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Abstract
TheMarchingCubesAlgorithmmayreturndegenerate, zero areaisosurfacetriangles,andoftenreturnsisosurface
triangleswith small areas,edgesor angles.We showhow to avoid both problemsusingan extendedMarching
Cubeslookup table. As opposedto the conventionalMarching Cubeslookup table, the extendedlookup table
differentiatesscalar valuesequalto the isovaluefrom scalar valuesgreaterthan the isovalue. Thelookuptable
has38 = 6561entries,basedon threepossiblelabels, ' � ' or ' = ' or ' + ', of each cubevertex. We presentan
algorithm basedon this lookuptable which returnsan isosurfacecloseto the Marching Cubesisosurface, but
withoutanydegeneratetrianglesor anysmallareas,edgesor angles.

1. Intr oduction

A threedimensionalscalar �eld is a continuousfunction f
from R3 to R. Givenaregulargrid samplingof ascalar�eld
f : R3 ! R anda scalarvalues, the MarchingCubesAl-
gorithm[WMW86,LC87] constructsa piecewise linearap-
proximationto the level set f x : f (x) = sg. The piecewise
linearapproximationis calledanisosurfaceandthevalues
is calledanisovalue.

The Marching CubesAlgorithm partitions all the grid
vertices into two classes.Grid verticeswith scalarvalue
STRICTLY LESS than the isovalue are assigneda nega-
tive, ' � ', label,while verticeswith scalarvalueGREATER
THAN or EQUAL TO the isovalueareassigneda positive,
' + ', label. Note the arbitraryasymmetryin which vertices
with scalarvalueequalto theisovalueareclusteredwith ver-
ticeswhosescalarvalueis greaterthantheisovalue.

Sinceeachof theeightcubeverticeshastwo possiblela-
bels,eachcubehas28 = 256possiblecon�gurationsof ' + '
and' � ' vertex labels.TheMarchingCubesAlgorithm uses
anisosurfacelookuptablecontaininganisosurfacepatchfor
eachcon�guration.For eachcube,thealgorithmretrievesan
isosurfacepatchfrom the lookup tablebasedon the cube's
con�guration of vertex labels.The isosurfacepatchis a set
of triangleswhoseverticeslie on theedgesof thecube.The
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algorithmpositionseachisosurfacevertex on anedgebased
on thescalarvaluesof theedgeendpoints.

A grid edgeis bipolar if oneendpointis labeled' + ' while
theotheris labeled' � '. If someendpointof a bipolaredge
hasscalarvalueequalto the isovalue,the MarchingCubes
Algorithm will positionanisosurfacevertex atthatendpoint.
TheMarchingCubesAlgorithm usesthesamelookuptable
entriesfor verticeswith scalarvalue equalto the isovalue
andscalarvaluestrictly greaterthanthe isovalue.Because
of this,thealgorithmsometimescreatestriangleswhichhave
two or threeisosurfaceverticespositionedat thesamegrid
vertex.

For example,thegrid cubein Figure1 hasonevertex, v,
with scalarvaluefour andall otherswith scalarvaluestwo.
For isovaluefour, vertex v hasa ' + ' labelandall otherver-
ticeshave a ' � ' label.Theisosurfacepatchfor a con�gura-
tion with a single' + ' vertex is a singletriangle.Marching
Cubeswill retrieve thattriangleandthenpositionall its ver-
ticesat grid vertex v, creatinga degenerateisosurfacetrian-
gle.

A postprocessingstepcouldeliminatedegenerateisosur-
facetrianglesby identifying isosurfaceverticeswhich have
beenmappedto thesamegrid vertex. Instead,weshow how
suchdegeneratetrianglescanbecompletelyavoidedby us-
ing alookuptablewhichdistinguishesbetweenscalarvalues
equalto the isovalueandscalarvaluesgreaterthanthe iso-
value. Grid verticesare assigneda ' + ', ' � ' or ' = ' label,
dependinguponwhethertheir scalarvalue is greaterthan,
lessthanor equalto theisovalue.Eachgrid vertex hasthree
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Figure1: a)Grid cubewithonevertexwithscalarvaluefour
and all others with scalar valuestwo. Thegrid cubehasa
single' + ' vertex whentheisovalueis four. b) Lookuptable
isosurfacepatch for con�gurationwith a single' + ' vertex.

possiblelabels,' + ' or ' � ' or ' = '. Theextendedisosurface
lookup table has38 = 6561 entries,one for eachpossible
con�gurationof thelabelson thecubevertices.

The algorithm for isosurfaceconstructionbasedon the
extendedisosurface lookup table is exactly the sameas
the Marching CubesAlgorithm. The challengeis in con-
structing the extended lookup table. Lachaudand Mon-
tanvert in [LM00] and independentlyBhaniramkaet. al.
in [BWC00,BWC04] gaveconvex hull basedalgorithmsfor
automaticallygeneratingisosurfacelookuptables.We show
how to modify thosealgorithmsto generateextendedisosur-
facelookuptablesbasedon ' + ', ' � ' and' = ' vertex labels.

Justasisosurfaceverticeslocatedongrid verticescancre-
atedegeneratetriangles,isosurfaceverticeslocatedneargrid
verticescancreatetriangleswith small areas,edgesor an-
gles.They canalsocreatetriangleswith anglesnear180� .
Recently, LabelleandShewchuk[LS07] presentedanalgo-
rithm for constructingtetrahedralmesheswith good dihe-
dralangles.By combiningtheiralgorithmwith theextended
isosurfacelookup table,we canmodify MarchingCubesto
producean isosurfacewith goodtriangleangles.We deter-
minewhereMarchingCubeswill placetheisosurfacevertex
on eachbipolar grid edge.If that vertex is too closeto a
grid vertex, thenwe modify thescalarvalueof thegrid ver-
tex to exactly equalthe isovalue.This forcesthe isosurface
vertex to be“snapped”to thegrid vertex. We run Marching
Cubesonthemodi�ed scalargrid usingtheextendedlookup
tableandthenrepositionthe “snapped”isosurfacevertices.
Ouralgorithmis calledSnapMC.Figure2 containsanexam-
ple of theoutputof our algorithmcomparedwith Marching
Cubes.

LabelleandShewchuk's algorithmconstructsa 3D mesh
�lling thevolumeboundedby anisosurfacebut caneasilybe
modi�ed to generateonly an isosurface.However, Labelle
andShewchuk'salgorithmrequiresconvertingtheinputreg-
ulargrid into abodycenteredlatticepartitionedinto tetrahe-
dra. In contrast,SnapMCconstructsthe isosurfacedirectly
on theoriginal grid cubes.SnapMCalsousesa slightly dif-
ferent techniquefor “snapping” isosurfaceverticesto grid
vertices,modifyingscalarvaluesinsteadof warpingthegrid
asin [LS07].

Processingdegenerateor small trianglesis time consum-

a) b)

Figure 2: Isosurfacefrom fuel data set (www.volvis.org),
isovalue80.a) MarchingCubesisosurface. b) SnapMCiso-
surface(snapparameter0.3.)

ing, but not a major visualizationproblem.However, when
isosurfacetriangulationsareusedfor modelingandsimula-
tion, smallor largetriangleanglescancreatesigni�cant nu-
mericalproblems[She02]. SnapMCproducesan isosurface
triangulationwith guaranteedupperandlowerboundsonthe
anglesof any trianglein thetriangulation.

SnapMChastwo drawbacks.First, it canchangeisosur-
face topology, eliminating small tunnelsand components
and merging vertices,edgesand faceswhich are not con-
nectedin the isosurfacetriangulationbut aregeometrically
close.Second,becauseour algorithmmergesgeometrically
closevertices,edgesandfaces,it canandoftenwill produce
non-manifoldisosurfaces.Non-manifoldsurfacescanbe a
real problemfor numericalsimulationsoftware.Postpro-
cessingcan be usedto ungluemerged vertices,edgesand
facets,creatingamanifoldwith well-shapedtriangles.

Ourpapermakesthefollowing contributions:

1. An algorithm for constructing extended isosurface
lookup tableswith ' + ' or ' � ' or ' = ' labelsassignedto
vertices.The Marching CubesAlgorithm run with this
extendedlookuptabledoesnotcreateany degeneratetri-
angles.

2. An algorithmfor constructingisosurfaceswithout small
areas,edgesor angles.Thealgorithmis similar to theone
in [LS07], but it usesa lookup tablefor cubesnot tetra-
hedra.It canalsobemodi�ed for otherconvex meshele-
ments,suchaspyramidsor bipyramids.

2. Background

LorensenandCline [LC87] publishedthe MarchingCubes
Algorithm in 1987.A yearearlier, Wyvill et. al. [WMW86]
publisheda somewhat similar isosurface extraction algo-
rithm, but without theuseof isosurfacepatchlookuptables.
MarchingCubesis a fast,ef�cient, easilyimplementableal-
gorithmbecauseof its useof lookuptables.

There are numerousvariations and improvements of
the original Marching Cubes Algorithm. We cite only

c
 2008TheAuthor(s)
Journalcompilation c
 2008TheEurographicsAssociationandBlackwellPublishingLtd.



S.Raman& R.Wenger / Quality IsosurfaceMeshGeneration

a) b) c)

=

+

=�

++

=�

+

�

+ +

Figure 3: 2D illustration of isosurfacepatch construction.
a) Square verticeslabelled' + ', ' � ' and' = '. b) Theconvex
hull of themidpointof thebipolar edgesandthe' + ' and' = '
vertices.c) Theline segmenton theboundaryof theconvex
hull which is noton thesquareboundary.

the two most relevant to our paper. Lachaudand Mon-
tanvert in [LM00] and independentlyBhaniramkaet. al.
in [BWC00,BWC04] gavealgorithmsfor automaticallygen-
eratingisosurfacelookuptablesfor theMarchingCubesAl-
gorithm.Their algorithmsapplyto generatinglookuptables
for otherconvex meshelementssuchastetrahedraor pyra-
midsandto meshelementsin dimensionR4 or higher.

Schreineret.al. [SSS06] gave anadvancingfront method
for constructingisosurfaceswith good triangles.However,
the methodhasdif�culties in a few caseswherethe front
meetsitself.Dey andLevine[DL07] gaveanisosurfacecon-
structionandmeshingalgorithmbasedonVoronoidiagrams
andDelaunaytriangulations.Meyer et. al. [MKW07] usea
particlebasedsystemto constructa point samplingof the
isosurfaceandthenreconstructtheisosurfacefrom thesam-
plepointsusingtheTIGHT COCONEsoftware[DG03]. All
three algorithm are adaptive, producinglarge trianglesin
�at, featurelessregionsandsmall trianglesin regionswith
highcurvature.

We cite only the most relevant articleson meshgenera-
tion. Bernd,Eppsteinand Gilbert [BEG94] introducedthe
ideaof warpinga backgroundgrid for meshgenerationin
2D. Mitchell andVavasis[MV00] generalizedthealgorithm
to higherdimensions.LabelleandShewchuk[LS07] applied
thegrid warpingto a bodycenteredlatticeandcombinedit
with a MarchingCubesstyle lookuptableto quickly gener-
atetetrahedralmesheswith guaranteedboundson dihedral
angles.

3. Constructing IsosurfacePatches

Given a convex polyhedronF with verticeslabeled' + ' or
' � ' or ' = ', weconstructtrianglesrepresentinganisosurface
patchin F . As previously de�ned, an edgeof F is bipolar
if oneendpointhaslabel' + ' andanotherendpointhaslabel
' � '.

Our algorithmis asfollows. Createa setWF of themid-
point of thebipolaredgesof F andtheverticesof F which
arelabeled' + ' or ' = '. Constructtheconvex hull, conv(WF ),
of WF . (SeeFigure3.)

If conv(WF ) is three dimensional, then triangulate
¶(conv(WF )) , the boundaryof conv(WF ). Remove from

WF  themidpointsof thebipolaredgesof F
andtheverticesof F labeled' + ' and' = '.

��
Constructtheconvex hull, conv(WF ), of WF .

��
If conv(WF ) is threedimensional,then
1. Triangulatetheboundaryof conv(WF );
2. Returntriangleswhichdonot lie on theboundaryof F .

��
If conv(WF ) is asubsetof somefacetof F , then

returna triangulationof conv(WF ).

��
Otherwise,returntheemptyset.

Figure 4: Isosufacepatch constructionin a convex polyhe-
dronF .

this triangulationall trianglescontainedin a facet of F .
The remainingset of trianglesforms the isosurfacepatch.
If conv(WF ) is containedin a facetof F , thenreturnall the
trianglesin atriangulationof conv(WF ). If conv(WF ) is one
or two dimensionalbut not containedin a facetof F , then
returntheemptyset.(SeeFigure4.)

If F hasno verticeswith label ' = ' andWF is not empty,
thenconv(WF ) is a threedimensionalset.In this case,the
constructionof the isosurfacepatchis exactly the sameas
thatgivenin [LM00,BWC00,BWC04].

4. Constructing the ExtendedIsosurfaceTable

The extendedisosurface lookup table containsisosurface
patchesfor all possiblevertex labellingsof the unit cube.
Eachvertex hasthreepossiblelabels,' + ' or ' � ' or ' = '. A
cubehaseightverticessothereare38 = 6561entriesin the
extendedlookuptable.

Eachentry in the extendedlookup table containsa list
of trianglesrepresentingan isosurfacepatchwithin a cube.
This triangleslist is generatedby applyingthealgorithmin
Figure4 to theunit cubewith theappropriatevertex labels.

The extendedisosurface lookup table is generatedin a
preprocessingstepandstoredin a �le. A �le (in xml format)
representingthe extendedisosurface lookup table can be
downloadedfrom www.cse.ohio-state.edu/graphics/isotable
alongwith C++ sourcecodefor readingthis �le into aniso-
surfacegenerator.

5. MC Isosurfaceswith No DegenerateTriangles

The algorithm for constructingisosurfacesusing the ex-
tendedisosurfacelookuptablefollows theclassicalMarch-
ing Cubesalgorithm.To addisosurfacetriangleslying onthe
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Figure 5: Grid facet with duplicate isosurfacetriangles.
Identical (but oppositelyoriented)isosurfacetrianglesare
createdin each of thecubesincidenton thefacet.

boundaryof the grid, the algorithm includesan additional
stepfor processingthegrid boundary.

Theextendedisosurfacelookup tableis readfrom a �le.
Eachgrid vertex v is labeled' + ' if its scalarvalue sv is
greaterthantheisovalues, ' � ' if sv is lessthans, and' = ' if
sv is equalto s. For eachgrid cube,�nd thelookuptableen-
try correspondingto its vertex labels.Retrievetheisosurface
trianglesfrom thatentry, forminganisosurfacepatchwithin
thegrid cube.

The isosurfaceverticesin the lookup table lie eitheron
cubeverticeswith label ' = ' or on the midpointsof bipolar
cubeedges.As in MarchingCubes,werepositiontheisosur-
faceverticesonbipolargrid edgesusinglinearinterpolation.
Repositioningthe isosurfaceverticesimplicitly repositions
all theisosurfacetriangles.Theisosurfaceis theunionof all
theisosurfacetriangles.

The �nal stepof the algorithmaddsisosurfacetriangles
to thegrid boundary. For every squareon thegrid boundary
with four verticeslabelled' = ', usea diagonalof thesquare
to form two isosurfacetrianglescoveringthatsquare.For ev-
ery squareon thegrid boundarywith threeverticeslabelled
' = ' andonelabelled' � ', form an isosurfacetrianglefrom
theverticeslabelled' = '.

Weclaimtheconstructedisosurfacehasthefollowing two
properties:

1. Theisosurfacedoesnotcontainany zeroareatriangles.
2. Theisosurfaceseparatesverticeswith scalarvaluegreater

thantheisovaluefrom verticeswith scalarvaluelessthan
theisovalue;

An isosurfaceseparatespoint p from pointq if everypath
in thegrid from p to q intersectstheisosurface.

Proof sketch of 1. The extendedisosurfacelookup table
doesnot contain any degeneratetriangles.The Marching
Cubesalgorithmwith the extendedlookup tablenever po-
sitionstwo triangleverticesat the samelocationandnever
movesthreetriangleverticesontothesamegrid edge.Thus
no threetriangleverticesareever collinearandthe isosur-
facecontainsnodegeneratetriangles. �

Theproofof 2 is basedon thefollowing lemma:

SeparationLemma. If X andY areclosedsubsetsof Rd

andX � Y, thenX \ cl (Y � X) separatesX from Y � X.

Proof sketch of 2. For eachcubein the grid, we de�ne a
positive andnegative region.Thepositive region is thecon-
vex hull of themidpointsof thecube's bipolaredgesandits
verticeslabeled'+' and'='. Thenegative region is thecom-
plementin the cubeof the positive region. The isosurface
lookup tablereturnsa setT of triangleswhich separatethe
positive regionof acubefrom its negativeone.

Let R+ be the union of all the positive regionsof all the
grid cubes.Let Wbetheregion coveredby thegrid. SetR+

containsall the positive grid verticeswhile W� R+ con-
tains all the negative ones.We claim that set T contains
R+ \ (W� R+ ). (TheintersectionR+ \ (W� R+ ) maybea
propersubsetof T.) By theSeparationLemma,T separates
R+ from W� R+ , and thus the positive grid verticesfrom
thenegative ones.Thelinear interpolationstepin Marching
Cubesnever movesan isosurfacevertex passeda grid ver-
tex, sotheisosurfacealsoseparatesthepositivegrid vertices
from thenegativeones. �

TopologicalProperties

Whenthescalarvalueatagrid vertex equalsanisovalue,the
constructedisosurfacemaynot bea manifold (with bound-
ary). This re�ects the behaviour of the trilinear interpolant.
Let f bethescalar�eld de�nedby applyingtrilinearinterpo-
lation within eachgrid cube.Some(but not necessarilyall)
of thecritical pointsof f lie on grid vertices.If theisovalue
s equalsthescalarvalueof sucha grid vertex, then f � 1(s)
is notamanifold.

Theconstructedisosurfacemayalsohaveduplicatetrian-
gles,albeitwith oppositeorientation.Considerthreeor four
verticeslabelled' = ' whichlie ononagrid facetandaresur-
roundedby grid verticeswith label ' � '. (SeeFigure5.) The
two grid cubescontainingthefaceteachcontributeidentical,
althoughoppositelyoriented,triangleslying in thefacet.In-
tuitively, theisosurfacehascollapsedontoitself.

6. Snappingfor Quality MeshGeneration

The MarchingCubesAlgorithm is notoriousfor producing
isosurfacetriangleswith smallangles.Suchtrianglesarecre-
atedwhentwo triangleverticesareverycloseto agrid vertex
while thethird is faraway. To avoid creatingsuchatriangles
wemodify thescalar�eld sothatisosurfaceverticescloseto
agrid vertex are“snapped”ontothatgrid vertex.

Algorithm SnapMCtakes an input parameterg in the
range[0;0:5] to controlthesnapping.All isosurfacevertices
lessthandistancegL of agrid vertex are“snapped”to agrid
vertex whereL is thelengthof thegrid edges.

Thealgorithmbeginsby determiningall thebipolaredges
of the original scalargrid andusing linear interpolationto
locateisosurfacevertices.If anisosurfacevertex lies within
distancegL of a grid vertex, thenthescalarvalueat thegrid
vertex is setto s, theisovalue.
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Computethelocationof isosurfacevertices.

��
For eachgrid vertex v,

if thedistancefrom someisosurfacevertex to v
is lessthangL,

thenresetthescalarvalueof v to theisovalue,s.

��
RunMarchingCubeson themodi�ed scalargrid
usingtheextendedlookuptable.

��
For eachisosurfacevertex w onagrid vertex v,

movew to thelocationof theclosest
isosurfacevertex in theoriginalgrid.

Figure 6: Algorithm SnapMC.Thesnapparameterg con-
trols thesnappingof isosurfaceverticesto grid vertices.L is
thelengthof grid edges.

Valuesof g
0.1 0.2 0.3 0.4

min length 0.14 0.28 0.42 0.6
min area 0.01 0.04 0.08 0.1
min angle 4.7� 8.9� 12.7� 6.4�

maxangle 164.1� 149.6� 144.2� 162.4�

Table 1: Min. edge lengths,min. area, and min. and max.
anglesfor differentvaluesofgonagrid withunit edgelength
L = 1. Anglesare in degrees.

After resettingall the appropriategrid values,algorithm
SnapMCruns the Marching Cubesalgorithm on the new
scalargrid,usingtheextendedlookuptabledescribedin Sec-
tion 4. As claimedin Section5, thealgorithmdoesnotcreate
any degeneratetriangles.

The �nal stepmoves “snapped”verticesback to oneof
theoriginal isosurfacevertices.Eachisosurfacevertex lying
on a grid vertex is repositionedto the locationof the clos-
est isosurfacevertex in the original grid. The algorithm is
presentedin Figure6.

Topology

Snappingcombinesgeometricallycloseisosurfacevertices,
evenif theseverticesarenot connectedby isosurfaceedges
and lie in different “parts” of the isosurface. Combining
suchverticescancreatetopologicalchangesin the isosur-
face.(SeeFigure7.) It caneliminatesmall isosurfacecom-
ponents,join different componentsand close loops in the
isosurface.However, suchtopologicalchangesare“small”
in thesensethatthey areproducedby smallperturbationsof

f)

b)a)

g)

c) d)

e)

Figure 8: Extremalcon�gurations.a) Min. edge lengthfor
all snapparameters.Min. areafor g= 0:1;0:2;0:3. b) Min.
areafor g= 0:4. c) Min. anglefor g= 0:1;0:2. d) Min. angle
for g= 0:3. e) Min. anglefor g= 0:4. f) Max.anglefor g=
0:1;0:2. g) Max.anglefor g= 0:3;0:4.

the isosurfaceof a distancelessthanthe lengthof a single
grid edge.

Becausesnappingwill mergegeometricallyclosevertices
which maynot shareanedge,it canandoftenwill produce
non-manifoldsurfaces.Thesurfacewill haveastructureof a
manifold(with boundary)whichis gluedto itself atdifferent
vertices,edgesandfacets.Facetswhich aregluedtogether
will appearasduplicatetrianglesin theisosurface,although
they will haveoppositeorientation.

Variants of SnapMC

The algorithm for generatingan isosurface lookup table
whichdistinguishes' + ', ' � ' and' = ' verticesappliesto any
convex polyhedralmeshelement,not just cubes.In partic-
ular, it can be usedto generatean extendedlookup table
for tetrahedra,pyramidsandbipyramids.The snappingal-
gorithm also can be usedfor any suchmeshalthoughthe
resultingboundson isosurfaceanglesizedependsonthege-
ometryof theoriginalmeshelements.

7. SnapMC IsosurfaceProperties

Boundson theSnapMCedgelengths,triangleareasandtri-
angleanglesarea function of g andarebasedon extremal
con�gurations.Theextremalcon�gurationshave isosurface
verticesat distanceg from a cubevertex or at themidpoint
of somecubeedge.Becauseof snapping,it is possiblefor
an isosurfacevertex to lie outsideof a cubevertex, as in
Figure 8e). We determinedthe extremal con�guration for
g= 0:0;0:1; : : : ;0:5,usingacomputerprogramto enumerate
all possiblecombinationsof isosurfaceverticesatdistanceg
from acubevertex. Somecombinationsarenotpossibleand
thosewereeliminated.

Theextremalcon�gurationsare:

a) (g;0;0), (0;g;0), (0;0;g):
Min. edgelengthandmin. area,g= 0:1;0:2;0:3;
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a)MarchingCubes b) SnapMC c) Afront d) DelIso e)DelIso(closeup)

Figure7: Exampleof topological changes.Isosurfacefromsiliciumdataset(www.volvis.org), isovalue130.a) MarchingCubes
isosurface. b) SnapMCisosurface(snapparameter0.3.)c) Afront (rho 0.5.)d) DelIso.e)Closeupof DelIsoshowingtwoholes
in thereconstructedisosurface.

grid RegularLookupTable ExtendedLookupTable SnapMC(g= 0:3)
dimensions isovalue # triangles cputime # triangles cputime # triangles cputime

aneurism 256� 256� 256 100 175,832 0.71sec 174,300 0.73sec 106,356 1.52sec
bonsai 256� 256� 256 30 1,284,542 1.16sec 1,117,304 1.19sec 729,623 2.19sec
engine 256� 256� 128 100 608,416 0.58sec 593,963 0.59sec 427,338 1.08sec
lobster 301� 324� 56 20 312,948 0.33sec 300,340 0.34sec 181,058 0.77sec

Table 2: Numberof isosurfacetrianglesand cpu timesof Marching Cubeswith regular and extendedlookuptablesand of
SnapMC.CPUtimedoesnot includetimeto reador write data.

b) (0; � g;0), (1� g;0;0), (1;1� g;0): Min. area,g= 0:4;
c) (1� g;1;1), (0; � g;0), (1;1;1� g):

Min. angle,g= 0:1;0:2;
d) (1� g;1;0), (0; � g;0), (1;1;g): Min. angle,g= 0:3;
e) (1;g;0), (0; � g;0), (1;1+ g;0): Min. angle,g= 0:4;
f) (0;0;g), (0;0:5;0), (1;g;0): Max. angle,g= 0:1;0:2;
g) (� g;0;1), (g;0;0), (1;0; � g): Max. angleg= 0:3;0:4.

SeeFigure8. Minimum areaandminimum andmaximum
anglesfor speci�c valuesof gareshown in Table1.

Isosurfacetrianglesin Figure8b), 8e), and8g) overlapa
faceof thecube.While suchtrianglescannotbecreatedby
theoriginal MarchingCubesalgorithm,they canbecreated
usingtheextendedisosurfacelookuptabledescribedin Sec-
tion 4. The trianglein theextendedlookup tableconnected
threeverticesin acubeface.Thesethreeverticeswererepo-
sitionedto thethreeisosurfaceverticesseenin the�gure.

8. Results

We implementedour algorithmsin C++ andappliedthem
to the publicly availabledatasetsat www.volvis.org. (See
Figures2 and9.) Runningtimesarefor acomputerwith two
Intel Xeon2.80GHzCPU's,a2048Kcacheand8 GB RAM
runningLinux.

We �rst comparedtheregularMarchingCubesalgorithm
and Marching Cubeswith the extendedlookup table. See
Table2. TheCPUtimeswerethealmostsame.Thereported
CPU timesmeasureonly the time to run constructthe iso-
surfaceanddonot includethetime to readin thescalardata
or write out theisosurfacemesh.Thetime to readin theiso-

Valuesof g
0.1 0.2 0.3 0.4

min length 0.141 0.29 0.43 0.58
min area 0.001 0.04 0.09 0.15
min angle 4.87� 9.7� 13.6� 12.5�

maxangle 161.3� 146.7� 135.1� 144.0�

Hausdorff 0.80 0.81 0.86 0.93
meandist 0.014 0.02 0.04 0.05
RMSdist 0.060 0.07 0.09 0.11

Table 3: Measurementsof lobster isosurface. Min. edge
length,min. area, min. and max. triangle angles,directed
Hausdorff distance, meandirecteddistanceand root mean
squareddirecteddistance. Measurementsare for theisosur-
facewith isovalue20 exceptfor the distanceswhich com-
paredisosurfaceswith isovalue20.01.

surfacelookup table is negligible for both the regular and
extendedtable.

The regular MarchingCubesalgorithmproducesan iso-
surfacecontainingdegeneratetriangles.The differencein
the numberof isosurface trianglesbetweenthe Marching
Cubeswith the regular and extendedlookup tablesis the
numberof suchdegenerateisosurfacetriangles.

OutputsizeandCPUtimesfor SnapMCwith snapparam-
eter0.3arereportedin Table2. SnapMCreducedthenumber
of isosurfacetrianglesby 25-40%over theMarchingCubes
isosurface.Of course,the reductiondependsgreatlyon the
snapparameterg, with smallervaluesof ggiving lessreduc-
tion in thenumberof isosurfacetriangles.
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a) b)

Figure9: Isosurfacefromlobsterdataset(www.volvis.org), isovalue20.a) MarchingCubesisosurface. b) SnapMCisosurface
(snapparameter0.3.)

min edge min radius directed
isovalue length min area min angle maxangle ratio Hausdorff

aneurism 100 0.425 0.078 13.09 135.20 0.29 0.86
bonsai 30 0.427 0.083 13.35 135.67 0.28 0.86
engine 100 0.428 0.080 13.96 134.71 0.26 0.66
fuel 80 0.428 0.104 14.30 135.51 0.39 0.30
lobster 20 0.428 0.087 13.55 135.13 0.25 0.86
Marschner-Lobb 100 0.442 0.231 14.58 122.63 0.35 0.71

Table4: MeasurementsonSnapMCisosurfaces.Snapparameterg= 0:3. Theminimumradiusratio is theminimumratio of the
inscribedto circumscribedcircle for any isosurfacetriangle. DirectedHausdorff distancewascomputedon isosurfaceswith
isovalue0.01greaterthantheisovalueslistedin columntwo.

SnapMCtook approximatelytwice aslong astheMarch-
ing Cubesalgorithm.Theextratimewasspentin “snapping”
scalarvaluesin thegrid to theisovalue.

We ran SnapMCon differentdatasetsvarying the snap
parameterg. We measuredthe minimum isosurface edge
length,themaximumisosurfacetrianglearea,theminimum
andmaximumanglein an isosurfacetriangle,andthemin-
imum inradiusto circumradiusratio. Outputmeasurements
for the dataset lobster(Figure9) arepresentedin Table3.
Outputmeasurementsfor otherdatasetsandsnapvalue0:3
arepresentedin Table4. As canbeseen,theactualminimum
andmaximumvaluesarequitecloseto thetheoreticalones.

To measurehow muchSnapMCmodi�ed the isosurface,
wemeasuredthedifferencebetweentheSnapMCisosurface
andtheoriginal isosurfaceusingthetool METRO [CRS98].
METRO measurestheHausdorff distancebetweentwo sur-
faces.For technicalreasons,we measuredonly thedirected
Hausdorff distancefrom theSnapMCsurfaceto theoriginal
surfaceanduseda slightly perturbedisovalue.Thedirected
Hausdorff distancefrom P to Q is maxp2 P minq2 Q j p � qj.
We also measuredthe meandirecteddistancede�ned as
å p 2 P (minq 2 Q j p� qj) = jPj, andtheroot meansquared

directed distancede�ned as å p2 P(minq2 Q j p � qj)2=jPj.
The sumsareover a setof samplepointschosenfrom the
surface.METRO reportsall thesedistances.

Thedirecteddistancesfor lobsterarein Table3. Distances
for theotherdatasetswith snapvalue0.3arein Table4. Note
thatall distancesarelessthan1.

Comparisonwith DelIsoand Afr ont

We comparedSnapMCwith two publicly available isosur-
facemeshingprograms,Afront [SSS06] andDelIso[DL07].
(SeeFigure7 andTable5.) Afront meshingis controlledby
a parameterrho which we setto 0.5.As expected,SnapMC
rananorderof magnitudefasterthantheothertwo. Afront
failed to completeon two of thedatasetsandDelIso failed
on one.Afront andDelIsocreatedtriangleswith extremely
small anglesandDelIso often createddegeneratetriangles
with zeroareaor edgelength.

On all the datasets,SnapMCjoined differentregionsof
the isosurface,creatinga non-manifold.However, on many
of thedatasetsDelIsoalsoproduceda non-manifold,creat-
ing duplicatetriangles,or edgesor verticeswhoseneighbor-
hoodswere not manifolds(nor manifoldswith boundary.)
DelIsoalmostproduceda manifoldon enginebut createda
singlenon-manifoldvertex. All theothernon-manifoldiso-
surfacesproducedby DelIsohadmultiplenon-manifoldver-
ticesor edges.The surfaceproducedby DelIso sometimes
had“holes”. (SeeFigure7e).)
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SnapMC(g= 0:3) DelIso Afront
isoval # tri cpu angle man # tri cpu angle man # tri time angle man

aneurism 100.5 106K 3.7s 13.2 no 242K 5.7m 0 no 602K 0.5h 1.6 yes
bonsai 30.5 691K 4.4s 13.4 no 2745K 29m 0 no 10h+
engine 100.5 427K 2.0s 13.6 no 244K 2.2m 0.2 no 10h+
lobster 20.5 223K 0.8s 13.3 no Aborted 3353K 2h 0.6 yes
lobster 30.5 183K 0.7s 13.4 no 2354K 24m 0 no 1222K 50m 1.0 yes
silicium 60.5 25K 0.0s 15.2 no 125K 1.2m 0 no 52K 3m 11.2 yes
silicium 130.5 22K 0.0s 14.5 no 390K 3.9m 0.0 no 160K 5m 3.1 yes
marschner 100.5 10K 0.0s 15.4 no 946K 11m 0.1 no 379K 15m 2.3 yes

Table 5: Comparisonwith DelIsoandSnapMC.CPU timesfor SnapMCandDelIsodo not includetimeto reador write data.
CPU timesfor SnapMCandDelisoare in secondsandminutes,respectively. Afront timesincludetimeto readandwrite data
andare in hoursor minutesasindicated.Columnanglerepresentstheminimumtriangleangle. Columnmanindicateswhether
theisosurfaceis a manifold(with boundary.)

On the data setswhich Afront completed,Afront pro-
ducedmanifolds,but it sometimeschangedthe topologyof
the isosurface.(SeeFigure7c).) Whenwe setAfront's pa-
rameter“rho” to 0.8,insteadof 0.5,Afront failedto produce
amanifoldonall thesedatasets.

Both Afront andDelIso areadaptive, addingmoretrian-
glesin areasof highcurvature.SnapMCis not.

Numerical Simulation

SnapMC produceswell-shapedtriangles which are good
for numericalsimulation.Unfortunately, SnapMCoftenpro-
ducesnon-manifoldisosurfaceswhich are problematicfor
simulation software. Snappingcausesgeometricallyclose
vertices,edgesand triangles,to merge, collapsingthe sur-
faceonto itself. Postprocessingcould reversethis process,
by ungluingmergedverticesandedges,andseparatingdu-
plicatetriangles.We have not yet implementedsucha post
processingalgorithm.

SourceCode

SnapMCsourcecodeandexecutablesarepublicly available
atwww.cse.ohio-state.edu/graphics/isotable.
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