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Abstract

Recerilly a Delaunay re nement algorithm has been proposed that can mesh piecewise
smooth complexeswhich include polyhedra, smooth and piecewisesmooth surfaces,and non-
manifolds. Howewer, this algorithm employs domain dependert numerical predicates, some of
which could be computationally expensive and hard to implement. In this paper we develop a
re nement strategy that eliminates thesecomplicated domain dependert predicates. As a result
we obtain a meshingalgorithm that is practical and implemertation-friendly .
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1 Intro duction

Delaunay mesh generation of non-smamth domains sudch as piecewisesmooth surfacesand com-
plexesis a di cult challenge. Aided by recert developmerts in sampling theory and computational
topology, Chew's furthest point strategy [1, 2] (Delaunay re nement) hasbeenapplied to generate
Delaunay meshesfor smooth surfaceswith provable guaranees(3, 4]. The lack of global smooth-
nessposestwo main di culties in extending these methods to non-smooth domains. First, the
sampling theory developed for smooth surfacesbreaks down for non-smaoth surfaces. Secondly
small input angles possibly present at hon-smaoth regions pose problems for the termination of
Delaunay re nement [5].

Boissonnat and Oudot [6] gave a provable algorithm for a classof non-smaoth surfacescalled
Lipschitz-surfaces. They showvedthat their algorithm for smooth surfacemeshing[3] extendsto this
classonly if input anglesare su cien tly large. Unfortunately, this approad failed to admit small
input angleswhich limited the input class. Rineau and Yvinec [7] implemented an algorithm for
meshingvolumesbounded by piecewisesmooth surfaces;their approac also su ers from an angle
constraint. Recerlly Cheng, Dey, and Ramos [8] proposedan approad that completely removed
any constraint on input angles. As a result their algorithm could accommalate large class of
input domains called piecewisesmooth complexes(PSCs). This classincludes polyhedral domains,
smooth and piecewisesmooth surfaces,and even non-manifolds.

The algorithm of [8] usesthe idea of protecting non-smaoth curves and vertices in the input
complex with balls. This idea already gave good results in the polyhedral case[9, 10, 11]. A
novelty introduced by Cheng et al. is that they turn the balls into weighted points and then
carry out the meshre nement in the weighted Delaunay triangulation [12, 13]. Notwithstanding
its theoretical successpractical relevanceof this algorithm remains questionable. It employs some
expensive numerical computations that are hard to implement. Unless these computations are
removed, one cannot expect a practical solution for Delaunay mesh generation of PSCs. The goal
of this paper is to designa re nement strategy without expensive predicates so that it becomes
implementation-friendly and practical.

Bottlenec k. Considera smooth surfacegiven by an implicit equation. To generatea meaningful
meshfor this surface,one needsto sampleit at a scalethat capturesits smallestlocal variations.
One approac would beto guessa scaleand samplethe surfacewith it. If the guesssright, sampling
with the furthest point strategy givesa meshwith provable guaranteesas shovn by Boissonnatand
Oudot [3]. A secondapproad would be to compute a version of the local length scalesand mesh
the surfacewith those scales. The algorithm of Cheng et al. [8] works on this latter principle. It
computeshow a curve or a surfacevaries normal-wise around a point. It alsocomputesseparation
distancesbetweendi erent elemers (vertices, curves, and surfaces)to capture separation feature
size (gap size) in the senseof [9, 14]. These assumedpowerful numerical primitiv es allow Cheng
et al. to determine the size of the protecting balls with certain desirable properties and allow
them to sample surface patches at appropriate length scales. Unfortunately, these computations
are expensiwe and are hard to implement which makesthe algorithm impractical.

Solution. To circumvernt the problem we follow the guessingapproac. We would like to guarantee
that even if the guessis incorrect, the algorithm terminates and outputs a mesh which approxi-
mates the input complex at a coarselevel. A main dicult y in this approad is to formulate a
uni ed re nement strategy that captures the input topology correctly when the guessedscaleis
right and outputs a mesh with some reasonableproperties all the time. To reac this goal we
formulate a disk condition that says that the output meshshould have a topological disk formed by
triangles around ead vertex. This disk condition drivesthe re nement, that is, we go on re ning



protecting balls or surfacemeshesf this disk condition fails. If this re nement terminates, the disk
condition necessarilyholds for the output mesh. Then, by PL topology, the output Delaunay mesh
restricted to eadr manifold surfacepatch is a manifold. Furthermore, the input incidencestructure
amongdi erent elemeris in the PSC is maintained. The output may not be homeomorphicto the
input since a small feature such as a small handle may not be detected at the length scalethe
algorithm is asked to operate. However, a homeomorphicmeshingis guaranteed when the supplied
scaleis sucien tly small. Actually, in practice, the disk condition usually suces to provide a
homeomorphism.

One of our main tasksis to prove that the re nement always terminates. To this end we usethe
following result. If the protecting balls are su cien tly small and satisfy someseration properties
(conditions C1-C3in Section 2), then the disk condition holds if the restricted Delaunay triangles
are su cien tly small. Therefore, the failure of the disk condition signalseither balls do not satisfy
separation properties, or are large, or triangles are large. The way we compute the protecting balls,
failure of separation properties also implies that they are large. In essencejf the disk condition
fails, either a ball or a triangle is too large. The algorithm re nes the larger of the two and hence
guararnteesthat neither a protecting ball nor a triangle gets arbitrarily small ensuringtermination.
One may obsene that, this strategy does not allow adaptive mesh sizing. Howewver, one may
regulate the input scaleto produce meshesat di erent levels of resolution.

Perhapsthe most important ingredient in this approac is to maintain a set of protecting balls
with the separation properties. It turns out that it is dicult to ensureone of these properties
exactly (condition C3) when the balls are large. Instead we maintain a more relaxed condition
which implies the desired property when the balls are su cien tly small.

We have implemented our algorithm in this paper. In an earlier attempt we tried to meshwith
the disk condition but pre-computed the balls with a small radius chosen heuristically [15]. The
code failed in caseswhere the pre-selectedsize of the balls waswrong. The approad in this paper
allows the re nement algorithm to determine the balls automatically instead of pre-computing
them. We report experimental results for our protection algorithm and meshingin Section5 The
code and a video explaining the experimental results have beenreleased[16].

1.1 Domain

Throughout this paper, we assumea generic intersection property that a k-manifold R3,
06 k6 2,andaj-manifold °© RS2 06 j 6 2, intersect(if at all) in a(k+j 3)-manifold if

6 Yand %6 . Wewill useboth geometricand topological versionsof closedballs. A geometric
closedball certered at point x 2 R® with radius r > 0, is denoted as B(x;r). We useint X and
bd X to denote the interior and boundary of a topological spaceX, respectively.

The domain D is a piecewise smath complex (PSC) where ead element is a compact subsetof
a smooth (C?) k-manifold, 06 k 6 2. Each elemer is closedand hencecortains its boundaries.
For simplicity we assumethat ead elemen has a non-empty boundary (used in Lemma 8, this
restriction can be removed by someadded complication in the initialization of the algorithm). We
useDy to denotethe subsetof all k-dimensional elemerts, the kth stratum. Dg is a set of vertices;
D1 is a set of curvescalled 1faces; D, is a set of surfacepatchescalled 2-faces For 16 k 6 2, we
useDg k to denoteDg[ :::[ Dk.

The domain D satis es the usual proper requiremerts for being a complex: (i) interiors of the
elements are pairwise disjoint and forany 2 D, bd D; (i) forany ; °2 D, either \ 0=
or \ Yisaunion of elemerts in D. WeusejDj to denotethe underlying spaceof D. For06 k 6 2,
we alsousejDyj to denote the underlying spaceof Dy.



1.2 Complexes

We will be dealing with weighted points and their Delaunay and Voronoi diagrams. A weighted
point p with weight ! , is represerted as a ball b = B(p;! p). The squared weighte distance of
any two points p and q is d(p;e)? = d(p;g)> !2 ! 2 where ! and ! 4 are the weigtts of p
and q respectively. With this de nition, an unweighted point x 2 R3 has a distance of d(x; p) =

d(x;p)2 ! g from p. Under the distance metric d(; ), one can de ne weighted versions of

Delaunay and Voronoi diagrams. For a weighted point setS R3, let Vor S and Del S denote the
weighted Voronoi and Delaunay diagrams of S respectively. Each diagram is a cell complex where
eat k-faceis a k-polytope in Vor S and is a k-simplex in Del S. Each k-simplex in DelS is dual
to a(3 k)-faceV in VorS and vice versa.

Let S be a point set sampledfrom jDj. For any sub-collectionX D we de ne Del Sjx to be
the Delaunay subcomplexrestricted to X, i.e., eadr simplex 2 Del Sjx, called a restricted simplex,
is the dual of a Voronoi faceV whereV jx = V \ jXj & ;. By this de gition, forany 2 D, DelSj
genotesthe Delaunay subcomplex restricted to , and DelSjp, = op; DelSj and DelSjp =

,p DelSj : An i-face 2 D; should be meshedwith i-simplices. Howewer, DelSj may have
lower dimensional simplices not incident to any restricted i-simplex. Therefore, we compute spe-
cial sub-complexesof restricted complexes. De ne the following i-dimensional subcomplexes(see
Figure 1):

Ski' Sj
Skl' Sjp,

ftjt 2 DelSj is ani-simplex or a sub-simplex of an i-simplexg and
SkI'Sj :
2Dj

Figure 1: (left) DelSj and (right) SkI°Sj There is one extra edgein DelSj which is not in
Sk’Sj .

S 5

2 Protection and re nemen t

The meshingalgorithm computesa set of balls protecting 1-faces. Unlike [8], the protecting balls
are adjusted on the y asre nement proceeds.It inserts points in 2-facesto re ne the triangula-
tion. The protecting balls and the triangulation are re ned simultaneously either to satisfy a disk
condition or to achieve a re nement level dictated by an input scaleparameter. In what follows all
skipped proofs appear in the appendix.

2.1 Covering 1-faces

Let (x;y) denote the curve segmem oriented from x to y on any 1l-face . In this notation
= (u;v) where is oriented from the end point u to the other end point v. Let b= B(c;r) be
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a ball with c2 (x;y). The intersection b\ is a set of curve segmens. Among them the curve
segmenm cortaining c is called the segmentof bin , seg (b), seeFigure 2. Two balls b and b° with
their certers ¢ and c® respectively on a 1-face are adjacent if (c;c% doesnot cortain any other
ball certer. In this casethe corresponding weighted vertices of b and b° are also called adjacent.
Any two balls or weighted vertices that are not adjacert are called non-adjacent. We use d(x; y)
to denote the Euclidean distance betweentwo points x;y and used (Xx;y) to denote the length of
a curve segmen (x;y). Let by;by;::i; b be a set of balls that protect whereb = B(¢;rj) with
G 2 . Werequire that the balls satisfy the following conditions:

(C1) by and b, are centered at u and v respectively. Thesewill be called the vertex balls.

(C2) is covered by the balls, that is, [ iseg () and any two adjacert balls b= B(c;r) and
’= B(c®r9 intersect deeply, that is, d(c;c%) 6 r + 67r° wherer®6 r.

(C3) No point in seg (hy) is contained in a ball non-adjacen to b.

Notice that the choice of the constart % in C2 is a little arbitrary. We needonly a factor of r%in
the expressionand a follow-up analysiswith other constarts are also possible.

Figure 2: Covering 1-faces: (left) A 1-face betweenu andv is being protected. The ball b shown
with solid boundary hasseg (b) asthe curve segmen betweenx, and x». The balls satisfy C1 and
C2 but intersect arbitrarily . (right) Balls are re ned and they start satisfying separation properties
C1-Cs.

We will maintain a point setS D with the following properties throughout the algorithm: all
points in S exceptthosein Dg 1 are unweighted and no unweighted point has a negative weighted
distance to any other point. This meansead unweighted point p 2 S hasV, non-empty. We call
such a point set admissible

It is worthwhile to note that one of the consequencesf conditions C1-C3would be the following
result which would imply R2 in Lemma 2.

Lemma 1 Let S be an admissible point set satisfying conditions C1-C3. Let p and g be adjacent
weightel verticeson a 1-face . Vpq is the only Voronoi facet in Vor S that intersects (p;q).

Proof. Let z be any point in (p;q). Let by, and by be the balls certered at p and q respectively.
The point z is cortained in by [ by. Due to property C3, z being a point in (p;qd) cannot lie
inside any ball other than b, and by. We remark that b, and by may have a common intersection
with another ball, but z cannot be contained in that ball. Therefore, z cannot lie on any Voronoi
facet partly de ned by a point other than p and g. Howewver, (p;q) hasto intersect at least one
Voronoi facet since p and q lie in two dierent Voronoi cells. Therefore, the only Voronoi facet
which intersects (p;q) is Vpg.



For any 2 D, and any triangle t 2 SkI>Sj , de ne sizet; ) to be the maximum weighted
distance between the vertices of t and points in V;j . This is the maximum weighted distance
betweenvertices of t and the points where the dual Voronoi edgeof t intersects .

-property: We say S hasthe -weightproperty if ead point in S hasa weight at most > 0. We
say S hasthe -sizeproperty if sizet; )6 for ead triangle t 2 SkI*’Sj and S hasthe -weight

property.

The following obsenation is at the heart of our re nement algorithm (seeSectionA in appendix
for a proof sketch).

Lemma 2 LetS D bean admissiblepoint setandp 2 S be a point on a 2-face . Let be
the set of all connected componentsin V,j that intersect a Voronoi edge. There exists a constant
> 0 sothat hypothesesH1 and H2 imply resultsR1 and R2 where

(H1) S satises -size property.
(H2) Weighted points in S satisfy C1-C3.

(R1) , is a 2-disk where any edgeof V, intersects |, at most once and any facet of V, intersects
p in an empty set or an open curve.

(R2) If p2 bd , at least two Voronoi facets of V,, intersect bd , each intersecting one of the curve
sgments between p and its adjacent weightal points (possiblytwo) in bd

Interpreted in terms of the Delaunay triangulation, the conclusion of the above lemma implies
that the triangles incident to p and restricted with respect to  form a topological disk around
p. This disk has p at the boundary if and only if p is in bd . Furthermore, if pisin bd ,
it is connectedto its two adjacert weighted points in bd on this disk. We will formulate a disk
condition with theseproperties. Our re nement algorithm is primarily drivenby this disk condition.
The conclusionof Lemma 2 fails only if either there is a protecting ball with radius more than
or there is a triangle t 2 SkI?Sj for which sizgt; ) > for some > 0. However, sincewe do not
know which of the above two caseshas happened, we take a consenative approacd. We compute
the maximum radius rmax Of all protecting balls and also compute the maximum dmax = Sizef; )
overall t and . Let x be the point of intersection of a Voronoi edgewith D which realizesdmax.
If rmax > dmax We re ne the largest protecting ball. Otherwise, we insert x. In the rst casewe
are ensuredthat we are re ning balls of sizelarger than a xed positive constart. In the second
case,we are inserting a point in a compact domain with a positive lower bound on its distancesto
every other points. Termination by padking argumert follows.

For the above algorithm to work, it is important that the balls satisfy C1-C3 when balls are
su cien tly small. It turns out that it is dicult to maintain the condition C3 at early phaseswhen
the balls are relatively large. We replace C3 by the following two conditions that are maintained
by the ball re nement algorithm. Theseconditions imply C3 when the balls are small enough. For
a 1-face (u;v) coveredby balls by; by; ::; b these conditions are:

(C3.a) Let b = B(c:r) be any ball in fby;by;::;bg. For an adjacert ball B° = B(c®r9, if is
contained in seg (b), then d (c;cd > Zr.

(C3.b) Any two balls certered in di erent 1-facesdo not intersect and any two non-adjacert balls
certered on a common 1-face have a weighted distance larger than the radius of the smaller
ball.



Lemma 3 There existsa > 0 sothat, if all protecting halls are smaller than , C3.aand C3.b
imply C3.

Proof. Consider any two non-adjacen balls b = B(c;r) and b°= B(c®r9. If c and c® are on
di erent 1-faces,b and b° do not intersect by C3.b. Then C3 is satis ed trivially . So, assumethat
c and c® belongto a common 1-face .

We show that seg (b) and seg (K% do not intersect for su cien tly small . It follows from the
di erentiabilit y of that there existsa > 0 sothat any ball of sizesmaller than intersects
in a single segmen. Assuming that b and b° have radii smaller than , we have b\ = seg (b)
and °\ = seg (). We claim that no point in seg (b9 can lie in seg (b when is su cien tly
small. If there were such a point, there would exists a ball bB°®with one of the following properties:
(i) either b%is adjacert to b and its certer c®lies in seg (b), or (i) b°is adjacert to b’ and c®lies
in seg (9. Without loss of generality, assumethat (i) holds since the other casecan be argued
exactly the sameway.

We know that the length d (c;c% is at least %r by property C3.a. Making su cien tly small,
d(c;c can be set arbitrarily closeto d (c;c% which would imply that d (c;c® can be made arbi-
trarily closeto r. This would cortradict that d (c;c% is at least %r. Therefore, we can claim that
the curve segmeis of two non-adjacert balls cannot intersect if they are certered on a samel-face

2.2 Ball renemen t

The ball re nement routine simply removesa ball and coversthe curve segmem betweenthe certers
of its adjacert balls with balls of smallerradii. Therefore, we encourter the genericsituation where
a curve segmem (X;y) needsto be covered by protecting balls whoseradii are determined by a
given parameter > 0. The points x and y are the right and left end points of somesegmetts, say
seg (bp) and seg (h) respectively, seeFigure 3. We call this routine Cover (Xx;y; ).

Figure 3: Curve segmen betweenx and y is being covered. Aiding balls are shavn with solid
boundaries. Notice how the centers of by and b, are placed with the aiding balls. The end game
with enlargedaiding ball is showvn on left, the other caseis shown on right.

bi+1 y bi+l:P|'(_—_1\ bi+1 yv/ bi+1?'k?‘f'1

We proceedfrom x toward y along the curve while computing the balls that satisfy conditions
C1, C2, and C3.a. Condition C3.b is taken care of by another routine called Separa te . As we
walk from x to y, ead step placesa new ball of radius that intersects deeply with the previous
ball while covering a new piece of the curve. When we reac y, we place a ball that intersects
deeply with both the endpoint ball and the previous onein the walk.

More speci cally, supposethat b = B(ci;r;) is already computed. Let (X;;y;) = seg (b). We
compute asmall ball j+; = B(y;; =3) that aids the computation of b.1, seeFigure 3. The aiding
ball helps compute the next ball sothat its certer is not contained in the segmen of the previous



ball. Among the two end points of segmem seg ( j+1 ), we usethe onewhich is further from x. Let
this end point be zj+; . The cernter of the next ball b1 is placedat z.1 .

We will eventually encourter one of two situations nearthe end: either zj,; extendspast (X;y)
or seg (b+1) contains y. These situations are showvn in the left and right images of Figure 3,
respectively. In the rst caseb may violate C3.aand in the secondcaseb 1 may not intersect by
deeply violating C2. In these caseswe conduct an end game If zj+; 2 seg (b¢), we throw away
Zi+1 andtakely+; as j+1 enlargedconcerrically to aradius % In the other casewhenseg (3+1)
contains y, we enlargeb+1 to a radius of %. Cover terminates after the end game. Lemma4 is
proved in the appendix.

Lemma 4 Let b be a ball adjacent to b° and B”%in a set of halls that satisfy C1, C2, and C3.a
Supmwsewerepla® bwith Cover (x;y; ) where (x;y) is the segmentbetwesn seg (b) and seg (b°%.
Then, for lessthan the radii of the halls b;b° and b°° C1, C2, and C3.a remain satis ed after
Cover (x;y; ) terminates.

Cover doesnot necessarilysatisfy C3.b. We usethe routine Separa te to enforceC3.b on a set
of balls B. This routine calls RefineBall  (b) which removesthe ball b and replacesit with smaller
balls.

Separa te (B)

1. while (9 balls b;k°2 B with r > r%violating C3.b)
B := (B nb)[ RefineBall (b)
endwhile.

2. return B.

Lemma 5 If Separate issuesa call to re ne aball b, its radius must be more than a xed positive
constant > 0.

Proof. First assumethat the two balls b = B(c;r) and b°= B(c%r9 consideredby Separa te
belong to the same 1-face . By assumptionr > r% Let x be any point where the boundary
spheresof b and b’ meet. If is the angle between the normals to b and b° at x, the squared
weighted distance betweenb and B°is given by d(c;c9? r2 r®= 2rr%os . For =2< 6
this weighted distance is more than r®whenr > r%2cos which is satised for > 2 =3. The
curve (c;c) can be assumedto lie within coneshaving apexesat ¢ and c® and arbitrarily small
aperture anglesif r and henced(c;c9 is su cien tly small. Sinceseg (b) and seg (b)) do not intersect
if r is small enough (Proof of Lemma 3), the curve (c;c% needsto avoid the common intersection
of band b°. Thesetwo constraints force the angle to becloseto asr approadeszero. In other
words, there is a xed positive constart ; sothat if r 6 1, the weighted distance betweenb and
t° becomeslarger than r°

Next, assumethat b and b° have certers on di erent 1-faces. We needto considerthe special
caseof vertex balls before we argue about this case. A vertex ball b can intersect a ball whose
certer lieson a dierent 1-faceonly if bs radius is morethan a xed positive constart. This is true
becausewe always re ne the larger of the two such intersecting balls and there is a positive distance
between a vertex and any 1-facesthat do not contain it. This obsenation with the argumert in
the previous paragraph imply that a vertex ball is re ned by Separate only if its sizeis more
than a xed positive constart. Sinceno vertex balls can be smaller than a xed positive constart,
two balls certered on two di erent 1-facesintersect only if the larger ball has a radius more than
a xed positive constart , > 0.



It follows that the lemma holds with = minf 1; 20.

RefineBall (b)
If bcovers 2 Dy, letr bethe minimum of the radii of balls adjacert to bon andb
itself.

1. If b= B(v;r) is a vertex ball, shrink bto bl°= B(v;r=2). For eadh coveredby b
let b be the adjacert ball to bon . Compute B := RefineBall (b ). Return
Separate ([ B ).

2. If bis not a vertex ball, let (x;y) be the segmen betweenseg (1) and seg (k)
where by and b, are adjacert to b. Remove b and return Cover (x;y; ) where

=r 4.

Lemma 6 (i) RefineBall terminates and (i) maintains C1, C2, C3.a, and C3.h.

Proof. (i) : Obsere that RefineBall makes recursive calls to itself and through Separa te .
Considerthe treesof ball re nements made by theserecursive calls. An internal node bin the trees
represetts a ball b that is re ned into smaller balls (children).

We obsene that ewvery internal node except the roots is re ned by Separa te . The only way
RefineBall  can call itself is when a ball b is to be re ned in step 1. But, then b becomesa
root. All other callsto RefineBall are generatedby Separa te .

By Lemmab, Separa te calls RefineBall onaball bonly if the sizeof bis larger than a xed
positive constart > 0. The children of a node b are created by Cover which, by construction,
createsonly nitely many balls with radius at most (1=4 7=6) = 7=24th the radius of b. The
height of any re nement tree is nite sinceany path from the root to a leaf hasinternal nodeswith
radius larger than > 0 and ead level decreaseghe radius by a factor 7=24 or less. Also, eath
node has nitely many children. Therefore, eath re nement tree is nite. Now we argue that the
number of roots and hencethe ertire set of re nement treesis nite implying that RefineBall
terminates.

Except for the rst ball b, RefineBall (b) createsa root for each b in step 1. If such a root
is created, the ball b must be a vertex ball. Later in recursion, a call to RefineBall  on a vertex
ball can only be given by Separa te . Therefore, ead root exceptb can be assaiated with a call to
RefineBall by Separa te on a vertex ball. Obsene the following: only a xed number of roots
are created per vertex ball; a vertex ball is shrunk by a factor of two betweentwo successie calls
to re ne it; Separa te calls for re ning a vertex ball only if its sizeis larger than a xed positive
constart (Lemma 5). Theseobsenations meanthat only nitely many roots are created.

(ii): Almost immediate: assumethat C1, C2, and C3.a hold before calling RefineBall . It
createsnew balls by calling Cover which satis es C1, C2, and C3.a(Lemma 4). If a ball doesnot
satisfy C3.b (may happen only after a vertex ball is re ned), it re nes it by calling Separa te . The
claim follows.

3 Meshing algorithm

The algorithm for meshingD rst protects the 1-faceswith Pr otect (D, ) where isauserde ned
parameter. It acts as an input scaleparameter which becomesan upper limit for the radii of the
protecting balls.



Protect (D, )

1. Protect eadt vertexv 2 Do with aball B, = B(v;ry) wherer, is 1=3rd the distance
of v to any other vertex in Dg. Let B be the set of vertex balls.

2. For eacn 2 D; do the following. Let u and v be the end points of where
seg (By) = ux andseg (By) = yv. Let = minfry;ryg. B := B[ Cover (X;y; ).

3. Find a ball b2 B with radius larger than . If found, compute B := fB nbg [
RefineBall (b) and repeat step 3.

4. return Separa te (B).
Lemma 7 Protect terminates with balls satisfying C1, C2, C3.a, and C3.h.

Proof. Obsene that at the end of step 2, Pr otect createsa set B of nitely many balls (most
likely quite large). Each call to RefineBall on a ball b createsonly nitely many balls as output
(Lemma 6). Since a ball is re ned only if its radius is more than > 0, and since ead re ne
shrinks the radii by at least a factor of 2, there are only nitely many balls createdin step 3.
Termination of step 4 follows from Lemma 5. Hence Pr otect terminates. At termination
it must satisfy C1, C2, C3.a, and C3.b sinceit re nes balls with Cover and calls Separa te to
enforceC3.b.

After the initial protection of D1, re nement of D, begins. In this phaseDelaunay re nement is
run with a disk condition which can be seenas a generalization of a similar condition usedin [3, 4].
SeeFigure 4 for more explanations. Let p be a point on a 2-face and let Umb (p) be the set of
triangles in Ski?Sj that are incident to p.

DiskCondition (p) : (D1) For eah 2 D, cortaining p, the underlying spaceof Umb (p) is a
2-disk, (D2) point p is in the interior of this 2-disk if and only if p 2 int , (D3) in Umb (p), pis
not connectedto any other point on Dy which is not adjacert to it, (D4) all vertices of Umb (p)
arein

Figure 4: Disk condition: (left) Trianglesincident to point p2 are assumedto be restricted to

; they do not form a disk sincethey form two disks pinched at p violating condition D1. (middle)
The point p2 hasatopological disk but someof its vertices (lightly shaded)belongto violating
condition D4. (right) Points p and g satisfy the disk condition. Point p, an interior point in , lies
in the interior of its disk in . The point g, a boundary point, hasthree disks for ead of the three
2-faces.

Once the restricted Delaunay triangles are collected, the above cheds are only combinatorial.
One may notice that D1 and D2 are dual to R1 and R2 of Lemma 2. We assumethat aswe insert
points, weighted or unweighted, Vor S and Del S get updated appropriately.
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DelPSC(D; )

1. Protection. Let B:= Protect (D; ). Let S bethe current weighted point set.

2. Mesh2ComplexLet (p; ) beany tuple wherep2 . Lett 2 SkI’Sj bethe triangle
that maximizessizgt; ) overallt and . Let x 2 V;j realize this maximum, say
di. Let d» be the maximum radius of all vertices realized by ball, say b.

(a) If condition D1 or D2 in DiskCondition (p) is violated
if di > dy insert x into S
elsecompute B ;= fB nbg[ RefineBall (b):
(b) Elseif D3 or D4 in DiskCondition (p) is violated
insert x into S
(c) Elseif sizet; ) > for sometuple (t; ) wheret 2 SkI?S;j
insert x 2 Vijp that realizessizgt; ) into S.

3. If S hasgrown in the last execution of step 2, repeat step 2.
4. Return ~; SkI' Sjp.

Notice that in step 2(a) we re ne either a ball or a triangle if either D1 or D2 is violated.
Howevwer, for D3 or D4 violations in step 2(b), we only re ne atriangle. This is important because
D3 and D4 are not covered by Lemma 2 and may be violated no matter how small the balls are.
We argue separately for D3 and D4 in the termination proof. In step 2(c) we re ne triangles to
reach the re nement level of the input scale.

We obsene that DelPSCnever inserts unweighted points inside any protecting ball. If the in-
serted point X in step 2(a) lies in a protecting ball b= B(q;r), its weighted distance to q would
be non-positive. Its weighted distance to its nearestVoronoi neighbor in S would even be smaller.
Sincethe largest ball hasa positive radius, x would not be inserted (we would call RefineBall  (b)
instead). If x isinsertedin step 2(b), the point p is connectedto a point g wherewhereeither q 62
or p and g are non-adjacert weighted points on a 1-face. In both casesp and g have a positive
weighted distance ensuredby C3.b. Therefore, a restricted triangle t incident to pq has sizef; )
positive. It follows that the point x which realizesthe maximum of siz€t; ) overallt and hasa
positive weighted distanceto its nearestVoronoi neighbor in S. Hencex cannot lie in a protecting
ball. Finally, since > 0, any point x inserted in step 2(c) has a positive distance to its Voronoi
neighbors, and thus outside of every protecting ball. Therefore, point x has a positive weighted
distance from p and hencecannot be inside a ball.

Guaran tees: The analysis of the algorithm establishestwo main facts: (i) the algorithm termi-
nates, and (ii) at termination the output meshhas guaranteesG1 and G2:

(G1) For eah 2 Dy, SkI’Sj is a 2-manifold with vertices only in . Further, bd (SkI®Sj ) is
homeomorphicto bd with verticesonly in bd

(G2) There existsa > Osothat if 6 , the output meshof DelPSED, ) is homeomorphicto
iDj. Further, this homeomorphismrespects strati cation with vertex restrictions, that is, for
06 i6 2 SkI'Sj is homeomorphicto 2 D; wherebdSkI'Sj = Skl Sj,q and vertices
of SkI'Sj lie in

Theorem 1 DelPSCterminates.

11



Proof. First, we arguethat if the algorithm re nes a ball, its radius is larger than a xed positive
constart. Assumethat d; and d, have beende ned asin the algorithm.

Consider a vertex p on a 2-face . The conclusionof Lemma 2 implies disk conditions D1 and
D2. Therefore, if it doesnot hold for p, at least one of the premisesof Lemma 2 doesnot hold. (H1)
S does not satisfy the 1-property for some 1 > 0. (H2) Protecting balls do not satisfy C1-C3.
But, when the disk condition is cheded, the protecting balls satisfy condition C1, C2, C3.a, and
C3.b due to Lemma 6(ii). Therefore, if H2 has failed, at least one ball has a radius more than
where » satis es Lemma 3. The argumen implies maxfd;;d,g> = minf 1; »0. Therefore,if a
ball is re ned its radius is more than

The entire ball re nement can be represertied with trees asin the proof of Lemma 7 where a
ball is re ned only if its radius is at leasta xed positive constart. The argumert for Lemma 7
still holds to claim that only nitely many balls are re ned altogether. Therefore, the algorithm
cannot re ne balls forever. This alsoimplies that the minimum sizeof the balls remainslarger than
a xed positive constart, sy > 0.

Now we arguethat ead point inserted by the algorithm maintains a lower bound on its distance
to all other points. Then, a standard padking argumert implies termination. In step 2(a), eah
inserted point X maintains a weighted distanceat least > 0 if it is inserted becauseof violation of
either D1 or D2. If D3 or D4 is violated in step 2(b), the weighted distanceof x from p is at least half
the weighted distance betweenp and a point g where either p and g are non-adjacert points in D1
or qlieson a dierent 2-face. Sinceprotecting balls have a minimum size > 0 and any two inter-
secting non-adjacert balls maintain a weighted distance larger than the of the radius of the smaller
ball, the weighted distance betweenp and g is larger than a xed positive constart. Hence,x hasa
distance more than a xed positive constart from all other points. The only remaining caseis step
2(c) wherea point isinserted only if its weighted distanceis at least > 0from all other points.

4 Pro of of guaran tees
Let M denote the output meshof DelPSC
Theorem 2 M hasguarantee G1.

Proof. At the end of Mesh2Complexhe disk condition ensuresthat Skl Sj is a simplicial complex
whereead vertex v belongsto and hasa 2-disk asits star. It follows from aresult in PL topology
that Skl>Sj is a 2-manifold when DelPSCterminates.

The boundary of SkI°Sj hasall weighted verticesin bd . Each suc point p is connectedto
its adjacert verticesin bd by the disk condition. Therefore, the boundary of SkI?Sj consistsof
edgeghat connectadjacert verticesin bd and hencethis boundary is homeomorphicto bd .

To prove G2 we usea result of Edelsbrunnerand Shah[17] about the extendedtopological ball
property (TBP). It can be shown that the following two properties P1 and P2 imply the extended
TBP [8]. Therefore,accordingto the Edelsbrunner-Shah[17]result, the underlying spaceof Del Sjp
is homeomorphicto the jDj if P1 and P2 hold. Let F be a k-face of Vor S where S is the output
vertex set.

(P1) If F intersectsanelemert 2 D; D, the intersectionis aclosed(k+ j 3)-ball.

(P2) There is a unique lowest dimensionalelemen g 2 D sothat F intersects ¢ and
only elemens that are incident to .

12



Lemma 2 almost provides condition P1 except for the casethat V, may intersect a patch
where p 62 (Figure 7 (middle, right)). Lemma 8 establishesthat this is not possible. Lemma 9
givesP2. Proofs of both of them appear in the appendix.

Lemma 8 There existsa constant > 0 so that following holds. Iset S be the point set output by
DelPSGD; ) for some 6 .. Then for eachpoint p2 S, Vpjp = 3p P

Lemma 9 Let S be the point setasde ned in Lemma8. Let F be a k-face in VorS. There is an
element ¢ 2 D sothat F intersects ¢ and only elementsin D that have ¢ on their boundary.

Theorem 3 M satis es G2.

Proof. For asuciently small > 0, DelPSCsatis es the conditions of Lemma 8 and Lemma 9.
This meansthat properties P1 and P2 are satis ed when is sucien tly small. Also when P1
and P2 are satised SkI' Sjp = DelSjp. It follows that the Edelsbrunner-Shahconditions are
satis ed for the output M of DelPSC Thus, M hasan underlying spacehomeomorphicto jDj. The
homeomorphismconstructed by Edelsbrunnerand Shahactually respectsthe strati cation, that is,
for each 2 Dj, SkI'Sj is homeomorphicto . Also, SkI*Sj consistsof only edgesthat connect
adjacert verticeson . Furthermore, property G1 holds for any output of DelPSC This means,
bd (SkI’Sj ) = SkI'Sj,q . Becauseof the vertex balls, we also have bd (SkI*Sj ) = Ski°Sjpg
trivially . Therefore, for 06 i 6 2, bd(Skl'Sj ) = Skl' 1Sj,q and Skl'Sj has vertices only in
:

5 Exp erimen tal results

The input to our software is a polygonal model which we assumeapproximates a PSC. A user
speci ed threshold for dihedral anglesis usedto selectedgesof the input assharp features(elemerts
of D1) which we protect. Non-manifold and boundary edgesare also included as elemerns of D ;.
In Figure 5 we shav how our protection algorithm works on four di erent setsof curves.

Figure 5: Protection: (left) A 2d example of curve protection. (middle) 2 di erent 3d examplesof
curve complexeswhere we have run Pr otect . (right) The nal setof protecting balls returned by
Mesh2Complexon the Wedge model.

In Table 1 we shav both the time to protect curvesaswell asthe time to generatethe surface
mesh for twelve di erent datasets. All experiments were run on a PC with a 2.8GHz CPU and
2GB RAM. We setthe parameter to 5% of the minimum dimension of the bounding box for eadh
model. Those datasetswhich took no time for protection had no sharp featuresin their input; the
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Table 1: Protection and Meshing times for our datasets.

Dataset | Protection Time | Meshing Time | # of vertices
9 Holes 0.0s 105.6s 8725
Arm 52.6s 339.7s 20692
Cog 14s 56.2s 7697
Guide 26s 229s 4414
Horn 0.0s 21.5s 3192
Lock 10.6s 26.6s 5314
Octo 0.0s 7.3s 1410
Par t 0.2s 23.2s 4261
Pla te 17.9s 83.9s 9773
Pump 19.1s 319.6s 20301
Swirl 0.0s 61.1s 6880
Wedge 0.2s 13.2s 3080

PSC they approximate was assumedto be a single smooth patch. The majority of the datasets
were meshedin under one minute, only those with complicated topologiestook longer.

In Figure 6 we show output meshedor various input shapes. Thesemeshesnclude four smooth
shapes (9 Holes , Horn , Octo , and Swirl ), two non-manifolds (Horn and Wedge ), and eight
piecewise-smoth shapes(Part , Guide , Wedge , Cog, Arm, Lock , Pump, and Pla te ). DelPSC
has beenusedto meshdozensof other models; further experimentation was preserned in a recert
multimedia presenation [16].

6 Conclusions

We have preseried a new practical algorithm to mesha wide variety of geometricdomainswith the
Delaunay re nement technique. Unlik e previousapproades,this algorithm computesthe protecting
balls on the y and thus getsrid of expensive computations to x them a priori. The only domain
dependert numerical computations are: (i) computing intersection points of the input curveswith
spheres(to determine the end points of seg (b)) and (ii) computing intersection of Voronoi edges
with surface patches (to determine restricted triangles and their sizes; these computations are
always necessaryfor the restricted Delaunay mesh [3, 8]). These computations are much easier
than normal variation and gap size computations as proposedin [8].

The output meshmaintains a manifold property and with increasinglevel of re nement captures
the topology of the input. In practice, most of the time this level is achieved fast with only the
disk condition. An interesting aspect of the algorithm is that the input "non-smamth features'
are presened in the output. Howewer, one requiremert is that an explicit represeration of these
features must be available sothat we can samplethem as a bootstrap step. For polygonal inputs,
it is relatively easyto partition the spaceinto a PSC using the thresholding approad described for
the experiments, but for implicitly represened PSCsthis may be more challenging.

Our experimental results, implemented in CGAL [18], further validate our claims of practical-
ity and implementability. Some additional implementation details were reported a recert video
presenration [16]. We note that this implementation of the algorithm usesa variation on the disk
condition. Condition D3 has been changed to only require that ead point p sampled from a
curve 2 D3 is not connectedto any non-adjacert points on (as opposedto requiring global
disconnectionfrom all non-adjacent samplesin D).
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Figure 6: DelPSCoutput meshes.Left to right, top to bottom: Part, Guide , Wedge , 9 Holes ,
Cog, Horn , Arm, Octo , Lock , Swirl , Pump, and Pla te , models.

In applications, sometimesit is desired that the mesh elemens have good aspect ratios and
their size adapts to the input feature size. Our algorithm can be easily extended to guarantee
bounded aspect ratio for most triangles except for the onesnear non-smaoth regions. Howeer, it
cannot produce mesheswith true adaptive sizing. Insertions to satisfy the disk condition can cause
somevaried sizing in the output meshescreating a non-uniform appearance. Many of our output
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meshesexhibit this property; it is causedby (which corntrols only the maximum triangle size)
having a value larger than the triangle sizeneededto ful Il the disk condition. We note that since
adaptive meshingultimately requiresan estimate of the input feature size,it may not be possible
to produce such mesheswithout expensive computations. We also note that it should be possible
to extend our algorithm to volumesusing an approad similar to [19].
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A Pro ofs of lemmas in Section 2

For proving Lemma 2 we need some standard results from sampling theory [20, 21]. Recall that
we have assumedead 2-facein the domain to be a compact subsetof a smooth (C?) 2-manifold
without boundary. This helpsusto carry forward a result on normal variation from smooth surfaces
straightforwardly to the surfacepatcheswith boundaries. If surfaceelemeris are not assumedto be
a subsetof smooth surfaceswithout boundary, normal variation proof becomesmore complicated
with a worseerror bound.

Let beany 2-facewhich by assumptionis a subsetof a smooth 2-manifold  without boundary.
The surfacenormal ny to  at x is the surfacenormal of at x. Let M denote the medial axis
of , that is, M is the closure of all points in R3 which have two or more closestpoints in
Borrowing from [20], we de ne the local feature sizelfsy = d(x; M ). In the analysis, we usea global
lower bound on the Ifs function. We de ne:

= )l(gf Ifsy:

Recall tha& d(x; y) denotesthe weighted distance between two weighted points x and y, that
is, dx;y) = d(x;y)2 12 ! g where!  and !y are the weights of x and y respectively. For

a triangle t, considerthe disk whoseweighted distance to all of t's vertices (possibly weighted) is
zero. The radius of this disk is called the orthoradius of t.

Lemma 10 Let" 2 (0;1=3) be some constant.
(i) For any two points x andy in  suchthat d(x;y) 6 " ,

(a) the angle between the surface normals ny at x and ny at y is at most 2";
(b) the angle between xy and the surface normal at x is at least arccog"=2).

(i) Let par be a triangle with vertices on  which are possibly weightal with a weight ! for

!p< 1. Furthermore, let the orthoradius of pagr be no more than " . Then, \ a(Npgr;Np) 6
5 "24+12

Proof. (i.a) Follows from the normal variation result in [22].

(i.b) Follows from the Edge Normal Lemma in [21].
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(i) Let R and R be the circumradius and orthoradius of par respectively. For a su cien tly small
I', the circumcenter x lies inside the orthocircle of par. Then, minimum weighted distance of x to
any of three vertices of pqr, is a lower bound on R, that is,

RZ 122 g R?
R26 --22+!22
6 ("P+1% %

Vthhout loss of generality, assumethat p subtendsthe largest anglein pgr. Plugging Rpg =
R6 "2+ 12 andusing Ifs(p) > in the Triangle Normal Lemma (Lemma 3.5in [21]), we get
that

P——— 2 P
\ a(Np;Npgr) 6 arcsin "2+ ! 2+ arcsin p—§ 2arcsin "2+ 12
6 5 "Zr1z

Consider a weighted vertex p 2 S on a 2-face . For any facet F of V,, we useHf to denote
the planeof F. Let 6 3—12 . Let B = B(p;2 ). By the Feature Ball Lemmain [21]B\ isa
2-disk.

Lemma 11 For any facet F of V,, if Hg intersects B\ , then\ (np;Hg) 6 arcsin(1=16) and
bothHE\ B\ andF\ B\ contain no closel curve.

Proof. Lat pq be the dual Delaunay edgeof F where Hg int%rsects pg at x. We have c’l\(p;x) =

Aax)6 42 w3 from which we can derive that d(g;x) 6 4 2 wi+ w36 5 . It follows

p
that o_
d(p;g) 6 d(p;x) + d(g;x) 6 (2+ 5) 6 5:

which is lessthan % . By Lemma 10(ib), \ (np;Hg) = =2\ (np;pg) 6 arcsin(1=16). There
is no closedcurve in HE \ B\ becausesud a closed curve would bound a 2-disk in B\
which would contain a point x such that \ (ny;Hg) = =2. This is a contradiction because
\ (nx;HE) 6 \ (nx;np)+\ (np;HE) 6 1=8+arcsin(1=16) < =2by Lemma10(i.a). SinceHg\ B\

contains no closedcurve, neither doesF \ B\ . This provesthe claim.

Lemma 12 For any facet F of V,, if d(p;F) 6 and conditions C1-C3 hold, then F\ B\ s
either empty or a single open curve.

Proof. Weassumethat Hg intersectsB\ sinceotherwiseF\ B\ is empty and there is nothing
to prove. First, we show that if Hg is within a distanceof from p, He \ B\ is a single open
curve. Considerthe disk He \ B. Let d be the projection of n, onto Hr. Let L Hg bethe line
through the certer of Hg \ B orthogonalto &. Let x beany point in HE\ B\ . The anglebetween
px and the tangernt plane at p is at most arcsin(1=32) by Lemma 10(i.b). We already proved that
\ (np;HE) 6 arcsin(1=16). We are interested in an upper bound on the distance d(x; L). Let x

17



be the orthogonal projection of x onto L. Consider the triangle pxx . Obserwe that \ xpx is the
angle betweenpx and the tangert plane at p and \ px x is at least =2 \ (np;Hg). We obtain

sinarcsin(1=-32)

dx; x ) & d(pix) cosarcsin(1=16)

6 (0:035)(2 ) 6 0:07:

Let L He be the strip of points at distance 0:07 or lessfrom L. Sincethe radius of B is 2
and He is at most distance from p, the radius of H \ B is at least 3 . It follows that the
boundary of HE \ B intersectsL in two disjoint circular arcs, say A and A°.

We already proved that there is no closedcurvein HE\ B\ (Lemma 11). Now we show that
He\ B\ cannot contain two open curves. First, we eliminate the casewhereHg\ B\ aretwo
open curves ead of which has an end point on bd . For this to happen, F hasto intersect bd
in more than one point which is impossibleby Lemma 1 if the protecting balls satisfy condition
C1-C3. Therefore, we can assumethat if HE \ B\  hastwo open curves, at least one, say C,
has both end points on the circular arcs A and/or A% Consider the casewhere C has end points
both in A and A% The other curve, say C% in He \ B\  must have an end point in at least
one of A and A% It follows that either A or A® should have an end point of both C and C°
Without loss of generality, assumethat A has end points of both C and C%and let s and t be
these end points. We obsene that the line segmem st cannot make an angle with L lessthan
the least angle made betweenL and a tangent to A. This least angle is made by the tangen to

at any of its end points. Sincethe width of L ig 0:07 and the radius of HE \ B is at least

3 , this least anlgle is more than arcsin(0:035= 3). Therefore, st makesan angle of at least
»  arcsin(0:.035= 3) with L, or equivalertly of at most arcsin(0:035= 3) < 0:03 with @ Since
\ d;ns 6 \ d;np+ \ np;ns 6 arcsin(1=16)+ (1=8) 6 0:2, st makesan angle of at most 0:23 radians
with ns. The line of st intersects at two points, namely at s and t, where\ st;ng 6 0:23. Here we
can usethe Long Distance Lemma in [21]to obtain d(s;t) > 2 c0s0:23> 62 which cortradicts
d(s;t)6 2 0:.07 = 0:14 .

Next, considerthe casewhere C has both endpoints on a single arc, say A. Taking these end
points ass and t we can argue asin the previous paragraph to reac a cortradiction.

Third, we claim that for any facetF of V, if F intersectsB\ , F\ B\ isasingleopencurve
with endpoints in bdF or in bd . We already proved that there is no closedcurvein F\ B\
Since F does not have any tangertial contact with , F\ B\ s a set of open curves and the
endpoints of any open curve in F\  thuslie in bdF or in bd . Assumeto the cortrary that
F\ B\ contains two open curves,say and C By our assumption, Hg is within a distance of

from p. We have shonvn beforethat HE \ B\  is a single open curve. Follow HE \ B\  from

to % When we leave , we must leave F at a Voronoi edgee bdF. Afterwards, we stay in
the plane Hg and we must crossthe support line of e again in order to reach ° Therefore, some
tangent to H\ B\ is parallel to e. However, the anglebetweenthe ﬁurfacenormal at somepoint
onHg\ B\ andn,would then beat least =2 \ np;e> =2 5 2(= )? by Lemma 10(ii)
since”;! 6 = . This contradicts Lemma 10(i.a) proving the claim.

Recall that [, denote the componerts of Vpj that intersect a Voronoi edgeof V,. We show
that , intersectV, and its facesin topological balls if S hasthe -sizeproperty for a su cien tly
small . We needthe following result which says that when is su cien tly small, eadh Voronoi
cell V, cortains at least one Voronoi edgeintersecting if p2 2 Do.

Lemma 13 There existsa > 0 sothat if S satis es the -size property, then | is non-empty
for any p 2
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Proof. Supposethat | is empty, that is, no Voronoi edgeof V, intersects . By our assumption
bd isnon-empty andlet q2 beaweighted point in bd . Becauseof Lemma 1 an edgeof Vq has
to intersect . Considerwalking on a path in  from pto g. Let p= po;p1;::; Pk = g be sequence
of vertices whose Voronoi cells are encourtered along this walk. Since no edgeof V, intersects
and someedgeof V intersects , there exists two consecutive vertices p; and pj+1 in this sequence
sothat no edgeof V, intersects whereassomeedgeof V,,, doesintersect . By Lemma 2 we
canclaim that ., is adisk. A boundary cycleof p overlapswith the boundary of ., . This
is impossibleas the curveson the boundary of ,,, intersect Voronoi edgeswhereasthose on the
boundary of , do not.

Now we are ready to prove the main claim of Lemma 2. Figure 7 explains more about its
implications.

Lemma 14 Thereisa > Osothatif H1 and H2 of Lemma2 are satis ed, then  is a topological
disk. Furthermore, eachVoronoi edgeand facet that intersects |, doessoin a single point and single
open curve respectively.

Proof. Consider an edgeof V, that intersectsB \ . By Lemma 10(ii), \ np;e 6 5IO 2(= )2
Then, by Lemma 10(i.a), B\  is monotonic in the direction of e when is sucien tly small.
Therefore, e intersectsB \  and hence , at most once. Each facet of V, that intersectsB \
intersectsit in a single open curve by Lemma 12. This completesthe proof of the secondpart of
the lemma.

We show that the argumert of Lemma 4.12 in [4] can be used here to establishthat , is a
topological disk. Following the notation in the proof of this lemma, let us call a cyclein | that
intersects a Voronoi edgea type 1 cycle. Let X denote the set of type 1 cycles. Each Voronoi
facet containing a point in X hasa Voronoi edgeintersecting . By H1, this intersection point is
within  distance of p. Therefore, B intersectsall Voronoi facetsthat cortain a point in X. These
Voronoi facetsintersect B\ in a single open curve which isin B. Also, if V, intersectsbd , the
ertire curve segmem V,\ bd is contained in the protecting ball of p. This meansead point of
X is within  distance of p. Sinceead cyclein X is a piecewisesmooth closedcurve where eath
pieceis either an open curve cortained in a Voronoi facet or a segmem of V,\ bd , it is contained
completely in B. Therefore, ea boundary of , which intersectsa Voronoi edgeliesin B.

Considerthe arrangemen of closedcurvesin X on B\  which is a topological disk according
to the Feature Ball Lemma [21]. Let C 2 X be a closedcurve which doesnot cortain any other
curve of X inside. At least one such curve exists since X is not empty by Lemma 13. The closed
curve C must bound a disk, say D in . At this point we caninvoke the proof of Lemma4.12in [4]
to provethat D = |, establishingour rst claim.

Proof. [Proof of Lemma2.]

Proof of RL: Follows from Lemma 14.

Proof of R2 Since conditions C1-C3 hold, Lemma 1 can be applied. The conclusionof this lemma
implies R2.

Proof. [Proof of Lemmad4.] Cover aects only the sequenceof balls by; by; :::; b asreferredin its
description. By construction the new balls cover ertire curve segmen (X;y) and vertex balls are
not changed. So,C1 and the rst part of C2 are satis ed. To prove the secondpart considera ball
b = B(c;r;). We have following cases:

Casel (i = 0): We needto examine the e ect of the new ball b; onto ky. First notice that
seg (bp) cannot cortain c; by construction. Therefore, C3.a holds trivially . If by is not created
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Figure 7: (left) A 2-face hasintersectedV, where | is not topological disk, this is not possible
by R1. (middle) , is adisk but another face wherep 62 intersectssomeedgeof V,. It doesnot
violate R1 but violates Lemma 8. (right) Within B, intersectsV, in atopological disk. There is
adierent componert which doesnot intersect any Voronoi edgeand hencedoesnot contribute

any dual restricted triangle incident to p. R1 doesnot prevert it though Lemma 8 does.

with the end game,the radius of by is and d(cp;c1) < ro+ =3<ro+ ri;=3wherer; = < rghy
construction. This satis es C2. If by is created with the end game, then two casesoccur. If by is
the enlargedaiding ball 1, its radius is 2 =3. Then, d(cp;c1) = ro < ro+ r1=3. This satis es C2.
In the casewhere by is not the enlargedaiding ball, its radius is % . We can similarly argue that
d(co;c1) < ro+ =3=ro+ 2ry. So,ly satis es C2.

Case2 (i = k): In this casethe center ¢y 1 of by 1 cannot lie in seg (b¢) by construction. So,
C3.a holds trivially . The ball b ; is necessarilycreated with the end game. If b ; is enlarged

k 1, d(ck 1;6) < rk+ =3= rg+rg =2 satisfying C2. In the casewhereby ; is not the enlarged
aiding ball, its radius is % . Then, d(cc;cx 1) < rg+ =rg+ %rk 1 satisfying C2.

Case3 (i6 Oandi 6 k): If b is adjacert to by and by, it satis es C2 by argumerts in previous
two cases. Also, by is not large enoughto contain cy or ¢x. Hence C3.a also holds. Now consider
the casewhere by is adjacert to another ball b whereb 6 by and b 6 b. If neither i nor b is
created by end game, we have d(c;c) 6 r; + =3 = r; + r;=3 satisfying C2. Also, in this case

d (c;c) > 4 = 4ri which satises C3.a. We are left with the casewhen either of b and by is
createdwith the end game. With similar argumerts, one can chedk that C2 and C3.a hold in these
casestoo.

B Pro ofs of lemmas in Section 4

Proof. [Proof of Lemma8.] Recall that |, denotesthe set of cm@ectedcomponerts in Vpj inter-
secti@g a Voronoi edge. We are required to prove that Vpjp = S3p b Assumeto the cortrary
that ~ , Vpjp. Let C beany connectedcomponert in Vpjp n~ p. andC  ®where °6
Voronoi cells partition  ° A path on °from bdC to a sample point q 2 ° passesthrough the
connectedcomponerts of this partition. We must encourter two adjacert componerts along this
path, say C%and C% where C°= ?for s 62 ®and C%= 0 for somer 2 C This holds because
the rst and last componerts satisfy this property. Then, by PSC Lemma (Lemma 2), C%%= Cisa
topological disk intersecting Voronoi edgesof V;. Since C%and C%are adjacert, there is a Voronoi
edgee incident to both V, and Vs which is intersectedby °. This meansUmb, hasa triangle with
a vertex s which is not in ¢ a condition forbidden by DiskCondition . Sincewe are considering
the point set output by DelPSC the DiskCondition must have beensatis ed.
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Proof. [Proof of Lemma9.] Casel: F is a Voronoi cell V. Let ¢ 2 D be the lowest dimensional
elemen cortaining p. We claim all elemerts in D intersecting F have ¢ in their boundariesand
thus ¢ is unique. If not, let there be another °2 D where ¢ 6 bd ° Notice that p62 ¢\ ©
sinceotherwise g\ Cis either an elemen of D whosedimensionis lowerthan ¢ or g\ %= ¢
both of which areimpossible. It followsthat p 62 ° But we already arguedabove that Vp intersects
only elemeris in D that contain p.

Case2: F is a Voronoi facet Vpq. Let ¢ be a lowest dimensional elemernt that F intersects.
Assumethere is another intersecting F where ¢ 6 bd ° We goover di erent dimensionsof °
ead time reacing a contradiction.

Assume °2 Dgo; CintersectsF and doesnot cortain ¢ on its boundary. Two casescan
arise. Either (i) ¢ and Care disjoint within Vp or Vg, or (i) ¢ and O have a common boundary
in Vp and V. Case(i) cannot happen due to the claim in Casel. For (ii) to happen both p and
q have to be on the common boundariesof ¢ and © This meansthat p and q have to be on
someelemert in Dg ;. Obsene that p and g are non-adjacert since otherwise Vpq hasto intersect
the common boundary of ¢ and °whosedimensionis lower than that of . But this would
contradict the disk condition that no two non-adjacen verticesin D ; are connectedby a restricted
edge.

The above argumert implies that all elemens intersecting F have g asa subset.

Case3: F is a Voronoi edge. Certainly F cannot intersect a 2-face ¢ more than oncedue to
Lemma 2 (R1). The other possibility is that F = \, t 2 SkI’ Sj ., and F intersects °6 (. But
then a Voronoi cell adjacert to F would intersect two 2-faces ¢ and Candt is in both SkI? Sj ¢
and SkI° Sj o violating the disk condition.
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