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Abstract

Many real world applications need to model a smooth surface from a noisy point sample. In order to eliminate
unnecessary undulations on the output surface, it is necessary to project the points on a nearby smooth surface
and then approximate the smooth surface with a surface reconstruction algorithm. Moving Least Square (MLS)
surfaces in the family of extremal surfaces have been shown to be useful as projection targets. However, it is
unknown if the extremal surface based projection procedure converges and if the target extremal surface is isotopic
to the original sampled surface. We prove these two facts. The success of the entire projection method depends on
the quality of the estimated normals at the sample points. We suggest an algorithm to estimate the normals from
the noisy samples which can be of independent interest for other applications. We also present some experimental

results.

Categories and Subject Descriptors (according to ACM CCS): 1.3.3 [Computer Graphics]: Line and Curve Genera-

tion

1. Introduction

The importance of computing a surface from a set of unor-
ganized points cannot be over emphasized in a number of
applications of computer graphics, vision, geometric model-
ing and others. The point sets, often derived with a scanning
process, are likely to be “noisy". A reconstructed surface in-
terpolating these or a subset of these points may be unneces-
sarily undulated even though computed with a provable al-
gorithm [DGO4] or an effective practical algorithm [KSO04]
(Figure 5). A solution to this problem is to define a smooth
surface based on the given point set and then generate points
on that smooth surface for reconstruction. This is a dominant
approach in computer graphics and vision.

1.1. Background and results

Different types of smooth surfaces have been proposed for
reconstruction [ABCO*01, JCCCM*01, OBA*03]. Among
them the Moving Least Squares (MLS) surfaces, originally
proposed by Levin [Lev98] and adopted by Alexa et al. for
reconstruction [ABCO*01] have been widely used for mod-
eling and rendering [AA03, MVF03,PKKGO03]. This surface
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is the basis for the popular open source software PointShop
3D [ZPKGO02]. The effectiveness of these MLS surfaces and
their variants on real world scanned data has made them pop-
ular. These surfaces lend to an elegant projection method by
which points can be projected onto the surface.

Recently two significant progresses were made to broaden
the understanding of the MLS surfaces. First, Amenta and
Kil [AKO04] pointed out that the MLS surfaces belong to
a special class of surfaces called extremal surfaces. They
showed that the points on these extremal surfaces can also
be computed by an elegant projection method though the
convergence of the method remained unresolved. Second,
Kolluri [Kol05] showed an approach to prove geometric and
topological guarantees for reconstruction with a specific type
of implicit surface. This implicit surface does not belong to
the class of MLS surfaces we are considering. We use the
insights from these two sources to prove that the projection
procedure of Amenta and Kil [AKO4] indeed converges to
an extremal surface that is isotopic and geometrically close
to the surface from which the input points are sampled.

The projection procedure requires a normal field which
can be derived from the estimated normals at the input
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points. We derive a method from an earlier work [DG04] to
estimate the normals with certain guarantees and use them
for projecting points onto the extremal surface.

1.2. Extremal surface

Levin [Lev98] pioneered the MLS surface which is defined
as the stationary set of a map f, i.e., the points x with
f(x) = x. For a given point set P C R?, the map f is de-
fined via an energy function e as follows. Given a direction
m € R and a real r € R, e(m, 1) is the sum of the weighted
distances of all points in P from a plane with normal m and
passing through the point y = x 4 tm. The nearest point to
x where e is minimized over all directions and all reals is
f(x). Amenta and Kil [AK04] observed that the minimiza-
tion procedure can be decomposed into two steps by first
estimating the optimum direction at x and then carrying out
a second optimization along that direction to reach the min-
imum. This interpretation allows the first optimization step
to be replaced by other pre-computed normal vector field n
over R?. Then, the MLS surface becomes precisely the set
of points x where the normal vector n(x) is orthogonal to
the gradient of the energy function e. These type of surfaces
are called extremal. Below we review this construction in
details.

Let vp denote the normal vector assigned to a point in
P. Define a normal vector field as the normalized weighted
average of the normals at the sample points, i.e.,

n(x) = Ypepwp(X)vp
IX,epwp(x)vpll

where wp is a Gaussian with width h, > 0, i.e., wp(x) =
_ le=pl?

e i . The line passing through x in the direction of n(x)

is denoted £, ().

Let 7tp(x,u) be the projection of a vector x — p on the
vector u, i.e., Tp(x,u) = (x— p)T u. In addition, let T (x) =
T (x,n(x)).

Define an energy function £: R? x R} — R where for any
pointy € R? and a normal m € R?

Eyym) =Y. w0, (y,m)8(p,y)-
pEP

The function 0 is a weighting function. Similar to the normal

field construction, the weighting function 6(p,y) is taken as
_l=p1®
a Gaussian: 6(p,y) =e "  where ki > 0. For a point x

let x;u be the extremum of £(y,n(x)) over the set y € £, ;).
ie.,

9€ (y,n(x))
n(x)T (T

The point x is a stationary point if x = x;;. One can observe
that the set of stationary points is actually the O-level set of

xm) =0. (1.1

the implicit function

go) = )" (LU

The set g~ (0) is an extremal surface since the normal vec-
tors of n are orthogonal to the gradient field of the energy
function € precisely at the points of g~ '(0). Amenta and
Kil [AKO4] proposed the following procedure to project a
point x onto the surface g~ (0). Starting from x search for
the nearest extremum x;; of £ over the set y € £, (). Once
xm 1s found, take it as a new x and search for its x;; until a
stationary point is reached. The question of the convergence
of this iterative projection remained unresolved. For recon-
struction of ¥, the points of P are projected onto g~ 1(0). So,
it is important to show that the subset of g~!(0) lying close
to X is topologically equivalent to X. If the assigned normal
vectors to the sample points approximate the true normals of
¥ closely we can show the following.

(1) The projection procedure indeed converges to a point of
¢~ '(0) when the point set P is sufficiently dense and the
initial point x is chosen sufficiently close to X.

(i) The subset W of g~'(0) onto which points are projected
is indeed homeomorphic to ¥ and even a stronger state-
ment holds. The surfaces W and ¥ are isotopic, i.e., one
can be continuously deformed to the other always main-
taining a homeomorphism between them.

As indicated above, the success of the entire projection
procedure depends on the quality of the assigned normals.
We use a Delaunay algorithm to estimate the normals at the
sample points.

It is appropriate to mention that the above guarantees are
proved assuming extremely dense sampling. Also, the do-
main of convergence turns out to be extremely small. We
believe that this is only an artifact of our proofs. Perhaps a
more careful and most likely more complicated analysis can
improve these relevant numbers.

2. Preliminaries
2.1. Surface and thickening

Let £ C R? be a smooth, compact surface without boundary.
For simplicity assume that X has a single connected com-
ponent. Let Q; and Q¢ denote the bounded and unbounded
components of R} \ X respectively. For a point z € Z, let /i,
denote the oriented normal of X at z where 7i; points locally
toward the unbounded component Q.

For a point x € R® and a set X C R?, let d(x, X ) denote the
distance of x to X, i.e., d(x,X) = infycy ||x — ¥||. The medial
axis M of X is the closure of the set ¥ C R® where for each
y €Y the distance d(y,X) is realized by two or more points.
In other words, M is the locus of the centers of the maximal
balls whose interiors are empty of any point from X.

Let v : R? — X be the map where V(x) is the closest point
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of x € R in X. It is known that v is well defined if its domain
avoids M which will be the case for our use of v. Denote % =
v(x). Let ¢(x) denote the signed distance of a point x to Z,
ie., ¢(x) = (x— )7 fiz. For areal & > 0 and an integer k > 0,
define a family of offset surfaces X ;5 and X_;5 where

3
Ziws = {x R o(x) = k8}
S5 ={x R |9(x) = —k3}.
Let kOX be the region between X_ ;5 and X5, 1.e.,
KL = {x € R’ | —k8 < o(x) < kS}.
We use k = 1,2 throughout the paper, see Figure 1.

=\

[]--62 _ g s
Y ) .
Oyd--2sx \\\ i R 3

7z ~
( e — “\\ — =

Figure 1: The set 8X and 20%.

In what follows we denote the 2-norm of a vector v with
||v]| and the spectral norm of a matrix M with ||M||, which is
the square root of the maximum eigenvalue of M M. A ball
with the center x and radius r is denoted as B(x, r). Denote
S(x,r) to be the boundary of B(x, r).

2.2. Sampling

The local feature size at a point x € X is defined as d(x, M).
Sampling density based on the local feature size called
e-sampling has been used for proving the correctness of
several surface reconstruction algorithms [AB99, ACDL02,
BCO00]. For this work we assume uniform sampling density
as was used by Kolluri [Kol05] for smooth surface recon-
struction. Assume that the smallest local feature size of ¥ is
1. We say P C R? is a uniform (&, ot)—sample of the surface
X if the following sampling conditions hold.

(i) The distance from each point x € X to its closest sample

is less than €.

(ii) The distance from each sample p € P to its closest point
pon Xis less than e,

(iii) The number of the sample points inside any ball of radius
¢ is less than a small number o.

(iv) Each point p is equipped with a normal v, where the an-
gle between v, and the normal i at its closest point 5 on
Y is less than €.

Let Sx(w, r) be the region between S(x, w) and S(x, w+r).
One can decompose the entire space outside B(x,r) using
Sx(wi,r) where w; = ir for i = 1,2...
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If P is an (g, a)-sample, Kolluri [Kol05] proved the fol-
lowing two lemmas.

Lemma 1 For a point z € X, let P+ and P_ be two planes

2\2
perpendicular to 7i; and at a distance of w +¢€? from
z, then any sample point inside B(z,r) should be inside the
region bounded by the planes P4+ and P—_.

Lemma 2 The number of sample points inside Sx(w,r) is
less than

C
2—812(w2+wr+ )

where C; = 288+/3m0..

2.3. Normal lemmas

We derive several properties of the normal field which be-
come useful for the convergence and isotopy proofs. The re-
sults are important by their own rights. A smooth normal
vector field that interpolates a set of given normal vectors
is often used in graphics literature [GM97]. The guarantees
proved here may also be useful in these contexts.

Our sampling condition implies that two nearby sample
points have similar assigned normal vectors.

Lemma 3 Let p; and p; be any two sample points inside
B(x, r) for a point x € 28X. If r+ 2125 < %, then,

r4€2+28

Ly, vy K2t
VP/)VP/ —= (1—3(r+82+25)

+€)

Proof d(%, pi) < d(¥,x) +d(x, pi) +d(pi, pi) < 28+ r+ €.
PR +€° 428

So. Lile; g < 1-3(7et435)

Bern [AB99]. By the sampling condition (iv), Zfiz,vp, <
2

#:zzfm + €. Similarly, we could have a same upper

bound for Ziig,vp;. [

by a result of Amenta and

Let A = [vp],ecp be the row vector of the equipped nor-
mals of all sample points in P and w(x) = [w) (x)][T,e p be the
column vector of weights of all sample points for x. Then we
can write

Aw(x)
n(x) = -t (2.2)
l[Aw ()|

Let J(n(x)) be the 3 x 3 Jacobian matrix of the vector field
nat x, ie., J(n(x)) = {zn;(x)}, and w'(x) be the n x 3

matrix where w'(x) = [% Wp (x)]z,-e p- Then

(Aw(x) (Aw(x)" | Aw'(x)

I(n(x) = (1- (Aw(x))T(Aw(x))) aweon &Y

Lemma 4 For any point x € R?, and any point p € P

@) n! (x)J(n(x)) =0,
(i) n" (x)J(n(x)(x—p) =0.

Proof Follows from equations 2.2 and 2.3. [
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The proofs of the next three lemmas are placed in the ap-
pendix for space limitation. The next lemma says that n(x)
and the normal to X at the closest point of x are very similar
when x is close to X.

Lemma 5 If /2, < 0.01, 10e < A, < 1000€ and o < 10, then
for any point x € 28X with § = 0.08,

_ _36hn
Zn(x),7ig < Cy +216Ce 368—;.

6hy+E>+25

where CZ = m + €.

Notice the requirement of A, in terms of €. It cannot be too
big or too small compared to €.

Lemma 6 If /1, < 0.01, 10 < /1, < 1000¢ and o < 10, then
for any point x € 28X with § = 0.08¢,

Mol < 22
where
(141086 I ¢=36)
((1-4C3)7 — 108 e—36)
Intuitively, ||J(n(x)|| measures the rate of variation of n(x).

Because of the Gaussian weights, bigger s, makes the nor-
mal vector field flatter. This is reflected in Lemma 6 which
says that the order of ||J(n(x))|| is Ay .

The following lemma accounts for the variation of the nor-
mal field along £, (), the line through x along n(x).

Lemma 7 If 0.001 < 4, <0.01, 10e < A, < 100€ and o <
10, then for any two points x,y € 8% and y € £ n(x) Where
[|x— y|| <28 and 8 = 0.08¢, we have

5] =yl
Zn(x),n(y) < ———.
(x);n(y) < Vi
Observe that the variation of the normal vector field along
the normal direction of a point inside 28X is of the order of

_1
hy, * instead of h, ! which means the normal vector field is
flatter along the normal direction.

3. Convergence

We prove the convergence of the projection procedure by
showing that each time we get to a new point x, the absolute
value [g(x)]| is decreased by a constant factor.

3.1. Observations

First, we make some observations whose proofs are given
in the appendix. Figure 2 aids understanding the statements
of the observations. The point x is on X 5; P— and P4 are
the planes with normal 7i; and (r+ 8) + €2 distance away
from . All the sample points inside B(x,r) are also inside
B(%,r+ d) and between the planes P_ and P+ from Lemma
1.

- 1\ ==
=5 [—
5 /19 B

P 7 P

- L AN
=\ X |
Ve

d+r

Figure 2: Observation

Observation 1 For any point x € 8X and any sample points
(r+8)°+¢€*

5 for a unit

pi, pj inside B(x,r) if Zm, iiz < 5 —asin
vector m, then

Im" (p;— pi)| < 2((r+8)* + &+ (r+8)Zm, ).

Observation 2 For any point x € 8X and any sample point
8+ (r+3)*+€”

s for a unit vector

p € B(x,r),if Zm,iig < % —asin
m, then

|75p(x, m)| < o+ (r—|— 8)2 +€2 + d(p,&;’ﬁj)ém, iz.
A similar upper bound for |7, (x,m)| when x € 28 can be

obtained by simply replacing & with 28.

Observation 3 For any p € P inside B(x,r) if Zm, iz <

2 2
atan% for a unit vector m, then

np(x,m) > E whenx € (262 —8Z)NQp
E when x € (28— 3Z) Ny

A

where
E=(3—(r+8)* =€) (1= Zm,iiz) — d(p, Lz i,) Zm, .

The proof for convergence as well as the proof for the
isotopy in the next section use the following setting: ot = 5
and € = 10_5, hn = 100g, he = 1.6€ and & = 0.08¢. Notice
that these values satisty the conditions of the normal lemmas
in the previous section. The proofs can also accommodate
other values as long as the conditions for the normal lemmas
are satisfied with sufficiently small €.

With the chosen values, we have Zn(x),7iz < 6.5 x 1073
for x € 28X from Lemma 5. Hence Observation 2 and Ob-
servation 3 give the following results:

(i) |mp(x)| < 0.135h, for any point x € 28X and any sample
point p € B(x, She).

(i) |mp(x)| < 0.085h for any point x € 8X and any sample
point p € B(x,5he).

(iii) mp(x) > O for any point x € (28X — 8X) N Qo and any

sample point p € B(x, 5he).

(iv) mp(x) > 0.045h, for any point x € (28X — 8X) N Qo and

any sample point p € B(¥,€).
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3.2. Function G

To prove the convergence of the projection procedure, we
define a function G where

1 ,0E(y,m
G(m) = (2521))

for any point y € R and a vector m € R>. If xy, is a local
extremum of &(y,n(x)) over the set y € £, (), from equa-
tion 1.1 we have

G (xm,n(x)) =0. 3.4
In addition,
G(x,n(x)) = g(x). (3.5)
We write G(y,m) = ¥ ,cp Gp(y,m) where
_ ly=pi? 2
Gp(m)=e "% mp(y,m)(1- ”"(hyz’m) ) 36

Here we drop a factor of 2 since it does not affect the sign
of G(y,m) and the direction of its partial derivatives. Let
VyGp(y,m) and 7mGp(y,m) be the partial derivatives of
Gp(y, m) with respect to y and m respectively. One can verify

Sl=pl® 3w,
VyGplym)=e % [(I—M)m

h2
BOum)  mlm) ‘ 3.7
ym)  Tp(y,
+2( ,,hy4 ~ ) = p)]
and
_ ly=pn® 2
VmnGp(y,m)=e " (1 — M)(y—p). (3.8)

he

The proof for convergence uses the observation that the
sample points outside B(y,5h¢) have little effect on G(y,m)
since the weight of a sample point outside B(y, She) is less
thane™ > = 1.38x 107! a very small value. This observa-
tion leads us to decompose G(y,m) as

Goym)= ¥ Gplym)+

PEB(y,5he)

Z gP(y1 m)

PEB(y,She)

We use this decomposition in the proofs to follow.

3.3. Monotonicity of G

Let x be any point in 8X. Let a and b be the closest points to ¥
where /z j;, intersects X 5 and X_g respectively. Let P+ and
P_ be the planes with the normal n(x) and passing through
a and b respectively, see Figure 3. Further, let £, () intersect
P+ and P_ at x4 and x_ respectively. One can verify that
[ly — %|| < 8 for any point y on the segment from x_ to x4,
which means y € 8%, and ||x+ —x_|| < 28.

The implication of the next two lemmas is that the func-
tion G is monotonic and crosses zero only once along £, )
within a small neighborhood of X. The proofs of these lem-
mas appear in the appendix.
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Figure 3: The planes P+ and P— and the points x4 and x_.

Lemma 8 For any point y on the segment from x_ — 28n(x)
to x4 + 20n(x),

n(2)" 7y G(nn(x)) >0
Lemma 9 G(x4,n(x)) > 0and G(x—,n(x)) <O0.

Lemma 8 and 9 give the following result which says that
the point x;; generated (iteratively) in the projection proce-
dure remain within a small thickening of X.

Lemma 10 For a point x € 3%, if x;, is its nearest local ex-
tremum of £(y,n(x)) over the set y € £, (), then x € 8L
and ||x — xn|| < 29.

Proof We know from Lemma 8 that G(y, n(x)) is monotonic
along the segment from x_ — 2dn(x) to x4 + 20n(x). By
Lemma 9, there is a unique 0-crossing point on the segment
from x_ to x4, which actually is a local minimum point
of £(y,n(x)) over the set y € £, (), see Figure 3. The 0-
crossing point is the nearest local extremum of &(y,n(x))
over the set y € £, () to x since ||x4 —x—|| <28. We know
any point on the segment from x_ to x4 is inside 8%, so is
Xm. We have ||x —xm|| < 28 since x is also on the segment
fromx_ toxy. [

Now we have all ingredients to prove the convergence of
the projection procedure.

3.4. Convergence theorem

Theorem 1 For a point x € 8% and g(x) # 0, if x is its
nearest local extremum of £(y,n(x)) over the set y € £, ().
then

lg(om)| _ 1
ls)l ~ 2

Proof Due to equations 3.4 and 3.5 it is sufficient to prove

|G (tm, n(xm)) = GGtm, n(x)] _ 1

|G (x,n(x)) = GQxm,n(x))|  ~ 27

Letu = ﬁ which is either n(x) or —n(x) since x, is
on £, (). Lett € (0, ||xm — x||) and v(6) be a unit vector be-
tween n(x) and n(x, ) forming an angle 6 with n(x). we have
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dv(6) = v (6)d6, where v () is a unit vector perpendicu-
lar to v(8). Based on the above notations, equation 3.7 gives

Gp(xm,n(x)) — Gp(x,n(x)) =
(v —x]|
/0 (Vygp(x-i-tu,n(x)))Tudt =

— xttu—pll? 2
i/llxm xlle_ ||+h€1II (l_snp(x-i-tzu,n(x)) (3.9
0 he
ch,(x—l—tu,n(x)))dt

+2
h¢

If u = n(x), we have the positive sign. Otherwise, we have
the negative sign. In addition, equation 3.8 gives

Gp(xm,n(xm)) — Gp(xm,n(x)) =
Zn(x),n(xm) ,
/0 (7mGp(xm,v(8))) v, (8)d6 =

/An(x),n(xm) _ Wmh;zpuz (1 ~ M) (3.10)
0 ¢ /’l2
(xm — )" v L (8)d6.

Also, —x|| <28 and the segment from x to x,, is inside

8% from Lemma 10. Hence Zn(x), n(x+ tu) < 75 \/’» from
Lemma 7. In particular,
Zn(x), () < 75 =l 3.11)

n

which is less than 3.80 x 10°.

First consider any sample points p outside B(xm,5h). Since
[[xm — pl| — 28 > 4he, the absolute value of the integral in
equation 3.9 reaches maximum when ||x 4 tu — p|| reaches
its minimum ||x — p|| — 28 and |, (x + fu,n(x))| reaches
its maximum ||x,; — p|| + 28. Hence

_ U —pll—28)°
|Gp (xm,n(x)) = Gp(x,n(x))| < e E
(1- 5 (Ilom — pll+28)* (Il — pll +28)*
h2 e

+2 )xm = x|

which is a decreasing function of ||x, — p|| when ||xm —
pll > 5he. Decompose the space outside B(xm,5he) using
(Sx, (Wi, She))Z; with w; = Sihe. If p € Sy, (Wi, She), then

|Gp (xm,11(x)) = Gp(x,n(x))]

_ (wj—29)? ) 2
<o # (15t L,

(wi+ 26)4
h h

Mbem — |

>From Lemma 2, the number of the sample points is

bounded in each Sy, (w;, She). Hence we have

| Y (Gplum,n(x)) —Gplx,n(x)))l
P¢B(xm5hf)
_ (=29

< 2 ol Z Wi+ Swihe +25h7)e 2

. 2 .
(1 it 28 (wit28)° ) T

h? W
C (v —29)?
SS_Z(W1+5W1he+25h) ” (3.12)
+29)? +28)*
1_5(w1 X ) +2(m . ) o — ]
hz he
h2  (5he—28)° I ) 2
<7501 5e 7 (1_5w
e
5he +28)*
|
e

which is less than 0.07||x, — x||.

Similarly, the absolute value of the integral in equation 3.10
reaches maximum when |t (xXm, v(0))| = ||lxm — p|| since
70 (X, ¥(8)] < [l — pll and [} — pll > She. We have

_ lm—rl?

|g[’(x”la (xm)) - gp(xm7n()€))| S e A

(3(||xmh pl)? — 1)t — pllZn(x), n(xm)

which is also a decreasing function of ||x, — p|| when ||xp —
pl| > 5he. Hence

| Y (Golom,nlxm)) = Gp(m,n(x)))]

PEB(Xm,She)

w? 3
< 2 - Z Ww? + Swihe + 250 )e 72 (3%2 W) Zn(x),n(0m)
e
_25 he 75||xm — ||
< 27750C, ¢~ 2¢ 2P 2L
> 1€ 82 T
(3.13)

which is less than 3.0 x 10™#{|x, — x[|.
Second consider a sample point p inside B(x, 5he). We have

|7p (x4 114, 7)) | < [0 (my 72()) | =+ [0 — | 3.14)
< [ (o) + [loom — 1 £n(xm ), n(x) + [lxm — x|

which is less than 0.25h,. Let r = o maximizes ||x+tu— p||.
Equation 3.9 gives

_ Dxtgu—pll?
1Gp (6m,n(x)) = Gplx,n(@))| > 05 x e 7

llom — |-

(3.15)

Furthermore, G (xm,n(x)) — Gp(x,n(x)) has the same sign
for all the sample points inside B(xm, She).
Equation 3.10, 3.11 and the fact |7, (xim, v(0))| < |7tp(xm)| +
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[[xm — pl| Zn(xm),n(x) < 0.15h, give
|Gp (s n(xm)) = Gp (xm, n(x))
_ lm—rpl? 75|t — || (3.16)
Ve

<e |l —pll

Hence,

_ ||xm—2p||2

1GpComs(om)) = Gplomn(| _ 5o ¢ % xm—p

1G (5, n(x)) = G Com, n())] TSR .
e

/x%
Also, since the points x +fou and x, are on £, (,) we have
2 2.2
[l + tou — plI” = [lom — pl|” < 7, (x+tou, n(x))

which is less than 0.0625h2 from inequality 3.14. Hence

|Gp (i, 1(xim)) = Gp (2m n(x))| < %|gp(x,n(x)) = Gp (xm,n(x))|
(3.17)
In particular, there exists a sample point pg inside B(%mn,€)
based on the sampling condition (i) We have |[xn — po| <
€+ dand ||x+tou — pol| < €+ 38. Hence 3.15 and 3.16 give

|Gpo (omy (%)) = Gpo (x, n(x))| > 0-27||xm — x| (3.18)

|Gpo (¥, 1(xm)) = Gpo (xmy n(x))| < 0.017]om — x| (3.19)
By triangle inequality, inequalities 3.12 and 3.18 give

| ) (Gp (xm, n(x)) = Gp (x,1(x)))| > 0.2{|xim — |-

PEPOU(B(xm,5he))"
In addition Y ,ep,u(B(x,,5h))c (Gp(¥m,1(x)) — Gp(x,n(x)))
has the same sign as Gp, (xm, n(x)) — Gp, (x,n(x)). Similarly
from inequalities 3.13 and 3.19 we have
| Y (Gp (xm,n(xm)) — Gp (xm, n(x)))|
PEPOU(B(meShe))C
< 0.02|xm — x]|.

Hence,

| Y (Gp (xm; n(oim)) = Gp(xm, n(x)))|

PE poU(B(xm,5he))°

1
<o/ Y (Gp (xm, n(x)) = Gp(x,n(x)))|.
pGPUU(B(leuShL’))C
(3.20)

The theorem follows from the inequalities 3.17, 3.20 and the

fact that Gp(xm, n(x)) — Gp(x,n(x)) has the same sign for all
sample points inside B(xm,5he). [

4. Isotopy

We have seen that the projection procedure takes any point
within 8X to a point on the extremal surface in 3X. Let W =
¢ 1(0)N8Z, the subset of g~'(0) inside SE. Lemma 13
shows that v7g cannot vanish in 8X and hence 0 is a regu-
lar value. So, by implicit function theorem W is a compact,

submitted to EUROGRAPHICS Workshop on ... (200x)

smooth surface. Recall that v: R? — X takes a point to its
closest point on X. Let v|y be the restriction of v to W. We
prove that v|y is a homeomorphism. Since W is included in
a topological thickening 8% of X and W separates the sides
of 83X, we also have W and X isotopic in R? due to a result of
Chazal and Cohen-Steiner [CCS04]. This means that there
is a continuous map F: R x [0,1] — R? so that F(-,0) is
the identity of R*, F(W, 1) = £ and for each 7 € [0, 1] F(-,1)
is a homeomorphism. So, to prove isotopy we only need to
prove that W and X are homeomorphic.

Theorem 2 v|y is a homeomorphism.

Proof The function v|w is continuous since v is. Since W
is compact, it is sufficient to show that v|w is surjective
and injective which are the statements of Lemma 12 and
Lemma 14 respectively. [

4.1. Function g and its gradient

The implicit function g(x) can be written as

gx) =Y gr(v)

PEP
where
_ le=pli? 72 (x
) =e % mpx)(1- ‘;l(z)). (4.21)
e
The gradient of the implicit function g(x)
Vs =} vep(x)
peEP
where
_ls=pl? 3n3(x)
v =e (1= "5 )
e
3
B ()
oY) Tp _ (4.22)
+2( I 2 )(x—=p)
375 (%)

+(1- ) (n(x))(x— p)]-

he
Here we drop a factor of 2 since it does not affect the sign of
g(x) and the direction of y7g(x).

Similar to the function G in the convergence proof, we
decompose the function g into two parts. The sample points
outside B(x,5he) have much smaller contribution to g and
its gradient s7g at x than that of the sample points inside
B(x,5h.). Let

W= Y @+ Y b

PEB(x,5he) PEB(x,5he)

ver) = Y, vep@+ Y vl
PEB(x,5h,) pé¢B(x,5h,)
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4.2. Surjectivity of v|y

To prove that V| is surjective we use the following lemma
which helps us to argue that a normal line £, ;_ for any z € X
always intersects W.

Lemma 11

g(x) >0 ifxe(28T—85)NQp
<0 ifxe (205—85)NQy

Proof We prove the first half of the lemma, the second half
can be proved similarly. Let x € (26X — 8X) N Q. First con-
sider any sample point p outside B(x,5h.). Equation 4.21
gives

_ le=pl? 2y
= 7 Im (-]

Since |mp(x)| < ||x — p|| and ||Jx — p|| > 5he, one can verify

from the graph of the function |np (x)(1- n’;l—(zx)) | in terms of

e

Tp(x) that it reaches the maximum when |7, (x)| = ||x — p||.
It follows that

_ la=pl?
2

_ 3
wl<e # (rrl

e
2 e l)

which is a decreasing function of ||x — p|| when ||x— p|| >
5he. We decompose the entire space outside B()c7 She) as we
did in the convergence proof. If p € Sx(w;,5h.), then

=
I~

wi

n

lgp()| <e

o

«

(75 —wi)-
Due to Lemma 2, we have an upper bound on the number of
the sample points in each Sx(w;, 5he). Hence we obtain

| Y oW Y lop®l

p&B(x,5h,) pEB(x,5he)
Cc; & w7
< 2_812 Z(le +Swihe + 25hg)e h (= —w))
i=1

Ci, 2 2 —% wi

< S—z(wl +5wihe +25h; )e (E —wp)
_ashy

< 9000Cqe 2

which is less than 2.6 x 10~ #,.

Now consider a sample point p € B(x,5h.). We have 0 <

Ty (x) < 0.135h, and hence gp(x) > 0 from equation 4.21.

In particular, there exists a sample point pg € B(%,€) by the

sampling condition (i). Since ||x— p|| < €+28 and Tp, (x) >

0.045h, we have

gpo(x) > e

£425)% 2 X
T mw( -2

which is greater than 0.0254,.

Therefore, for any point x € (28X — 8L) N Qo

s> Y -l Y s
PEB(x,5h,) p&¢B(x,5h,)

>ep) = Y, g@|>o0.
pé¢B(x,5h,)

O
Lemma 12 v|y is surjective.

Proof Let z be any point in X. The normal line Ezﬁ(z) inter-

sects g~ 1 (0) within 8, thanks to Lemma 11. By definition
of W, it intersects W. This means V|y maps a point of W
to z or another point y € XN £, 5 . We argue that y # z does
not exist. For if it does, the distance ||y — z|| has to be more
than the distance of z to the medial axis, which is at least
1. However, since both z and y are in 8%, ||y —z|| <28 < 1.
Therefore, for each point z € X, there is a point in W which
is mapped by v|y toz. [

4.3. Injectivity of v|w

The following lemma states that the gradient of g and the
normals to the surface X cannot be too far apart (proof ap-
pears in the appendix). This, in turn, helps us to prove that
V|w is injective.

Lemma 13 Let z be any point on X, then for any x € £, 5, NOX
£78(x),fi; < § and || 7 g(x)|| > 0.

Lemma 14 v|y is injective.

Proof To prove the injectivity of V|, assume for contra-
diction that there are two points w and w' in W so that
Vlw(w) = v|w(w') = z. This means £_ 5. intersects W at w
and w' within 8X. Without loss of generality assume that w
and w' are two such consecutive intersection points. Then,
£, ;. makes at least % angle with one of the normals to W at
wand w'. But, that is impossible since by Lemma 13

éﬁh Vé’(x) <

N a

for any pointx € £, 8%. [

5. Normal estimation

The computation of the normal vector field n requires as-
signed normals at the points of P. These assigned normals
should approximate the normals at the closest points of X.
Estimating normals of a surface from a noisy sample is
an intriguing problem. We adopt an approach of Dey and
Goswami [DGO04] to estimate the normals from the Delau-
nay balls. When the sample points are “noise-free", Amenta
and Bern [AB99] showed that the poles (furthest Voronoi
vertices) help in estimating the normals. In presence of
noise, the centers of relatively big Delaunay balls play the
roles of the poles. We show that the vectors from the sample
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Tamal K. Dey & Samrat Goswami & Jian Sun / Extremal Surface Based Projections Converge and Reconstruct with Isotopy 9

points incident to such big Delaunay balls towards their cen-
ters indeed approximate the normals of . Figure 4 shows an
implementation of this concept.

Figure 4: Outward normals are estimated from big Delau-
nay balls at a subset of sample points (middle); points after
projection with these normals (right).

Lemma 15 below tells us that normals can be estimated
from large Delaunay balls. We prove it in the appendix as-
suming uniform sampling for P.

Lemma 15 Let p € P be incident to a Delaunay ball B(c, r)
where r > 1/5 and ¢ € Qg. Then, Zpc,ii; = O(g) for a suf-
ficiently small € > 0.

The next lemma is a direct consequence of Lemma 5 in
[DGO04] which says that there are many big Delaunay balls.

Lemma 16 For each point x € X, there is a Delaunay ball
containing a medial axis point inside and a sample point on
the boundary within O(€) distance from x.

Lemma 16 and Lemma 15 together suggest an algorithm
for estimating the normals of ¥ from P. The big Delau-
nay balls whose radii are of the order of minimum feature
size need to be determined. We compute them by comparing
their radii with the nearest neighbor distances of the incident
sample points. For a point p € P, let A, denote the average
nearest distances to the five nearest neighbors of p in P. We
determine all Delaunay balls incident to p whose radii are
larger than cA, where k is an user defined parameter. We
take ¢ = 2.5 in our experiments. Notice that some points in
P may not satisfy this condition which means they do not
contribute any big Delaunay balls.

The vector from a sample point p to the center of an inci-
dent big Delaunay ball estimates the normal at p, but without
any consistent orientation. In order to orient the normals we
determine the big Delaunay balls whose centers lie in the
bounded component of R \ X. We follow the algorithm of
Dey and Goswami [DG04] to do so. We call them inner big
Delaunay balls. The estimated normal at p is the negated av-
erage of all directions from p to the centers of all big inner
Delaunay balls, see Figure 4.

submitted to EUROGRAPHICS Workshop on ... (200x)

Figure S: Reconstruction with Robust Cocone [10] produces
unnecessary undulations (left). Reconstruction after smooth-
ing with the projections (right).

6. Results

We implemented the projection method after estimating the
normals with the Delaunay balls. A surface is computed
from the projected points with the Tight Cocone algorithm
for surface reconstruction [DGO03]. Two examples are shown
in Figure 5. Figure 6 shows the effect of different values of
he and hy, on smoothing. As expected, the larger the value of
he and hy, the smoother the surface becomes. For computing
the normal field and also for the projection, not all sample
points are taken as the actual theory dictates. Instead, only
a set of nearby points are taken to save the cost of com-
putations. Figure 7 shows a comparison between k-nearest
neighbor approach [ABCO*01,ZPKG02] and the points in
balls of radius 6 x max{hn, he} for these computations.

References

[AAO3] ADAMSON A., ALEXA M.: Ray tracing point
set surfaces. In Proc. Shape Modeling Internat. (2003),
pp. 272-279. 1

[AB99] AMENTA N., BERN M.: Surface reconstruction
by voronoi filtering. Discr. Comput. Geom. 22 (1999),
481-504. 3,8

[ABCO*01] ALEXA M., BEHR J., COHEN-OR D.,
FLEISHMAN S., LEVIN D., SILVA C.: Point set surfaces.
In Proc. IEEE Visualization (2001), pp. 21-28. 1,9

[ACDL02] AMENTA N., CHOI S., DEY T. K., LEEKHA
N.: A simple algorithm for homeomorphic surface recon-
struction. Internat. J. Comput. Geom. & Applications 12
(2002), 125-141. 3



10 Tamal K. Dey & Samrat Goswami & Jian Sun / Extremal Surface Based Projections Converge and Reconstruct with Isotopy

/
he=h,=0.1

he=h,=02 he=h,=0.5

Figure 6: Smoothing with different values of he and hy.
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7. Appendix
Proof of Lemma 8.

Proof Equation 3.7 gives
_ly=pli® 2
yyn(x
w0 TyGplnnt)=e (15"
B

¢

(7.23)
+2
Consider a sample point p outside B(x,5h¢). Since |y —
pll > ||x— p|| — 48 we have
T 17 M
n(x)" 7yGp(y,n(x)) > —g¢ I

which is an increasing function of ||x — p|| when |jx —
pl| > She. Decompose the space outside B(x,5h.) using
(Sx(wi, 5he))2, with w; = Sihe. If p € Sx(wj,5he), then

17 —lu 45)
n(x)" 7y Gp(vyn(x)) > ~35¢ 2

Using Lemma 2, which bounds the number of the sam-
ple points inside Sx(w;,5h.), we obtain a lower bound on
the contribution of the sample points outside B(x,5h.) to

G(yn(x)).
Y, Gp(yn(x))

PEB(x,5h,)
[es) 17 (=497 —45)
> 2 ~= Z Wi + Swihe +2502) (— 3¢ )
_ v —=49)°
> Sl (Wi + 5wihe +25h3) (— 187e 7o)
1275C) h2 — e
p— ie e
= 8 €2

which is greater than —3.18 x 1074,

Consider a sample point p inside B(x,5h.). We have
|Ttp(y,n(x})| < |mp(x)| + ||y — x|| < 0.3h. One can verify
that n(x)" 7y Gp(y,n(x)) > 0 (equation 7.23). In particu-
lar, there exists a sample point pg inside B(%,€) so that
[ly — poll < €+48. Hence

(e+48)2

"(X)T VyGpo(1,n(x)) >0.5¢ 7%
which is greater than 0.25. Therefore,

n(x)" vy Gin() =nx)" Y wE(in)

PEB(x,5h,)
+10)" Y wEn(x) > 0.
pé¢B(x,5h,)

]
Proof of Lemma 9.

Proof We show the first half of the lemma and the second
half can be proved symmetrically. Consider a sample point
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p outside B(x,5he). Since ||x+ — p|| > ||[x — p|| — 28 and
Tp(x+,n(x)) < |lx— pl| + 28 equation 3.6 gives

_ Ulx= pII —28)°

|Gp(xr,n(x))] <e W
= (llx=pll +23))

which is a decreasing function of ||x — p|| when ||x — p|| >
She. Hence we have

C o0
| Y Gplern()l < 5y Y (w7 + Swihe +250)
pEB(x,5h,) i=1
(w;—25)2

- 7 z+25
e (7(“} 2 ) (wi—|—25))

2 (5/13—25
< 75C1 he (% (She+25))

which is less than 7.25 x 10 h.

Now consider a sample point p inside B(x,5hk.). One can
verify that p is in between the planes P4+ and P_. So
T (4,n(x)) > 0 and [y (e, n())] < [hrs — 2| < 25,
see Figure 3. Hence we have Gp(x4,n(x)) > 0 from equa-
tion 3.6. In particular, there exists a sample point pg inside
B(%,€). We have |[xy — po|| < €+28 and mp,(x4,n(x)) =
Tpo (a,n(x)) > 0.045k, from Observation 3. Hence

(e4+25)2

e () (1 -

73, (x4, (%)

Gpo(vsn()) >e pe

)

which is greater than 2.63 x 10_2he. Therefore,

G(x4,n(x))
> Y Glen@))=1 Y Gplar,n(x)l
PEB(x,5h,) pé¢B(x,5h,)
>Gpo(xa,n(x) =), Gplxr,n(x)| > 0.
p¢B(x,5h,)
O

Proof of Observation 1.

2 2
Proof The condition Zm,fiz < § — asin U FE forces that

the line ¢, intersect the planes P_ and P inside B(%,r+
8). One can verify that |m” (p; — p;)| reaches the maximum
when x is on X5, pi(p;) is on P_(P+) and the segment
pipj is a diameter of B(X,r+ 9). Hence

Tpj—pl <2im” (p; - %)

|m

< 2(r+8)cos(Liiz, (pj — X) — £Lm, iiz)

< 2(r+8)(cosliiz, (pj — X) + sindm, iz)
< 2((r+5) +¢& + (r+98)4Zm, iz

0

Proof of Observation 2.

2 2
Proof The condition Zm, 7z < § — asin% forces

that the line fx,, intersect the planes P_ and Py inside
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B(%,r+98). So |mp(x,m)| reaches the maximum if x is on
Y, s and pisonP_. Hence

|mp (x,m)| < (84 (r+8)° +€%) +d(p, L, ) £m, iz,
O
Proof of Observation 3.

Proof We only prove the first half and the second half can

be proved similarly. For x € (28X — 8X) NQ, the condition
2 2

L, iz < atan = =€ forces that the intersection point

between the line through x with normal m and the plane P

be outside B(%, r+ 8). As aresult, T, (x, m) becomes minimal

if xis on X, 5 and p is on P4. Hence

Tp(x,m) > (8—(r+ 8) — €%)cossm, fiz
—d(p,ls.)sindm,iiz > E.
O

The proof for the normal lemmas below is based on the
observation that the sample points outside B(x, 6/, ) have lit-
tle effect on n(x) since the weight of the sample point outside
B(x,6hy) is less than e 3 & 2.31 x 107 '°. To take advan-
tage of this fact we decompose Aw(x) as follows:

Aw(x) = Apwi(x) + Apowo(x)

where A; is the row vector of the equipped normals of the
samples inside B(x,6h,) and Ao is the row vector of nor-
mals of the samples outside B(x,6h,). wi(x) is the column
vector of weights of the samples inside B(x,6hy) for x and
wo(x) is the column vector of weights of the samples outside
B(x,6hy) for x. In addition, in the following proofs for the
normal lemmas we decompose the space outside B(x,6hy)
using (Sx(wi, 6l )2 with w; = 6ihy,.

Lemma 17 If € < 0.1 and A, > 8¢, then for any x € 26X with
5=10.08¢

lwr ()l >2

where ||v||; is the 1-norm of the vector v, which is the sum-
mation of all the components of v.

Proof There exists a sample point inside B(,€) from the
sampling condition (i). In addition, S(%, 2€) and S(%,4¢) in-
tersect X since the local feature size of X at any point is
greater or equal to 1. Hence, there exists a sample point in-
side Si(€,2¢) and Sx(3¢, 2¢) respectively from the sampling
conditions. Hence
_ (3+e)? (84302 _ (3+5¢)2
w1 >e % +e W 4+e W >2.

O

Lemma 18 If 1, < 0.01, 10¢ < h, < 1000¢ and o < 10, then
for any point x € 28X with § = 0.08,

1 o
(@] > ((1-4C3)7 = 108C1 e ) w0l (7.24)

and

R _
W)l < (1+108c1£—§e w729

Proof

First, we could have an upper bound of the weights for the
sample points outside B(x, 6/, ) since the number of the sam-
ple points inside each S(w;,6h;) can be bounded due to
Lemma 2.

w

& M
Iwo ()l < 2?12 Y (W7 + 6wihn +36h7)e i
i=1

n 36
< 108C; 22e 0.
€

We have ||wy(x)||; > 2 from Lemma 17, hence

.
o)l < 108C1 e *flwr(ls. (7.26)

Second, we find the lower bound for [|Ajw;(x)||.

Al = /1 Anwr ()T (Apwi )]
- \/| Y wnw, @Vhvl
Ppi,p; EB(x,6h,)

>From Lemma 3, v,T,ivp/. = c0sLvp,,vp; > 1/1—4C3 which
gives

A ()| > (1 —4C2) w1

We obtain inequality 7.24 from [|[Aw(x)|| > ||Apwi(x)|| —
[[wo(x)|l;1 and inequality 7.25 from [|w(x)||; = ||wr(x)||; +
lwo)llr O

Proof of Lemma 5.
Proof

alx) = Apwr(x)
0= Tawgl

Aowo(x)
lAw ()|

We have shown Ziiz,vp < C, for any sample point p €
A[W[(x)

B(x,6hy,) in the proof of Lemma 3. Hence Ziiz, ro-r5m is

also less than or equal to C».
Equation 7.26 gives

B _36
lAowo ()| < llwo ()1 < 108C1£—§e [lwr()]l-

2
In addition C; < 0.075 and 108C; 4¢3 < 4 x 107* under
the given conditions. Hence,

A (ol = [[Aowo (DIl = lArwi ()] = [[Aowo ()]

1 h2 _
> ((1-4C3)% - 108c1£—ge Y Jwr ()11
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One can verify that

Awr(x) lAowo (X)]]
NAw@)]] = Awi(x)]| = [[Aowo (x)]]]

2
108C; 1 ¢
(1—4C2)% — 108C) B =36

Zn(x)

< asin

2
which is less than 216C} 2—36_36.

The lemma follows from the fact Zn(x),iz <
Apwi(x) Arwi(x)
£n(0)s fanol T 470 Jaw - O

Proof of Lemma 6.

Proof We have

" (A () (w1 A ()
Wl < (G T @) ) vl

)
It can be shown that [[(Aw(x))(Aw(x))T|| =
(Aw(x))T (Aw(x)). So,
||AW( )i
et <21l
We have ||Aw' (x)|| < ||A1w ()| +lAowp (x)||. First we find
an upper bound for ||A1w1(x)||

ECTES-3

n pEB(x,6h,)

wp@)llvp(x=p)"].

Since vp is a unit vector, one can prove that ||v,(x — p) || =
[|x— p||, which is less than 64, for any p € B(x, 6h,). There-
fore,

12
Al < = lwi (-
n
Similarly we have

2
Movb(l < = ¥
" peB(x,6h,)

Using the decomposition strategy for the proof of the normal
lemmas, we have

wp(x)|le— pll-

2
20 & v
”AOWIO(X)” < 12262 Z(W,'z+6wihn+36h,21)e i i
n =1
12 hy 36
< —108C1
hn

Under the given conditions ||wy(x)||; > 2. So, we have

12 " 36
AW (x)]] < *(1+108C1 2¢ )lwi@lh
Equation 7.24 gives
[lAw' ()] 12
— = <CG3—. (7.27)
llAw()l hn

O

Proof of Lemma 7.
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Proof Letu = ﬂ%ﬂ’ which is either n(x) or —n(x) since y

ison £, ;). We can express n(y) as

v
n(y) = n(x) + /0 J(n(x+ tu))udr (7.28)

from which we get

[ly—xII
n(x)Tn(y) = 1+/ ’ n(x)TJ(n(x+tu))udt
0

(7.29)
[ly—xll
> 1—/ [ (n(x +2u))l|dz.
0
We need to find an upper bound for
1
I e 1)) € e
[1(Aw ()" (Aw(x+ 1) (Aw(x+ 1)
B T 7y AW (et )|
() (1)) (e )20 R,
(7.30)
Since x + tu € 3%, equation 7.27 gives
!
[|AW' (x +tu)|| c 12 7.31)

vt )| = he

Similar to the bounds for ||w;(x)||1, ||Aw(x)|| and ||w(x)||1,
we can have bounds for ||wy(x + tu)||y, ||Aw(x + tu)|| and
[[w(x+tu)||; withz < 28§, i.e.,

[lwr(x+tu)|)y > 2 (7.32)

and

_ (6hy—28)°

2
Aw(x+ )] > ((1 - 4C3)F — 1osc1hg 7

[lwr (x+tu) s
(7.33)
and
hz  (6hy—28)?
[[wx+ru)|) < (1+ 108C1 “e Iy )||w1(x+tu)||1.

(7.34)

Notice that ||wy(x +tu)||; is the summation of the weights
for the sample points inside B(x,6h,) rather than B(x +
tu,6hy).

Now we compute an upper bound for the following term
with 0 <t < ||y —x]|.

ll(Aw(x))" (Aw(x+ 1) (Aw(x+1u))
— (Aw ()" (Aw(x+ 1)) (Aw(x + 1)

=1 Y e wp, (xttu)wp, (x+1u)
Pi>PjPkEP
T T
— Wp; (x+ t”)WP/ (X)ka (x+ t”)] (ij VPk)Vpi I
=
wpf(x—{—tu)|l—e g

<lwlenlle ), wp(x)
PnP/EP
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ol (pj=pi

Partition Y, , cpWp; (X)wp, (x + tu)|1— TR | into
four parts depending on whether p; or p; is inside B(x, 6/)
or not.

In case both p; and p; are inside B(x,6hn), we have
Zn(x),iig < 8.12h, from Lemma 5 under the given con-
dition. Hence |u (p i —pi) < 170h3 from Observation 1.
Therefore,

_ T (pj—pi)t
wp,(x)wp/(x—l—tu)‘l —e I
Pi,p;EB(x,6hy)

< w1 (e = 1)

which is less than 375¢||w(x)||1 |[|w(x +u)]||1 since r <28 <
1.6 x 10~* and 3 — 1 < 3751,

In case p; is inside B(x,6h,) while p; is not, we have
lu” (p; — pi)| < wi+ 12 if p; € Sx(wi,6hn). So,

ul (pj—pi)t

Z Wp; (X)Wpi (X+lu)|l —é’_ i ‘
P; €B(x,6hy)
P @B(x6hn)

(w;—28)2 o Wit 12 n/+ 1711,,

C o0
_ﬁZ(W%—Fﬁwihn-l—%hﬁ)e B % 1)
i=1

h2 (6 —28)? o
< 108C; 5 Se i (e —1)

< 0.016 and hence ehn -1<
60~ I Similarly, the same upper bound holds when p; is in-
51de B(x, 6hy) and p; is not.

When both p; and p; are not inside B(x,6h,), we have
lu” (p;— pi)| < wi+wj+ 120y if p; € Sx(w;,6hn) and p; €
Sx(w;,6hn). Hence,

which is less than ¢ since

- "T(p/—m)f
Z wp,(x)ij(x—Hu)‘l—e G |
Pi € B(x,6hn)
P @B(x6hn)
ci 6Wihn + 361> 6w jhn + 36k
_E Z (Wl+ W1n+ n)(Wj+ W] n+ )
1<i<o0
1<j<0
W3 (w;—25)? Wik w j+ 120
e e R (e [ —1)
h4 B (6l —29)2 ™
S108°CE e e 7 (e 1)

which is less than 10737 since hi" < 0.016 and hence e% —

1< 754+

Since ||w( )N|1 > 2 and ||w(x+ru)||; > 2, we have
[|(Aw(x))" (Aw(x+ 1) (Aw(x+1u))
— (Aw(x) T (Aw(x+ 1)) (Aw(x + 1)) || (7.35)
< 400 [[w() | [[wlx + 1)

We obtain from inequalities 7.30, 7.31 and 7.35

t Wl tu)lf
hn || Aw(x)][[|Aw (x + tu)[|2

< 480033 L
hn

[NV (n(x+2u))[| < 4800C3 —

where
_ (6hy—28)?

2
(14108C; e 7

_ (6hp—28)2 T
(1-4C3)% —108C ™ 7 )

Cy=

Integrating the integral in 7.29 we obtain

2
n(x) n(y) > 1— 24002 =

n

Hence,
sinzn(x),n(y) < Vag00CsCy 2
Vhn

where C3 and Cy are close to 1 under the given conditions
and hence Zn(x),n(y) is small. One can verify that

75|y —x
Zn(x)n(y) < %
n
O
Proof of Lemma 13.

Proof Since n(x) and J(n(x))(x — p) are perpendicular for
any p € P (Lemma 4), equation 4.22 gives

el (x
Iver@ll<e 2\

37512, (x)

+1- |w+||J<n(x>)||2||(x—p>||2)-

Consider a sample point poutside B(x,5h,). Since [np(x)| <
2
e pl and I = i > She. [ 52— 69 and |1 — 242

reaches maximum when 7 (x )

- [lx—pl

Ve <e 2 Pl _, P
” g[’( )” = < hé hg

DV I P

which is a decreasmg function of ||x — p|| when ||x — p|| >
She. Hence we have

e ol

Y vei<s Y lIve®l
PEB(x,5he) PEB(x,She)
W W
< w? 4 Swih +25h e e (2—’— —L
22Z ! e ) T h2
3
+ )y P
e

2
< 75C16_252—; (1200+74\/1 +25||J(n(x))||2hg)
(7.36)
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which is less than 0.03 since we have [|J(n(x))||he < 0.4
from Lemma 6.

Now consider a sample point p inside B(x, 5h.) and evaluate
the angle between 7 gp(x) and n(x).

n(X)Tvgp(X)=e_“%%<l Snﬁ,( ) " T (x )> (7.37)

12

since [mtp(x)| < 0.085h¢

_lx=p
which is greater than 0.96e %
for any x € 8X. In addition,

_le=pl? o
Ivenlise (10 -

2
+] h”hh+%w<um%@

2

_ lx=pll
which is less than 3.1¢ % . Hence

n(x)T x
Zn(x),7gp(x) = acos(%) < 1.26. (7.38)

In particular, there exists a sample point py € B(X,€) from
the sampling condition (i) so that ||x — po|| < 8+ €. We have

_ llx=poll?
I Vel <e 7 (ﬂ”“) Tl | (5.4-¢)

h?
+\1—3n”° 1+ 1 (n(a)

_ l=pl®
which is less than 1.24¢ % . So

(9 ¥ gp0(4)
e ) <%

WIPG+e?)

Ln(x)a V&po (x) = aCOS(

In addition, equation 7.37 gives

17 80 ()11 > n(x)" 7 9o (x) > 0.6 (7.39)
Inequalities 7.36 and 7.39 give

257 8po (%), (V 8po (¥) + Z vep(x) <
péB(x,5h,)
sin I Zpgn(x,5n) VLI < 0.06.
117 800 () = 1 pg B 50) V&P
Hence
Zn(x), (Vep®)+ Y, wer(x) <0.75.  (7.40)

PEB(x,5he)
The first part of the lemma follows from inequalities 7.38
and 7.40 and the fact Zn(x), iz < 6.5 x 1073,
>From inequality 7.37, we have n(x)” 7 gp(x) > 0 for all
sample point p € B(x, She). Hence

7@l >n) vep@ -1 ¥

p&EB(x,5h,)

vep(0)[| >0

O

The following lemma is used to prove the guarantee about
normal estimation in Lemma 15.
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Lemma 19 Let D and D' be two parallel disks within dis-

tance of Or in a ball B = B(c,r) having the center ¢ on

the same side. Let the angle between D and the boundary

of B be more than 26. Further, let ¢ € D be a point where

d(q,dD) > kr and ¢' € 9B be a point where gq' is perpen-

dicular to D. Then we have (i) ||g — ¢'|| > krtan® and (ii)
d(g,0D") > kr— 25

tane

Proof We assume that D is larger than D' and prove the
lemma. The other case where D is smaller than D' can be
handled similarly achieving even a better bound. Refer to
Figure 7 for all references of labels. Let p be the closest
point of g on dD. We are given that ||p — g|| > kr. We have
[la—t|| > (1 —cos26)rand ||p —a|| < rsin26. Consider the
similar triangles pat and pqu. We have

kr(1—cos20)r

krtan.
rsm2e ~ krian

= lp=dll-lla=r]

llp—all
Since ||g — ¢'|| > || — ul|, we have the claim (i). To prove
claim (ii), consider the similar triangles pqu and wsu and use
the facts d(q,0D") > ||ls—w||, |lg —s|| < &r and ||s — u|| >
llg—u|| —dr > krtan® —&r. [

llg—u

V s b y
%M 0
g Y
Figure 8: lllustration for Lemma 19 on the left. lllustration
for Lemma 15 on the right.

Proof of Lemma 15.

Proof Let B = B(c,r). Assume that pc makes an angle 0
with the normal 7i;. We claim that, if 8 > 600¢, the ball B
contains a point of P inside contradicting the fact that B is a
Delaunay ball.

Consider the slab L, with width 2 x 101€ for the point p de-
limited by two planes P+ and P_ as stated in Lemma 1. The
ball B(p, 10¢) contains X and pomts from P only within Lp
due to Lemma 1. Since ||p — p|| < €2, the ball B' = B(p, %)
is contained within B(p, 10¢) and thus contains X and points
from P only within Lp.

Let Np denote the plane passing through p and with the
normal 7. Consider the disk D in which B intersects Np.
Let g be a point on the diameter of D passing through p
where || p — g|| = 4¢ for sufficiently small €. By Lemma 19

d(g,0B) > 4etan § > 400¢?.

The dlstance of ¢ from the bounding planes of L is at most
202¢2. This means both of these bounding planes intersect
B. Let D' and D" be the disks in which P+ and P_ inter-
sect B. By Lemma 19 the boundaries of D' and D'’ are at
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2 . .
least 4¢ — % > 3¢ distance away from g when € is suf-

ficiently small. This means the ball B' = B(g, 3¢) intersects
the slab L, within B. The ball B" cannot have any sample
point from L, as B does not have any. Also, B cannot have
any sample points from other slabs as B" is contained in
B(p,9¢) that has all sample points within L. A line passing
through ¢ and perpendicular to Np must intersect the surface
¥ within L, since ¥ separates these two planes within B'. Let
this point be x. Then, x € ¥ does not have any sample point
within 3g — 202¢% > ¢ distance violating the sampling con-
dition (i). Therefore, the angle 6 cannot be larger than 600¢
as we assumed. [
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