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Abstract—We study the issue of optimal deployment to achieve = However, finding optimal patterns for WSNs is a hard
four connectivity and full coverage for wireless sensor natorks problem, and very few results on optimal patterns are aviila
(WSNSs) under different ratios of sensors’ communication rage in the literature. For many years, the only result known to

(denoted by r.) to their sensing range (denoted byrs). We . . . .
propose a “Diamond” pattern, which can be viewed as a series US ON this topic had been a theorem proved in 1939, which

of different evolving patterns. When r./r. > /3, the Diamond ~States that regular triangular lattice pattern (triangitigyn in
pattern coincides with the well-known triangle lattice patern; short) is asymptotically optimal in terms of number of cél
when r./rs < /2, it degenerates to a “Square” pattern. We needed to entirely cover a given area in the plane [8]. This
prove the Diamond pattern to be asymptotically optimal when yaqit formulated as one for sensor deployment, was proved

re/Ts > /2. Our work is the first to propose an asymptotically L . . .
optimal deployment pattern to achieve four connectivity ar full again in [13] using a different method. In many applications

coverage for WSNs. We hope our work will provide some insighe  Of WSNS, it is not only required that sensors cover an entire
on how optimal patterns evolve and how to search for them. area, but also that the sensors form a connected commumicati

network. When both coverage and connectivity are required,
I. INTRODUCTION the triangle pattern remains optimal when'r, > V3, where
. . . o r. and r; are communication range and sensing range of
Deployment is an important issue in wireless sensor nelssors, respectively. In practice, the value,gf-, has a wide
works (WSNs). There are two categories of deploymeplyge not necessarily greater thefs. For example, while
methods. One is random deployments; the other, planngd ejiable communication range of the Extreme Scale Mote
deployments. With plan.ned deplo.yments, Sensors are pla R M) platform is 30m, the sensing range of the acoustics
at planned, pre-(_je_termmed Ioc_atlons. In planning whe_re 8nsor for detecting an All Terrain Vehicle is 55m [1], in wini
deploy sensors, it is often desirable that the pattern véll l_%ase,rc/rs = 30/55 < /3. This has incited researchers’
such that the minimum number of sensors are needed. Asjfle,rests to find an optimal deployment pattern to achieve
from the Fheorehcal interest, finding the optimal d_evele;mm_ both coverage and connectivity for a complete range.of..
pgtt(_er_n (in terms of number of se_nsors) has its practicg) 2005, a strip-based pattern was proposed that can achieve
S|_gn|f|cance. F_|rst, Sensor nodes still cost close to $100bath coverage and connectivity, but without any study on its
PIECe. Dgploylng the_ minimum numb_er of SENsors needSﬂtimaliw [12]. That pattern was later independently disx
certainly is most desirable for the obvious economic reasat},q proved to be near-optimal when/r, = 1 [7]. In
- | ! s = .
Second, insights obtained from optimal deployment paster g ‘e strip-based pattern was proved to be not only near-
can be used to guide the development of heuristic algorlthlgﬁﬁmm but actually asymptotically optimal; and not onty f
for topology control [7], as well as to measure the relatlvpc/rs — 1, but for all values ofr./r, [2]. The connectivity

performance of these heuristics as compared to the optighsigered in these results is the simple 1-connectivitgu®l
one [13]. connectivity of a higher degree is desired, a variant of the

strip-based pattern was proved to be asymptotically optima
This work was supported in part by the US National SciencenBation P P P ymp y Fh

(NSF) CAREER Award CCF-0546668, the Army Research Office @R that achieveswo connectivity and full coverage, again for all
under grant No. AMSRD-ACC-R 50521-Cl, NSFC grant No. 108¥1and  values ofr./r, [2].
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pattern suffers a “long communication path” problem andl, we give the definitions and assumptions used throughout
besides, two-connectivity is still deemed insufficient iamy the paper. In Section Ill, we discuss our exploration on the
applications. The long communication path problem can loptimal deployment pattern to achieve four-connectivityg a
easily explained using a diagram. In Fig. 1, we depict tHall coverage. In Section IV, we discuss the evolution of
communication network of the two-connected strip-based paeployment patterns. In Section V, we compute the number
tern [2]. In the figure, note that even though nodesind B of nodes needed when different patterns are used. We discuss
are close to each other, they have to communicate, e.g., fioe non-disk sensing and communication models in Section
the local data aggregation purpose, through a long mufii-h¥1. Section VIl concludes the paper.

path. This results in long delay and waste of energy, which is

a critical and rare resource in WSNs. [l. PRELIMINARY

In this section, we present the preliminaries for our optima
deployment pattern exploration.

We assume that both the sensing and the communication
scopes are disks, even though in reality the sensing and the
communication ranges are likely to be non-isotropic or even
roughly conform to a normal distribution probability model
along each direction [15], [14], [3]. This is because result
obtained with the simple disk model are still useful in many
applications, and it has been adopted in a great amount of
literatures, e.g., in [7], [13], [2]. Furthermore, abstiaas
Fig. 1. An example to show the long communication path proble the &€ inevitable in order to achieve enough generality when we
two connected strip-based pattern. Node A has to commenitmbugh a are trying to lay down certain theoretical foundations. ®lor
Iong multi-hop path (|n dash ||ne)) to reach Node B althoughytare close discussion on non_disk Sensing and Communication mode|s iS
to each other. . .

presented in Section VI.

Now, if two-connectivity is not sufficient, how much con- clj_.et T's (:]enote the sensing rad|gs, mgmhhe communication hei
nectivity is necessary? Intuitively, with sensors deptbypser radius. The senors are assumed to be homogeneous on their

a region in the pIane, we would like each sensor (exce%(—{:nsmg range and communication range. We also assume that

for those near the boundaries) to be able to send messa one sensort Céi_n be“ deplo;;e? aﬁlone |t(_)C&tII”Or(1:i. | i
directly up, down, left and right to an immediate neighbor, t IS p?per E.u |esf asympto It(':qty opdlnf1a” P oymenA
thereby avoiding the long communication path problem. Th ems 10 achieve four-conneclivity and Tull coverage.

seems to suggest the requirement of four-connectivity. As Sployment Pa“er.“ is said to kmsymptotically Opt'mf”lhf )
matter of fact, several research projects (e.g., data segm@e pattern is optimal when the deployment area is fixed
’ ' d the sensing range approaches zero, or equivalentlyy whe

tation [9], routing [5], and storage [4] etc.) have assumey'? ¢ .
four-connectivity on their wireless sensor networks aacle>€NsING range Is fixed and the deployment area approaches
endorsement to the candidacy of four-connectivity ' infinity. Informally, it means that the pattern is optimaltiife

This motivates us to investigate the problem of finding afEPIoyment area is so large compared to the sensing range
optimal deployment pattern that achieves four connegtaviid that We can ignore th? boundary of the de_ployment area and
full coverage. As it turns out, there is no single patternchhi consider only the |nt_er|or nodes. I_f boundaries are not igdp
is optimal for all values of-./r. This is in contrast to the case'®"Y few can be said about optimal deployment patterns. A

of two-connectivity (and full coverage), for which the ptri pattern Whigh is optim.al for a region may not be optimal for
based pattern as mentioned above is optimal for all valuesatﬂom?r. region (of a d.n‘ferent shape or different area).
re/rs. Our results are summarized as follows: Definition 1: Voronoi Polygon: Let” = {ay, az, ..., a, } be
. We propose a “Diamond” pattern, which can be viewe® S€t 0fp points on an Euclidean plarte The Voronoi polygon
as a series of different evolving patterns. Wheptr, > V(i) is the set of all points irt" which are closer ta; (in

/3, the Diamond pattern coincides with the well-knowi€rms of Euclidean distance) than to any other poinPijri.e.
triangle lattice pattern; when./r, < /2, it degenerates V(a;) :={z € S:Va; € P,d(z,a;) < d(z,a;)}.
to a “Square” pattern. ' B

o We prove the Diamond pattern to be asymptotically Definition 2: Interior Node: a node whose Voronoi polygon
optimal whenr, /r, > /2. has no edge on the boundary of the deployment area.

« Our search for optimal deployment patterns is not basedpefinition 3: Four-connected Sensor Network: A sensor
on an ad hoc method. Rather, it is systematic, based QBwork N is said to be four-connected if for every two interior

some mathematical theory. Doing so, we hope to sh@ddes of V' there are at least four node-disjoint paths joining
some insights on how to search for optimal deploymegiem.

patterns for WSNs. Note that in a full-coverage deployment, each Voronoi

The rest of the paper is organized as follows. In Sectiggolygon corresponding to an interior sensor node is endlose



in a sensing disk. Thus, as illustrated in Fig. 2(a), eacleedg a a a
the Voronoi polygon resides on a common chord between two "
sensing disks. The common chord that contains an edge of a

b b b

\Voronoi polygon is said to be a@dge-chordFor instance, in
Fig. 2(b), the edge’d’ of the Voronoi polygon resides on the (a) (b) (c)
chordab. Thus, chordab is the edge-chord of edgéd’.
Fig. 3. LetD denote the distance between two sensors and assurie2r.
P (a) ab is a short chord when. < D < 2rs; (b) ab is a standard chord when
’ ) re = D. 0 is the standard angle; (@p is a long chord wherD < r.. The
common chords:b in (b) and (c) are connection chords.

Definition 10: Semi-regular Connection Polygon: a poly-
gon with k£ > 4 sides that can be inscribed in a sensing disk,
with four edges each of the length of a standard chord, and
the remainingk — 4 edges being of equal length.

Fig. 2. The solid and dashed circles denote sensing diskes sfaded area Definition 11: Reference Polygon: It is either a regular

denotes the Voronoi polygon of a sensor, which is shown asladts. (a) In . | . | . |
a full coverage deployment each Voronoi polygon is congédiby common CONNECtion polygon or a semi-regular connection polygon.

chords of intersecting sensing disks. (b) Chaldis the edge-chord of edge
a'b'.

(@) (b)

IIl. OPTIMAL PATTERN EXPLORATION

The following terms are defined with respect to given | this section, we describe our journey of exploration
andr,, which satisfyr. < 2r,. for an optimal sensor deployment pattern that provides-four
Definition 4: Standard Chord: The common chord betweegonnectivity and full coverage.
two intersecting sensing disks is called a standard chord if
the distance between the two sensors is equat.tothe A. Theoretical Foundation

communication range. In our journey, we think of a sensor deployment as a
Definition 5: Long Chord: If the common chord betweercollection of Voronoi polygons, which form a tessellatioreo

two intersecting sensing disks is longer than their stashdaa region. There are several benefits by employing Voronoi

chord, it is called a long chord. (The distance between tipelygons. First, as the Voronoi polygons form a tesseltgtio

two sensors is smaller than.) we can regard each Voronoi polygon as the corresponding

Definition 6: Connection Chord: A connection chord issensor’s effective contribution to coverage. If all Vorono

either a long chord or a standard chord. (The distance betwd@®lygons are of the same size, sdy then the number of
the two sensors is smaller than or equatto sensors needed to cover a region of ale& approximately

If two sensing disks have a connection common chord, théi{4- We can estimate the number of sensors needed by

the two sensors can communicate directly with each otfeey, i M€asuring the average size of each Voronoi polygon. Second,

they are connected by an edge in the sensors’ communicaffgydon tessellation has been extensively studied. Thinka
network — thus the nameonnectionchord. terms of Voronoi polygons, we are more able to benefit from

Definition 7: Short Chord: If the common chord betweer%he r|chll|terature of polygon tessella‘uons._ .
Consider a rectangle of are@d, over which we wish to

two intersecting sensing disks is shorter than their stahda
9 g ah eploy sensors. For a sensor deployménover R that

chord, it is called a short chord. (The distance between the; . L
. achieves four-connectivity and full-coverage, I8f; denote
two sensors is greater thaq.)

_ i the set of Voronoi polygons generated by the sensorsglet

If two sensing disks have a short common chord, th§f, e collection of all possiblé,'s. (Each element irg, is
the two sensors camot communicate d|rec.tly with eacha set of Voronoi polygons.) Our goal is to find@; € G,
other; they arenot connected by an edge in the Sensorg i, the smalles{G,|, where|Gy| denotes the cardinality of
comm-u.nllcatlon network. ~ Gq4. We denote the smallegfy| by Crin.

Definition 8: Standard Angled: The angles corresponding |t s difficult to directly searctg, for a certain element, since
to a standard chord at the centers of two sensing disks §f& |ack knowledge of this set. Therefore, we will construct
called standard angle8.= 2 arccos(r./2rs). another set), (to be described soon) satisfying the following

Fig. 3 illustrates the above definitions. The polygons reondition: for anyGy € G,, there exists &, € G, such that
ferred to in the following definitions are not necessarilyG,| = |G,|. With this set, we have
Voronoi polygons; and again the definition are made relative .
to a givenr, andr,. min{|Gy| : G4 € Ga} > min{|G,| : G, € G} = Cin- (1)

Definition 9: Regular Connection Polygon: a polygon thalf we can find aG,; € G, such that|G,4| = Cuin, then that
can be inscribed in a sensing disk, with all its edges of equal); has the smallest cardinality i;, and we will have found
length and no shorter than a standard chord. an optimal deployment pattern.



To construct the aforemention&fl, we first state a basic B. The Diamond Pattern
result, which can be easily proved using a well-known Euler
formula. In order not to interrupt the presentation of ouinma
ideas, we defer the lemma’s proof to the Appendix.

Lemma 1:Let I denote a tessellation over a fixed region
consisting of ' polygons. If each vertex df, expect those at
the corner, is on at least three edges, then the average numbe
of sides of the polygons df is not larger than six whei#’
approachesc.

In the following, we present an optimal deployment pattern
called the Diamond pattern wheq/r, > /2.

d,/2

Lemma 1 indicates that, when sensors are deployed to
achieve full coverage over a rectangular region, the aeerag
number of edges of the Voronoi polygons generated by thefig. 4. The Diamond pattern to achieve full coverage and fmumectivity

are asymptotically less than or equal to six. Note that Lemrg’gr?gfe’;;g; sia\({gd Egia;%‘frage contribution of each individual sensor is

1 is not a known result. The known property that average

number of edges pfaVo_ronm region 1s Ie_ss than 6 only hOIOISThe Diamond pattern is shown in Fig. 4. The Voronoi

for a bounded region, while Lemma 1 in this paper presents the - o
. ) polygon generated by each sensor, shown in Fig. 4(a), is six-

conclusion that holdssymptotically Even though the bound sided reference polygon. As,/r, increases fromy2, the

six is only an asymptotical one, when constructifigwe use polygon. " '

- : length of long chords will decrease while the length of short
Lemma 1 as a heuristic and confine ourselves to those sets 0 o .

. chords will increase. When. /r, = /3 this polygon becomes
polygons whose average numer of edges is no more than Six

Based on Lemma 1 and the deployment requirement of fuﬂ_regular he>.<agon. The shape will not f:hange.cg_;(ss further
coverage and four-connectivity, we denote By any set of increases. Fig. 4(b) illustrates the relative positionseisors

polygons that satisfies the following conditior{$) the aver- in this pattern,

(b)

age edge number of polygons is not larger than &lx;each di = 2r,cos hd /2(1 = cos p), 2)
polygon is a reference polygon3) » pc area(P) > R, g%
wherearea(P) denote the area of polygaR. (Note that the and dy = 2rscos 5\/2(1 + cos ), 3)

polygons inG,. are not necessarily the Voronoi polygons of a .
sensor deployment. As a matter of fact, they don't even ha(ieréy = max(2arccos(r./2r;),/3). In this pattern, the
to form a tessellation.) coverage contribution of each individual sensorligs /2.

Let G, denote the set of all sudh,’s. The following lemma Note we usel; andd, to describe the positions of sensors
indicates that whem./r, > /2 it is possible to “embed” in this deployment to provide convenience in practical sens
Ga in G,, so that (1) holds. We will present the proof in thd hough the Diamond pattern may look complicated, we can
Appendix. (Unfortunately, we are unable to prove the san§@se our real deployment by taking two steps. We first deploy

result for the case where./r, < v/2. We will discuss this Sensors at the end-points of each grid usihgand d;, and
case in Section 1V.) finally deploy a sensor at the center of the each grid.

Lemma 2:1f r./rs > V2, then for anyGy € G, there  Theorem 1:The Diamond pattern is the asymptotically
exists aG, € G, such thaG,| = [Gql. optimal deployment pattern to achieve four connectivitg an

We next establish a lower bound ¢@,| for any G, € G,. full coverage when/rg > V2.
This bound must also be a lower bound 6| for any G4

in G, owing to Lemma 2. Proof: From Definition 8,0 = 2 arccos(r./2rs). When

V3 > r./rs > /2, the Voronoi polygon generated by each

Lemma 3:1f r./r, > /2, then for any sets, € G,, sensor in the Diamond pattern is a six-sided semi-regular
G| > R/(2si n(2 2 connection pongon._And we have/2 > 6 > =/3. Form
(Gl 2 R/ (2sing +sin(2o))rs, (2) and (3), we obtainl; = 2rscos(6/2)/2(1 — cos@) and

wherey = max(w/3,6) andé is the standard angle. da = 2rscos(0/2)\/2(1 + cos6).
Once again we defer the proof for Lemma 3 to the Ap- Then the area of such a semi-regular hexagon is
pendix. Ay = dydy/2 = 4cos*(0/2)sinOr?

We comment that the lower bound ¢@, | is obtained from
R divided by the maximum average coverage contribution
of each individual sensor. This lower bound does not tell = (2sinf + sin(26))r3.

us a specific deployment. Nevertheless, we can use it\}\ﬂwen the Diamond pattern is used to cover a large dtea

Jdudgle it a ?':ﬁnt depl%ymefnt IS optlm?l '(t)r no(';. flf”there 'S Shere the boundary condition can be ignored, the number of
eployment that provides tour-connectivity and Tu'l-Crhge, sach six-sided semi-regular connection polygons needed is
and the number of sensors used is equal to this lower bound,

this deployment is optimal. Ni = R/A; = R/(2sin 0 + sin(20))r?. (4)

= 2(1+ cosf)sin Or?



Similarly, whenr./r, > /3, the Diamond pattern becomes

the regular triangle pattern where the Voronoi polygon gene d,
ated by each sensor is a six-sided regular connection polygo Te e e
We have2 arccos(r./2rs) < 7/3. Form (2) and (3), we obtain o o
dy = \/57"5 andd2 = 3rs.

In this case, the area of such a regular hexagon is (a) (b)

When the Diamond pattern is used to cover a large dtea

where the boundary condition can be ignored, the number of
such six-sided regular connection polygons needed is 9
2w

A&::R/A2:2v§R/%€:;Rﬂ2$ng—+$n——y2 (6) i 2 .

3 s* T/t

Fig. 6. Another view of the Square pattern.

Equations (4) and (6) can be re-written as Fig. 7. The Voronoi polygon generated in different deplopinpatterns is

" " 2 shown with dashed line segments. The amount of coverageituatian of
R/(2 sin g + 5111(2(,0))7’3, (7) each individual sensor is denoted by the shaded area.

wherep = max(2 arccos(r./2rs), 7/3), which is the exactly
the lower bound stated in Lemma 3. ] ) o ) .
(as defined in Definition 9), is optimal. Ag. gets smaller,

in order to maintain four-connectivity of the network, some
sensors need to get closer to each other. As we have proved
We have shown the Diamond pattern to be asymptotically Theorem 1 and depicted in Fig. 7, the semi-regular Diamond
optimal whenr./r;, > /2. In this section, we investigate pattern, whose Voronoi polygons are semi-regular conoecti
the case where./r; < /2. As will become clear shortly, hexagons (as defined in Definition 10), is still optimal foe th
the Square pattern can be viewed as a degenerated Diamecaske where/3 > r./rs > /2.
pattern. If we let the semi-regular connection hexagon continue to
The Square pattern can be easily described using a diagrahrink, it becomes a square whep/r, = /2. The square
Fig. 5 shows such a diagram, whedg = d, = v/2r.. By gets smaller and smaller as/r, continues to decrease. An
rotating the diagram in Fig. 5 for 45 degrees, we obtain Fig. fiteresting question arises: Is the Square pattern optioral
in which it is easy to see that each Voronoi polygon is &./r, < v/2? We conjecture that the answer is positive. Its
square, withd] = dj, = r.. The effective contribution of each proving (or disproving), we believe, is an interesting open
individual sensor to coverage is therefore problem. It is part of our future work.

Ag = didy =12 (8)

IV. PATTERN EVOLUTION

V. NUMERICAL RESULTS

In this section, we compare the numbers of nodes needed for

°

dy various patterns to provide both four connectivity and cage

.dQI—ngz’f over a deployment region of siz@00m x 1000m with r, =

e 30m, and9m < r. < 54m, i.e.,r./r, varies from0.3 to 1.8.
L]
(b)

750 - "
Diamond Pattern
H . .. “““ Regular Triangle Pattern
Fig. 5. The Square pattern to achieve full coverage and foanectivity 70p - - = Square Pattem 1

whenr./rs < +/2. The coverage contribution of each individual sensor is
denoted by a shaded square.

We display the Diamond pattern and the Square pattern
together in Fig. 7, in an attempt to see their relationshige T

sensor number needed
@
a
3

figure actually shows the Voronoi polygons corresponding to soor
various patterns rather than the patterns themselves. 80 se asol
how these Voronoi polygons evolve as/r; changes value,

400

let us assume that the sensing rangeis fixed, and the 13 tadzo1s LreeL 18
communication range. goes from large to small. When is

sufficiently large so that. /s > /3, the regular Diamond pat- Fig. 8. Numbers of nodes needed to achieve four connectauitg full
tern, whose Voronoi polygons are regular connection hemagcoveragerc/rs varies from1.3 to 1.8.




In Fig. 8, we compare the performances of three patterdsvices. In [11], Moscibrodat al. propose the SINR model.
— the Diamond pattern, the regular triangle lattice patterin this model, propagation channel properties are so inaport
and the Square pattern — with./r, varying from 1.3 to such that a node may not be able to receive messages correctly
1.8 (r. changing from39m to 54m). We make the following even if it is close to the sender. Generally, realistic mingel
observations: of communication links between wireless sensing devices is

1) It is convenient to view the Diamond pattern as a seri€§allenging, and link parameters often vary in differentidg
of transiting patterns as shown in Fig. 7. As such, tHRhvironments and hardware specifications.
Diamond pattern coincides with the Square pattern whenWe use the disk model in this paper. Reflecting the ideal
re/rs is small. Atr./r, = /2, i.e., 1.4142, the two case, the disk model can be considered a clean abstraction
patterns diverge. Afterwards, the Diamond pattern stani@oring any uncertain physical disruptiveness. Abstoacts

alone untilr./r, = v/3, i.e., 1.7321, when it converges inevitable to achieve enough generality while aiming to lay
with the regular triangle lattice pattern. down the certain theoretical foundations. The disk modal ca

2) The Diamond pattern outperforms the regular triarlso be considered as a conservative measure. For instegce,
gle lattice pattern when they are separate (i.e., whéAn set a conservative threshold to getin the probabilistic
re/rs < /3. For instance, compared with the regulaf€nsing cases, and we can get a conservativey taking
triangle lattice pattern, the Diamond pattern can say@e lower bound in the non-isotropic communication cases.
about13.7% of nodes when-./r, = 1.5, and14.9% Exploring optimal deployment patterns for the sensors with
whenr,/ry = V2. non-disc sensing and communication models is valuable. We

3) Also, the Diamond pattern outperforms the Square p&€lieve that the methodology and results presented in this
tern when the two are separate. The Square patté@per based on the disk model would act as cornerstones for
costs 11.6% more sensors whem./r, = 1.5, and future research.
costs25% more whenr./r, = /3, compared with the
Diamond pattern. This difference keeps unchanged as VIlI. CONCLUSIONS

re/7s further increases. This work is the first to study optimal deployment patterns

for full coverage and four connectivity. We proposed a Dia-
V1. REMARKS ON SENSING AND COMMUNICATION mond pattern, which can be viewed as a series of evolving pat-
MODELS terns. Whenr./rs > /3, the Diamond pattern coincides with

In this section, we briefly discuss various sensing and coi€¢ Well-known triangle lattice pattern; wheq/r; < V2, It
munication models that have been proposed in the literatuf€9enerates to the Square pattern. We proved the Diamond
and then comment on the particular model adopted in ttf@ttem to be asymptotically optimal wheq/r, > V2.1t
paper. Is. challenging to search for optimal deployment patterns in

It is suggested that, the capability of sensing could grﬂtyjuaW'r_eless Sensor networks. We hopg our work can shed some
attenuate with increasing distances. In [10], Megeraral. insights on further exploration to this regard.
present a model for sensing sensitivity. In their model, the
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cation Seciety E:Soé‘éeée,\g%‘? (5)?7?5(3;;,();0'\323}1 and Ad Hoc Comations  \yhereg is the standard angle as defined in Definition 8, we
transform this polygon to &-sided regular connection polygon
as defined in Definition 9 by letting each edge be overlapped
totally with its edge-chord and of the same length. After
APPENDIX transformation, the area will not decrease since the regula
polygon has the maximum area whéns given, which can
A. Proof of Lemma 1 be proved using Lagrangian multipliers [6]. At the same time
four connectivity will not be violated. Since the number of
Proof: The proof technique here is inspired by [8]. Lekdges is not changed, the average edge number of polygons
V' denote the number of vertices ardd denote the number will not change.
of edges in the tessellation. Let C' denote the number of Now we consider the case whete/k < 6. First, if among
corners, which is a constant for a fixed region. Since eaghedge-chords there are more than four connection chords,
vertex except for those at corners is on at least three edges randomly delete some of them to let only four be left,
and each edge is on two vertices, we have and add one short chord when necessary. Fig. 9 illustrai®s th
3V _ O < 2E. ) transformation. Then, if among the four connection chords

We also have the Euler relation for.
V—-E+F=1.
Substituting (9) into the Euler relation fdr, we obtain

E<3F-3+C.

Now let e; (Z =1,2,---, F) denote the number of EdgeSFig. 9. The large circle denotes the sensing disk. The sivlés Idenote the

on theith _p0|yg0n- LetB denote the number of boundaryconnection chords. The dashed lines denote the short cHajdEhe polygon
edges, which are on only one polygon. Since all other edges?, before transformation; (b) If we remove the connection dhet, no

short chord needed to add; (c) If we remove the connectiondciig a short
are each on two polygons, we have chorda’b’ is needed to connect the “open side” that results from theverg
F F in the circumference.

dei<> e+ B=2E<G6F-6+2C. (10)

Pt P there are some long chords, we change them into standard



chords. The transformation is made by fixing one end point of As we can see from the transformation procedure, trans-

these long chords and rotating them toward outside untyl theormations do not decrease total area of polygons. Also they

become standard chords. Fig. 10 illustrates this step.,Mext do not increase the edge number since only deleting chords
are allowed. They further do not violate the condition thiat a

c b4 least four edge-chords of each polygon are connection shord
, Hence,G, € G,. [ |
\ C. Proof for Lemma 3

\" Let M, (k > 5) denote the area of a polygon @,., which

is the set of reference polygons after the transformations i
Lemma 2. We have

Fig. 10. The large circle denotes the sensing disk. The dioles denote 9 . (k — 4)7? . 2 —4dp
the connection chords. The dashed lines denote the shortih@) The My, = 27"5 sm @ + S11 P4 (11)
polygon before transformation; (b) Rotate long chaertl towards outside 2 -

until it becomes a standard chord’. We let short chord meetb at the wherep = max(27r/k 9) Recall thatd is the standard angle
circumference when necessary. . . SN

as defined in Definition 8) = 2 arccos(r./2rs).
To prove Lemma 3, we need to first prove the following

shift standard chords along the circumference until notteway
standard chords intersect each other within the sensirig di€mma.

Then usek — 4 short chords together with four standard chords Lemma 4:Fork > 5,

to construct a polygon with vertices all on the circumferenc 0 < M1 — My, < My, — My_. (12)
The purpose of this step is to make the overlapped area

among any three sensing disks to be as small as possible. This Proof: It can be proved by extensively using Taylor's
transformation is always feasible sineg/r, > v/2. Fig. 11 €xpansion fowin z.

illustrates this transformation. Finally, we transformygmns ~ Let f(k) is defined asf (k) = Mj.1 — M. The proof can
be divided into the following four cases.

Case 1: Wherp < 27 /(k + 1), My41, My, and My, are
the areas of the regular connection polygons. Therefothjsat
time, the claim that f(k) > 0 and f(k) is decreasing a&
increases” follows directly from Lemma 2 of [8] (Lemma 2 in
[8] states that, the area of regular polygons will increastha
(@) (b) number of edges increases. But the amount of area increment
will decrease as the number of edges increases).

Fig. 11. The large circle denotes the sensing disk. The dioles denote . _
the connection chords. The dashed lines denote the shortih@) The Case 2: Whe@j = 27T/(k 1)’ Mp1, My, and}M;,, are the

polygon before transformation; (b) Shift standard chondshsthat there are areas of the the semi-regular connection polygons. Thie cas
no standard chords intersecting each other within the sgrdisk. Connect essentially has no difference from case 1, since the polygon

their ends with three short chords. are of the same type. Hence, exactly the same technique used
0in proof of Lemma 2 in [8] can show the claim holds at this

into semi-regular connection polygon as defined in Definiti
10 by shifting standard chords along the circumference afge-

letting short chords equally share the remaining arc. Since! N€ firstinequality in (12) can be easily proved using Tay-

r./rs > /2, the angle made at the center of the sensing dilr’'s expansion fosin z. We now prove the second inequality.
by the remaining arc is always larger tharFig. 12 illustrates we have

this final transformation. k—3)2 27 —4dp
f(k) = ( 5 ) sin ——
/ \ (k—4)? . 27 —4p
- sin .
2 k—4
\ / Taking derivatives of both sides of the above equation, we ge
df(k) [ 2r—4p 2m—dp 2r — 4o
(@ (b) e 2 ™ Tk-3 k-3 “CTkh-3
2
Fig. 12. The large circle denotes the sensing disk. The $iokd denote the _ sin 2m —4p _ 21 — 4y cos 21 — 4y
connection chords. The dashed lines denote the short ch@)dBhe polygon 2 k—4 k—4 k—4 |-

before transformation; (b) Shift standard chords such aliagtandard chords ] ) ) ] ]
are together. Let three short chords equally share therleft a Sincesinx — x cosx IS an increasing function af in (O, 7T)

and(2r —4p)/(k—3),(2r —4p)/(k—4) € (0,7) for k > 5,
Now we denote the set of polygons after transformation d$(k)/dk < 0 for k > 5. Hence,f (k) is a decreasing function,
G,. G, consists of only reference polygons afid = G,. and thus (12) holds whe2w/(k — 1) < ¢.



Case 3: Whenen/(k + 1) < ¢ < 2n/k, for k > 4, let

2
2
M = %ksin%
and 2(k —4) 2 —4
. rg(k — . 2m— 4o
M = 2r? d :
X s + 5 S -

Then, My11 = My, ,, My = My, and My, = Mj;_,. To
show at this timef (k) > 0, we have

E—3)r2 . 2m—4
( )rssin7T @

Mp, - M, = 5 3
2 krg .27

r<sinp — —= sin —

s ® 5 i

which is greater tha® for 27 /(k + 1) < ¢ < 27 /k.
For the claim thatf (k) is decreasing ak increases in this

we can strengthen the above as

m 5
> (i = 6)(M7 — Mg)n; <> (6 —i)(Mg — Ms)n;. (13)

=T i=3

The fact thatf (k) is decreasing ak increases implies that
the interval fromJ/, to M, consists of(p — ¢) subintervals
among which the shortest i%/,, — M,_; and the longest is
My — M,.

We then have fop > g > 5,

case, we need to prowé;, , — M; < M — My_,, which gnq py (15)
follows from the conclusion for the case 2 and the fact that

My, < My, . The latter inequality holds sinck/;; , is the

(p— Q)(Mp - Mpfl) < (Mp - Mq)v (14)

and (M, — M) < (p—q)(Mgy1 — M,y). (15)
Hence, by (14) we have

(6 —i)(Me — Ms) < (Mg — M;), i<6 (16)

M; — Mg < (i—6)(M7—M6), 1> 6. (17)

maximum area possible of ariy+1)-sided polygon inscribed Then from (13), (16) and (17)

in a sensing disk.
Case 4: Wheren/k < ¢ < 2m/(k — 1), for the claim that
f(k) > 0, we notice0 < M;,, — M; is obvious. For the

iMini < M6 inz = |GT‘|M67
=3 =3

claim that f (k) is decreasing a& increases in this case, we

need to proveM

note that
(Mj; = Mi_y) = (M4 —QM;?)
2 — 4 r 2
= (k—4)r2sin 7];_49" - 75(k-5)sink_”5
- %(k:— 3) sin 2" _?‘f

is greater thard when2n/k < ¢ < 2n/(k — 1) by using
Taylor’s expansion fosin z.

The four cases together prove thétk) > 0 and f(k) is
decreasing a# increases for all values af, where f (k) is
defined asf(k) = My — Mj_1, where M}, is expressed in

(11) andk > 5. [ |
Now we are ready to prove Lemma 3.
Proof: Let n; (i = 3,4,---,m) denote the number of
polygons inG,. with i edges, so we have
Z =[Gyl
=3

— M < Mj — Mj_,, which follows by where3 " s Min; > R.

We then haveR < |G, |Ms. This concludes our proof. B

SinceG, € G, the average number of sides of the polygons

of G, is smaller than six, i.e.,

m m
E m; <6 E ng,
i—3 i—3

which can be rewritten as

D (i —6)n; <5 (6 —i)ni.
=7 1=3

By Lemma 4 that stateg(k) is decreasing as increases,



