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Simplicial Complex
An (abstract) simplicial complex : a collection S of finite
nonempty sets such that

. if A ∈ S, then every nonempty B ⊂ A, B ∈ S;

Element A of S: simplex ;

Simplex dimension = |A| − 1;
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{uv}, {uw}, {vw}, {vx},
{uvw}
}
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Rips Complex
A Rips complex Rr(Q) on a finite metric space (Q, d) consists
of all simplices {q0, q1, . . . , qk} (qi ∈ Q)

. d(qi, qj) < r for all 0 ≤ i, j ≤ k;
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Homology, Relative Homology and Local

Homology under Z2

n-th dimensional homology Hn(X) on
topological space X : holes;

. 0-th: components;

. 1-th: holes;

. 2-th: voids;
n-th dimensional relative homology
Hn(X, A) : A ⊂ X;

Local homology at p ∈ X : H(X, X − p)

. M m-dimensional manifold, p ∈M

Hn(M,M− p) = H̃n(Sm) =
{

Z2 n = m
0 n 6= m
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Goal

Points P from M

Infer the local homology H(M,M− z) by using local points
around z;

. Build Rips complexes on local points;

. Persistence image of Rips complexes;
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Smooth Manifold

z

M− D̊2

M− D̊1

D1 ⊂ D2

M smooth manifold;

Di ⊂M topological
balls (i = 1, 2);
z ∈ D1 ⊂ D2;

i : (M,M− D̊2) ↪→ (M,M− D̊1)
i∗ : H(M,M− D̊2) → H(M,M− D̊1)

Im(i∗) ∼= H(M,M− z)
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Union of Balls

Sample P of M;

Xα = ∪q∈PBα(q);

πα : Xα →M;

πα(x) = argminz∈Md(x, z)

πα deformation retraction;
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Local Homology by Union of Balls

i∗ : H(M,M− D̊2)→ H(M,M− D̊1)
z

M− D̊2

M− D̊1

D1 ⊂ D2

πα deformation retraction

πα(x) ∈M
x ∈ Xα

Xα
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M− D̊2

M− D̊1

D1 ⊂ D2

πα deformation retraction

πα(x) ∈M
x ∈ Xα

Xα

B̊β(p) ∩ Xα

p

Bα,β = Xα − B̊β(p) ∩ Xα

Im(H(Xα, Bα,λ+3δ)→ H(Xα′ , Bα′,λ′+δ′)) ∼= H(M,M− p̄)
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Local Homology by Rips Complexes

Pα,r = {pi ∈ P : Bα(pi) ∩ B̊r(p) 6= ∅}

p

Pβα,r = {pi ∈ Pα,r : Bα(pi)∩Bβ(p) 6= ∅ }

p

R2α(Pα,r)

p

R2α(P η2α,r)

Theorem
For appropriate parameters, the inclusion jα : (R2α(Pα,r),R2α(P

η2
α,r)) ↪→ (R6α(P3α,r),R6α(P

η1
3α,r)) satisfies

Im(jα∗) ∼= H(M,M− p̄).
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Experimental Results

Image data:

(a) Rotating Head (b) Handwritten D1 (c) Handwritten D0

Comparison results:

Shift Head D1 D0
Ours 2 3 4 3
SLIVER 3 4 3 2
MLE 4.27 4.31 11.47 14.86
MA 3.35 4.47 10.77 13.93
PN 3.62 3.98 6.22 8.86
LPCA 3 3 5 8.86
ISOMAP 2 3 5 [3, 6]

SLIVER: the method via slivers;
MLE: the maximum likelihood estimation;
MA: the manifold adaptive method;
PN: the packing number method;
LPCA: the local PCA;
ISOMAP: the isomap method;
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