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Abstract

TheMarching CubesAlgorithmmayreturndegeneiate zeio areaisosurfacdriangles,andoftenreturnsisosurface
triangleswith small areas,edgesor angles.We showhowto avoid both problemsusingan extendedMarching
Cubeslookuptable As opposedo the corventionalMarching Cubeslookuptable the extendedlookup table
differentiatesscalar valuesequalto theisovaluefrom scalar valuesgreaterthan the isovalue Thelookuptable

has3® = 6561 entries,basedon three possiblelabels,*

or'="or'+', of eath cubevertex. We presentan

algorithm basedon this lookup table which returnsan isosurfacecloseto the Marching Cubesisosurface but
withoutanydegeneatetrianglesor anysmallareas,edgesor angles.

1. Intr oduction

A threedimensionakcalar eld is a continuousfunction f

from R® to R. Givenaregulargrid samplingof ascalareld

f:R31 R anda scalarvalue s, the Marching CubesAl-

gorithm [WMW86, LC87] constructsa piecavise linearap-
proximationto the level setf x: f(x) = sg. The piecavise
linearapproximatioris calledanisosurfaceandthe values

is calledanisovalue

The Marching CubesAlgorithm partitions all the grid
verticesinto two classes.Grid verticeswith scalarvalue
STRICTLY LESS than the isovalue are assigneda nega-
tive," ', label,while verticeswith scalarvalue GREATER
THAN or EQUAL TO theisovalueareassigned positive,
'+', label. Note the arbitrary asymmetryin which vertices
with scalarvalueequalto theisovalueareclusteredwith ver-
ticeswhosescalarvalueis greaterthantheisovalue.

Sinceeachof the eightcubeverticeshastwo possiblela-
bels,eachcubehas2® = 256 possiblecon gurationsof '+
and' ' vertex labels.The MarchingCubesAlgorithm uses
anisosuraicelookuptablecontaininganisosurficepatchfor
eachcon guration. For eachcube thealgorithmretrievesan
isosurbicepatchfrom the lookup table basedon the cubes
con guration of vertex labels.The isosurfcepatchis a set
of triangleswhoseverticeslie onthe edgesf thecube.The
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algorithmpositionseachisosurfcevertex on anedgebased
onthescalarvaluesof theedgeendpoints.

A grid edgeis bipolar if oneendpointis labeled + ' while
the otheris labeled' . If someendpointof a bipolaredge
hasscalarvalue equalto the isovalue,the Marching Cubes
Algorithmwill positionanisosurficevertex atthatendpoint.
The MarchingCubesAlgorithm usesthe samelookuptable
entriesfor verticeswith scalarvalue equalto the isovalue
andscalarvaluestrictly greaterthanthe isovalue. Because
of this,thealgorithmsometimesreatedriangleswvhich have
two or threeisosurficeverticespositionedat the samegrid
vertex.

For example,the grid cubein Figure 1 hasonevertex, v,
with scalarvaluefour andall otherswith scalarvaluestwo.
For isovaluefour, vertex v hasa'+"' labelandall otherver
ticeshavea' ' label. Theisosurficepatchfor acon gura-
tion with a single'+" vertex is a singletriangle. Marching
Cubeswill retrieve thattriangleandthenpositionall its ver
ticesatgrid vertex v, creatinga degeneratdésosurficetrian-
gle.

A postprocessingtepcouldeliminatedegeneratésosur
facetrianglesby identifying isosurficeverticeswhich have
beenmappedo the samegrid vertex. Insteadwe shav how
suchdegeneratdrianglescanbe completelyavoidedby us-
ing alookuptablewhichdistinguishe®etweerscalarvalues
equalto the isovalueandscalarvaluesgreaterthantheiso-
value. Grid verticesare assigneda '+, ' ' or '=" label,
dependinguponwhethertheir scalarvalueis greaterthan,
lessthanor equalto theisovalue.Eachgrid vertex hasthree
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Figure1: a) Grid cubewith onevertexwith scalarvaluefour
and all others with scalar valuestwo. Thegrid cubehasa
single'+' vertex whentheisovalueis four. b) Lookuptable
isosurfacepatc for con gurationwith a single'+' vertex.

possiblelabels,'+" or' ' or'=". Theextendedisosurfice
lookup table has3® = 6561 entries,one for eachpossible
con guration of thelabelson thecubevertices.

The algorithm for isosurace constructionbasedon the
extendedisosurfice lookup table is exactly the sameas
the Marching CubesAlgorithm. The challengeis in con-
structing the extendedlookup table. Lachaudand Mon-
tarvert in [LMOO] and independentlyBhaniramkaet. al.
in [BWCO00 BWC04] gave corvex hull basedalgorithmsfor
automaticallygeneratingsosurficelookuptables.We shav
how to modify thosealgorithmsto generatextendedsosur
facelookuptablesbasedn'+', ' ' and'=" vertex labels.

Justasisosurficeverticedocatedongrid verticescancre-
atedegeneratédriangles,jsosurbceverticedocatedneargrid
verticescan createtriangleswith small areasedgesor an-
gles.They canalsocreatetriangleswith anglesnear180 .
Recently Labelleand Shevchuk[LS07] presentednalgo-
rithm for constructingtetrahedraimesheswith good dihe-
dralanglesBy combiningtheir algorithmwith the extended
isosurbicelookup table,we canmodify Marching Cubesto
produceanisosurficewith goodtriangleangles.We deter
minewhereMarchingCubeswill placetheisosurficevertex
on eachbipolar grid edge.If that vertex is too closeto a
grid vertex, thenwe modify the scalarvalueof the grid ver
tex to exactly equalthe isovalue. This forcestheisosurfice
vertex to be “snappedto the grid vertex. We run Marching
Cubesonthemodi ed scalargrid usingtheextendedookup
tableandthenrepositionthe “snapped’isosurficevertices.
Ouralgorithmis calledSnapMC Figure2 containsanexam-
ple of the outputof our algorithmcomparedvith Marching
Cubes.

Labelleand Shevchuk's algorithmconstructsa 3D mesh
ling thevolumeboundedy anisosurficebut caneasilybe
modi ed to generateonly anisosurfice.However, Labelle
andSheavchuk's algorithmrequiresconvertingtheinputreg-
ulargrid into abodycenteredattice partitionedinto tetrahe-
dra.In contrast,SnapMCconstructghe isosurficedirectly
ontheoriginal grid cubes.SnapMCalsousesa slightly dif-
ferenttechniquefor “snapping”isosurfice verticesto grid
vertices modifying scalarvaluesinsteadof warpingthegrid
asin [LS07].

Processinglegenerateor smalltrianglesis time consum-

Figure 2: Isosurfacefrom fuel data set (wwwvolvis.og),
isovalue80. a) Marching Cubesisosurfaceb) SnapMCiso-
surface(snapparameter0.3.)

ing, but not a major visualizationproblem.However, when
isosurficetriangulationsareusedfor modelingandsimula-
tion, smallor largetriangleanglescancreatesigni cant nu-
mericalproblems[She02. SnapMCproducesanisosurfice
triangulationwith guaranteedpperandlowerboundsonthe
anglesof ary trianglein thetriangulation.

SnapMChastwo drawvbacks.First, it canchangeisosur
face topology eliminating small tunnelsand components
and memging vertices,edgesand faceswhich are not con-
nectedin the isosurfcetriangulationbut are geometrically
close.Secondpecauseur algorithmmeigesgeometrically
closevertices edgesandfacesjt canandoftenwill produce
non-manifoldisosuraces.Non-manifold surfacescan be a
real problemfor numericalsimulation software. Postpro-
cessingcan be usedto unglue memged vertices,edgesand
facetscreatinga manifoldwith well-shapedriangles.

Our papemalesthefollowing contrikbutions:

1. An algorithm for constructing extended isosurfice
lookup tableswith '+' or' ' or'=" labelsassignedo
vertices.The Marching CubesAlgorithm run with this
extendedookuptabledoesnot createary degenerateri-
angles.

2. An algorithmfor constructingsosuraceswithout small
areasedge®r anglesThealgorithmis similarto theone
in [LSO7], but it usesa lookuptablefor cubesnot tetra-
hedra.lt canalsobemodi ed for othercorvex meshele-
ments suchaspyramidsor bipyramids.

2. Background

Lorensenand Cline [LC87] publishedthe Marching Cubes
Algorithm in 1987.A yearearlier Wyvill et.al. [WMW86]
publisheda somevhat similar isosurfice extraction algo-
rithm, but without the useof isosurficepatchlookuptables.
MarchingCubess afast,ef cient, easilyimplementablel-
gorithmbecausef its useof lookuptables.

There are numerousvariations and improvements of
the original Marching Cubes Algorithm. We cite only
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Figure 3: 2D illustration of isosurfacepatch construction.
a) Squae verticeslabelled'+', ' ' and'=". b) Thecorvex
hull of themidpointof thebipolar edgesandthe'+ ' and'="
vertices.c) Theline sggmenton the boundaryof the corvex
hull which is noton the squae boundary

the two most relevant to our paper Lachaudand Mon-
tarvert in [LMOO] and independentlyBhaniramkaet. al.
in [BWCO00,BWCO04] gave algorithmsfor automaticallygen-
eratingisosurficelookuptablesfor the MarchingCubesAl-

gorithm. Their algorithmsapplyto generatingookuptables
for otherconvex meshelementssuchastetrahedraor pyra-
midsandto meshelementsn dimensionR* or higher

Schreineeet. al. [SSS0§ gave anadwancingfront method
for constructingisosurficeswith good triangles.However,
the methodhasdif culties in a few caseswherethe front
meetdtself. Dey andLevine[DLO7] gave anisosurficecon-
structionandmeshingalgorithmbasedn Voronoidiagrams
andDelaunaytriangulationsMeyer et. al. [MKWO07] usea
particle basedsystemto constructa point samplingof the
isosurbiceandthenreconstructheisosurficefrom the sam-
ple pointsusingthe TIGHT COCONEsoftware[ DG0J. All
three algorithm are adaptve, producinglarge trianglesin
at, featurelesgegionsandsmall trianglesin regionswith
high curvature.

We cite only the mostrelevant articleson meshgenera-
tion. Bernd, Eppsteinand Gilbert [BEG94 introducedthe
ideaof warpinga backgroundgrid for meshgenerationn
2D. Mitchell andVavasis|[MV00] generalizedhealgorithm
to higherdimensionsLabelleandShevchuk[LS07] applied
the grid warpingto a body centeredattice and combinedit
with a MarchingCubesstylelookuptableto quickly gener
atetetrahedramesheswith guaranteedboundson dihedral
angles.

3. Constructing IsosurfacePatches

Given a corvex polyhedronF with verticeslabeled'+' or
' "or'=', weconstructrianglesrepresentingnisosurbice
patchin F. As previously de ned, an edgeof F is bipolar
if oneendpointhaslabel’'+' andanotherendpointhaslabel

Our algorithmis asfollows. Createa setWr of the mid-
point of the bipolaredgesof F andthe verticesof F which
arelabeled +' or'=". Constructhecornvex hull, conv (Wg),
of Wg . (SeeFigure3.)

If conv(Wg) is three dimensional, then triangulate
fi(conv(WE)), the boundaryof conv(We). Remaove from
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W themidpointsof thebipolaredgesf F
andtheverticesof F labeled' +' and'=".

Constructhe corvex hull, conv (We ), of We. ‘

|

If corv (W) is threedimensionalthen
1. Triangulatethe boundaryof corv (Wg );
2. Returntriangleswhich do notlie onthe boundaryof F.

|

If corv(Wg) is asubsebf somefacetof F, then
returnatriangulationof conv (W ).

’ Otherwisereturnthe emptyset.‘

Figure 4: Isosufacepatch constructionin a corvex polyhe-
dronF.

this triangulationall trianglescontainedin a facetof F.
The remainingset of trianglesforms the isosurice patch.
If conv (W) is containedn afacetof F, thenreturnall the
trianglesin atriangulationof conv (Wg). If conv(Wg) isone
or two dimensionalbut not containedin a facetof F, then
returntheemptyset.(SeeFigure4.)

If F hasno verticeswith label'=" andWg is notempty
thencornv (W) is a threedimensionalket. In this casethe
constructionof the isosurficepatchis exactly the sameas
thatgivenin [LM0O, BWCO00, BWCO04.

4. Constructing the ExtendedIsosurfaceTable

The extendedisosurfice lookup table containsisosurtce
patchesfor all possiblevertex labellingsof the unit cube.
Eachvertex hasthreepossiblelabels,'+' or' 'or'=". A
cubehaseightverticessothereare38 = 6561entriesin the
extendedookuptable.

Eachentry in the extendedlookup table containsa list
of trianglesrepresentinganisosurficepatchwithin a cube.
This triangleslist is generatedy applyingthe algorithmin
Figure4 to theunit cubewith theappropriatevertex labels.

The extendedisosurfice lookup table is generatedn a
preprocessingtepandstoredin a le. A le (in xml format)
representinghe extendedisosurfice lookup table can be

downloadedfrom www.cse.ohio-state.edu/graphics/isotable

alongwith C++ sourcecodefor readingthis le into aniso-
surfacegeneratar

5. MC Isosurfaceswith No DegenerateTriangles

The algorithm for constructingisosurficesusing the ex-
tendedisosurficelookup tablefollows the classicalMarch-
ing Cubesalgorithm.To addisosurfcetriangledying onthe
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Figure 5: Grid facet with duplicate isosurfacetriangles.
Identical (but oppositelyoriented)isosurfacetriangles are
createdin ead of the cubesincidenton thefacet.

boundaryof the grid, the algorithmincludesan additional
stepfor processindhegrid boundary

The extendedisosurficelookuptableis readfrom a le.
Eachgrid vertex v is labeled'+" if its scalarvalue sy is
greatethantheisovalues,' 'if syislessthans,and' =" if
Sy is equalto s. For eachgrid cube, nd thelookuptableen-
try correspondingo its vertex labels.Retrieve theisosuriice
trianglesfrom thatentry, forming anisosurficepatchwithin
thegrid cube.

The isosurficeverticesin the lookup table lie eitheron
cubeverticeswith label'=" or on the midpointsof bipolar
cubeedgesAs in MarchingCubeswe repositiontheisosur
faceverticeson bipolargrid edgesusinglinearinterpolation.
Repositioningthe isosurficeverticesimplicitly repositions
all theisosurgcetriangles.Theisosurfceis the unionof all
theisosurhcetriangles.

The nal stepof the algorithmaddsisosurfcetriangles
to the grid boundaryFor every squareon the grid boundary
with four verticeslabelled'=", usea diagonalof the square
to formtwo isosurficetrianglescoveringthatsquareFor ev-
ery squareon the grid boundarywith threeverticeslabelled
‘="' andonelabelled" ', form anisosuracetrianglefrom
theverticeslabelled' =".

We claimtheconstructedsosurficehasthefollowing two
properties:

1. Theisosurficedoesnot containary zeroareatriangles.

2. Theisosurficeseparateserticeswith scalawvaluegreater
thantheisovaluefrom verticeswith scalarvaluelessthan
theisovalue;

An isosurficesepantespoint p from pointq if every path
in thegrid from p to q intersectgheisosurfce.

Proof sketch of 1. The extendedisosurtice lookup table
doesnot containary degeneratetriangles. The Marching
Cubesalgorithmwith the extendedlookup table never po-
sitionstwo triangle verticesat the samelocationand never
movesthreetriangleverticesontothe samegrid edge.Thus
no threetriangle verticesare ever collinearandthe isosur
facecontainsno degeneratdriangles.

Theproofof 2 is basedn thefollowing lemma:

SeparationLemma. If X andY are closedsubsetsof RY
andX Y, thenX\ cl(Y X) separateX fromY X.

Proof sketch of 2.  For eachcubein the grid, we de ne a
positive andnegative region. The positive region is the con-
vex hull of the midpointsof the cubes bipolaredgesandits
verticeslabeled'+' and'=". Thenegative regionis thecom-
plementin the cube of the positive region. The isosurfice
lookuptablereturnsa setT of triangleswhich separatehe
positive region of a cubefrom its negative one.

Let R* bethe union of all the positive regionsof all the
grid cubesLet Wbetheregion coveredby thegrid. SetR*
containsall the positive grid verticeswhile W R* con-
tains all the negative ones.We claim that set T contains
R*\ (W R").(TheintersectiorR" \ (W R') maybea
propersubsebf T.) By the Separatiohemma,T separates
R* fromW R', andthusthe positive grid verticesfrom
the nggative ones.Thelinearinterpolationstepin Marching
Cubesnever movesan isosurficevertex passed grid ver
tex, sotheisosurficealsoseparatethe positive grid vertices
from the negative ones.

Topological Properties

Whenthescalavalueatagrid vertex equalsanisovalue,the
constructedsosurbicemay not be a manifold (with bound-
ary). This re ects the behaiour of the trilinear interpolant.
Let f bethescalareld de nedby applyingtrilinearinterpo-
lation within eachgrid cube.Some(but not necessarilyall)
of thecritical pointsof f lie on grid vertices If theisovalue
s equalsthe scalarvalueof suchagrid vertex, thenf 1(s)
is notamanifold.

The constructedsosurhcemayalsohave duplicatetrian-
gles,albeitwith oppositeorientation.Considerthreeor four
verticeslabelled' =" whichlie ononagrid facetandaresur
roundedby grid verticeswith label' '. (SeeFigure5.) The
two grid cubescontainingthefaceteachcontrituteidentical,
althoughoppositelyoriented triangleslying in thefacet.In-
tuitively, theisosurficehascollapsedntoitself.

6. Snappingfor Quality Mesh Generation

The Marching CubesAlgorithm is notoriousfor producing
isosurficetriangleswith smallanglesSuchtrianglesarecre-
atedwhentwo triangleverticesarevery closeto agrid vertex

while thethird is far avay. To avoid creatingsuchatriangles
we modify thescalareld sothatisosurficeverticescloseto

agrid vertex are“snapped’ontothatgrid vertex.

Algorithm SnapMCtakes an input parameterg in the
range[0; 0:5] to controlthe snappingAll isosurficevertices
lessthandistancegL of agrid vertex are“snapped’to agrid
vertex whereL is thelengthof the grid edges.

Thealgorithmbeginsby determiningall thebipolaredges
of the original scalargrid and using linear interpolationto
locateisosurficevertices.If anisosurficevertex lies within
distancegL of agrid vertex, thenthe scalarvalueat thegrid
vertex is setto s, theisovalue.

¢ 2008TheAuthor(s)
Journakompilation ¢ 2008TheEurographic#ssociatiorandBlackwell PublishingLtd.



S.Raman& R.Wenger/ Quality IsosurfaceMeshGeneation

Computethelocationof isosurficevertices.

\
For eachgrid vertex v,
if thedistancefrom someisosurficevertex to v
is lessthangL,
thenresetthe scalarvalueof v to theisovalue,s.

|

RunMarchingCubeson themodi ed scalargrid
usingthe extendedookuptable.

|

For eachisosurficevertex w onagrid vertex v,
move w to thelocationof theclosest
isosurficevertex in theoriginal grid.

Figure 6: Algorithm SnapMC.The snapparameterg con-
trolsthesnappingofisosurfaceverticesto grid verticesL is
thelengthof grid edges.

Valuesof g
0.1 0.2 03 0.4
min length 0.14 0.28 042 0.6
min area 0.01 0.04 0.08 0.1
min angle 4.7 8.9 127 6.4
maxangle | 164.1 | 149.6 | 1442 1624

Table 1: Min. edge lengths,min. area, and min. and max.
angledor differentvaluesof gonagrid with unitedge length
L = 1. Anglesare in degrees.

After resettingall the appropriategrid values,algorithm
SnapMCruns the Marching Cubesalgorithm on the new
scalamgrid, usingtheextendedookuptabledescribedn Sec-
tion 4. As claimedin Section5, thealgorithmdoesnotcreate
ary degeneratdriangles.

The nal stepmoves“snapped’verticesbackto one of
theoriginalisosurficevertices Eachisosurficevertex lying
on a grid vertex is repositionedo the location of the clos-
estisosurficevertex in the original grid. The algorithmis
presentedn Figure6.

Topology

Snappingcombinesgeometricallycloseisosurficevertices,
evenif theseverticesarenot connectedy isosurbceedges
and lie in different “parts” of the isosurfice. Combining
suchverticescan createtopologicalchangesn the isosur
face.(SeeFigure7.) It caneliminatesmallisosurbcecom-
ponents join different componentsand closeloopsin the
isosurbice.However, suchtopologicalchangesare “small”
in thesensehatthey areproducediy smallperturbation®f

Cc 2008TheAuthor(s)
Journakompilation ¢ 2008TheEurographic#ssociatiorandBlackwell PublishingLtd.

Figure 8: Extremalcon gurations.a) Min. edge lengthfor
all snapparametes. Min. areafor g= 0:1;0:2;0:3. b) Min.
areafor g= 0:4. ¢) Min. anglefor g= 0:1;0:2. d) Min. angle
for g= 0:3. e) Min. anglefor g= 0:4. f) Max. anglefor g=
0:1;0:2. g) Max.anglefor g= 0:3;0:4.

theisosurficeof a distancelessthanthe lengthof a single
grid edge.

Becausesnappingvill mergegeometricallyclosevertices
which may not sharean edge,it canandoftenwill produce
non-manifoldsurfaces Thesurfacewill have astructureof a
manifold (with boundary)whichis gluedto itself atdifferent
vertices,edgesandfacets.Facetswhich are gluedtogether
will appeamsduplicatetrianglesin theisosurfice,although
they will have oppositeorientation.

Variants of SnapMC

The algorithm for generatingan isosurfice lookup table
whichdistinguishes+", ' ' and'=" verticesappliesto ary
cornvex polyhedralmeshelement,not just cubes.In partic-
ular, it can be usedto generatean extendedlookup table
for tetrahedrapyramidsand bipyramids. The snappingal-
gorithm also can be usedfor ary suchmeshalthoughthe
resultingboundsonisosuriceanglesizedepend®nthege-
ometryof theoriginal meshelements.

7. SnapMC IsosurfaceProperties

Boundson the SnapMCedgelengths triangleareasandtri-
angleanglesare a function of g andare basedon extremal
con gurations.The extremalcon gurationshave isosurfice
verticesat distanceg from a cubevertex or at the midpoint
of somecubeedge.Becauseof snappingit is possiblefor
an isosurhce vertex to lie outsideof a cubevertex, asin
Figure 8e). We determinedthe extremal con guration for
g= 0:0;0:1;:::;0:5, usingacomputemprogramto enumerate
all possiblecombination®f isosurficeverticesatdistanceg
from a cubevertex. Somecombinationsarenot possibleand
thosewereeliminated.

Theextremalcon gurationsare:

a)(g0;0), (0,g0), (0;0;9):
Min. edgelengthandmin. areag= 0:1;0:2;0:3;
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c) Afront

b) SnapMC

a) MarchingCubes e) Dellso(closeup)

Figure 7: Exampleof topolagical changes.Isosurfacdromsilicium dataset(wwwvolvis.og), isovalue130.a) Marching Cubes
isosurfaceb) SnapMCsosurfacgsnapparameter0.3.)c) Afront (rho 0.5.)d) Dellso.e) Closeupof Dellso showingtwo holes
in thereconstructedsosurface

grid RegularLookupTable | Extended_ookupTable SnapMC(g= 0:3)
dimensions isovalue | #triangles | cputime | #triangles| cputime | #triangles| cputime
aneurism| 256 256 256 100 175,832 | 0.71sec 174,300 0.73sec 106,356 | 1.52sec
bonsai 256 256 256 30 1,284,542| 1.16sec| 1,117,304| 1.19sec 729,623 | 2.19sec
engine 256 256 128 100 608,416 | 0.58sec 593,963| 0.59sec 427,338 | 1.08sec
lobster 301 324 56 20 312,948 | 0.33sec 300,340 0.34sec 181,058 | 0.77sec

Table 2: Numberof isosurfacetriangles and cpu timesof Marching Cubeswith regular and extendedookuptablesand of
SnapMC CPU timedoesnotincludetimeto reador write data.

b)(0; g0),(1 g0;0),(1;1 gO0): Min. areag= 0:4; Valuesof g

c)(1 g1;1),(0; gO0),(LL1 9: 0.1 02 0.3 0.4
Min. angle,g= 0:1;0:2; min length 0.141 0.29 0.43 0.58

d)(1 g1,0),(0; gO0),(11;9: Min. angle,g= 0:3; min area 0.001 0.04 0.09 0.15

e)(1;,g0), (0; go0),(1;1+ g0): Min. angle,g= 0:4;
f) (0;0;9), (0;0:5;0), (1;g 0): Max. angle,g= 0:1;0:2;
9)( g0;1),(g0;0),(1;0; g:Max.angleg= 0:3;0:4.

SeeFigure 8. Minimum areaand minimum and maximum
anglesfor speci c valuesof gareshavn in Tablel.

Isosurficetrianglesin Figure 8b), 8e), and8g) overlapa
faceof the cube.While suchtrianglescannotbe createcby
the original MarchingCubesalgorithm,they canbe created
usingthe extendedsosurficelookuptabledescribedn Sec-
tion 4. Thetrianglein the extendedlookup table connected
threeverticesin acubeface.Thesethreeverticeswererepo-
sitionedto thethreeisosurficeverticesseenin the gure.

8. Results

We implementedour algorithmsin C++ and appliedthem
to the publicly available datasetsat www.volvis.og. (See
Figures2 and9.) Runningtimesarefor acomputemwith two
Intel Xeon2.80GHz CPU's,a2048Kcacheand8 GB RAM

runningLinux.

We rst comparedheregularMarchingCubesalgorithm
and Marching Cubeswith the extendedlookup table. See
Table2. TheCPUtimeswerethealmostsameThereported
CPU timesmeasureonly the time to run constructthe iso-
surfaceanddo notincludethetime to readin the scalardata
or write outtheisosurcemesh.Thetime to readin theiso-

min angle 4.87 9.7 136 125
maxangle | 161.3 1467 1351 1440
Hausdorf 0.80 0.81 0.86 0.93
meandist 0.014 0.02 0.04 0.05
RMS dist 0.060 0.07 0.09 0.11

Table 3: Measuementsof lobster isosurface Min. edge
length, min. area, min. and max. triangle angles,directed
Hausdorf distance meandirecteddistanceand root mean
squaeddirecteddistance Measuementsare for theisosur

face with isovalue 20 exceptfor the distanceswhich com-
paredisosurfacesith isovalue20.01.

surfacelookup table is negligible for both the regular and
extendedtable.

The regular Marching Cubesalgorithm producesan iso-
surface containingdegeneratetriangles. The differencein
the numberof isosurfice triangles betweenthe Marching
Cubeswith the regular and extendedlookup tablesis the
numberof suchdegeneratésosurficetriangles.

OutputsizeandCPUtimesfor SnapMCwith snapparam-
eter0.3arereportedn Table2. SnapMCreducedhenumber
of isosurficetrianglesby 25-40%over the MarchingCubes
isosurfice.Of course the reductiondependgreatly on the
snapparameten, with smallervaluesof g giving lessreduc-
tion in the numberof isosurbcetriangles.
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Figure9: Isosurfacéromlobsterdataset(wwwvolvis.og), isovalue20.a) Marching Cubessosurfaceb) SnapMGsosurface

(snapparameter0.3.)
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a)

b)

min edge min radius directed

isovalue length | minarea| minangle | maxangle ratio | Hausdorf

aneurism 100 0.425 0.078 13.09 135.20 0.29 0.86
bonsai 30 0.427 0.083 13.35 135.67 0.28 0.86
engine 100 0.428 0.080 13.96 134.71 0.26 0.66
fuel 80 0.428 0.104 14.30 135.51 0.39 0.30
lobster 20 0.428 0.087 13.55 135.13 0.25 0.86
MarschnetlLobb 100 0.442 0.231 14.58 122.63 0.35 0.71

Table 4: Measuement®n SnapMdsosurfacesSnapparameterg= 0:3. Theminimumradiusratio is theminimumratio of the
inscribedto circumscribectircle for any isosurfacetriangle. DirectedHausdorf distancewas computecdbn isosurfaceswvith

isovalue0.01greaterthantheisovalueslistedin columntwo.

SnapMCtook approximatelytwice aslong asthe March-
ing Cubesalgorithm.Theextratime wasspentin “snapping”
scalarvaluesin thegrid to theisovalue.

We ran SnapMCon differentdatasetsvarying the snap
parameterg We measuredhe minimum isosurfice edge
length,the maximumisosurfcetriangleareathe minimum
andmaximumanglein anisosuricetriangle,andthe min-
imum inradiusto circumradiusratio. Outputmeasurements
for the datasetlobster(Figure 9) are presentedn Table 3.
Outputmeasurement®r otherdatasetsandsnapvalue0:3
arepresentedh Table4. As canbeseentheactualminimum
andmaximumvaluesarequite closeto thetheoreticabnes.

To measurénov much SnapMCmaodi ed the isosurfce,
we measuredhedifferencebetweerthe SnapMCisosuraice
andtheoriginalisosurficeusingthetool METRO [CRS93.
METRO measureshe Hausdorf distancebetweenwo sur
faces For technicalreasonsywe measureanly the directed
Hausdorf distancefrom the SnapMCsurfaceto the original
surfaceanduseda slightly perturbedsovalue.The directed
Hausdorf distancefrom P to Q is maxpz pming qjp  dj.
We also measuredhe meandirected distancede ned as
dp2 p (Ming2 g jp ) =jPj, andtheroot meansquared
directed distancede ned as & y p(Ming Qjp ai)°5Pj.
The sumsare over a setof samplepoints chosenfrom the
surface.METRO reportsall thesedistances.
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Thedirecteddistancesor lobsterarein Table3. Distances
for theotherdatasetswith snapvalue0.3arein Table4. Note
thatall distancesrelessthanl.

Comparisonwith Dellsoand Afr ont

We comparedSnapMCwith two publicly available isosur

facemeshingorogramsAfront [SSS0§ andDellso[DLO7].

(SeeFigure7 andTable5.) Afront meshings controlledby

a parameterho which we setto 0.5. As expected SnapMC
ranan orderof magnitudefasterthanthe othertwo. Afront

failedto completeon two of the datasetsandDellsofailed
on one.Afront andDellso createdriangleswith extremely
small anglesand Dellso often createddegenerateriangles
with zeroareaor edgelength.

On all the datasets,SnapMCjoined differentregions of
theisosurace,creatinga non-manifold.However, on mary
of the datasetsDellsoalsoproduceda non-manifold,creat-
ing duplicatetriangles or edgeor verticeswhoseneighbor
hoodswere not manifolds (nor manifoldswith boundary)
Dellso almostproduceda manifold on enginebut createda
singlenon-manifoldvertex. All the othernon-manifoldiso-
surfacegproduceddy Dellsohadmultiple non-manifoldver
ticesor edges.The surfaceproducedby Dellso sometimes
had“holes”. (SeeFigure7e).)
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SnapMC(g= 0:3) Dellso Afront

isoval #tri | cpu | angle| man #iri cpu | angle | man #tri | time | angle | man
aneurism | 100.5 | 106K | 3.7s| 13.2 no 242K | 5.7m 0 no 602K | 0.5h 16| yes
bonsai 305 | 691K | 44s| 134 no | 2745K | 29m 0 no 10h+
engine 100.5 | 427K | 2.0s| 13.6 no | 244K | 2.2m 0.2 no 10h+
lobster 20.5 | 223K | 0.8s| 13.3 no Aborted 3353K 2h 0.6 | yes
lobster 305 | 183K | 0.7s| 134 no | 2354K | 24m 0 no | 1222K | 50m 1.0 | yes
silicium 60.5 25K | 0.0s| 15.2 no 125K | 1.2m 0 no 52K 3m | 11.2| vyes
silicium 130.5| 22K | 0.0s| 145 no | 390K | 3.9m 0.0 no 160K 5m 3.1| yes
marschner| 100.5 10K | 0.0s| 154 no 946K | 11m 0.1 no 379K | 15m 2.3 | yes

Table 5: Comparisorwith Dellsoand ShapMC.CPU timesfor SnapMCand Dellsodo notincludetimeto reador write data.
CPU timesfor SnapMCand Delisoare in secondsind minutes respectivelyAfront timesincludetimeto readand write data
andarein hours or minutesasindicated.Columnanglerepresentghe minimumtriangle angle Columnmanindicateswhether

theisosurfaces a manifold(with boundary)

On the data setswhich Afront completed,Afront pro-
ducedmanifolds,but it sometimeshangedhe topology of
theisosurfice.(SeeFigure 7c).) Whenwe setAfront's pa-
rameterrho” to 0.8,insteadof 0.5, Afront failedto produce
amanifoldon all thesedatasets.

Both Afront and Dellso are adaptve, addingmoretrian-
glesin areasf high cunature.SnapMCis not.

Numerical Simulation

SnapMC produceswell-shapedtriangles which are good
for numericalsimulation.Unfortunately SnapMCoftenpro-
ducesnon-manifoldisosuriceswhich are problematicfor
simulation software. Snappingcausesgeometricallyclose
vertices,edgesandtriangles,to mege, collapsingthe sur
faceontoitself. Postprocessingcould reversethis process,
by ungluingmemgedverticesand edges and separatinglu-
plicatetriangles.We have not yet implementedsucha post
processinglgorithm.

SourceCode

SnapMCsourcecodeandexecutablegrepublicly available
atwww.cse.ohio-state.edu/graphics/isotable.
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