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Abstract - Presentation and use of formally-specified
software components in CSL/CS2 presents interesting
pedagogical challenges. Specifications may involve
unfamiliar mathematical concepts and notation. We have
found that the use of toys, such as stacking plastic cups and
Lego® blocks, to be amazingly effective in helping students
devel op mental models for mathematical concepts. With the
aid of these mental models, students are able to understand
the behavior of software components through cover stories
— their specifications — without knowing the
implementations of the components.

1. A PEDAGOGICAL CHALLENGE

System thinking offers a worldview tha underlies dl
component-based enginesring, including ftware
enginering. By sysem thinking, we mean viewing or
underganding things as units that can be viewed from the
outsde — the client view — as indivisble, or from the
insde— the implementer view — as compositions of

other systems, ak.a. subsystems[4].

Our CSI/CS2 sequence is based firt and foremost on
system thinking. Throughout CS1, students act as clients of
many “off-the-shdf’ software components without seeing
the implementations of any of the components. Instead,
dudents are presented with a client description of each
component, induding a formad meathemaicd modd of the
vaues that objects can assume as wdl as formd pre- and
post-conditions for dl operations.  Thus, from the very
beginning of CSl1, dudents ae expected to read and
understand formal  meathematical  descriptions of  software
components.

Not  surprisingly, this commitment to
specifications in CS1 and CS2 presents
pedagoglcd chdlenges. For example

Students may be asked to understand mathematical
dructures not yet introduced in any of ther math
courses, such as grings, binary trees, and weighted
graphs.

Even for mathematica dructures that are familiar,
dudents may be asked to understand new or
different notation. Mathematical concepts are often
presented in a highly symbolic form. Because of

formd
interesting

this something as smple as different syntax can
give the gppearance of anew mathematical concept.
The whole idea of teking mahematics outsde its
usua context — the meathematics classoom — and
usng it to mode other things presents an
intdllectud hurdle.
Other chalenges may come to mind as wel, not to mention the
usud issue of students’ attitudes towards mathematics.

When usng mahematics to formdly describe software
components, we are primarily interested in students being able
to read mahemaics a opposed to being dle to write
mathematics. This obsarvetion is cruciad because of its
conseguences, namely, the central pedagogical challenge is to
help students formulate appropriate mental models of
mathematical concepts so they can attach “ meanings’ to the
symbols they are reading. Through appropriate menta models,
dudents can trandate written symbols into  meaningful
representations of those symbols in their minds. In turn, they
can formulate meaningful modds for the behavior of software
components.

2. A “LOW-TECH" APPROACH

The chdlenge just described will not surpriss  computer-
science educators.  After dl, computer-science textbooks are
full of pictures visudizing symbolic concepts, as ae the
chdkboards a the ends of our lectures [2]. Similarly, there
ae many clever computer animations of data Sructures and
dgorithms amed a hdping dudents visudize concepts
otherwise presented symboalicdly (for example, [1, 3, 5]). In
addition to this excelent work, we would like to suggest a
“low-tech” gpproach to cultivating menta modds of
mathematica concepts. toys.

The use of physcd manipulatives has been part of
mahematics indruction for severa decades. It has been
shown that the use of manipulative materids can increase
mathematics achievement and improve sudents  attitudes
towards mathematics [6]. It is intereting to note that the
sane gudy did not find dgnificant differences between
ingruction with pictures and diagrams and ingtruction with
symbols.  There seems to be something specid about the
clear kinesthetic nature of physical manipulatives that gives
them this edge with many students. We, too, have found the
use of physcd manipulatives, such as children's sacking
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cups and Lego® blocks, to be amazingly effective.  When
meathematicd modds for software-component  behavior  are
demondgrated and practiced usng manipulatives, heretofore
uninterpreted symbols acquire actua intuitive meaning!

In this paper we will illustrate our idess through three
examples. Each exampleindudes:

a dient description of a software component using
formad mahematicd modds to describe component
behavior, and
a discusson of the physcd manipulatives we use
as metaphors to help students formulate appropriate
menta models.

3. QUEUE M ODELEDBY M ATHEMATICAL STRING

As a firda example well use a queue component.
Queue Template (see the Appendix) is parameterized by a
type T, where T will be the client’s choice for the type of
item to go into a queue. The formd mahematicd moded for
the vaues that queue objects can assume is string of T,
often denoted T*, condgting of dl finite sequences with
entries from T. The pre- and post-conditions for operations
appear in requires and ensures clauses, respectively, and are
datements from mathematical dring theory.  For example,
the equation for the post-condition of Add is q = #g * <#x>.
In this eguetion, #g denotes the incoming vaue of parameter
g, g denotes the outgoing vaue of parameter g, * denotes the
concatenation operator for drings, and <> is a dring
congtructor operation from items in T to dtrings of length
one. S0, #X, avdue in T, is the incoming vaue of parameter
X, while <#x> is the dring of length one whose snge entry
is #x. As a edific example, if #q = "abc" and #x = 'd, then
after the Add operation, g= "abcd'. (The operation header
for Add specifies that parameter x will be consumed. This
means that the outgoing vaue of x will be an initid vaue for
itstype)) Specifications of the other operations are similar.

String theory is extremely useful for specifying software
components. We use it for stacks, text drings, one-way and
two-way lists, and tokenizing machines, for example How
do we hdp dudents in CS1 reed and understand
specifications  involving gring  theory?  We use sacking
plagtic cups, the kind sold in the toddler section of toy stores.
Through in-class demondrations using “srings of plagtic
cups’, we can easly and quickly give meaning to the idea of
a dring of T and to equations such as q = #q * <#.
Figures 3.1 and 3.2 show the behavior of the Add operation.

By the way, plagtic stacking cups aso work grest for
demondrating sorting dgorithms  (see Figures 3.3-3.7 for
pictures of a queue being sorted with quicksort).  Our
experience is that dudents grasp the agorithms much more
quickly, requiring less cdass time and that ther
implementations of the dgorithms ae less likdy to be
defective.
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4. PARTIAL M AP M ODELEDBY FINITE
M ATHEMATICAL FUNCTIONS

The patid map component is like a dictionary, symbol
table, or look-up table.  Partid _Map Templae (see the
Appendix) is parameterized by two types, D and R, s0 that
clients can customize the doman and range types for the
map. The mahematicd modd for the programming
language type Patid_Map is just a finite function, described
here as a finite st of (dr)-pairs with the function property
(no d vdue is paired with more than one r vaue see the
constraint). Operdtion pre- and pogt-conditions are
mathematicd set-theory assartions. For example, consder
the Undefine operation used to “undefing’ the finite function
m a& d. The precondition for Undefine is IS DEFINED
(md) where IS DEFINED is a mahemdicd definition
stating that the vaue of d is in the domain of m. The post-
condition for Undefine has three parts:
- (dy) is in #m (the incoming vaue of m maps d to

the outgoing vaue of r; parameter d is preserved,

S0 itsincoming and outgoing vaues are the same)

m = #m - {(dr)} (the outgoing vaue of m is the

incoming vaue of m without the pair (d,r))

d = d copy (the outgoing vaue of d _copy will just

be the “copy of d' that was in the incoming vaue

of mand that m no longer needs).

The specifications of the other operationsare Smilar.

To hdp dudents understand the mathematicad modd for
the Partid_Magp component, we use a clear plagic bag, like
a sandwich bag, and Lego blocks The plagtic bag represents
the sst. Smdl Lego blocks are the domain items, and larger
Lego blocks ae the range items. When a “doman” Lego
(D-Lego) is mapped to a “range’ Lego (R-Lego), the D-
Lego is sngpped onto R-Lego and the pair is put into the
plagtic bag. It is easy to digtinguish between a D-Lego ad
an R Lego because they are different sizes, and it is easy to
diginguish among D-Legos or R-Legos because they ae
different colors.  Math operations such as IS DEFINED
(m,d) are essy to explain — just look into the plastic bag and
e if there is a D-Lego equd to (i.e, the same color as) d.
The function property is equally easy to explan — esch
color of D-Lego can gopear in the bag a mos once.  Fgures
4.1 and 4.2 show the behavior of the Undefine operation.

5. BINARY TREEM ODELEDBY M ATHEMATICAL
BINARY TREES

Ou lat example is a binay tree component.
Binary_Tree Template (see the Appendix) is parameterized
by a type T so that clients can customize the type of items
labding the nodes of a binary tree.  The mathematical model
for the vaues that binary tree objects can assume is a
mathematica binary tree of T, that consgs of dl
mathematica binary trees labded by vaues from T. The
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pre- and post-conditions of operations are satements from
binary-tree theory. Consder the Decompose operation, for
exanple.  The pre-condition is that t <= empty_tree; that is,
we cannot decompose an empty tree.  The pogt-condition is
# = COMPOSE (x, I_tr, r_tr), whee COMPOSE is a
mathemetical  function in binary-tree theory.  The post-
condition just says that if we teke the outgoing vaue of x (a
vaue of type T) and the outgoing vaues of | tr and r_tr
(both of type binary tree of T) and compose them in the
obvious way, the result is the incoming vaue of t. In other
words, Decompose splits the incoming vaue of t into its
three condituent parts. Also, since t is consumed, its
outgoing vaue isthe empty _tree.

To hdp sudents understand the mathematical concept
of a binary tree, we use PVC pipe (white plastic pipe used
for plumbing projects). The items in the tree are PVC joints
with bright colors, such as red and blue. If an item, say a, is
the left child of an item, say b, then there is a section of
white PVC pipe connecting the two PVC joints for a and b
and this represents the parent/child relationship in a binary
tree.  To illugtrae the effect of COMPOSE, it is a smple
matter to take two PVC modds of binary trees and a new
PVC-jaint item, and “hook them up” with two new sections
of pipe. Explaining the inverse operation and the recursive
gructure of binary trees is just as essy. Figures 5.1 and 5.2
show the behavior of the Decompose operation.

PVC toys dso work grest for illugtraing binary tree
operaions such as insating into a binary search tree or
deleting from a hegp. Item vaues can be written on pog-it
notes and stuck on the PVC joints. Then, the dgorithm is
“animated” by moving the pod-it notes according to the
movement of vaues by the adgorithms. (PVC pipes and
different kinds of joints are aso useful when illugtrating
template indantiation, which is eqlaned as andogous to
plumbing. The dedals of this metgphor ae a hit too
complicated to includein this short paper.)

6. WHAT DO STUDENTS THINK?

Having been convinced in advance by the literature that
physica manipulatives would be effective for &, we did not
attempt to conduct controlled studies of student outcomes
with and without them. Instead we played with various toys
in cass and, with dudent as wel as ingdructor input,
invented more and more ways to leverage them.  Student
reection has been ovewhdmingly pogtive  Our sudent
aurveys include the datement “Physica metaphors, such as
plagic cups and Lego blocks can hdp in underganding
software” The six posshble responses range from strongly
disagree to srongly agree Cumuldive data covering over
400 gudents and severd different ingructors, dl of whom
used this technique, show over 90% of students responding
with moderately agree, agree, or srongly agree.
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7. FINAL COMMENTS

Our use of toys and other physicd manipulatives in CSL and
CS2 catanly reflects a spirit of light-heartedness. They are
jugt plain fun to use in the classsoom. At the same time, it is
important to keep in mind that the component Specifications
we are asking dudents to undersand are, in no sense of the
word, light-hearted. The component designs presented here
ae of “professona” drength and reflect, without
compromise, what we condder to be the right designs and
right  specifications, presented in full  mathematica
formdity. We ae continualy impressed by our students
ability to reed and understand this type of formdism, as
indicated by their ability to use software components (even
on exams) given only ther formad specifications and
epecidly by their lack of fear a the sght of such things. It
is our dncere bdief tha the mentd modds formed by
sudents through exposure to physicd metaphors is what
meakes this understanding and attitude possible.
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Figure3.1. Add —before Figure3.2. Add - after
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Figure 4.1. Undefine— before Figure 4.2. Undefine- after

Figure 5.1. Decompose— before Figure 5.2. Decompose - after
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Appendix:
Queue Template:
parameters
typeT

interface specification
type Queue=string of T;
Initialize as empty_string

operation Add (
alters g Queug

consumes x: T
)
ensures q=#q* <#x>

operation Remove (
alters g Queue,
produces xT
);
reguiresq <= empty_string
ensures #g=<x>*(q

operation Size(
preserves . Queue
):INTEGER,;
ensures Sze=|q

d=d_copy

operation UndefineAny (
alters m; Partial_Map,
produces d: D,
produces rR
);
requires m<=empty_set
ensures  (dpisin#mand
m=#m - {(d,n)}

operation Is Defined (
preserves m: Partial_Map,
preserves d. D
): BOOLEAN,;
ensures
Is Defined =1S_DEFINED(m,d)

operation Size(
preserves m: Patia_Map
): INTEGER;
ensures Sze=|m|
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Partial_Map_Template:
parameters

type D

typeR

inter face specification
type Partid_Map =finite set
of (d_vdue D, r_vdue R);
Initialize as empty_set
constraint O0d:D Orlr2R
((dr)isinmand (dr2)
isinmimpliesrl=r2)

operation Define (
alters m: Partial_Map,
consumes d: D,
consumes r: R
);
requires not IS DEFINED (m,d)
ensures m=#m union { (#d.#)}

operation Undefine (
alters m: Partia_Map,
preserves d:. D,
produces d_copy: D,
produces r:R
)
requires IS DEFINED (m,d)
ensures (dy)isin#mand
m=#m-{(d,r)} and

0-7803-6424-4/00/$10.00 © 2000 | EEE

Binary_Tree Template:
parameters
type T

inter face specification
type Binary_Tree=
binary treeof T;
Initialize as empty_tree

oper ation Compose (

produces t: Binary_Tree,
consumes x: T;
consumes |_tr: Binary Tree,
consumes r_tr: Binary _Tree

)i

ensures
t = COMPOSE (#x#_tr#r_tr)

operation Decompose (
consumes t: Binary_Tree,
produces x: T;
produces |_tr: Binary_Treg,
produces r_tr: Binary_Tree
);
requirest <=empty_tree
ensures
#t = COMPOSE(x,|_tr,r_tr)

operation Size(
preserves t: Binary Tree
):INTEGER;
ensures Size=|t|
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