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Abstract

Recerily a Delaunay re nement algorithm has beenproposedthat can meshdomains as general
as piecewisesmooth complexes. These domains include polyhedra, smooth and piecewisesmooth
surfaces,volumesenclosedby them, and above all non-manifold spaces.The algorithm is guaranteed
to capture the input topology at the expenseof four tests, someof which are computationally intensive
and hard to implement. The goal of this paper is to presen the theory that justies a re nement
algorithm with a single disk test in place of four tests of the previous algorithm.

The algorithm is supplied with a resolution parameter that cortrols the level of re nement. We
prove that, when the resolution is ne enough(this level is reached very fast in practice), the output
mesh becomeshomeomorphicto the input while preservingall input features. Moreover, regardless
of the re nement level, eacdh k-manifold elemern in the input complexis meshedwith a triangulated
k-manifold. Boundary incidencesamong elemeris maintain the input structure. Implementation
results reported in a companion paper corroborate our claims.
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1 Intro duction

Delaunay meshing of geometric domains is sougl in a number of applications in science and
engineering. Since its introduction by Chew [11], the Delaunay re nement techniqgue has been
growing in its application to meshing geometric domains. Starting with polygonal and polyhedral
complexes[13, 17, 18, 21, 22] where quality of elemers were of prime concern, the technique has
beenextendedto smooth domains where topology presenation is a major issue[4, 5, 10, 12, 19]. Non-
smooth curved domains,the next in the order of di cult y, posesomefundamental obstaclesto Delaunay
re nement on which researt results have started to appear.

There are two main challengesfaced in extending Delaunay re nement to non-smaoth domains.
First, the sampling theory deweloped for smooth surfaces[1] is not applicable to non-smaoth surfaces.
Secondly as in the polyhedral case[9, 7, 20, 23], small input anglespossibly presert at non-smaoth
regionsposeproblemsfor the termination of Delaunay re nement. Boissonnatand Oudot [3] successfully
extendedtheir algorithm for smooth surfacesto non-smaoth onesbut failed to admit small input angles.
Cheng, Dey, and Ramos [8] removed this constraint on input anglesenabling their algorithm to work
on a large class of domains called piecewisesmaooth complex (PSC). This class includes polyhedral
domains, smooth and piecewisesmooth surfaces,volumes enclosedby them, and even non-manifolds.
This algorithm protects non-smaooth curvesand verticesin the input complexwith balls that are turned
into weighted points during re nement stage. Staying away from non-smaoth regions,the algorithm can
aord to admit arbitrary small input angles. Notwithstanding its theoretical successpractical validity
of the algorithm remains questionablesinceit employs costly computations during iterativ e re nement.
The goal of this paper is to dewelop the theory further so that a simpler re nement strategy can be
devisedmaking it viable in practice.

The re nement procedureof Chenget al. [8] performsfour teststo guararntee topology presenation,
namely (i) a Voronoi edgedoes not intersect the domain more than once, (i) normals on the curves
and surfacepatchesdo not vary beyond a threshold within Voronoi cells, (iii) no Delaunay edgein the
restricted triangulation (de ned later) connectvertices acrossdi erent patches, and (iv) the restricted
Delaunay triangles incident to points in a patch make a topological disk. After collecting restricted
triangles, that is, triangles dual to the Voronoi edgesintersecting the input domain, tests (i) and (iv)
are only combinatorial. Howewer, test (i) is quite expensive and is a major obstacle in making the
algorithm practical. Also, test (iii) requiresrecognizingintersectionsof Voronoi facetswith the domain
which is computationally harder than recognizingVoronoi edge-domainintersections.

We replacefour tests with a single test that cheds a topological disk condition similar to (iv). As
long as the restricted triangles incident to ead point do not form a topological disk, the re nement
routine samplesa new point from the domain. We arguethat this procedureterminates. We prove the
following guarantees. The algorithm is supplied with an input resolution parameter that determines
how re ned the output meshshould be. We prove that, regardlessof the re nement level, a k-manifold
in the input is meshedwith a simplicial k-manifold. Boundary incidencesamong di erent manifold
elemerts in the input complexare maintained in the output. Furthermore, if the re nement is su cien tly
dense,homeomorphismbetweeninput and output is reached. More importantly, this re nement level
is achieved very fast in practice giving us a provable practical algorithm for Delaunay meshingfor a
vast array of domains. We report the practical results in detail in a companion paper [6] (a sampleis
in Figure 1).

2 Preliminaries

2.1 Domain Throughout this paper, we assumea generic intersection property that a k-manifold
R3,06 k6 3,andaj-manifold © R3 06 j 6 3,intersect(if at all) in a(k+j 3)-manifold



Figure 1: Meshed PSCs, Met aball (Smooth), Part (Manifold PSC), and Wedge (Non-manifold,
PSC with small angles). Top row: surface mesh, bottom row: volume mesh.

if 6 %and %6 . Wewill useboth geometric and topological versionsof closedballs. A geometric
closedball certered at point x 2 R3 with radius r > 0, is denotedas B (x; r). We useint X and bd X to
denote the interior and boundary of a topological spaceX, respectively.

The domain D is a piecewisesmooth complex (PSC) where ead elemert is a compact subsetof a
smooth (C?) k-manifold, 06 k 6 3. Each elemern is closedand hencecortains its boundaries(p ossibly
empty). We useDy to denote the subsetof all k-dimensional elemerts, the kth stratum. Dg is a set of
vertices, D1 is a set of curvescalled 1-faces; D is a set of surface patches called 2-faces; D 3 is a set of
volumescalled 3-faces For 16 k6 2, weuseDg  to denoteDg[ :::[ Dk.

The domain D satis es the usual proper requiremerts for being a complex: (i) interiors of the
elemerts are pairwise disjoint and for any 2 D, bd D; (i) forany ; 92 D, either \ 9= or

\  Qis aunion of cellsin D. We usejDj to denote the underlying spaceof D. For 06 k 6 3, we also
usejDyj to denote the underlying spaceof D.

For any point x on a 2-face , weusen (x) to denote a unit outward normal to the surfaceof at
X. For any point x on a 1-face , n (x) denotesa unit oriented tangert to the curve of at x. (We
assumea consistert orientation of the tangens.)

2.2 Complexes We will be dealing with weighted points and their Delaunay and Voronoi diagram.
A weighted point p is represertied as a ball p = B(p;wp). The squaredweighted distance of any point
x 2 R® from pis givenby kx  pk? w3. Under this distance metric, one can de ne weighted versions
of Delaunay and Voronoi diagram. For a weighted point setS RS2, let VorS and Del S denote the
weighted Voronoi and Delaunay diagrams of S respectively. Each diagram is a cell complex where eat
k-face is a k-polytope in VorS and is a k-simplex in DelS. Each k-simplex in DelS is dual to a
(8 k)-faceV in VorS and vice versa.

Let S be a point set sampledfrom jDj. For any sub-collectionX D we de ne DelSjyx to be the
Delaunay subcomplexrestricted to X, i.e., eat simplex 2 Del Sjx, called a restricted simplex, is the
dual of a Voronoi faceV whereV jx = V \ jXj 6 ;. By this de nition, for any 2 D, DelSj denote



the Delaunay subcomplexrestricted to and

[ [
DelSjp, = DelSj ; DelSjp =  DelSj :
2D 2D

An i-face 2 D; should be meshedwith i-simplices. Howewer, Del Sj may have lower dimensional
simplices not incident to any restricted i-simplex. Therefore, we compute special sub-complexesof
restricted complexes.For 2 Dj, let SklI'Sj denotethe following i-dimensional subcomplexof Del Sj :

Skl Sj = closureftjt 2 DelSj is an i-simplexg:
We extend the de nition to strata:

SKi Sjp, = = SKki'Sj :
2Dj

2.3 Renemen t Our strategy is to run Delaunay re nement with only the disk condition formulated
asfollows. SeeFigure 2 for more explanations.

Let p be a point on a 2-face . Let Umbp (p) and Umb (p) be the set of triangles in SkI? Sjp, and
SkI’Sj respectively which are incident to p. The following disk condition is usedfor re nement. Once
the restricted Delaunay triangles are collected, this ched is only combinatorial.

S
Disk _Condition (p) : (i) Umbp(p) = 3pUmb (p), (i) for eath 2 D5, containing p, underlying
spaceof Umb (p) is a 2-disk which has all verticesin . Point p is in the interior of this 2-disk if and
onlyif p2int . Also, if pisin bd , it is not connectedto any other point on D 1 which is not adjacen
to it.

Figure 2: Disk condition: (left):point p2 hasadiskin andanotherdiskin 6 violating condition
() (middle): point p 2 has a topological disk but someof its vertices (lightly shaded) belong to

violating condition (ii), (right): Points p and q satisfy disk condition. Point p, an interior point in , lies
in the interior of its disk in . Point g, a boundary point, hasthree disks for eat of the three 2-faces.

3 Protection

The neighborhoods of the curves and verticesin Dg 1 are regions of potential problems for Delaunay
re nements. First, if the elemens incident to thesecurvesand vertices make small anglesat the points
of incidence,usual Delaunay re nement may not terminate. Second,thesecurvesand vertices represert
“features'in the input which should be presened in the output for many applications. Usual Delaunay
re nement may destroy these features [3, 14]. To overcome these problems Cheng et al. [8] protect
elemerts in Dg1 with balls. We will not repeat the algorithm for computing these protecting balls here
but mertion only someof the key properties these balls satisfy.



Pr otection properties: Let ! 6 0:076 be a positive constart and B, denote the protecting ball of
a point p.

1. Any two adjacert balls on a 1-faceoverlap signi cantly without containing ead other's certers.
2. No three balls have a common intersection.

3. Let p2 Dbethe center of a protecting ball. Further, let B = B(p;R) be a ball with radius R and
certer p whereR 6 cradius(Bp) for somec6 8.

(@) For = orany 2-faceincident to ,\ n (p);n (z) 6 2! forany z2 B\
(b) B intersects in a single open curve and any 2-faceincident to in a topological disk.

In practice, balls satisfying 1 and 2 can be computed easily If they are chosensmall enough 3 is
satis ed aswell. After computing the protecting balls, ead of them is turned into a weighted vertex.
That is, for ead protecting ball By, we obtain the weighted point (p;wp), where wp, = radius(Bp).
For technical reasonsthat will be clear later we needto ensurethat ead 2-faceis intersectedby some
Voronoi edgein the Voronoi diagram Vor S of the current point set. The weighted vertices ensureit
for 2-facesthat have boundaries. For 2-faceswithout boundary, initially we place three weighted points
satisfying the protection properties.

After protection the meshingalgorithm inserts points for further Delaunay re nement. Thesepoints
are not weighted. Also, the re nement step never attempts to insert a point in the interior of any of
the protecting balls. This is becauseno Voronoi point (equidistant from three or more points) can
lie inside any protecting ball since no three of them have a common intersection. In essence,our
algorithm maintains a point set S with the following two properties : (i) S corntains all weighted
points placed during protection phase,and (ii) other points in S are unweighted and they lie outside
the protecting balls. We call such a point set admissible The following Lemma proved in [8] is an
important consequencef the protection properties.

Lemma 3.1. Let S be an admissiblepoint set. Let p and g be adjacent weightal vertices on a 1-face
Let ,q denotethe curve sggment between p and d. Vpq is the only Voronoi facet in Vor S that intersects
pg: and Vg intersects g exactly once.

4 Algorithm

During re nement the sizeof the restricted triangles determinesthe location of the point to be inserted.
For any triangle t 2 SkI?Sj , de ne sizgt; ) to bethe maximum weighted distance betweenthe vertices
of t and points in V;j . Notice that if all vertices of t are unweighted, the maximum weighted distance
is just the maximum Euclidean distance.

When we meshvolumes,we usethe standard technique of inserting circumcerters of tetrahedra that
have radius-edgeratio (denoted ()) greaterthan athreshold, o> 1. If the insertion of the circumcerter
threatens to delete any triangle in Skl Sip,, the circumcerter is not inserted. In this casewe sa that
the triangle is encroachal by the circumcerter. Essertially, this strategy allows re ning most of the
tetrahedra exceptthe onesnear boundary. The following pseudo-cale summarizesour algorithm.

DelPSC(D; ; o)

1. Pr otection. Protect elemens in Dg ; with weighted points. Insert three weighted points in
ead elemen of D, that hasno boundary. Let S be the current admissible point set.

2. Mesh2Complex.



(@) Let (p; ) be any tuple where p 2 Ski’Sj . If Disk _Condition (p) is violated, nd the
triangle t 2 Umbp (p) that maximizes sizgt; ) over all cortaining p and insert x 2 Vij
that realizessizgt; ) into S. Go to step 2(c).

(b) If sizgt; ) > for sometuple (t; ), wheret 2 SkI’Sj , insertx 2 V4jp that realizessize(t; )
into S.

(c) Update Del S and VorS.
(d) If S hasgrown in the last execution of step 2, repeat step 2.

3. Mesh3ComplexFor any tuple (t; ) wheret is a tetrahedron in Ski® Sj

(@) If (t) > o insert the orthocenrter of the Delaunay ball (orthoball) of t into S if it doesnot
encroath any triangle in Skl>Sjp or any ball B(p;2r) where B(p;r) is a protecting ball.

(b) Update Del S and VorS.
(c) If S hasgrown in the last execution of step 3, repeat step 3.

S
4. Return ; SKI' Sjp.

4.1 Guaran tees The analysis of the algorithm establishestwo main facts: (i) the algorithm
terminates, (ii) at termination the output meshsatis es properties T1-T3:

(T1) Foreah 2 D4y, Ski*Sj is homeomorphicto and two vertices are joined by an edgein Ski* Sj
if and only if thesetwo vertices are adjacert on

(T2) For 0 6 i 6 2 and 2 Dj, SkI'Sj is a i-manifold with vertices only in . Further,
bdSkl'Sj = SkI' 1Sj,q . Fori = 3, the statemert is true only if the set SkI' Sj is not empty at
the end of Mesh2Complex

(T3) Thereexistsa > 0sothat the output meshof DelPSGD, , o) is homeomorphicto D. Further,
this homeomorphismrespectsstrati cation with vertex restrictions, that is, for 06 i 6 3, Skl' Sj
is homeomorphicto 2 D; wherebdSkl'Sj = SkI' 1Sj,q and vertices of SkI' Sj lie in

5 Termination

We prove that during re nement DelPSCmaintains a positive distance betweenead inserted point and
all other existing points. Then the compactnessof D allows the standard pading argumert to claim
termination. We needsomeresults from samplingtheory [1, 2, 5]. Let R2 bea smooth (C2-smooth)
closedsurface. The local feature sizef (x) at a point x 2 is its distanceto the medial axis of .

Lemma 5.1. ([1, 2, 5]) Let" 2 (0;1=3) be someconstant.
(i) For any two points x andy in  suchthat kx yk6 "f (x),

(a) the angle between the surface normals at x and y is at most"=(1  3");
(b) the angle between xy and the surface normal at x is at least arccog"=2).

(i) Let par be a triangle with verticeson and circumradius no more than "f (p). The angle between
the normal of par and the surface normal at p is lessthan 7.

We use Lemma 5.1 to prove the next result. This result says that if restricted triangles incident to a
point in a 2-face have small sizes,V, intersects nicely. Figure 3 explains more about its implications.



Lemma 5.2. Letp2 S be a point on a 2-face . Let , be the connected component in Vpj containing
p. There existsa constant > 0 so that following holds:

If someedgeof V, intersects and size(t; ) < for each triangle t 2 SkISj incident to p, then
(i) thereis no 2-face wher p62 and intersects a Voronoi edgeof Vp;
(i) p=Vp\ B\ wheeB = B(p;2 ) if pis unweightel and B = B (p;2radius(B) + 2 ) otherwise;
(i)  pis a 2-disk;
(iv) any edgeof V, intersects , at most once;
(v) any facet of V, intersects , in an empty set or an open curve.

Proof. Obsene that, becauseof protection, p has a positive minimum distance to any 2-face not
cortaining it. Therefore, any Voronoi edgeof V, intersecting violates the size condition when is
su cien tly small. This proves(i).

Figure 3: (left): A 2-face wherep 62 intersectssomeedgeof V. This is not possibleaccording to
Lemma 5.2(i), (middle): also not possiblesince there is another componert of  within B \ V, other
than |, (right): Within B, intersectsV, in atopological disk. It is possiblethat there is a di erent
componert ( ) which does not intersect any Voronoi edge and hence does not cortribute any dual
restricted triangle incident to p.

Consider p is unweighted. For any facet F of V,, we useHf to denotethe plane of F. Assumethat
is lessthan 1/32 the local feature size of the surfaceof at p. Let B = B(p;2 ). It is known that
B\ isa 2-disk.

First, we claim that for any facet F of V,, if Hg intersectsB\ , then\ n (p);Hg 6 arcsin(1=16)
and both HE \ B\ and F\ B\ contains no closed curve. The dual Delaunay edge pq
of F has length at most 4 , which is less than 1/8 the local feature size. By Lemma 5.1(ib),
\'n (p);HE = =2 \n (p);pg6 arcsin(1=16). There is no closedcurvein HE\ B\ becausesud a
closedcurve would bound a 2-diskin B\ , which would contain apoint x suchthat \ n (x);Hg = =2.
This is a contradiction becauséd n (x);HE 6 \'n (x);n (p)+\ n (p);HE 6 1=13+ arcsin(1=16) < =2
by Lemmab5.1(ia). SinceHg \ B\ contains no closedcurve, neither doesF \ B\ . This provesthe
claim.

Second,we claim that for any facet F of Vp, if Hg is within a distance of from p, HF \ B\
is a single open curve. Consider the disk HF \ B. Let @ be the projection of n (p) onto Hg. Let
L Hg bethe line through the certer of HF \ B orthogonal to @. Let x be any point in HE \ B\
The angle between px and the tangert plane at p is at most arcsin(1=32) by Lemma 5.1(ib). We
already proved that \ n (p);HF 6 arcsin(1=16). So the distance between x and L is less than



kp xksin(2arcsin(1=16)) 6 2 sin(2arcsin(1=16)) < 0:25 . Let L He be the strip of points at
distance 0:25 or lessfrom L. Sinceradius of B is2 and Hg is at most distance from p, the radius
of HE \ B isat least’ 3 . It follows that the boundary of HE \ B intersectsL in two disjoint circular
arcs. We already proved that there is no closedcurvein Hg\ B\ . It canbeshown that if HE\ B\
cortains two open curves, one of the curves,say C, must have both endpoints on the samearc in
He\ B\ L , Theradiusof HE \ B isat least 3 . Sosometangert to C must make an angle at most
arcsin(0:25= 3) < 0:15 with & But this implies that the angle between the surface normal at some
pointonC andn (p)isatleast =2 0:15 \ n (p);HrF > =2 0:15 arcsin(1=16)> 1, contradicting
Lemma 5.1(ia). This provesthe claim.

Third, we claim that for any facet F of V,, if F intersectsB\ , F\ B\ s a single open curve
with endpoints in bd F. We already proved that there is no closedcurvein F\ B\ . SinceF does
not have any tangenial contact with , F\ B\ is a set of open curves and the endpoints of any
opencurvein F\ thuslie in bdF. Assumeto the cortrary that F\ B\ cortains two open curves,
say and © By our assumption, Hr is within a distance of from p. We have shovn before that
He\ B\ s asingleopencurve. Follow He \ B\ from to ° When we leave , we must leave
F at a Voronoi edgee bdF. Afterwards, we stay in the plane Hg and we must crossthe support
line of e again in order to readh ° Therefore, sometangert to Hg \ B\ s parallel to e. Howevwer,
the angle betweenthe surfacenormal at somepoint on Hg \ B\ and n (p) would then be at least

=2 \n (p);e> =2 7=32by Lemmab.1(ii). This cortradicts Lemma5.1(ia). This provesthe claim.

Each facet of V,, that intersectsB \  intersectsit in a single open curve. Every curve endpoint is
dual to sometriangle incident to p. Thus, our assumption about sizesof restricted triangles incident
to p ensuresthat every curve endpoint lies strictly inside B. This implies that that the facets of V,
intersectB\ in a setof simple closedcurves. We have analyzedthis situation in [10] and showed that
exactly onefacein this arrangemert of closedcurvesliesinside V, and it is a 2-disk. Of course,this face
IS p. This provesthat ,= V,\ B\ andit is a 2-disk. Take an edgee of V, that intersectsB \

By Lemma 5.1(ii), \ n (p);e 6 7=32. Then, by Lemma 5.1(ia), B\ is monotonein the direction of
e. Therefore, e intersectsB \  exactly once. It follows that any edgeof V, intersects , at most once.
The correctnessof (iii) follows from the third claim.

The above provesthe lemma for the casethat p is unweighted. The caseof p being weighted can

be handled similarly by setting B to be B (p;2radius(Bp) + 2 ).

Now, we are ready to prove the termination of DelPSC
Theorem 5.1. DelPSCterminates.

Proof. Consideravertexpona?2-face . Let beaconstart that satis es Lemma5.2. By Lemmab5.2(i),
no restricted triangle incident to p connectsit to a vertex in  where p 62 . Notice that, becauseof
protection, we can assume to be so small that no triangle incident to p connectstwo non-adjacen
weighted vertices. This satis es parts of disk condition. The only thing we needto show is that the
restricted triangles incident to p form a topological disk if sizgt; ) < for ead sud triangle t.

Obserne that if no edgeof the Voronoi cell V, intersects , there is no restricted triangle incident
to p and hencep does not exist in Ski? Sip, and can be ignored. So, assumethat some edge of V,
intersects . Let |, be the connected componert of Vpj cortaining p. By duality the conclusions
in Lemma 5.2(ii)-(v) imply that the restricted triangles incident to p form a topological disk which
cortains p in the interior if and only if p lies in the interior of . In other words, disk condition is
satis ed. Therefore, if disk condition is not satis ed for somepoint p, we can assumethere is a triangle
t incident to p for which sizet; ) > > 0. In that casethe new inserted point by Mes2Complexhas a
positive weighted distance from all other existing points.



Consider a tetrahedron t whose orthocerter is inserted by Mesh3Complex Since o > 1, closest
point distance cannot decreasewhent hasall vertices unweighted. When t has a weighted vertex, the
inserted orthocerter has a positive weighted distance from all other existing points. This is because
the orthocerter is inserted only if it lies at least 2r distance away from any protecting ball of radius
r. In sum, all points are inserted with a xed lower bound on their distancesto all existing points. A
standard padking argumert establishestermination of the re nement process.

6 Topology guaran tees
Let M denote the output meshof DelPSC Property T1 follows immediately from Lemma 3.1.

Theorem 6.1. M satises T1.
Theorem 6.2. M satises T2.

Proof.
Case(i): 2 Dg1. It follows trivially from property T1.

Case(ii): 2 D,. At the end of Mesh2Complexf SkI°Sj is not empty, the Disk _Condition ensures
that Skl>Sj is a simplicial complex where ea vertex v belongsto  and has a 2-disk as its star.
If  has a non-empty boundary, the weighted points on bd have some edgein their Voronoi cells
which intersects (by Lemma 3.1). If has empty boundary, the sameis guaranteed by the three
weighted points which are initially placedon . In both casesSkl?Sj remains non-empty. Insertions
in Mesh3Complexdoes not disturb Skl?Sj,q o for any ©2 Ds. Therefore, SkI*Sj retains the disk
property at eat vertex even after Mesh3Complexerminates. It follows from a result in PL topology
that SkI?Sj is a 2-manifold when DelPSCterminates.

Now we show that the boundary of SkI?Sj is SkI* Sj,q . Each vertex v 2 SkI>Sj is an interior
vertex if and only if it belongsto the interior of . Thus, the only vertices which are on the boundary
of the manifold are the vertices on bd . These are the vertices of SkI'Sj,q by T1. The edgesof
bdSkI’Sj canthen connectonly verticesin Ski*Sj,q . Becauseof disk condition, these edgescannot
connectnon adjacert verticesin bd . Therefore, they connectonly adjacert verticeson bd and are
exactly the edgesof Ski* Sj,q by T1.

Case (iii): 2 D3. Let K = SkI®Sj . First we arguethat if K is not empty then it has vertices
only in . Supposenot. Then there is a tetrahedron in K one of whosevertex, say p, isin %2 D where
06 . The dual Voronoi vertex, say v, of this tetrahedron is in by de nition. The Voronoi cell of
p intersectsboth and © Therefore there is a Voronoi edgeof this Voronoi cell that intersects bd
But then SkI*Sj hasa triangle with vertex p2 © This cortradicts property T2.

Next we establish that SkI?Sj,q is a 2-manifold which will help proving K is a 3-manifold. By
de nition Sk’ Sj,qg = [ SkI’Sj . Where eadh ; is a 2-facein bd . By property T2 any vertex
p 2 SkPSj,q isin some © bd . If pisin the interior of °©Umbyy (p) is a 2-disk by property
T2. If pisin bd °we have two cases.|f p is not a O-face, it is incident to exactly two 2-faces, °and,
say %in bd . The two 2-disks Umb o(p) and Umb oofp) meet along two edgesto form a 2-disk with
p in its interior. If p is a O-face,this construction generalizesto all 2-facesincident to p on bd . All
2-disksaround p meetalong commonedgesto form a 2-disk with pin its interior. Therefore, all vertices
in SkI>Sj,q have a star which is a closed 2-disk with the vertex in its interior. It implies from PL
topology that Ski?Sj,q is a closed2-manifold.



(a) (b)

Figure 4. F is a Voronoi facet (k = 2). In (a), F intersectsa 2-face(j = 2) in a closedtopological
interval (1-ball). Voronoi edges(k = 1) intersect in a single point, a O-ball. In (b), F intersectsthe
1-face( g) in asinglepoint, andfor 16 i 6 3, F\ ; are closedtopological 1-balls. F intersectsonly
2-facesthat areincident to .

Now we show that bdK = SkI’Sj,q asrequired. Let T be the set of triangles in K that are
incident to only one tetrahedron in K. We claim that T = Skl?Sj,q . The dual Voronoi edge of
any triangle t 2 T intersectsbd . Otherwise, its two endpoints lie in  whosetwo dual tetrahedra
being incident to t cortradict that t is incident only to one tetrahedron. Therefore,t 2 SkI?Sj,q by
de nition. It followsthat T  SklI°Sj,gq . Being on the boundary of a union of tetrahedra, eath edge
of the triangles in T is incident to positive and even number of trianglesin T. If T is a strict subsetof
SkI’Sj,q someedgein T will have only a single triangle incident to it since Skl® Sj,q is a connected
closedmanifold. Therefore T is exactly equalto SkI% Sj,q .

To prove T3 we need a result of Edelsbrunner and Shah [15] about the topological ball property
(TBP). For smooth surfacemeshing,the TBP played a key role in proving topological guaranees([4, 10].
It turns out that an extended version of the TBP (also given in [15]) is neededto prove topological
guarartees for PSCs. It can be shovn that the following two properties P1 and P2 imply the
extended TBP [8]. Therefore, accordingto Edelsbrunner-Shah[15] result, Del Sjp hasunderlying space
homeomorphicto the jDj if P1 and P2 hold (seeFigure 4). Let F be a k-face of VorS where S is the
output vertex set.

(P1) If F intersectsanelemen 2 D; D, the intersectionis a closed(k +j  3)-ball.

(P2) There is a unigue lowest dimensionalelemert ¢ 2 D sothat F intersects ¢ and only
elemens that are incident to .

Lemma 3.1 and Lemma 5.2 together almost provide condition P1 except that the precondition of
intersecting Voronoi edgesof Lemma 5.2 needsto be proved and the caseof a surfacepatch avoiding all
Voronoi edgesas in Figure 3(right) needsto be avoided. Thesetwo facts are proved in Lemma 6.1 and
Lemma 6.2 respectively. Notice that we require stronger condition on triangle sizesfor proving these
results. Both Lemma 6.1 and Lemma 6.2 require that all restricted triangles have small sizesin cortrast
to restricted triangles incident to a particular point asin Lemma 5.2. It is interesting to note that the
termination guarantee doesnot require this stronger condition.

Lemma 6.1. There exists a constant > 0 for which following holds. If sizgt; 9 < for each tuple
(t. 9, t2 SkI’Sj o, then for each point p2 S and each 2-face wher p2 , an edgeof Vp intersects

Proof. Supposethat no edgeof V, intersects . Let g2 be a weighted point. By the initialization
step eat 2-facehas at least one such point. Becauseof Lemma 3.1 an edgeof Vq hasto intersect



Consider walking on a path in  from pto g. Let p = po;p1;:;Px = g be sequenceof vertices whose
Voronoi cells are encourtered along this walk. Since no edgeof V,, intersects and someedgeof V;
intersects , there exists two consecutive vertices p; and pj+1 in this sequenceso that no edgeof Vj,
intersects whereassomeedgeof V,,, doesintersect . By Lemma 5.2 we can claim that ., isa
disk. A boundary cycle of |, overlapswith the boundary of ,,, . This is impossibleasthe curveson
the boundary of ., intersectVoronoi edgeswhereasthose on the boundary of p, do not.

Lemma 6.2. There existsa constant > 0 suchthat if sizgt; 9 < for eachtuple (t; 9, t 2 SkP?Sj o,
then for each point p and 2-face  where p 2

() Vpj is a 2-disk;
(i) any edgeof V, intersects V,j at most once;
(i) any facet of V, intersects Vpj in an empty setor an open curve.

(iv) V,p deesnot intersect any °wher p 62 °

Proof. Recallthat , denotesthe connectedcomponert in V,j cortaining p. Becauseof Lemma 6.1
we canapply Lemmab.2to cIair§ that |, satis es properties (i)-(iii) for eadr cortaining p. Therefore,
it suces to prove that Vyjp = gp plo claim (i)-(iv).

Assumeto the cortrary that p  Vpip. By Lemma5.2, , = V,\ B\ andno edgeof V,
intersects D outside B. This implies that for any connectedcomponert C 2 V;jp n p, bdC lies
inside facetsof V. Also, V, canintersecta 1-faceonly if it cortains p (by Lemma 3.1). Therefore, bd C
cannot have endpoints implying that bd C is a set of closedcurvesnot intersecting any Voronoi edge.

Let C 0 Voronoi cells partition % A path on °from bdC to a samplepoint g2 ©passes
through the connected componerts of this partition. We must encourter two adjacert componerts
along this path, say C%and C% whereC®6 2for any s and C%= 0 for somer 2 O This is because
the rst and last componerts satisfy this property. Then, we reac a cortradiction sincebdC%= bd ?
intersects Voronoi edgesby Lemma 5.2 whereasbd C°doesnot.

Lemma 3.1 and Lemma 6.2 establish two facts for 2 Dg» before Mesh3Complexbegins: (i)
intersectsV, if and only if p2 , and (ii) property P1 holds for . Since Mesh3Complexioesnot insert
any point which encroadesa triangle in SkI?Sj , (i) and (i) still hold for any 2 Dg». This means(i)
alsoholds for any 3-face at termination. Let p bein the interior of 2 D3. Then, V, cannot intersect
bd dueto (i). In this case satis es P1 with V, trivially . If pisin bd , the intersectionV,\  should
satisfy P1 again sincebd \ V, doesso. This establishesP1. Next lemma establishesProperty P2.

Lemma 6.3. There existsa > 0 sothat if sizet; ) < for each tuple (t; ), t 2 SkI’Sj , then the
following holds. Let F be a k-face in VorS. There is an element g 2 D sothat F intersects ¢ and
only elementsin D that have g on their boundary.

Proof. Casel: F is a Voronoi cell V,. Let ¢ 2 D be the lowest dimensional elemert cortaining p.
We claim all elemerts in D intersecting F have ¢ in their boundariesand thus ¢ is unique. If not,
let there be another %2 D where ¢ 6 bd © Notice that p62 ¢\ Osinceotherwise g\ Cis either
an elemen of D whosedimensionis lower than ¢ or ¢\ %= ¢ both of which are impossible. It
follows that p 62 ° But we already argued above that V, intersectsonly elemerns in D that contain p.

Case 2: F is a Voronoi facet Vpq. Let ¢ be a lowest dimensional elemert that F intersects.
Assumethere is another 9 intersecting F where ¢ 6 bd © We go over dierent dimensionsof ©



eah time readhing a cortradiction. If °2 D3, bd ®must intersect F. Otherwise, F intersectsonly °
cortradicting that it alsointersects 6 © Renamingbd Cas °we can usethe cortradiction reached
for the casebelow.

Assume 92 Dg,; CintersectsF and doesnot cortain ¢ on its boundary. Two casescan arise.
Either (i) ¢ and Care disjoint within V, or Vg, or (i) ¢ and ©have a commonboundary in V, and
Vgy. Case(i) cannot happen due to the claim in Casel. For (ii) to happen both p and g have to be on
the common boundariesof ¢ and © This meansthat p and q have to be on someelemert in Dg ;.
Obsene that p and g are non-adjacert sinceotherwise Vg hasto intersectthe commonboundary of ¢
and 9%whosedimensionis lower than that of . But this would cortradict the disk condition that no
two non-adjacern verticesin D, is connectedby a restricted edge.

The above argumert implies that all elemerts intersecting F have ¢ asa subset.

Case 3: F is a Voronoi edge. Certainly F cannot intersect a 2-face ¢ more than once due to
Lemma 6.2. The other possibility is that F = V;, t 2 SkI’Sj ¢, and F intersects 6 . But then a
Voronoi cell adjacert to F would intersecttwo 2-faces ¢ and %andt is in both SkI* Sj - and SkI’Sj o
violating the disk condition.

Theorem 6.3. M satises T3.

Proof. For suciently small > 0, the triangles in Sk’ Sjp satisfy the conditions for Lemma 6.2 and
Lemma 6.3. This meansthatSprop_erties P1 and P2 are satised when is suciently small. Also
when P1 and P2 are satised ; SKI' Sjp = DelSjp. It follows that Edelsbrunner-Shahconditions are
satis ed for the output M of DelPSC Thus, M has an underlying spacehomeomorphicto jDj. The
homeomorphismconstructed by Edelsbrunnerand Shah actually respectsthe strati cation, that is, for
eahh 2 Dj, SkI'Sj is homeomorphicto . Furthermore, property T2 holds for any output of DelPSC
This means,for 06 i 6 2, SkI'Sj = Skl 'Sj,q and SkI'Sj hasverticesonly in . We can claim

the same condition even for i = 3 sinceSkI*Sj , 2 Ds, is not empty at the end of Mesh2Complex
when s su cien tly small. A Voronoi edgeintersectingbd cannot intersect it more than onceaswe
arguedin Case3 of Lemma 6.3.

7 Conclusions

We have preseried a practical algorithm to mesha wide variety of geometric domains with Delaunay
re nement technique. The output mesh maintains a manifold property and with increasing level of
re nement capturesthe topology of the input. An interesting aspect of the algorithm is that the input
‘non-smath features' are presened in the output.

A number of experimental results that validate our claims. This is the rst practical algorithm
to produce Delaunay meshesfor a large classof three dimensional geometric domains with theoretical
guarantees. It can handle arbitrarily small input anglesand presene input features. When applied to
volumes, the algorithm guarantees bounded radius-edgeratio for most of the tetrahedra except near
boundary. It can be easily extendedto guaranee bounded aspect ratio for most triangles and bounded
radius-edgeratio for most tetrahedra exceptthe onesnear non-smaoth elemeris.

An obvious open questionis to analyzethe time and spacecomplexity of the algorithm. Is it possible
to claim non-trivial or even optimal bounds for these complexities. Very few results exist for optimal
Delaunay re nement [16]. Finally, can the algorithm be improved even more by incorporating easier
primitiv es?
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