�(&6A��()�D

πq
9M��B�$

b
)�B

q
P�²V�=�-)�Bv)�D=�F$>B�!=B�)�B�!� 73. ")+*

���2´?�� "���.$>�.!i)�J
πq

$
�=��)% "!i)��.�����23.)
eL ∪ eB

�^�=��3.)�&"*�B�!=32�KJR�@��*5JS�()
q′
 "!

eL ∪ eB
P ���.)

S ∈ LL
,��U�(!i*

�2<�#5�^�0���2´?�=�.!=32�V9;��B�$
LL

)�D��()j 7�TB�A�)� "$G�(&��()
q′
�; fP �KJ

q′ ∈ I(S)
 ^PS±N�.)

S′ ,	�V)�D=�V�^��)��.!=�� 7B�!pB(9 S
,i*U��<�<� "!�#

�2<�#5�2��)��@��45�.�����2<p,?*u)�D=�F����,�3.����45�
πq[q

′, q]
)�B>)�D=���.!=<OB(9

S
P » ,i4N 7B��=��&"*5J

S′  7�WB�A�)� "$G�(&8�() q
P

� &'�( "$ �q�5 T9qB�&"&7B�/��W9;��B�$�)�D=��9f��3.)W)�D��()
LL

32B�45�.���
eL ∪ eB

J��(!=<L)�D��()W ")W 7��B���<��.���2<oP�h+!=<��2�2<oJ�9qB����(!i*
p′ ∈ s1

J�&7�.)
j
,���)�D=�
��$G�(&"&7�2��)� "!=<��^�L���=3�DL)�D��()

LL[j]
 7�WB�A�)� "$G�(&E�()

p′
PT���F3.&'�( "$ )�D��()

j ≤ m
PjrjD� 7�� 7�

,	�23��(�=���Y ¤9
j > m

J	)�D=�.!�)�D=��9q��3.)��I)�D��()
LL[m] ≺ LL[j]

J8�(!=<
LL[m]

 7��B�A�)� "$G�(&1�()
p � p′

 "$%A�&"*�)�D��()
)�D=�I "!�·=�=�.!=32�^�f "!i)��.4K�(&6B(9

LL[m]
32B�!i)@�( "!=�

p′
P � B�!i)��@��<� 73.)� 7B�!�P:±? "$% "&'�(��&"*5J�9MB��

p′′ ∈ s2
J?&7�.)

l
,	��)�D=�I&'�(��#5�2��)

 "!=<��^�v���=3@DU)�D��()
LL[l]

 7�jB�A�)� "$G�(&��()
p′′
Px����3.&'�( "$ )�D��()

l ≥ m
PxrjD� 7�T 7�T,��23��(�=�@�W)�D��()j ¤9

l < m
J?)�D=�.!u,?*

�



» ,=���.��4K�()� 7B�!���P~��J�)�D=�
 "!�·=�=�.!=32�^�f "!?)��.4��(&1B(9
LL[m]

��D=B���&7<�32B�!i)@�( "!l)�D=���� "#KD?)-�.!=<�A�B� "!?)IB(91)�D��()IB(9
LL[l]

P
yV�.!=32�

LL[m]
 7�WB�A�)� "$G�(&8�()

p′′
P

���j!=B�/®A���B�45�:3.&'�( "$��;�? ^PE±?A��23. ¤H�3��(&"&"*5Ji/1�:��D=B�/®)�D��()
ExtS({LL[1], . . . ,LL[k]}, s′1)

32B�45�.���
s′1
P8£E��B?B(9

9qB��T)�D=��B�)�D=�.�:D��(&¤9x 7�:��*N$%$>�.)��� 73>�;,���):/: ")�DU)�D=�I�=����B(9 » ,=���.��4K�()� 7B�!L��P~�5 ^PRQV������$>�V)�D��():)�D=�.���I 7���
A�B� "!?)
q′ ∈ s′1

���=3�D�)�D��()-!=Bp�^��)��.!=�� 7B�!l9M��B�$
L[i]

J�9MB��
i ∈ [1, k]

J63��(!l,	�%B�A�)� "$G�(&T�()
q′
P%nT*�3.&'�( "$ �{�� ^J�)�D=�.���

$F�=��)�,��F��B�$>�
L[j]

B�A�)� "$G�(&8�()
q′
/: ")�D

j > k
P ���.)

π
�;���2��A�P

π′  T,	�-�(!LB�A�)� "$G�(&�A��()�DL)�B q
�;���2��A�PR)�B

q′
 

/:D=BK���I�2<�#5�^�0���2´?�=�.!=32�V 7�j�(!p�^��)��.!=�� 7B�!pB(9
LL[k]

�;���2��A�P
LL[j]

 ^J=�(!=<
p
�;���2��A�P

p′
 S 7�1 ")��T "!?)��.�����23.)� 7B�!pA�B� "!?)

/: ")�D
eL ∪ eB

PE����3.&'�( "$�)�D��()
p ≺ p′

P
h+!=<��2�2<oJE�� "!=32�

I(LL[k]) ≺ I(LL[j])
JR)�D=�>&7�^9M)u�MB���)�B�A� -�.!=<�A	B� "!i)YB(9

LL[k]
$
�=��)�,��%)�Bm)�D=�>&7�^9M)u�MB��

�(,	B�45�� W)�D��()VB(9
LL[j]

PVyV�.!=32�F ¤9
p � p′

J�)�D=�.!
p′ ∈ I(LL[k])

P�rjD� 7�V "$%A�&" 7�2�V)�D��()��(!�B�A�)� "$G�(&xA��()�D�)�B
q′3��(!O,	�I#5�.!=�.�@�()��2<O,?*u�^��)��.!=<� "!�#

LL[k]
���:/1�.&"&fJ�/:D� 73�DO 7���%32B�!i)��@��<� 73.)� 7B�!�P

q

q
′

p p
′

x

±? "!=32�
q′ ≺ q

�(!=<
p ≺ p′

J�)�D� 7�V$>���(!=�W)�D��()
π
�(!=<

π′ $
�=��)I "!i)��.�����23.)�J	�@��*5J��()VA�B� "!?) x
P

±N�2��)�D=�F�� "#KD?)IH=#K�����KP&A�B�/ $>B?<� ¤9M*
π
)�B

π′′ ,?*L���.A�&'��3. "!�# π[x, q]
,i*

π′[x, q′]
P » ,?4? 7B��=��&"*5J

S(π′) = S(π′′)
Ji "$%A�&"*? "!�#
)�D��()

π′′  7�SB�A�)� "$G�(&��() q′
PR±? "!=32�

π′′  7�E#5�.!=�.�@�()��2<v,i*>�(!G�^��)��.!=�� 7B�!
B(9

LL[k]
J�)�D� 7�� 7�W�%32B�!i)��@��<� 73.)� 7B�!�PTrjDi�=�W)�D=��3.&'�( "$�D=B�&7<���P

� � 
 
 ��� � � � b;¨(_^gmeKg >>\@_^¦;¦
C ∈ Arr(G) � e�g�a>`;]�_�\�e�g�a�bMaieK`0_�
fc�_.`;c L(eL)

e�g�a
L(eB) � �1_\�e�g®\�«�©�¥�§�`0_

L(eT )
e�g�a

L(eR)
¬�>O©>e���b;g?ª

O(|L(eL)| + |L(eB)|) g=§N©>¬@_^Zv«�� ���
�����
���	� �"!$# 
 � �.§=_^Z^bq_­c"�X	§NZ.`;]�_^Z^©%«KZ�_ � �1_I]�e�¨(_�`;]NeK` |L(eT )| + |L(eR)| ≤ |L(eL)| + |L(eB)| + O(1).
 TZ�«�«��"! nT* ���.$%$G�G�=P~�m�{�� ^J�����3�D��2<�#5�^�0���2´?�=�.!=32�
 "!

LL = L(eL) ⊕ L(eB)
3��(!mD��245�

O(1)
�^��)��.!=�� 7B�!=�

)�BU�2<�#5�2�
eT ∪ eR

P�yV�.!=32�� ")� 7�I������*O)�BU32B�!=��)����=3.)-�u���.)IB(91�2<�#5�^�0���2´?�=�.!=32�2�
LU = L(eT ) ⊕ L(eR)

���=3@D
)�D��() |LU | = O(|LL|)

PYr�BU���2<��=32�> ")��-�� "¼��Y)�B |LL| + O(1)
J�/1�%/: "&"&R32B�!=��)����=3.)

LU
 "!����=3�D��v/j�2*�)�D��()

�(!i*m�2<�#5�^�0���2´i�=�.!=32�
9M��B�$
LL
J�B�)�D=�.�V)�D��(!�32B�!=��)@�(!?)I!i��$F,	�.����Jo3��(!�D��245�UeK`j©>«(c^`:«�g	_��^�N)��.!=�� 7B�!� "!

LU
P

nj�.&7B�/ /T�-��D=B�/ D=B�/ )�B%32B�!=��)����=3.)
LU

9MB�������3@DL32B�!�H=#K���@�()� 7B�!L "!Ls8 "#K�����>�KP
� ��� ��� ) '��8�����"
-	 � ) � ��� ��) � � ����� n1*5���.$%$G�U�=P~�l�q�5 ^Jo)�D=�.���%�^�� 7��)�����B�$>�%�2<�#5�^�0�@�2´i�=�.!=32�Y9M��B�$

LL
J	�@�2*

LL[k]
Jo���=3@D�)�D��()V ")��I�^��)��.!=�� 7B�!�)�Bv)�D=��)�B�A��f�� "#KD?)�45�.��)��^�

p
B(9

C
 7�VB�A�)� "$G�(&R�()

p
PVr�Bp32B�$%A���)��

LL[k]
J�/T�
�� "$%A�&"*pA	�.�{9qB���$ ���
�����
���	� �"!$#��

b, p,LL[i] ⊕ eT
 :´?�=�.�� 7�2�W9MB��V����3�D

i ∈ [1, N ]
Jo�(!=<O���.)�����!�)�D=�

B�!=�T)�D��()xA���B?<��=32�2�x)�D=�T&7B�!�#5�2��)E$>B�!=B�)�B�!=�jA��()�DY)�B
p
P����j���.)

L(eT )
���x)�D=�j�^�N)��.!=�� 7B�!=�EB(9��2<�#5�^�0���2´i�=�.!=32�2�

LL[1], . . . ,LL[k]
 "!�B���<��.��J��(!=<

L(eR)
����)�D=�%�^��)��.!=�� 7B�!=��B(9

LL[k], . . . ,LL[N ]
P%±?A	�23. ¤H�3��(&"&"*5J��� "!=32�
)�D=�

32�.&"&� 7���(&"&�/:D� ")���9qB�� � B�!�H=#K���@�()� 7B�!��q�5 ^J��(!=<L�(&"&�,�&'��3�kU9qB�� � B�!�H=#K���@�()� 7B�!��;,� ^J�)�D=�.���- 7��«�g=¦ >u«�g�_ �Se >u)�B
�^��)��.!=<��(!��2<�#5�^�0�@�2´i�=�.!=32��9M��B�$

LL
)�B

eT
B��

eR
PFrjD��()� 7��J

L(eT )[i] = LL[i] ⊕ eT
9qB��

1 ≤ i ≤ k
J��(!=<

L(eR)[i] = LL[i + k − 1]) ⊕ eR
9qB��

1 ≤ i ≤ |LL| − k + 1
P
h+)I9MB�&"&7B�/��I9M��B�$ ���.$%$G�p�=P~�l�;�? �)�D��()

LU32B�!=��)����=3.)��2<¶)�D� 7�Y/T��*µ "!=<��2�2< 32B�45�.���
eT ∪ eR

P�s�����)�D=�.��$>B����KJ1�� "!=32�
LL[k]

 7��)�D=�vB�!�&"*¶�2<�#5�^�0���2´i�=�.!=32�
9M��B�$

LL
)�D��()��^�N)��.!=<��W)�BY$>B�����)�D��(!LB�!=�-3.&'���@�: "!

LU
J�/T��D��245�-)�D��() |LU | = |LL| + 1

P
p1 q2

p2 q3 q4 p3

p4

e

q1
� ��� ����) '�� � ���"
-	���) � ����� � ��������) � � �	��� ���V<��2�@3.�� ",��IB�!�&"*G)�D=�I��A	<=�()���9MB��:32B�!�H=#��

���@�()� 7B�!l�M3� ^P � B�!�H=#K���@�()� 7B�!=�-�M<� R�(!=<m�M�� S3��(!G,	��D��(!=<�&7�2<u�� "$% "&'�(��&"*5PS±N�2��)�D=���� "#KD?)SH=#K�����KP
���.)

e
,	�W)�D=��9M���2�V��A���32���2<�#5�I "!u)�D=�I32�.&"&

C
Px£8�(��)� ")� 7B�!

eL
�(!=<

eB
 "!?)�B>�
�@�.)TB(96�@�.#K$>�.!i)��

Π1 = {p1p2, p2q3, q3q4, q4p3}
J=�(!=<

eT
�(!=<

eR
 "!i)�B

Π2 = {p1q1, q1q2, q2p4, p4p3}
P1�V "45�.!

�(!��.!i)���*¶A	B� "!i)
p ∈ w1 ∈ Π1

�(!=<��(!��^�� ")%A	B� "!i)
q ∈ w2 ∈ Π2

JS���23��(&"&:)�D��()
p
�(!=<

q3��(!L,	�FB�A�)� "$G�(&"&"*m32B�!�!=�23.)��2<L,?*m�%)�D����2�^�fA� 7�232��32B�!�H=#K���@�()� 7B�!�Jo���=3�Dm)�D��()�)�D=�FA� 7�232�F "!m)�D=�-/:D� ")��
���.#K 7B�!
D�����$G���N "$G�(&

L1
&7�.!�#K)�D�PV±?)��@�( "#KDi){9qB���/T�(��<µ3������
�(!��(&"*��� 7�V��D=B�/��V)�D��()V)�D=�
32B�$
,� "!��()�B��� '�(&R<��2��3.�� "A�)� 7B�!�B(9

)�D� 7�Y32B�!�H=#K���@�()� 7B�!�JS)�D��()� 7��Jx)�D=�U���2´?�=�.!=32�UB(9��2<�#5�2�� ")
 "!?)��.�����23.)���JS3��(!¶,	�v<��23. 7<��2< A������.&"*�,?*µ)�D=�v)0/TB
���.#K$>�.!?)��

w1
�(!=<

w2
�;���.#i�(��<�&7�2���TB(9	)�D=�:A�BK�� ")� 7B�!=�RB(9

p
�(!=<

q
 "!>)�D=�2���:���.#K$>�.!?)��­ ^JN�(!=<G3��(!>,��:32B�$%A���)��2<

 "!l32B�!=��)@�(!i)�)� "$>�KP
y��.!=32��D=B�/ )�BuB�A�)� "$G�(&"&"*��^��)��.!=<��(!��2<�#5�^�0�@�2´i�=�.!=32�>�()
p
)�B

q
<��.A	�.!=<���B�!�&"*mB�!

w1�(!=<
w2

���j/1�.&"&fPRs�B����^���($%A�&7�KJ�&7�.)
S1

,	���(!O�2<�#5�^�0���2´i�=�.!=32�-�()
p
J��(!=<

S2
 ")��:B�A�)�$% '�(&��^��)��.!=�� 7B�!p)�B

q
PEhf9

p ∈ w1 = p2q3
�(!=<

q ∈ w2 = q1q2
J=)�D=�.!

S2 = S1 ⊕ e ⊕ eT @
/:D� "&7�F ¤9

w1 = q4p3
�(!=<

w2 = p4p3
J�)�D=�.!

S2 = S1 ⊕ eR
P

�



AVB�/ )�BL32B�!=��)����=3.)
LU

J8/1�>H=����)
32B�$%A���)��u�2<�#5�^�0���2´?�=�.!=32�2�
LL[m1],LL[m2]

Jx�(!=<
LL[m3]

9;��B�$
LL)�D��()u�(���LB�A�)� "$G�(&W)�B

p2
J

q3
J:�(!=<

q4
JT���2��A	�23.)� "45�.&"*5PºnT* ���.$%$G�l�=P~���q�5 ^J

LL
 7�>!=B�/³<��232B�$%A�BK�@�2<�)�B

L(p1p2) = {LL[1], . . . ,LL[m1]}
J
L(p2q3) = {LL[m1], . . . ,LL[m2]}

J
L(q3q4) = {LL[m2], . . . ,LL[m3]}

J
�(!=<

L(q4p3) = {LL[m3], . . . ,LL[N ]} J�/:D=�.��� N = |LL|
P%h0!lB�)�D=�.�-/TB���<���J�/T�%!=B�/ ������ "#K!�����3�D��2<�#5�^�

���2´?�=�.!=32�u "!
LL

�m���.#K$>�.!i)Y9M��B�$
Π1

�MB�)�D=�.��)�D��(!
LL[mi] �

�­ ^P%AV�^�N)�Jx/T�v 7<��.!?)� ¤9;*�)�D=�U�2<�#5�^�0���2´i�=�.!=32�2�
LL[k1]

J
LL[k2]

J6�(!=<
LL[k3]

9;��B�$
LL

/:D=BK�@�%�^�N)��.!=�� 7B�!=�-A���B?<��=32�%B�A�)� "$G�(&1A��()�D=��������3�D� "!�#
q1
J
q2
J��(!=<

p4
Jj���2��A	�23.)� "45�.&"*5P�rjD� 7�u3��(!�,	�L<�B�!=�m,i*

O(|N |) !?��$F,	�.�UB(9:�&�����������	� �"!$#��f v´i�=�.�� 7�2�v,i* ���.$%$G�µ�=P~��{�� Y�(!=< » ,=���.��4K�()� 7B�!®�=P"�5Pµs8 "!��(&"&"*5J
L(p1q1)

J
L(q1q2)

J
L(q2p4)

JT�(!=<
L(p4p3)

�(���p�� "$%A�&"*�)�D=�uA���B�A	�.�
�^��)��.!=�� 7B�!=�-B(9:�2<�#5�^�0���2´i�=�.!=32�2�F "! 〈LL[1], . . . ,LL[k1]〉

J 〈LL[k1], . . . ,LL[k2]〉
J 〈LL[k2], . . . ,LL[k3]〉

J8�(!=<
〈LL[k3], . . . ,LL[N ]〉 J	���2��A	�23.)� "45�.&"*5PFn:�����2<�B�!�)�D=�� 7<��.!i)� ")� 7�2�-B(91)�D=���@�.#K$>�.!i)I9M��B�$ Π1

������BN3. '�()��2<�/: ")�D
����3�D �2<�#5�^�0���2´i�=�.!=32�� "!

LL
J��(!=<�)�D=��)@�(��#5�.)O���.#K$>�.!?)O "!

Π2
JV����3�D �^�N)��.!=�� 7B�!� 7�U��!� 7´?��)��.&"*�<��23. 7<��2<oP

yV�.!=32�
LU

JN)�D=����!� 7B�!OB(98)�D=�2���I�^�N)��.!=�� 7B�!=��JND����:�� "¼�� |LU | ≤ |LL|+ 6
J=���jB�!�&"*

LL[mi]
�:�(!=<

LL[kj ]
�j3��(!

A	B�)��.!i)� '�(&"&"*pA���BN<��=32��)0/TB>�^�N)��.!=�� 7B�!=�� "!
LU

P

p1
q2q1

p2 q3 q4 p3

p4

e

p

p
′

q q
′

� � � ����) '�� � �0�"
-	 ��) � + ��� ±N�2�F)�D=���� "#KDi)VH=#K�����KP�±N�.)
Π1 = {p1p2, p2q3, q3q4, q4p3}

J
�(!=<

Π2 = {p1q1, q1q2, q2p4, p4p3}
P � B�!=�� 7<��.�-�^��)��.!=<� "!�#O�(!i*m�2<�#5�^�0�@�2´i�=�.!=32�%B�A�)� "$G�(&E)�B

�%A	B� "!i)� "!��G���.#K$>�.!i)
w1

 "!
Π1

)�Bv�>A�B� "!?)W "!��>���.#K$>�.!?)
w2

 "!
Π2
PjrjD=�F32B�$
,� "!��()�B��� '�(&

<��2��3.�� "A�)� 7B�!¶B(9j)�D� 7�
�^�N)��.!=�� 7B�!�3��(!�,	�><��23. 7<��2<�A������.&"*l,����@�2<�B�!µ)�D=�>3@D=B� 732�2�
B(9
w1

�(!=<
w2
JK9qB��T�(!?*G32B�$F,� "!��()� 7B�!pB�)�D=�.�T)�D��(!�«Kg�_EA��(��)� 73.��&'�(�:3������ �xrjD��()T 7��Ji<��.A	�.!=<� "!�#%B�!G/:D=�.���

)�D=�W�.!?)���*%A�B� "!?)
p ∈ p1p2 = eL

�(!=<v�^�N ")1A�B� "!?)
q ∈ q1q2

�(���W&7B?3��()��2<oJ?)�D=�WB�A�)� "$G�(&�A��()�D>9M��B�$
p
)�B

q
©>e >

«�Z-©>e >Gg�«K`T "!i)��.�����23.)�)�D=�I9M���2�-��A���32�-�2<�#5�
e
J�)�Di�=�W)�D=�-3�D=B� 732�-9MB����^�N)��.!=�� 7B�!L 7��!=B�)���!� 7´?�=�� "!O)�D� 7��3������KP

r�/TB%�^���($%A�&7�2�-�;)�D=�V)�D� 73@ku<=����D=�2<U3@D��( "!=�T9;��B�$
p
)�B

q
�(!=<v9;��B�$

p′
)�B

q′
 T�(���V��D=B�/:!U "!U)�D=���� "#KD?)jH=#K�����KP

AV�.45�.��)�D=�.&7�2����JN/1��!=B�/���D=B�/º)�D��()T)�D=��,	�2��)1�@32B������()j����3�DuA�B� "!?)TB�!
e1 = q1q2

D����T�F�� "$%A�&7�V��)����=3.)������
)�D��()TD=�.&"A=�S)�BF 7<��.!i)� ¤9M*>)�D=�W�^��)��.!=�� 7B�!=�19;��B�$

L(eL)
)�B

e1
PE±?A	�23. ¤H�3��(&"&"*5J?9MB��

t ∈ [0, 1]
J�&7�.)

F (t)
<��.!=B�)���)�D=�

,	�2��)���32B�����B(9R�(!i*UA��()�DO������3�D� "!�#v)�D=��A	B� "!i)
e1(t) = (1 − t)q1 + tq2

4N '�Y��B�$>�IA	B� "!i)� "!
eL
P

0 1 t

F

p1 q2

eL(s)

e1(τ (s))

p2 q3 p3

p4 p1 q2

eL(s)

p2 q3 p3

p4e1(t)

x

y

0 1

Gs3

Gs2

Gs1

G0

τ (s3) τ (s2) τ (s1)
t

G

�q�5  �;,�  �M3�  �M<� 

s8 "#K������� �
�q�5 �rjD=�
#K�@�(A�DlB(9
F
D������(!��.&",�B�/C��D��(A	�KPY�;,� �rjD=��<��^H=!� ")� 7B�!�B(9

τ(s)
PY�M3� �rjD=��,	�2��)W)�D����2�^�

A� 7�232�I32B�!�H=#K���@�()� 7B�!p)�B
32B�!�!=�23.)
eL(s)

)�B
e1(t)

9qB��
t ≥ τ(s)

P:�M<� 1rjD=�W#K�@�(A�DpB(9
F
 7�T)�D=�W��A�A	�.�:�.!i45�.&7B�A	�

B(9x)�D=BK���-B(9
Gs
J=�(!=<pD������(!L�.&",�B�/���D��(A	�KP

s1 < s2 < s3
 "!p)�D=�IH=#K�����KP

�:�
��	 
 � � � � ]�_6�­§Ng�\2`Mbq«�g
F (t)

b'c%e
¥�bf_�\@_ �Ebdc2_ 
0¦ bdg�_�e�Z��­§Ng�\2`Mbq«�g �EbM`;]meK`j©>«(c.`T` �S«�¥�bq_�\@_­c 
qc�_�_FXSb"ª�§?Z�_ 


+e � ��� � ]�_�]N«�Z^b=<�«�g�`feK¦K¥�bf_�\@_Vbdc�b;g�a�§�\@_�av¬ >-c.«K©>_R¥�eK`;]I¥�e(c­c­b;g?ªY`;]iZ�«�§�ª�]

p1 �
e�g�aY`;]�_Wc­¦"«­¥�_S¥�bq_�\­_Vb'c�b;g�a�§�\@_�a

¬�>Gc.«�©G_j¥�eK`;]�¥�e(c­c­b;g?ªG`;]?Z{«�§Kª(]me-¥�e�Z.`Mbq\.§?¦"e�Zj¥�«�bdg�`
p∗ ∈ eL

�
 TZ�«�«��"! � B�!=�� 7<��.�E)�D=�j��32B����19;��!=3.)� 7B�!

Gs : [0, 1] → IR
/:D=�.���

Gs(t)
 7�6)�D=�j,	�2��)x��32B����jB(9��(!i*�A��()�DY������3�D� "!�#

e1(t)
,i*pA����@�� "!�#G)�D���B���#KD�)�D=�-A	B� "!i)

eL(s) = (1 − s)p1 + sp2
P:rjD=�F#K�@�(A�D�B(9

F
 7��)�D=�-��A�A	�.�I�.!i45�.&7B�A	�

B(9x)�D=��#K�@�(A�DLB(9
Gs

9qB��W�(&"&
s ∈ [0, 1]

PSrjD��()W 7��J
F (t) = maxs∈[0,1] Gs(t)

9qB��W�(!i*
t ∈ [0, 1]

P
AVB�/¸��D=B?B�)
�u�@��*l�� "#KDi)+/T�(��<µ9;��B�$

eL(s)
Jx�(!=<�3@D��(!�#5�> ")��F<� "���23.)� 7B�!���Ai/j�(��<µB�!=32�>)�D=�>�@�2*�)�B��=3�D=�2�

)�D=�v9;���2�u��A���32�u�2<�#5�
e
P�²V�.!=B�)��u,?*

e1(τ(s))
)�D=�v "!i)��.���@�23.)� 7B�!®,��.)+/1�2�.!®)�D=�u45�.��)� 73��(&j�@�2*¶�(!=<

e1
P�±N�2�

¯



s8 "#K�����%���;,� ^P » ,i4N 7B��=��&"*5Jo)�D=�
9;��!=3.)� 7B�!
τ : [0, 1] → [0, 1]

 7���v!=B�!��f "!=3.�������� "!�#p9M��!=3.)� 7B�!�/: ")�D
τ(0) = 1�(!=<

τ(1) = 0
Pus=B��

t < τ(s)
J
Gs(t)

 7�F�� "$%A�&"*�)�D=�G,��2��)-�@32B����G�()
eL(s)

J� fP �KJ
Gs(t) = Sb(eL(s))

Pvs=B��
t ≥ τ(s)

JT�(!�B�A�)� "$G�(&�/T�2* )�Bl32B�!�!=�23.)
eL(s)

)�B
e1(t)

D����%)�D=�O32B�!�H=#K���@�()� 7B�!����G��D=B�/:!� "!ºs6 "#K�����m�
�M3� ^P>h+!=<��2�2<oJ�)�D=�>�@�.#K$>�.!i)

xy
D�����)�D=�%&7B�!�#5�2��)

L1
�f!=B���$ &7�.!�#K)�D¶�($>B�!�#L)�D=�Y "!i)��.���@�23.)� 7B�!µ,	�.)0/1�2�.! �(!i*

$>B�!=B�)�B�!=��A��()�D�9M��B�$
eL(s)

)�B
e1(t)

�(!=<º)�D=�m/:D� ")��L���.#K 7B�!�PCy��.!=32�
Gs(t)

 7�p�l&" "!=���(�u9;��!=3.)� 7B�!º9qB��
τ(s) ≤ t ≤ 1

P%s�����)�D=�.��$>B����KJ6)�D=�%��&7B�A	�
ρ
B(9

Gs
<��.A��.!=<��FB�!�&"*�B�!l)�D=�>��&7B�A��YB(9j)�D=��9;���2�%��A���32�%�2<�#5�

e�(!=<p)�D=�I�@�()� 7B%,	�.)0/T�2�.!L)�D=��&7�.!�#K)�DmB(9
eL

�(!=<
e1
J���BY "):���.$G�( "!=��)�D=�F�@�($>�V9MB��W�(!?*

s ∈ [0, 1]
P

h+!�B�)�D=�.�V/1B���<���J	)�D=�F#K�@�(A�D�B(9
Gs

D������(!�_^¦"¬�« � 
fc­]Ne­¥�_>/: ")�Dm)+/1BUA� 7�232�2����)�D=�FD=B��� "¼�B�!?)@�(&EA� 7�232�F 7���()
)�D=�YD=�. "#KDi)
B(9

Sb(eL(s))
J��(!=<�)�D=�%��&7B�A	��A� 7�232�%��)@�(��)��V9;��B�$

τ(s)
�(!=<�D����
�>H����2<l��&7B�A	�

ρ
 "!=<��.A��.!=<��.!?)

B(9
s
P8s=����)�D=�.��$>B����KJ=,i* » ,=���.��4��()� 7B�!m��P"�KJ

Sb(eL(s))
 7�:�F!=B�!��f "!=3.�������� "!�#%9M��!=3.)� 7B�!p���

s
 "!=3.���������2��PEy��.!=32�

)�D=����)@�(��)� "!�#>D=�. "#KD?)�B(98)�D=��#K�@�(A�DLB(9
Gs

 7�:!=B�!��f "!=3.�������� "!�#=J��(!=<O�(&"&�,	�.&7B�/
Sb(e1(0)) = Sb(eL(0))

P1AVB�/
32B�!=�� 7<��.�1)�D=�

s∗
���=3@DG)�D��()

Gs∗(1)
 7�ED� "#KD=�2��)�PE�S����*�)�B�45�.�� ¤9;*Y)�D��()R)�D=��#K�@�(A�DvB(9

F
 7�E)�D=�:��A�A	�.�1�.!?45�.&7B�A��

B(9
G0

�(!=<
Gs∗

PW±N�2�Fs8 "#K�����
�m�M<� ^J�/:D=�.���
s∗ = s2

PjrjD=�-&7�.$%$G�G)�D=�.!O9qB�&"&7B�/���P�rjD=�FD=B��� "¼�B�!i)@�(&xA� 7�232�FB(9
F
 7�: "!=<��=32�2<L,i*

G0
J�/:D� 73�Dm 7�W�Y32B�!i)@�(!?)W9M��!=3.)� 7B�!m�():D=�. "#KD?)

Sb(p1)
P

nT*u)�D=�F3.&'�( "$ �(,	B�45�KJ� "!LB���<��.��)�B>32B�$%A���)����(!L�2<�#5�^�0���2´?�=�.!=32�
S∗ )�D��()�#5�.!=�.�@�()��2��)�D=�-��&7B�A	��A� 7�232�-B(9

F (t)
J�/T���� "$%A�&"*v3@D=�23�ku)�D=�I�2<�#5�^�0���2´i�=�.!=32�

S ⊕ e⊕ eT
9qB��j����3@D

S ∈ L(eL)
�(!=<uH=!=<u)�D=�IB�!=�IA���BN<��=3. "!�#

)�D=�I&'�(��#5�2��)���32B����-�()
q2
�; fP �KJ

Gs∗(1)
 7�jD� "#KD=�2��)­ ^PRrjD=��B�45�.�@�(&"&�32B�$%A���)@�()� 7B�!mB(9

LU
 7�W�� "$% "&'�(�:)�BY)�D=��3������

9qB�� � B�!�H=#K���@�()� 7B�!=�U�M3� ^JT�M<� ^J8�(!=<º�M�� ^PGrjD=�%$G�( "!µ<� ¤zo�.���.!=32�> 7�-)�D��()-/:D=�.!�32B�!=�� 7<��.�� "!�#m)�D=�>�^��)��.!=�� 7B�!=�
9M��B�$

L(eL)
)�B

L(p1q2)
J�/T�Y3��(!m "#K!=B����%�(&"&E�2<�#5�^�0���2´?�=�.!=32�2�I "!

L(eL)
B�)�D=�.�I)�D��(!

S∗ �(!=<L)�D=�YB�!=�
)�D��()
 7�VB�A�)� "$G�(&x�()

p1
J��@��*

S1
P:���FB�!�&"*pk5�2�.A�)0/TBU�^�N)��.!=�� 7B�!=�

S1 ⊕ eT
�(!=<

S∗ ⊕ e ⊕ eT
9MB���)�D� 7��3����@�KP�rjD=�

&7�.$%$G�YD=B�&7<���9MB��:)�D� 7��3����@�KJ����W�(#i�( "!LB�!�&"*U32B�!=��)@�(!i)�!i��$
,��.�VB(98�2<�#5�^�0���2´?�=�.!=32�2��9M��B�$
LL

/: "&"&�D���45��)0/TB
�^��)��.!=�� 7B�!=�: "!

LU
P

s8 "!��(&"&"*5J�)�D=�V��A�<=�()���9qB��T32B�!�H=#K���@�()� 7B�!¶�;#? R 7�:��32B�$F,� "!��()� 7B�!mB(9�)�D=BK���IB(9632B�!�H=#K���@�()� 7B�!=�F�M<� T�(!=<l�M3� ^J
�(!=<v)�D��()S9qB��132B�!�H=#K���@�()� 7B�!µ�;D� R 7�T�
32B�$F,� "!��()� 7B�!pB(963����@�2�V�d9^ S�(!=<��M�� ^PEh+!v����$%$G�(��*5JN/T��3��(!u��A�<=�()��

LL)�BYB�,�)@�( "!
LU

,i*v$G�(k? "!�#
O(|LL|)

!i��$F,	�.�WB(91���������
���	� �"!$#��f T´?�=�.�� 7�2��PErjD=���� "¼��IB(9
LU

3��(!p "!=3.���������I,i*
�():$>BK��)

O(1)
PSrjD=��&7�.$%$G�Y)�D=�.!p9qB�&"&7B�/���P

����� ���������
	��
��	�������������������� �
!
h+!®)�D� 7�>���23.)� 7B�!�J1/1�O32B�!=�� 7<��.�G)�D=� ���������
���	� �"!$#��

s, t, S
 G´?�=�.��*5P�±?A��23. ¤H�3��(&"&"*5JT#K "45�.!�)�D=�p��B�����32�

s
JR)�D=�

<��2��)� "!��()� 7B�!
t
J��(!=<O�(!p�2<�#5�����2´?�=�.!=32�

S = 〈e1, . . . , e|S|〉
9M��B�$ )�D=�I�(���@�(!�#5�.$>�.!?)�B(98)�D=�����^H=!=�2<L<� '�(#K�@�($

D̂
J�/1�
/: 7��D�)�Bv32B�$%A���)��Y�(!�B�A�)� "$G�(&8$>B�!=B�)�B�!=��A��()�D

π∗ ∈ C(S)
32B�!�!=�23.)� "!�#

s
)�B

t
J�)�B�#5�.)�D=�.�V/: ")�D� ")��

��32B����KPjnj�.&7B�/ /1��H=����)�<��2��3.�� ",	�F�>��&7B�/1�.�
O((n + m)2)

�(&"#5B��� ")�D�$ )�Bv�^�NA�&'�( "!m)�D=��$G�( "!L 7<�����PjrjD=�F)� "$>�
32B�$%A�&7�^�� ")0*O3��(!p)�D=�.!O,	�I "$%A���B�45�2<L)�B

O((n + m) log(nm))
P

� ��� � � " )
O((n + m)2)

" � � � � 	�
	�.

" � � � � 	�
	�.
7��� 

�.� � s8 "����)�J�B�,=���.��45��)�D��()T!=B�)j�(&"&�A�B� "!?)��T "!

ei
 7�S������3@D��(,�&7�I,i*v�-$>B�!=B�)�B�!=�VA��()�Dv9M��B�$

)�D=����B�����32��A�B� "!?)
s
A������� "!�#-)�D���B���#KDv)�D=�:�2<�#5�����2´?�=�.!=32�

Si := 〈e1, . . . , ei〉
P8���:A����.A���BN32�2���

S
,?*Yk5�2�.A� "!�#

B�!�&"*U)�D=��A	B���)� 7B�!LB(9
ei
)�D��()� 7�:������3@D��(,�&7�-9M��B�$

s
4N '�

Si
PR�S����*U)�B%45�.�� ¤9M*u)�D��()W)�D=��������3@D��(,�&7�-A	B���)� 7B�!mB�!

����3�D
ei
 7�:�F�� "!�#K&7�V����,=���.#K$>�.!?)�PRrjD=�VA����.A���B?32�2�@�� "!�#
)@�(k5�2�

O(|S|) )� "$>�KPRs���B�$ !=B�/�B�!�J?/1����������$>�W)�D��()
S
 7�:)�D=�-�@�.)�B(9x�2<�#5�2�W��9M)��.��)�D� 7�:A����.A���BN32�2���� "!�#=P
s�����)�D=�.��$>B����KJT�� "!=32�U�2<�#5�2�Y "!

S
�(���G9M��B�$

Arr(D̂)
JS/1�U3��(!®�.!i��$>�.�@�()��p)�D=�U32B�!�H=#K���@�()� 7B�!=�GB(9I�(!i*

)0/TBv32B�!=�@�23.��)� "45�F�2<�#5�2�� "!
S
,������2<LB�!L)�D=�F�. "#KDi)V32�.&"&¤�032B�!�H=#K���@�()� 7B�!=����D=B�/:!m "!Ls8 "#K�����G�KP1h0!LA��(��)� 73.��&'�(��J

)�D=�.���p�(�������O32B�!�H=#K���@�()� 7B�!=�G#K��B���A��2<¶ "!i)�Bm9qB����%3��()��.#5B��� 7�2�Y "! s8 "#K�����p� @ ab
�(!=<

AB
<��.!=B�)��U)�D=�G)+/1B

32B�!=���23.��)� "45���2<�#5�2�
ei
�(!=<

ei+1
J=���2��A��23.)� "45�.&"*5Pj�S��3@D�32B�!�H=#K���@�()� 7B�!� 7�W<��23. 7<��2<L,i*p)�D=�-�� "#K!mB(9E)�D=�-��&7B�A	�2�

�(!=<>)�D=�W���.&'�()� "45���� 7<��2<�!=�2���1B(9
ab
�(!=<

AB
PxrjD=��3�D=B� 732�2�TB(9�)�D� 7�R#K��B���A� "!�#�/: "&"&�,	�:$G��<��W3.&7���(�T&'�()��.�S/:D=�.!

���



rR*NA��v� � ��  �
a

b

A B

a

b

A B

a b

A

B

a b

A

B rS*?A	�>� � �5  �
a

b

A

B

rR*NA��v� � �5  �
a b

A B

a b

A

B

a b

A

B
a

b

A B

a

b

A B

a

bA

B

rR*NA��v� � �?  �

a

b

A

B

a

b

A

B

a

b

A

B

a

b

A

B

a

b

A

B

a

b

A

B

s6 "#K�����
� � � B�!�H=#K���@�()� 7B�!=��9qB��:)0/TBG32B�!=���23.��)� "45�
�2<�#5�2�
ab
�(!=<

AB
 "!��(!O�2<�#5�-���2´?�=�.!=32�I9;��B�$

Arr(D̂)
P

/1��<��2��3.�� ",	�F)�D=�Y�(&"#5B��� ")�D�$OP����.) H(ab,AB)
<��.!=B�)��F)�D=��32B�!i45�^��Di��&"&xB(9

ab
�(!=<

AB
PI±? "!=32���(&"&x32�.&"&7�V "!

Arr(D̂)
�(���F32B�!i45�^�oJ H(ab,BA)

 7���. ")�D=�.���(&"&o/:D� ")��FB��W�(&"&�,�&'��3@k�P

Φ

���.)
S(p, q, S′)

<��.!=B�)��U)�D=�UB�A�)� "$G�(&W��32B����UB(9I�(!?*µA��()�D 9M��B�$
p
)�B

q
JEA����@�� "!�#

)�D���B���#KD�)�D=�F�2<�#5�����2´i�=�.!=32�
S′ P:s=B�������3@D ei

J
1 ≤ i ≤ |S| J�/1�
$G�( "!i)@�( "!�)�D=�
��32B����9M��!=3.)� 7B�!

Φi : ei → IR
Jx<��^H=!=�2< ���

Φi(p) = S(s, p, Si)
9MB��Y�(!i*

p ∈ ei
Pph+!�/:D��()

9qB�&"&7B�/���J�/1�%/: "&"&R��D=B�/�)�D��()F����3@D
Φi

 7�F�l\�«�g=¨�_ 1G¥�bf_�\@_ �Ebdc2_�
+¦ b;g�_�eKZ 
  � ���­§Ng�\2`Mbq«�g�J
/:D=�.���-)�D=�
��&7B�A	�2�WB(9R)�D=�-&" "!=���(��A� 7�232�2�V�(���F!=B�!��f "!=3.�������� "!�#=P�h+!mB�)�D=�.��/1B���<���J�)�D=�-#K�@�(A�D�B(91�%32B�!i45�^�m£ �
9M��!=3.)� 7B�!µ 7�
�O32B�!i45�^��A	B�&"*?#5B�!��(&T3�D��( "!��M�@�2�>)�D=�%�� "#KD?)FH=#K������  ① Pvs�����)�D=�.��$>B����KJx/T�>/: "&"&T��D=B�/w)�D��()-)�D=�
!i��$
,��.�TB(9�&" "!=���(�SA� 7�232�2�E "!

Φi
Ji3��(&"&7�2<% ")���ai_^c.\.Z^b~¥	`Mbd¨(_I\@«�©�¥�¦"_21�b;`?> |Φi|

J5�@�()� 7�{H��2�R)�D��() |Φi| = O(i)
J��(!=<

Φi3��(!p,	��32B�$%A���)��2<p9M��B�$
Φi−1

 "!
O(i)

)� "$>�KPE�����@��*v)�D��()��(!OB�,"'��23.)
X
 7�I¨�b'c^bq¬^¦7_F)�B>��A�B� "!?)

p
J�<��.!=B�)��2<

,i*
p / X

J= ¤969qB��W�(!i*UA	B� "!i)
q ∈ X

J�)�D=�.���- 7�W�Y$>B�!=B�)�B�!=��A��()�Dp9M��B�$
p
)�B

q
P

��� ��� �����"
-	 � )�� ��� � bd¨(_.g�e-¥�«�b;g�`
u
eKg�aveKg�_�a�ªi_

e
c­§�\^]O`;]NeK`

u / e � `;]�_ �­§Ng�\2`Mbq«�g hu : e → IR � ai_
3Sg�_�ae(c
hu(p) = len1(pu)

�.«KZ
p ∈ e � bdc
eu¦ b;g�_�e�Z �^§?g�\�`MbM«�gµ«K¨(_^Z e

�IX	§NZ^`;]�_^Z­©>«�Z�_ � ª�b;¨(_^gµ` �S«-¥�«Kbdg�`;c u
e�g�a

v �
hu

e�g�a
hv

c@]�e�Z�_�`;]�_�c2e�©G_Ic^¦¤«^¥�_"�

��� ��� �����"
-	 � )�� ��� � bd¨(_.gue�g >Y_�a�ªi_
e = ab

�EbM`;]
a/b � e:¥�«�b;g�` u � e�g�a
e�gU_�a�ªi_Wc2_��2§�_^g�\@_ S ′ � `;]�_ �^§Ng�\2`Mbq«�g

f : e → IR � a?_
3Rg�_�aUe(c f(p) = Φ(u, p, S ′)
�2«�Z

p ∈ ab � b'c-e�gmbdg�\2Z�_�e�c­b;g?ª �­§Ng�\2`Mbq«�g �TX	§NZ^`;]�_^Z­©>«�Z�_ � b � ab
bdc

�x]ibM`0_ � `;]�_^g f(q) ≥ f(p) + len1(pq)
�.«KZFe�g >G` �S«�¥�«�b;g�`;c

p / q
«�g

e
�

� � 
 
 ��� ��� X�«�ZYeKg >
1 ≤ i ≤ |S| � Φi

bdc�ep\�«Kg=¨(_ 1  � �^§Ng�\2`Mbq«�gµ«��
O(i)

ai_­c2\.Z­b�¥�`Mb;¨(_>\@«�©�¥�¦"_21�b;`?> � e�g�abM`j\@e�g ¬�_>\�«�©�¥�§�`0_�a �^Z�«�©
Φi−1

b;g
O(i)

`Mb;©G_"� � \�«KZ­Z�_­cf¥�«�g�a�b;g?ªL©%«Kg�«K`f«�g�_�¥�eK`;]�\�eKg�e�¦ c.«L¬�_G\�«�©�¥�§�`0_�a
b;g�`;]�_�c.eK©>_
`Mb;©G_F\�«K©W¥�¦"_ 1Kb;`?>��
� � ��� +�� ����A���B�45��)�D=�W&7�.$%$G�F,i*G "!=<��=3.)� 7B�!�PRrjD=�W,����@�W3������Y�; fP �KJ

i = 1
 x9qB�&"&7B�/��19M��B�$ » ,=���.��4K�()� 7B�!u�=P~}�P

AVB�/����@����$>��)�D=��&7�.$%$G�-D=B�&7<��S9qB��
F = Φi−1

Pxr�B
A���B�45��)�D��()S ")1D=B�&7<��R9qB��
H = Φi

J?/1��45�.�� ¤9M*% ")R9qB��1����3@D
32B�!�H=#K���@�()� 7B�!�B(9

ei−1 = ab
�(!=<

ei = AB
 "!µs8 "#K�����v�

7
)�D=�p���U32B�!�H=#K���@�()� 7B�!=�Y�(���>3.&'������ ¤H��2<� "!?)�BO�

)0*NA	�2�F� � �� 	��� � �? ^J��(!=<O)�D=BK���-B(9x)�D=�-�@�($>�I)0*NA	�-3��(!O,	�ID��(!=<�&7�2<L�� "$% "&'�(��&"*5PRs�B��W�� "$%A�&" 73. ")0*5J�/1�
��������$>�
/: ")�D=B���):&7BK���:B(9�#5�.!=�.�@�(&" ")+*U)�D��():)�D=�����.#K 7B�! H(ab,AB)

 7�j/:D� ")��KPRrjD=�I3������I/:D=�.! H(ab,AB)
 7�T,�&'��3�ku 7�

�� "$% "&'�(���(!=<L�� "$%A�&7�.��P
� ������

� �1� � ������� � B�!�H=#K���@�()� 7B�!=�SB(9�)�D� 7�R)0*NA��TD��245�j)�D=�jA���B�A	�.��)0*�)�D��()

a/b
JN�(!=<
)�D��()S�(&"&�A	B� "!i)��R "!

AB
�(���W4? 7�� ",�&7�j)�BF�.45�.��*�A	B� "!i)S9;��B�$

ab
PR±? "!=32�

a/b/AB
J59qB��1�(!i*YA	B� "!i)

p ∈ ab
�(!=<

q ∈ AB
J
len1(pq) =

len1(pb) + len1(bq)
P%h+)V)�D=�.!�9MB�&"&7B�/��I9;��B�$ » ,=�@�.��4��()� 7B�!µ�=P~�U)�D��()

F (p) + len1(pq) ≤ F (b) + len1(bq)
P

① �3¼�Í�¼�Ã�Ç�Í��9¾�Ð�Ç�¾³¾�Ð�¼�ÁpÕ�È�Åb¾�Æ�ÀAÈ#ÆÌ×8ÆÌÈfÁsÇAÅl¾�Ç��������������OÁsÕ�ÈdÅl¾�ÆÌÀ�È`¿���¼0Õd×�¼�¾�Ð�¼�¾�¼lÍ�Ã�Å�ÀAÈjÓÜ¼��/ÇA×�Æ ¾�×8Ë�Í�ÇA½�ÐfÆ�×�ÓjÆÌ×�Õ�ÇAÔÌÔ��#ÅlÀ�ÈjÓÜ¼��L¿

�K�



rjDi�=��9MB��F�(!?*mA	B� "!i)
q ∈ AB

J
H(q) = maxp∈ab[F (p) + len1(pq)] = F (b) + len1(bq)

J��(!=<�)�D=�.���Y 7�
�(!
B�A�)� "$G�(&�A��()�DU9M��B�$

C(Si)
)�B

q
32B�$% "!�#Y9M��B�$ )�D=�IA�B� "!?)

b
PEyV�.!=32�

H
 7���Y32B�!i45�^� ��£®9M��!=3.)� 7B�!p/: ")�D-' �=��)

B�!=��A� 7�232�F�(!=<L3��(!p,���32B�$%A���)��2<L "!
O(1)

)� "$>�KP
� ����� 

� �1�	� � � ��� ��).� � �	� ��� ���U<��2��3.�� ",	�UD=B�/ )�B���A	<=�()��u9MB��%32B�!�H=#K���@�()� 7B�!=�G "!�� � �5 ^JT�(!=<

)�D=BK���� "!�� � �? S3��(!u,	�WD��(!=<�&7�2<u "!O�F��*?$%$>�.)��� 73V$G�(!�!=�.��P1�V "45�.!p�FA�B� "!?)
p
JN&7�.)

p.x
�(!=<

p.y
<��.!=B�)��V ")��

x
�

�(!=<
y
�032BNB���<� "!��()��2��J����2��A��23.)� "45�.&"* @ p 3��(!��(&7��B%,	��/:�� ")�)��.!l����)�D=�F)���A�&7� p = 〈p.x, p.y〉 P:n1*U$>B�!=B�)�B�!� 73. ")+*���2´?�� "���.$>�.!i)R�(!=<FB����6A����.A���B?32�2���� "!�#=J� ")6 7��!=�232�2���­�(��*�)�D��()

a.x ≤ A.x
P6���1��������$>�S)�D��()

a.x = A.x = 0
9MB��

�� "$%A�&" 73. ")+*
7
 ¤9

A.x > a.x
Ji/1�W�� "$%A�&"*
���.$>B�45��)�D=�:��!�!=�232�2���­�(��*�A	B���)� 7B�!>9M��B�$�)�D=�j9M��!=3.)� 7B�!

H
B�,�)@�( "!=�2<oJ

�(!=<v)�D=�����2����&")� "!�#
9M��!=3.)� 7B�!U3��(!UB�!�&"*GD��245���F��$G�(&"&7�.�T32B�$%A�&7�^�� ")0*5Pj±? "$% "&'�(��&"*5J�/1����������$>��/: ")�D=B���)j&7BK���1B(9
#5�.!=�.�@�(&" ")0*p)�D��()

B.x ≥ b.x
P1AVB�/ A��(�@�($>�.)��� "¼������.#K$>�.!i)��

ei−1
�(!=<

ei
,i*U)�D=�. "��A���B�'��23.)� 7B�!mB�!p)�D=�

x
�+���� 7�

�(!=<O���.A����2�@�.!i)
ei−1

�;���2��A�P
ei
 W���

ei−1(x) = a + 〈x, ρi−1x〉
9qB��

x ∈ [0, b.x]
�;���2��A�P

ei(x) = A + 〈x, ρix〉9qB��
x ∈ [0, B.x]

 ^J	/:D=�.���
ρi−1

�;���2��A�P
ρi
 : 7�V)�D=����&7B�A���B(9

ei−1
�;���2��A�P

ei
 ^PIs���B�$ !=B�/ B�!�J�/1�%�(,��=���
)�D=�

!=B�)@�()� 7B�!=�W��&" "#KDi)�&"*U,i*U�=�� "!�#
F
�(!=<

H
)�B><��.!=B�)��

F ◦ ei−1
�(!=<

H ◦ ei
J����2��A	�23.)� "45�.&"*5P

a b

A

B

ei−1(u)

ei(x)

�V "45�.!U�(!v�2<�#5�
e
J5&7�.)

e[x0, x1]
<��.!=B�)���)�D=������,=���.#K$>�.!?)TB(9

e
9;��B�$

e(x0)
)�B

e(x1)
Pxs=B��

�(!i*
x ∈ [0, b.x]

J=�(!U "$%A�B���)@�(!?):A���B�A��.��)+*>9qB��1)+*?A	�^�­� � �5 132B�!�H=#K���@�()� 7B�!=�: 7�T)�D��()T)�D=�VA	B� "!i)
ei−1(x)

3��(!�������3@D��(&"&RA	B� "!i)��� "!µ)�D=�%���.#K$>�.!i)
ei[x,B.x]

�;4N '�p�u$>B�!=B�)�B�!=�>A��()�D� ^P�AVB�/
32B�!=�� 7<��.�
)�D=�Y9;��!=3.)� 7B�!

fu : [0, B.x] → IR
J�/:D=�.���

fu(x)
 7�-)�D=�%,	�2��)F�@32B����>B(9:�(!?*lA��()�D

 "!
C(Si)

)�B
ei(x)

4N '�%)�D=�-A�B� "!?)
ei−1(u)

P:s=B��
x < u

J
fu(x)

<�BN�2��!=B�)��^�� 7��)��V�(!=<p/1�����.)
fu(x) = 0

PRs=B��
x ≥ u

JN)�D=�.!U)�D=��,	�2��)j32B�!�!=�23.)� 7B�!p,��.)+/1�2�.!
ei−1(u)

)�B
ei(x)

 7�j�� "$%A�&"*v32B�!�!=�23.)� "!�#%)�D=�.$
,i*l�U���.#K$>�.!?)v�M���2�Y)�D=�Y�� "#KDi)-H=#K������9MB��F�(!��^�=�($%A�&7�� ^PG±? "!=32�Y/1�%D���45�G��������$>�2<�)�D��() H(ab,BA)

 7�F�(&"&
/:D� ")��KJ?/1��D���45��)�D��()

fu(x) = F (u)+(ei(u).y−ei−1(u).y)+ρ(x−u),
/:D=�.���

ρ = 1+ρi
<��.A	�.!=<��1B�!�&"*

B�!O)�D=�-��&7B�A��
ρi
B(9x)�D=�F�2<�#5�

ei
J��(!=<

(ei(u).y − ei−1(u).y) + ρ(x − u)
 7��)�D=�F<� 7��)@�(!=32��,	�.)0/1�2�.!

ei−1(u)�(!=<
ei(x)

��!=<��.��)�D=�
L1

!=B���$OP:y��.!=32��)�D=�F#K�@�(A�DmB(9
fu
 7�V�%�@�2*OB(9R��&7B�A	�

ρ
J�B��� "#K "!��()��2<O9M��B�$�)�D=�FA�B� "!?)

〈u, F (u) + (ei(u).y − ei−1(u).y)〉 P�s=����)�D=�.��$>B����KJ H(x) = maxu∈[0,b.x] fu(x)
9qB����.45�.��*

x ∈ [0, B.x]
J

 "$%A�&"*N "!�#>)�D��()�)�D=��#K�@�(A�DLB(9
H
 7��)�D=����A�A��.�{�0�.!?45�.&7B�A��
B(98)�D=�I#K�@�(A�D=��B(9

fu
�j9MB��W�(&"&

u ∈ [0, b.x]
P

rjD=�Y�(,�B�45�YB�,=���.��4��()� 7B�!=�I����#K#5�2��)�)�D=�F9MB�&"&7B�/: "!�#U)0/1B(�0��)@�(#5�2�IA���B?32�2<�������)�Bu32B�!=��)����=3.)
H
9M��B�$

F
PWh+!

)�D=�EH=����)R¦ b �.`Mbdg?ª�c.`fe�ªi_.J(/T�S32B�$%A���)��
F1(u) = F (u)+(ei(u).y−ei−1(u).y)

J�9qB��
u ∈ [0, b.x]

PxrjD��()� 7��J�/1�S&" ¤9;)
����3�D%A	B� "!i)E "!Y)�D=�T#K�@�(A�D>B(9

F (u)
45�.��)� 73��(&"&"*�,i*

V (u) := ei(u).y−ei−1(u).y = (A.y−a.y)+(ρi−ρi−1)u
P

» ,i4N 7B��=��&"*5JN)�D=��9;��!=3.)� 7B�!
V : [0, b.x] → IR

 7�:�-&" "!=���(�19M��!=3.)� 7B�!U/: ")�Du��&7B�A��
ρi − ρi−1

P5AVB�/-JN)�D=�V#K�@�(A�DuB(9
)�D=�I9M��!=3.)� 7B�!

fu
 7���� "$%A�&"*U)�D=���@�2*

γu
B��� "#K "!��()��2<p9M��B�$�)�D=�-A�B� "!?) 〈u, F1(u)〉 /: ")�DL��&7B�A	� ρ

PTQW&"&��@��*N��9MB��
<� ¤zo�.���.!i)

u ∈ [0, b.x]
��D��(���
)�D=�
�@�($>�
��&7B�A	�
�(!=<

H
 7�W)�D=�
��A�A��.�V�.!i45�.&7B�A	��B(9R)�D=�.$OP�rjD=�
32B�$%A���)@�()� 7B�!

B(9x)�D=����A�A��.���.!?45�.&7B�A��
B(9x���=3�DO�@��*N�: 7��)�D=�-���232B�!=<�_^g�¨(_^¦"«­¥�b;g?ªGc^`fe�ªi_2P

p∗

b.x B.x

±? "!=32�
F1

 7��)�D=�U��<�<� ")� 7B�!®,��.)+/1�2�.!
F
�(!=<¶�L&" "!=���(��9;��!=3.)� 7B�!

V
Jx ")
 7�Y��)� "&"&

��32B�!i45�^� ��£ 9;��!=3.)� 7B�!�/: ")�D |F1| = |F | P®rjD� 7�Y 7�%,	�23��(�=���O��<�<� "!�# V
)�B��(!i*

&" "!=���(��A� 7�232�� "!
F
 "!=3.�������@�2�I)�D=����&7B�A��YB(9S)�D��()�&" "!=���(�I9M��!=3.)� 7B�!�,i*L)�D=�Y��&7B�A	�YB(9

V
P:yV�.!=32�-)�D=�
B���<��.��B(9R)�D=�
��&7B�A��2��B(9S�(&"&�&" "!=���(�VA� 7�232�2�W "!

F
���.$G�( "!=��)�D=�F�@�($>�

��9M)��.�I��<�<� "!�#
V
PVh+!�)�D=���@�232B�!=<��.!?45�.&7B�A� "!�#O��)@�(#5�KJ	&7�.) −→v <��.!=B�)��Y)�D=��32B�$%$>B�!

<� "���23.)� 7B�!G��D��(���2<Y,?*Y�(&"&��@��*N��Px±? "!=32�
F1
 7�E32B�!i45�^�oJ5)�D=�:B�!�&"*��@�2*�)�D��()R3��(!G�(A�A����(�

B�!%)�D=�j��A�A	�.�S�.!i45�.&7B�A	�:$F�=��)E,��:B��� "#K "!��()��2<Y9M��B�$
p∗ = 〈u∗, F1(u

∗)〉 J5���=3�DG)�D��() −→v  7�R�V)@�(!�#5�.!i)S<� "���23.)� 7B�!
�()

p∗
PS±N�2�I)�D=�I�� "#KDi)�H=#K�����V9MB��W�(!O�^�=�($%A�&7�KJ�/:D=�.����)�D=����B�&" 7<U32B�!i45�^�O3@D��( "!O 7�j)�D=�I#K�@�(A�DLB(9

F1
J��(!=<U)�D=�

#K�@�(A�D�B(9
H
 7�I)�D=�%32B�!=3��()��.!��()� 7B�!µ,	�.)0/T�2�.!�)�D=�YA�B���)� 7B�!�B(9j)�D=�%32B�!i45�^�l3�D��( "!µ,��^9qB����

p∗
�(!=<�)�D=�Y)�D� 73�k

<=����D=�2<m�@�2*5P�AVB�)��F)�D��()V!=BvB�)�D=�.�V�@�2*��%�;)�D� "!l<=����D=�2<L�@��*N�^ �3��(!l�(A�A����(�IB�!�)�D=�F��A�A	�.�V�.!?45�.&7B�A��KPIyV�.!=32�
/1�VD���45� |H| ≤ |F1|+1 ≤ |F |+1

�(!=<
H
3��(!U,���32B�$%A���)��2<U "!

O(|F |) )� "$>�V,i*v�F&" "!=���(�:��3��(!�!� "!�#%B(9 F
P

���



a

b

A

B

u û
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 7��)�D=�U "!i)��.�����23.)� 7B�!®A	B� "!i)%,	�.)0/T�2�.!

ei
�(!=<¶)�D=�uD=B��� "¼�B�!i)@�(&�&" "!=�UA����@�� "!�#

)�D���B���#KD
ei−1(u)

P�±N�2�U)�D=�u�� "#KD?)YH=#K�����KP¶±? "$% "&'�(�%)�B�)�D=�uA����.4? 7B��=�%3������KJR/1�O��������$>�
�(#i�( "!µ)�D��()

a.x = A.x = 0
JE�(!=<

b.x ≤ B.x
/: ")�D=B���)
&7BK���FB(9j#5�.!=�.�@�(&" ")+*5P AVB�)��%)�D��()

,	B�)�D
ρi−1

�(!=<
ρi
�(����!=�232�2���­�(�� "&"*v!=�.#i�()� "45�F "!p)�D� 7�W3������KP

� B�!=�� 7<��.�>�(#i�( "! )�D=�v9;��!=3.)� 7B�!
fu : [0, B.x] → IR

Jx/:D=�.���
fu(x)

 7��)�D=�G,	�2��)Y��32B����UB(9V�(!i*�A��()�D  "!
C(Si)

)�B
ei(x)

4N '��)�D=��A	B� "!i)
ei−1(u)

PRh+):D����:)�D=�I9qB�&"&7B�/: "!�#%9qB���$OJ�/:D=�.���
ρ = 1 + ρi

P

fu(x) =

{
F (u) + (ei(u).y − ei−1.y) + ρ(x − u),
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∑
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