Pattern Mutation in Wireless Sensor Deployment
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Abstract—In this paper, we study the optimal deployment r/r<l1 |1$rc/n<ﬁ I\ESrc/rﬁv@ N
pattern problem in wireless sensor networks (WSNs). We propse 1-connectivity
a new set of patterns, particularly when sensors' communicion 2 connectiity rormsi
range (rc) is relatively low compared with their sensing range 2 connectivty [ 6]
(rs), and prove their optimality among regular patterns. In this +commectiviy e (1]
study, we discover a surprising and interesting phenomenon
pattern mutation. This phenomenon contradicts the conjeatre S connecvlty | (sl
presented in a previous work that there exists a universal emental G connectivity (18]

pattern among optimal pattern evolution and the pattern evdution

is continuous. For example, we nd mutation happens among ta Fig. 1. The shaded area indicates the focus of this paper.uByvork, the

patterns for full-coverage and 3-connectivity wherrc=rs = ,1:0459 deployment patterns with proved optimality for all rangés @=rs to achieve
among the patterns for full-coverage and 4-connectivity wkn full-coverage andk-connectivity k  6) are complete.

re=rs = 1:3903 and among the patterns for full-coverage and 5-
connectivity whenr.=rs = 1:0406 To the best of our knowledge,

this is the rst time that mutation in pattern evolution has b een The study of optimal deployment patterns foe=rs < P 3
g;?g\;?rsg{tg:ws:'ino\lj\;s\/\l/\losrk further completes the explora®n of is hard, and some work remains to be done. In general, this
' problem is related to the covering problem in computational

|. INTRODUCTION geometry. Much work has been done on the issue of covering
points in a plane using a minimum number of given geometric
A. Background and Related Work bodies, e.g., disks [10], [12], [15], [17], orthogonal rmugles

Deployment is fundamental in the design and operatid8], fat convex bodies [7], [18], etc. However, the compiataal
of wireless sensor networks (WSNs). For years, works geometry literature only considers coverage, not corwiecti
sensor deployment have heavily relied on a result presentedrhis is understandable, as connectivity is a typivatworking
1939[12] that states that the regular triangular lattice patterequirement.
(triangle patternfor short) is asymptotically optimal in terms In recent years, some progress has been made in exploring
of the nymber of discs needed to achieve full coverage. Wth_timaI patterns for different values of=rg that are less than
re=rs 3, the triaBg_Ie pattern achieves 6-connectivity. 3: Fig. 1 presents the state of the art. All these works assume

However,r.=rs 3 does not always hold. As an examplea disc model for both sensing and communication2005
while the reliable communication range of the Extreme Scatlee triangle pattern was shown to be non-optimal; the strip-
Mote (XSM) platform is 30 m, the sensing range of théased pattern can outperform it when= rs [11]. In 2006
acoustics sensor for detecting an All Terrain Vehicle is 55 the asymptotic optimality of strip-based patterns to ashiell
andr.=rs = 0:545[1]. In practice, the range of possible valuegoverage and 1- and 2-connectivity was proved in [2] for all
of rc=rs can widely vary. The communication ranggecan be ranges ofr.=rs. In 2008 the asymptotically optimal 'ggttern to
affected by operating frequency, transmission power Jareli- achieve full coverage and 4-connectivity foy=rs > = 2 was
ronment, etc. High frequencies with low communication ngroposed and proved to be optimal [4]. In [3], a complete set
have the advantages of small antenna size, frequency reudejeployment patterns for all ranges igfsrs to achieve full-
and low power consumption. Transmission power level is alsoverage and-connectivity kK  6) was proposed. In this set
critical. For example, the reliable communication rangeh&f of patterns, those foB- and 5-connectivity were proved to be
TelosB mote [19] can be adjusted to less than 1 meter using tgtimal forr.=rs 1 amongregular patterngthe de nition of
lowest power level. Finally, the RF channel's communicatioregular patternis given in Section Il). The optimality is only
range is in uenced by interference, re ections, scattgriand conjectured for patterns to achie8eand 5-conne<§i\iity when
shadowing. In practice, the reliable communication ramge fi.=rs < 1; to achieved-connectivity wherrcﬂs 2, and to
often 60-80% of the claimed value [25]. The sensing range achieve6-connectivity wherr.=rs 3 ,Recently, the pattern
also varies greatly for different sensor types as well asarget to achieve6-connectivity wherr.=rs 3 was provided and
and downmarket products. It can vary from several centiraetéts optimality among regular deployments was proved in [5].
to tens of meters [19]-[22]. In this paper, we also focus on regular patterns.
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Fig. 2. Mutation in the patterns to achieve full coverage 8nzbnnectivity Fig. 3. Number of nodes needed by our new patterns and hexaabern
whenrc¢=rs = 1:0459: (a) Hexagon based pattern evolution trend that wafpr various values of c=rs; when sensors each wity = 30 m are deployed
believed for all range of c=rs. (b) The hexagon based trend stops and isver a1;000 m 1;000 m region.

replaced by one that is based on a collection of squaresghesand octagons.

requirements in the eld of discrete computational geometr
B. Our Contributions This paper and other works [2]-[4] have developed effective
We have conducted further study that aims to prove tl@proaches to nd solutions satisfying both requiremertiemv
aforementioned conjectures. However, we discover the #mosuch foundations are missing. Meanwhile, our discovery of
pattern evolution trends are surprisingly broken by a niomat pattern mutation sheds light on exploration of other fundam
phenomena that disproves previous conjectures. We highligal issues. In biologymutationthat gives rise to changes in
our contributions in this paper as follows. a gene DNA sequence often re ects changing environmental
New Optimal Patterns.In this paper, we propose newfactors, whereas in optimal pattern study, we believe rartat
patterns for full coverage an@-, 4- and 5-connectivity. We also occurs because the “environment”, i.e., the coveragde a
prove their optimality among regular patterns to achigdgvand connectivity factors, changes beyond a certain thresi&idh
5-connectivity \/Mh_errc:rs < 1, and to achievel-connectivity a phenomenon piques interest, and necessitates incregeed r
when r¢=rs 2. As illustrated in Fig. 1, with our work, when studying the multiple covering problem in 2D, the cov-
the deployment patterns with proved optimality among ragulering problem in 3D space, etc. Aside from pure theoretical
patterns for all ranges af.=rs to achieve full coverage andcontributions, our results are important for several reaso
k-connectivity kK 6) is complete. First, sensor nodes are still not cheap enough. Except for lo
Pattern Mutation. We discover a surprising and inter-end ultrasonic sensors, most sensors usually cost $1006- $30
esting pattern mutation phenomenon in pattern evolution agpiece. Deploying the minimum number of nodes necessary
r.=rs continuously changesattern mutationmeans that the to achieve coverage and connectivity is important for ecoino
continuous trend of pattern evolution suddenly stops aager reasons. As shown in Fig. 3, when the XSM platform to detect
value ofr.=rs, and a new pattern evolution trend appears. Fig.@n All Terrain Vehicle is considered wherg=rs = 0:545
presents an example of mutation that happens in the patterngur new pattern can save 34% of sensor nodes compared with
achieve full coverage and 3-connectivity wherrs = 1:0459 the hexagon pattern that is conjectured optimal in [3] for 3-
This newly discovered phenomenon contradicts the conjectgonnectivity. Second, it is now possible to precisely cotapu
made in [3] that states that there exists a universal hexagdhe ef ciency of some regular patterns of deployment thayma
based pattern going through pattern evolution for all rangfe be used in practice for deployment convenience. Third, when
re=fs: heuristic algorithms are developed for topology controd.(i
Practical Considerations. We notice that it can be determining a sleep-wakeup schedule for nodes that preserv
inconvenient to obtain the positions of sensor nodes in soeverage and/or connectivity), it is possible to compute a
new patterns, which can hamper deployment in practice. Frgitecise bound on their performance compared with optimal
the study on pattern mutation, we design practical patterperformance. When developing these algorithms, the itsigh
that can balance ef ciency in terms of the number of requirdtiom the optimal deployment pattern proposed in this paper
sensor nodes and deployment convenience. The optimafign be used to improve their performance.
proofs in this paper are based on the disc models that are alspaper OrganizationWe present system models, de nitions,
adopted by [2], [3], [11], [13], [14], etc. As we know, to bdil and notations in Section II. In Section Ill, we introduce thev
theoretical foundations, abstraction is inevitable. Hesveit is  patterns and the mutation phenomenon. Numerical resudts ar
also important to study patterns under more practical ngodedlso presented. In Section IV, we prove the asymptotic opti-
In the paper, we also study our proposed patterns underaeveiality of these patterns. Practical considerations areudied
practical considerations. in Section V. We conclude in Section VI.

C. Signi cance [l. PRELIMINARIES

Our work has both theoretical and practical signi cance. In our optimal pattern study, we use the disc model for
To the best of our knowledge, no literature establishesdundsensing and communication. Each sensor is capable of oiefect
mental principles that consider both coverage and conngcti points only within distances and communicating with other



sensors within distance;. The disc model for both sensing
and communication that provides a useful abstraction fitoen t
real world has been widely adopted, e.qg., in [2], [4], [1113],
[14]. We will discuss practical considerations in Section V

We study the asymptotical optimality of deployment patsern
that is, we consider a relatively large area compared with th
sensing and communication ranges. The boundary effecttis no
important here and can be ignored. We study homogeneous
wireless sensor networks where all sensor nodes are idéntic (a) (b)
in terms of sensing and communication capabilities.

In this paper, we use some key de nitions in [3] as fO||0WS',:i9- 4. Solid dots denote sensors. Solid lines denote themuoritation
pap y [ ] links established. (a) A deployment grapBz, generated by a regular de-

De nition 2.1: Communication Graph:A communication ployment. It can be represented b$:3:3:3:3:3g. P2s are triangles. (bBs
graph, denoted by;c = (Vc; Ec), isa graph that is subject tof6:3 (80):3 (80):3:3 (20)g. P?s are hexagons and triangles.
the following conditions: 1) the elements of its vertex $et
are sensors, and 2) the elements of its edgeesate straight A atomic deployment polygon does not “contain” any other
line segments connecting all pairs of vertices whose Eealid deployment polygons. We denote a reguff by P2 and an

distance is no larger tham. -sided P2 by P23( ). We denote a -optimal pattern that
De nition 2.2: Deployment Graph: A deployment graph, achieves full coverage aridconnectivity byPp2:

denoted byG = (V;E), is a planar subgraph @&. with V = In this paper, we useertex con gurationto represent de-

Ve andE  E. ployment graphs. It is given in geometry as a sequence of

There exists a communication gragby; for any given sen- numbers representing the information of_the faces goingrato
sor deployment, from which we can obtain multiple deploymeihe vertex. A regular -edged polygon is denoted by, an
graphs. We writeS, = (Vi; Ex) to denote a deployment graphirregular -edged polygon is denoted by ; if the faces going

that achievek-connectivity. around a vertex are a regularedged polygon, an irregular
De nition 2.3: Direct Neighbor: In a deployment graph -edged polygon, and_ a regular polygon withsides, then
G = (V:E), if there is an edge between two verticegndy, the con guration of this vertex id : : g. We often add

angle information to vertex con guration. By ( ), it indicates
.. . : the angle at this vertex of an irregularedged polygon is:
De nition 2.4: _Angular Distance: The angular_ distance Fig. 4 illustrates two deployment graphs generated by eegul
bgtween Mo vertices andy as measured from a given Verte)ijeployments, which can be presented #§3:3:3:3:3g and
z is the size of the anglexzy™. f6:3 (80):3 (80):3:3 (20)g, respectively.

If a vertexx hasky direct neighbors, then we say that the
degree ofx in G is ky. We denote itky neighbors byn;; ny;

; Nk, in some order. We further denote the angular distan
measured fromx betweenn; and n, by ., betweenn;
andnz by , betweenn,, 1 andng, by , 1 and
betweenny, andn; by ,: Now, we are ready to introduce
the de nition of regular deployment.

thenx andy are direct neighbors of each other.

Studying optimality among regular patterns is meaningful.
Regularity has strong practical indications in homogeseou
Wsns. For examples, all known globally optimal deployment
patterns are in fact regular, which include the triangukstgrn
[12], strip-based pattern [2], and the 4-connectivity @ats
proposed in [4]. However, the exploration (design and proof

o of optimal patterns is not trivial even among regular ones.
De nition 2.5: Regular DeploymentA sensor deployment

is called regular if it has a deployment gra@hwhere for any 1. PATTERN MUTATION
two verticesx andy in G, ky = ky and 1, = 1,5 2, = ) ) _
2 i Kk = & following the same order. In this section, we present optimal patterns for all range of

De nit 26 Depl ¢ Pol A ol . r.=rs and mutation phenomena in pattern evolution for 3-, 4-
_benition 2.5. Leployment Folygon. A polygon (e., a and 5-connectivity. We present optimality proofs in Sattid.
simple cycle) in a deployment graph is called a deployment

polygon. A. Optimal Patterns for 3-Connectivity

De nition 2.7: Atomic Deployment Polygon:An atomic : . .
deployment polygon, denoted B2, is a deployment polygon Fig. 5 shows how optimal patterns that achieve full coverage
' ' and 3-connectivity evolve as.=rs decreases. We present

that contains no vertex or edge in its enclosed region. O :
o ) 9 9 pattern description foP$ as follows. The distance between
De nition 2.8: -Optimal Pattern: A regular deployment 1.4 connected sensors is denoteddy

pattern is called -optimal if it needs the minimum number of P o ) ) A
sensors to achieve a given coverage and connectivity equir 3 feqds - 76 (60):6 (120):6 (180)g, shown in Fig.

ment, among all regular patterns. S(E‘)-d = 3 _
— 2 re=rg < 3:f6 (1):6 (2):6 (180)g, shown in
In this paper, we give all angles in degrees. We represenby  for Fig. 5(b), where ; = 2aI’CCOSer—S°, >=180 q:d=re.

simplicity, e.g., we use 90 to represe9@ ( = 2).



Fig. 5. Optimal deployment patterns to achieve full coveragd 3-connectivity for a full range ot=rs.

Fig. 6. Optimal deployment patterns to achieve full coveragd 4-connectivity for a full range ot =rs.

Fig. 7. Optimal deployment patterns to achieve full coveragd 5-connectivity for a full range ot=rs.

— 1:0459 r¢=rs < pi :f6 ( 1):6 ( 2):6 ( 2)g, shown in d=re.
Fig. 5(c), where ; =4arcsin 7= and 2= (360  1)=2.  _ 0:7254 r.=rs < 0:7405 :f12 (90):12 (162):5g (e.g.,
d=re. the sensor at positioA) and f4:5:12 (162)g (e.g., the

— 0:9462 rc=rs < 1:0459 :f6:8 (90):8 (150)g (e.g., the sensor at positioB ), shown in Fig. 5(f). Whei®:7254
sensor at positiol) andf 6:4:8 (150)g (e.g., the sensor re=rs < 0:7403 d = r.. When0:7403 r¢=rs < 0:7405

at positionB), shown in Fig. 5(d)d = re. d=0:7403..

— 0:7405 re=rg < 0:9462 :f4:8 ( 1):8 ( 2)g, shown — 0:4291  re=rs < 0:7254 :f12 (1):12 ( 2):3g, shown
in Fig. p(e). When0:7655  rc=rs < 0:9462 1 = in Fig. 5(g) where ; and , are denoted by * and
2arcsin—2=; , = 270  3; d = 0:765%5: When “ 7, respectively. When0:5176  rc=rs < 0:7254

2rg ! .
0:7405 rc=rs < 0:7655 1= , =135 (i.e., f4:8:8g), 1 = 2arcsin erc; 2=300 1:When0:4291 rc=rs<




0:5176 ;= =150 (i.e.,f3:1212g). d = r. 10000

— re=rs < 0:4291 :f3:16 (135):16 (165)g (e.g., the sensor

at positionA) and f3:8:16 (165)g (e.g., the sensor at
positionB), shown in Fig. 5(h). Whe®:4118 r.=rs <
0:4291, d =0:4118. Whenr¢=rs < 0:4118 d = r.

Recall the notation of vertef; _con guration in Section I,
f6 (60):6 (120):6 (180)g when 3  r.=rs (shown in Fig.
5(a)) suggests each node is shared by three irregular hexago
in this pattern. Three inner angles at this node from these
hexagons are 60, 120 and 180, respectively. Wi&462 12000}
re=rs < 1:0459(shown in Fig. 5(d))f 6:8 (90):8 (150)g and 10000
f6:4:8 (150)g suggest that there are two types of nodes. Each
node of the rst type is shared by one regular hexagon and two
irregular octagons, while each of the second type is shayed b
one regular hexagon, one square and one irregular octagon.

Mutation occurs when some trend of pattern changes is
stopped by another pattern. As shown in Fig. 5(a)—(c), when
re=rs 1:0459 there exists a universal hexagon-based pattern 14000
that provides the elementary unit for pattern evolutiom &ss
decreases. The trend of such variation is to enlarge thecdrea
the hexagon with decreasimg and to keep full coverage at the
same time. This trend was conjectured in [3] to continue for a
ranges of .=rs: However, our new patterns show that mutation
happens at the point of.=rs = 1:0459 The aforementioned 2000(
trend is stopped by a new pattern shown in Fig. 5(d). In thig ne 03 05 1 14
pattern, the hexagon based trend breaks and is replacedeby on s
that is based on a collection of squares, hexagons and oag@ig. 8. Nodes needed iP2: P9; and P2 when compared with the
Such mutation happens 5 times in the evolution of patterais thkonjectured-optimal patterns in [3], respectively. Sesseach withrs = 30
achieve full coverage and 3-connectivity. The mutatiomfgoi ™ are deployed over & 000* m? region.re is from 0:3r5 to = 2rs.
are 1:0459 0:9462 0:7405 0:7254and 0:4291

= optimal pattern for full coverage and 3-connectivity
= = = hexagon pattern for full coverage and 3-connectivity

v
8000\
6000 -

4000

number of sensors needed

2000

: T
optimal pattern for full coverage and 4-connectivity | -
= = = square pattern for full coverage and 4-connectivity
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12000 = = = pattern {3.3.3.4.4} for full coverage and 5-connectivity | 4
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— 1:0406 r¢=rg < p§ : £4:4:3:3:3g, shown in Fig. 7(c).
d=re.

— rc=rs < 1:0406 :f 6:3:3:3:3g, shown in Fig. 7(d)d = re.

In these patterns shown in Fig. 7, there also exists only one

mutation point that ig.=rs = 1:0406

B. Optimal Patterns for 4- and 5-Connectivity

Fig. 6 shows how the optimal patterns that achieve full
coverage and 4-connectivity evolve as=rs decreases. We
present the pattern description 8 as follows.

— 3 re=rs ff})LGO):4 (120):4 (60):4 (120)g, shown

in Fig. 6(a).d= " 3rs. C. Numerical Results

—1:3903 re=rs < 3 f4p(_1):4 (2):4( ]F)—A' ( 2)g, Fig. 8 illustrates how many sensor nodes can be saved by our

shown in Fig. 6(b). When 2 re=rs < = 3 = -optimal patterns when compared with the conjectured agtim
2arccoszrr—°, »=180 1:Whenl:3903 r.=rs < 2; patternsin [3]. Sensors each with= 30prn are deployed over

1= =90 (i.e., f44:4:4g). d = re. a 1;000* m? region.r¢ is from 0:2rs to ~ 2rs.
-1 re=rs < 1:3903:3:6 ( 1):3:6 ( 2)g, shown in Fig. - For 3-connectivity, our pattern can save a great amount
6(c), where ; = 2 arcsin r3fs , 2=240 q,.d=r.. of nodes compared with the conjectured optimal hexagon-
— re=rs < 1:f6:3:6:3g, shown in Fig. 6(d)d = re. based pattern. When.=rs = 0:3; it can save40:5% of

In these patterns shown in Fig. 6, there exists one mutation nodes. Whenc=rs = 0:5; it can save35:4% of nodes,
. P 9- 5 — For 4-connectivity, our pattern can save more tH&%6
point that isr.=rs = 1:3903

of nodes compared with the conjectured optimal square-
Fig. 7 shows how the optimal patterns that achieve full pased pattern when=rs 1.

coverage and 5-connectivity evolve as=rs decreases. We _ For 5-connectivity, our pattern can save aroufh of
present pattern description féx as follows. nodes compared with the conjectured optimal pattern
- 3 ple=rs f4 (60):4 (120):3:3:3g, shown in Fig. 7(a). f3:3:3:4:4g whenre=rs 1.
d=" 3rs.

p p- - IV. OPTIMALITY PROOF
— 2 re=rg< 3:f4(1):4 ( 2):3:3:3g, shown in Fig. In thi . i imali s for th
7(b), where ; = 2arccoss, , =180 cd=re n this section, we provide optimality proofs for the patigr

s’ proposed in Section Il



A. Optimality of 3-Connectivity Patterns

Theorem 4.1:Patterns as shown in Fig. 5 areoptimal to
achieve full coverage and 3-connectivity.

We begin by introducing the roadmap of our proof. The op-
timality proof for 3-connectivity patterns consists of twajor
steps.n the rst step we nd all possible regular patterns that
can satisfy full coverage and connectivity requirememtghis
step, we take advantage of regular deployments' macroscopi
properties to divide the search space into Sm?‘”er Spanes'Fig. 9. (a) Thef 12:4:69 pattern. (b) There are three types of vertex con gu-
the second stepve compare the patterns obtained from thetions in this patterr 16 (160):3:10 (140)g or f 16 (160): 3: 16 (140)g
rst step for ranges of .=rs to obtain optimality. Comparison or f 10 (160):3:10 (140)g. The 160 angles are denoted by™and the 140
among different patterns is based on the average area ttfat €39/ are denoted by™
sensor covers in these patterns. A basic deployment grabh wi
a k-connectivity regular pattern consists of types ofp s. . .
If the measure and the edge number of each polygon of eset of atomic deployment polygons covering the same area.
ith type isS; ande respectively, and the ratio of the numbe ow we can prove the Theorem 4.1.
of polygons in each type is; pilm, thenFr,he average area Proof: (1) It was proved in the proof of Theorem 4.1 of [5]
that each sensor covers$s= k [, riSi=( [, rie): The that the theorem is true for the cases wheyers  1:0459,
pattern is optimal if and only i has the maximal value. ~ and whenrc=rs < 1:0459 the average area that each sensor
To nd out all possible regular patterns, the following Leram covers in Fig. 5(d) is bigger than that in Fig. 5(c). Also, isv
4.1 establishes an important foundation. proved there thabthe average area that each sensor of ¢overs

Lemma 4.1:In a regular deployment wittk-connectivity F19- 9(d) is(7 +5 3)ré=12when the edge length of polygons
(k = 3;4;5) consisting ofn sensors, let! , denote the 'Sfc Is- .
average edge number of atomic deployment polygons. Therf2) We consider the pattefd:8 ( 1):8 ( 2)g. We consider
imyy !3=6,limyy !4=4,andlim,; !s=10=3. the patterrf 4:8:8g rst. To achieve full coverage, the sensors

Proof: Any planér deployment grapﬁk with k > 2 can Placed in the regular octagons' vertices should cover the
be considered as a non-overlapped tiling of a set of deplaym@ctagons’ area completely, and hence the distance between t
polygons. Let the number of deployment polygonsGp be vertexes and the center of a octagon should not be greater tha

denoted byNp, the degree of théth vertex by | rs. This is the case when the edge lenggtof octagons is not
Then from the Euler relationshi&, we hg¥kjj Exj+Np = greater thar? Ccos 675rs and then the average area each sensor
Ve ; V24 = 1 - 2.

1: Since each edge has two vertices,'s. | = 2jE,j: Replac- COVe'S iIs3+2" 2)rg=4 = 14571 _
ing it into Euler relationship, we obtain I¥/( | 2)+2= Whenre=rs > 2cos6’5 = 2 2 = 0:7653 one
2N,: Hence the average edge number of atomic deploymd¥y t© achieve full coverage is by transforming the edge
polygon%inGk is into r (0 < < 1) such thatr .=r¢ = 2cos 75 and

I = j\—/ij =N, = (2 P j\_/gj i):(P j\—/ij( L 2)+2): then the average area each sensor cover§@+2" 2)r2=4.
By substitulﬁngjvkj - n andl_i —'m in the above equation Another way to achieve full coverage is by keeping the edge

and taking the limit, we obtain the Lemma. m Unchanged while changing the regular octagons into octagon
with two types of inner angles such that the sum of these

Lemma_l 4.1 shows the average number of edgeB f are angles is270. Denote the smaller inner angles of octagons by
asymptotically bounded. It suggests the polygon types NA (45 < A < 67:5). When the distance between a vertex

regular deployment cannot be random. The following Lemm\ﬁith a larger inner angle and the center of a octagon is not

4.2 presents all the possible regular patterns. greater tharrs, the sensors placed in the octagons' vertices
Lemma 4.2:Among the patterns consisting of equilateraover the ogfagons's area completely. When this distance, is
Pé@s, all possible regular patterns that can satisfy full coy = arcsin(’ 2rs)=(2r.) and the area of an ?JCtagOQ$ =
erage and 3-connectivity requirements, besides those P2 1412 sinA COSA: AS T (=fs = 2COS675= 2 2 we
pear in Fig. 5, ard 124:6g and f 16 (160):3:10 (140)g (or  nd that Sg = [2+ " 2) 2+2sin2A]r2. Hence the average
f16 (160):3:16 (140)g, f 10 (160):3:10 (140)g) as shown in 5rea that each sensor coverf(B+ ' 2) 2+2sin2A+1]r2=4,

Fig. 9. As 0 < < p1_and 45 < A < 675, this area is greater
The proof of Lemma 4.2 is very long and due to spadban 2(3 +2 2)r2=4, which means that the average area
limitation; we present the proof in [6]. that each sensor covers in the latter case is larger than that

To prove Theorem 4.1, we also need several useful concin-the former case. To make this area larger than the average
sions that have been published. From [3], to search for @btinarea that each sepsor covers in the pattern con%d_ered in Fig
patterns, we only need to consider the patterns consisting5¢d), we need(2+  2) 2+2sin2A+1]=4 (7+5 3)=12
equilateralP2s. Also, it has been proved in Theorems 4.1 and

4.5 of [3] that any regular deployment can be considered aswe keep the rst four digits after the decimal point in the pi®



§ince inA = P 2rs=(2r¢) arﬁp N e=fs = 2C0S675 = rc=rg< P 2; the maximum area occurs wh@&fs are squares.

2 2, we havesinA = = 4 2 2. Hence, from the As r¢=rs further increases, the maximum area occur$’a@s
above inequality we obtain that = 0:8089 It follows that are rhombuses. It was proved in [4], he pattern shown in Fig.
r.=rs =2c0s675= 0:9462 6(a) and (b) are optimal when=rs > = 2

(3) By an argument similar to that of (2), we can prove We then consider the case where thereRite with n edges
that whenrc=rs  0:7405 the average area that each sensn > 4). By our assumption, eaafrsidedP? must be paired
covers in the pattern considered in Fig. 5(f) is larger thzat t with n 4 triangles. Whemn > 6, 3(n 4) > n. Hence,
considered in Fig. 5(e); wheng=rs 0:7254 the average among the four angles that share one vertex, there must be two
area each sensor covers in the pattern considered in FGg.angles and the other two with averag2Q This implies
5(g) is larger than that considered in Fig. 5(f); and wheifat the polygon consisting of these two angles whose agerag
re=rs  0:4291 the average area each sensor covers in tlsenot greater thari20, which is a contradiction fon > 6:
pattern considered in Fig. 5(h) is larger than that considerHence, we only need to consider=5 andn =6:
in Fig. 5(g). We omit the detailed proof because of spaceWe then rst considem = 5: If an equilateral pentagon
limitations. The details are provided in [6]. is irregular, it must have at least three types of inner amgle

(4) We prove neithef 12:4:6g nor f 16 (160): 3:10 (140)g among which there exist three angles whose sum is larger than
(or f 16 (160):3:16 (140)g, or f 10 (160):3:10 (140)g) can be 324 This is impossible, since there will be 16® angles. If a
optimal pattern. We compare tHel2.4:6g pattern with the pentagon is regular, then among the four angles that share on
pattern considered in Fig. 5(g). To achieve full coverage irertex, there is at least oré0 angle, onel08 angle. The left
the f 124:6g pattern, the distance between a vertex and ti&o angles cannot be bo@® nor one60 and onel08 So there
center of the dodecagon is not greater tmgnwhich occurs must be another type of polygon whose edge number is larger
gnly ﬂ;]en the edge length, of polygons is not greater thanthan3. Since it has been shown this type of polygon can only

2 3rs = 0:5176G5. Then the pattern considered in Fighe a hexagon and the average of a hexagon's inner angles is
5(g) should bef 12:12:3g. Since in thef 12.4:6g pattern, the 120, it is impossible. Hence, only = 6 should be considered.
ratio of dodecagons, hexagons and squares is 1:2:3, thegever Whenn = 6; among the four angles that share one vertex,
area that each sensor covergdsan 75+3tan60+3) r2=12 =  there are twd60 angles, and the other two have averd@e.
1:6160Z; while in patternf 12:12:3g, the ratio of dodecagons The pattern isf6:3:6:3g. Whenr.  rs; if the hexagon is
and triangles is 1:2, the average area that each sensoisdsvefegular with edge length.; then the sensors located in the
(3tan75 + tan60=2)r2=6 = 2:0103 2. Since the latter one hexgaon's vertices can cover its area completely. Sincesitie
is bigger than the former one, thiel2:4:6g pattern is not oOf triangles to hexagons i% 2:1 in this pattern, the averaga a
optimal. Similarly, compare pattern16 (160):3:10 (140)g ( that each sensor covers #53r2 = 1:154%2. Whenr¢ > r;
orf 16 (160):3:16 (140)g, orf 10 (160):3:10 (140)g) with the the rst way to achieve full coverage is by transforming the
pattern considered in Fig. 5(g), we can prove this pattenots edger. into kre (0 < k < 1) such thatkr = Is. In this

optimal neither. case, the average area that each sensor covégglérg. The
By Lemma 4.2 and steps (1)-(4) above, we have provedcond way to achieve full coverage is by changing the inner
Theorem 4.1. B angles of regular hexagons into two types of inner angleb suc

) . . hat the sum of two types of inner angles2é0 while keeping
Remarks: (1) Pattern mutation derives from the fact thaihe edger. uncharlggd. This pattern &3:6 ( 1):3:6 ( 2)g,

the average area that each sensor covers in different rpratterh _5 N 3 =240 With h
changes in different speed as=rs varies, as illustrated in v éré 1 =caresin ==, 2= 1. With arguments that
our proof. (2) In [3], we ignored the patterns considered i

qre similar to that in the second step in the proof for Theorem

Fig. 5(d) and declared that the hexagon pattern is optimahNh4'1’ we are able to prove the average area that each sensor
re=rs 1. This error was corrected in [5](3) In the example covers in the second way is larger than that in the rst way and

of [1] which we mentioned in Section t;=rs = 0:545and the larger than that in the rhombus pattern whgrrs < 1:3903
optimal pattern in this case 12 (133):12 (167):3g. When u
the edge length of polygons ig, the average area each sensor Theorem 4.3:Patterns as shown in Fig. 7 areoptimal to
covers is1:9672 2 in this pattern, while the average area eachchieve full coverage and 5-connectivity.

sensor covers is onlg:2990¢ in the hexagon pattern. That The proof for Theorem 4.3 is similar to that for Theorem

veri es our new pattern can save arouBd% of sensor nodes 4 2 and we omit it due to space limitations. We give the proof
compared with the hexagon pattern. in [6].

B. Optimality of 4- and 5-Connectivity Patterns

Theorem 4.2:Patterns as shown in Fig. 6 areoptimal to
achieve full coverage and 4-connectivity.
Proof: By Lemma 4.1, we nd that the average edge In this section, we show how to deploy sensors following the
number of all atomic deployment polygons is 4. We rstbove optimal patterns and present some practical deplayme
consider the case where dl?s have 4 edges. Wheh < patterns designed for the purpose of deployment convemienc

V. PRACTICAL CONSIDERATIONS

A. Pattern Deployment
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= g-optimal pattern for full coverage and 3-connectivity
v = = = hexagon pattern for full coverage and 3-connectivity
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Fig. 10. (a) This pattern can be easily deployed based ondtation of Fig. 12. Number of nodes needed in optimal patteRfs our designed
sensors in lines and the distance between lines. (b) In #tterp, the number practical patterns, and the hexagon pattern. Sensors etith sw= 30 4n are
of lines and the positions of sensors (particularly the sehsor) at each line deployed over ;000 m  1;000 m region.r¢ varies from0:3rs to = 2rs.

are not easy to obtain.

at each side). In this pattern, wh@&rb858 r.=rs < 0:6184
d = 0:5858; when0:4813 r¢.=rs < 0:5858 d = r.. The
above ranges are determined by comparing the average atea th
each sensor covers and the requirement to achieve full agger
The derivations thereof can be found in [6]. These patteres a
easy to deploy. Each pattern has two types of deploymertt.line
Fig. 12 shows the number of nodes needed with the optimal
patternsPS; our designed practical patterns, and the hexagon
pattern that was conjectured optimal in [3], respectivE€lgm-
Fig. 11. Patterns we design for full-coverage and 3-corvisct (a) For pared with the hexagon pattern, these patterns can baie
0:6184 rc=rs < 0:8089. (b) Forrc=rs < 0:4813 sensor nodes when.=rs = 0:6, around20% whenr.=rs =
0:5; and around9:2% whenr.=rs = 0:4.

Due to regularity of the proposed patterns, we can deplcE)sy Other.PractlcaI Coln5|derat|ons ] o
sensors along certain lines. We call these lidegloyment lines [N reality, the sensing range may follow certain statistica
For example, to deploy the pattern shown in Fig. 10(a), we chwpdels [16], [23]. The disc model can be obtained from these
rst deploy sensors along the dashed lines and then repisat tmodels by rst setting a desirable threshold for sensingigua
process. More speci cally, we have two types of lines in thi@" Probability, and then exploiting this threshold to detgre
example according to the sensor node positions along tee lifn€ largest possible distance between the sensor and ged. tar
The horizontal positions of each sensor on one line are in theis distance is considered the sensing rangén some cases,
middle of two neighboring sensor nodes on the other line. T8¢ Sensing area is non-disc even after a threshold has been s
deploy such a pattern, we only need to control the locatiok&0€t al. in [8] suggest the sensing capability roughly follows
of sensor nodes in the line (particularly the rst sensoryl arf Gaussian distribution over different directions. We gtud
the distance between lines. Deployment can be facilitajed BY Simulation the impact from such sensing irregularity on
repeating the process of deploying sensors at multipleslin€overage in our optimal deployment patterns. Due to theespac
However, in some optimal patterns there are several deMOlelmltathn, the results are not shownlln this paper. From the
lines and the positions of sensors are not easy to obtain tfeeg simulation results, we observe that higher sensing ireagyl
pattern shown in Fig. 10(b). This may hamper such patterrYgi" result in lower overall coverage and a smalitgrvalue can
applications in spite of their optimality. help overcome the decreased coverage shrinking brought by

From our study of pattern mutation, we tackle this proble§ensing irregularity. These observations can be expléied
by designing new patterns that can balance deployment cihe view of overlapplng. areas. The deployment patterns that
venience and optimality in terms of how many sensor nodé§nerate more overlapping area are more tolerant to seimsing
are needed. Fig. 11(a) shows the pattern that we design f@gularities. Given each sensor’s sensing can be irreghlere
0:6184 rc=rs < 0:8089 for 3-connectivity. In this pattern, are naturally two ways to increase overlapping areas imuaiti

when 0:7655 re=rs < 0:8089 d = 0:765%¢; when deployment patterns: (1) adopt a smaller communicatiogean
0:6184 re=rs < 0:7655 d = r¢. Fig. 11(b) shows the such that sensors are closer to each other; (2) adopt deptaym

pattern that we design forc=rs < 0:4813 In this pattern, Patterns that can achieve higher connectivity such thatemor

when 0:4531  re=rs < 0:4813 d = 0:4531r5; when Sensors overlap.

re=rs < 0:4531, d = r.: When0:4813 r.=rg < 0:6184 the To consider a practical communication model, we use a
pattern that we design is similar to Fig. 11(b) that considts widely used model suggested by Zuniga and Krishnamachari
squares, equilateral octagons and equilateral dodecagitims in [24]. This model established the function of the distance
two squares at each side (in Fig. 11(b) there are three sgjudretween the transmitter and the receiver and the commioricat



link quality measured by th@acket reception rat®RR. At of pattern optimality. This phenomenon contradicts thejeon
distanced, the PRR can be expressed RRR(d) = (1 tures presented in a previous work that there exists a wsaler
exp( PPLld) Pny=5y8": where P, is the output power of elemental pattern among optimal pattern evolution and #te p
the transmitterP L (d) is the path loss at distanck P, is the tern evolution is continuous. Our work also further comgset
noise oor and" is the frame length. We run simulations forthe exploration of optimal patterns in WSNs. Searching for
each sensor to establish local 1-6 connectivity, respalgtive optimal patterns among all patterns (beyond regular caimss)
consider the connection established wiFeRR  0:95. We let and proving their optimality are part of our future work. We
r.=rs vary from0:3-1:8 such that all patterns are covered. Wavill also extend our proposed patterns under practical risode

pick the transmission powé?; in the above model to illustrate
its impact since it is an adjustable property of a physicalake
and does not depend on the external environment. For ea
combination ofP; and an optimal pattern, we run simulations
10; 000times. The probability is then the ratio of the number2]
of times when a link withPRR  0:95 can be established to

10;000: Other parameters are from empirical data in [24]. 3]

(4]

(5]

(6]

Probability to Establish Local 3-Connectivity
with the PRR 3 0.95

(7]

20

Transmission PowerPt(dbm) 0 o
[8l
Fig. 13. The probability for a sensor to establish links wtRR  0:95 to

three speci ¢ neighbors for different transmission poviRr and distanced.
rs =30 m. [l
[10]
In our simulation results, as the transmission power irs¥ea
for a given optimal pattern decided bry=rs, we notice that
the probability transition from 1 to 0 gets slightly sharper
as the connectivitk increases. Due to space limitations, wél2]
only show this for 3-connectivity in Fig. 13. The smoothl)f13]
changing surfaces also illustrate that, if we want to enfaal
k-connectivity (and hence globd-connectivity) in practice [14]
with high probability, the output poweP; should satisfy
1 P[F(rers;Py)  xJK , where the functiofr calculates
the PRR,x denotes a threshold of the PRR above which the
link quality is considered acceptable, anis a small positive [16
number.

[15]

In real deployment, we should also consider deployme[r%z]
errors and how to overcome geographical constraints on de-
ployment area. In some cases, hierarchical sensor netwbB
architectures are desirable. Providing a fundamentatente,
our optimal deployment patterns in this paper are still able [20]
when these practical issues are considered. Further disous[21]
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