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Abstract

We presentthe implematation resultsof a shapese@mentatio tecdhnique and an associatedshapematding
methodwhoseinput is a point samplefrom the shape The sampleis allowedto be noisyin the sensethat they
may scatteraroundthe boundaryof the shapeinsteadof lying exactly on it. Thealgorithmis simpleand mostly
combinatorialin thatit builds a singledatastructuse, the Delaunaytriangulation of the point set,and groupsthe
tetraheda to form the segments A small setof weightedpointsare derivedfromthe segmentswhich are usedas
signatuesto matd shapesExperimentatesultsestablishthe effectivenasof the methodn practice

Catgyories and SubjectDescriptors(accordingto ACM CCS) 1.3.3 [Computer Graphics]: Modeling3D Shape

Matching,Point-Basedsraphics.

1. Introduction

A spurt of researchactvities in extracting shape in-

formation from its point sample have ensuedin recent
yearsbecauseof the flexibility offered by points as input
[ABCO*01,ACKO01,PKKGO03. In thispapemweaddresshe
problemof sggmentinga threedimensionakhapento iden-
tifiable ‘features’from point cloudsandthenusingthemfor

shapematchingln particulaywefocusonnoisypointclouds
wherethe samplepoints are allowed to scatteraroundthe
shapeboundary

Many applicdaions including object recognition,
classification, matching, tracking need to solwe the
problem of shape sementation, see for example
[AG96 BMO02, JH99 KT03,TC92].  Different  struc-
turessuchas shockgraphs[SKKO01], medial axis [LK01],
Reeb graphs [HSKKO1], mesh partition [KT03] and
shapedistributions [OFCDO01] have beenproposedfor the
problem. All of thesetechniquesrequire an input mesh
andthus are not applicale to point cloud dataunlessone
reconstructsa surface out of it. Surface reconstruction
is often a costly stepand more importantly is not yet an
establishedobust procedurefor noisy data.We bypassan
explicit surfacereconstructiorstep.Ouralgorithmcomputes
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aDelaung triangulationof the pointsampleanddetermines
the tetrahedrathat have to be clusteredtogetherto form

sggmentsof the shapeinterior. In other words, insteadof

building multiple data structuressuchas an approximate
surfacemeshand then other derived structuredike medial

axis and Reebgraphs,the algorithm actsonly on a single

data structure, the Delaung triangulation of the point

sample.

The sggmentationalgorithm has two phases.The first
phasepre-processeshe point set using the idea of Dey
andGoswami [DGO04]. It filters Delaunaytetrahedravhose
unionapproximatesheshapenterior. Thesecondhasdur-
ther partitionstheminto sggmentsusingthe concevtsdevel-
opedin [DGGO03J. It mimicksatopologicalsegmentatiorof
thecontinuoushapeThis sggmentatiorpartitionsthespace
usingMorsestructuresiefinedby a distancefunction.

We exploit this Morsetheoreticsegmentationfor match-
ing shapedasedon the principle that similar shapeshave
similar suchsegmentationWe derive a signatureof a shape
from its segmentationand matchthesesignaturesFromall
segmentswe selectonly afew significantsegmentsandrep-
resenteachone with a weighted point wherethe weightis
the volumeof the segment.Then,the shapematchingprob-
lem boils down to matchingtwo small weightedpoint sets
insteadof matchinglarge point setsderived from the shape
boundariefHKR93]. Further representate pointscanbe
precompute@ndkeptin adatabaséhusreducingbothspace
andtimerequirement$or matching We carryoutthesesteps
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Figure 1: Step=of the Algorithm: Top row: Delaunaytriangulation of a noisypoint sample(left), Delaunayballs where small
balls are shadedwhite (middle), union of inner big Delaunayballs (right). Bottomrow: inner simplicescontainingmaxima
\oronoi verticesare shaded|eft), sggmentatiorby stablemanifoldsof the maxima(middle),segmentsafter meging (right).

sothatthe entirematchingprocesgemaingnvariantto rota-
tion, translationmirroring andscaling.

2. Point processing

Let P be a point sample,possibly noisy, derived from the
boundaryds of ashapez embeddednh 3. Assumethatthe
surfaced is compat andsmooth.We will denotethe De-
launaytriangulationof P by DelP andits dual, the VVoronoi
diagram,by VorP. A Voronoicell for apointp P is de-
notedV,. EachVoronoi vertex is the centerof a ball that
circumscribesa dual Delaung tetrahedronAll suchballs
arecalledDelaunayballs.

In the point processinghasethe algorithmfilters Delau-
nay tetrahedrdrom DelP whoseunion approximateg. To
understandherationalebehindthe method first assumehat
P is noise-freeFor apoint p P, the inner (outer) pole of
p is the Voronoivertex lying inside (outsiderespectiely)
andis farthesfrom p amongall otherverticesof V. TheDe-
launayballs centeringthe polesare calledpolar balls. It is
known by aresultof Amenta,ChoiandKolluri [ACKO01] that
thepolarballscenteringtheinner (outer)polesapproximate
> (complemenbf X respectiely). It is easyto computethe
polesfrom the Vorona diagramVorP. However, in absence

of Z, oneneedsamechaismto separatéheinnerpolesfrom
theouteronesin orderto obtainanapproximatiorof . Here
the following intersectiondepthpropertycomesto the res-
cue. Two inner (outer) polar balls cricumscribingadjacent
tetrahedrantersecideeplywhile aninnerandanouterpolar
ball intersectonly in a shallov manner The depthof inter-
sectionis measuredyy the angle at which the boundaries
of the balls intersect.A depth-firstsearchstartingfrom an
unboundedpolar ball, which is guaranteedo be outer can
collectall of themif thewalk movesfrom anouterpolarball
to anadjacenpolarball only if they intersecideeply

The above algorithm doesnot work when P is noisy A
main reasonfor this is that the intersectiondetwea polar
balls do not follow the intersectiondepthproperty We cir-
cumwentthis difficulty by observingthat, even undernoise,
wherethepointsarenot perturbednorethanasmallfraction
of thelocal featuresize,someof the Delaung ballsbehae
like polar balls asin the noise-freecase.We identify them
by their relative size comparedo the nearesneighbordis-
tancesLet B bea Delauray ball cricumscribingfour points
pi 1 4.WesayBisbigif theradiusof B is morethan
p 0 timesbiggerthanthe averagenearesneighbordis-
tancesof ary of p;. The averageis taken over threenearest
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neighborsandp is 0 5in ourimplementationAfter identify-
ing thebig Delaunayballs,we partitionthemusingtheinter
sectiondepthpropertyasin the noise-freecase A Delaunay
ball is inner (outer) if its cente lies inside (outsiderespec-
tively) Z. It is proved by Dey and Goswami [DG04] that,
undera reasonabl@oisemodel, big Delaunayballs satisfy
the intersectiondepth property and the union of inner big
Delaung ballsapproximatez. Therefore a depth-firstwalk
startingfrom anunboundeduterDelaunayball collectsall
big outerDelaung balls. Therestof the big Delauray balls
areinner. The tetrahedracircumscribedby theseinner big
Delaung balls approximate>. The top row of Figurel il-
lustrateghis phasefor atwo dimensionakhape.

3. Segmentation

In this phasewe usethetechniqueproposedy Dey, Giesen
andGosvwami[DGGO0J for segmentationWe briefly sketch
themethodherefor completeness.

3.1. Continuous shape

First we describea segmentationof X~ using the distance
functionh : 3 where

hx inf p xZ2forallx 3.

p 0%

We would definea vectorfield v: 3 3 thatassigns
to everypointx 3 thedirectionin which h increaseshe
most.If his smoothatx thenv x coincideswith thenormal-
izedgradientlh x  Oh x . In ourcasehis smoothevery-
whereexceptat the medialaxis of . However, it turnsout
that one canstill definethe direction of the steepesascent
of h atary point on the medialaxis [DGGO03. This allows
to definea vectorfield wherev x is aunit vectorpointedin
thedirectionof the steepesascenpf h atx. Thevectorfield
v inducesa flow ¢: 0 3 3 suchthat the right
derivative atevery pointx 3 matche with thevectot see

Grove [Gro93].
Given x 8 and an inducedflow ¢, the cune ¢ :
0 o 3.t @t x iscalledthe orbit of x. A pointx

is afixpointof @ if ot x xforallt O.Basically the
orbit of apointis thecurweit will follow if it werelet move
alongthesteepesascenof h. Thefixpointsof ¢ arethecrit-
ical pointsof h. The critical pointswhereh increasesn all
directionsarethe minimaof h. Thesearethe pointsof 9.
Thecritical pointswhereh decreaesin all directionsarethe
maximaof h. The restof the critical pointsare saddles In
Figure2, the pointsa andc aremaxima,b is asaddle.

The stablemanifold S x of acritical pointx is the setof
all pointsthatflow into x, i.e.,

3 . .
Sx y : tl'”l,(ﬂ’ t X
The stablemanifolds of all critical points partition 3. In
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Figure 2: The stable manifold of the saddleb sepaates
thoseof the maximaa andc producingtwo sggments.

particular if we take the closureof the stablemanifoldsof
the maxima, the stable manifolds of saddlesand minima
constituteits boundary We segmentX with the closureof
thestablemanifoldsof themaximaof h. Figure2 shavs two
segmentgproducedy this segmentation.

3.2. Discretized shape

Now we mimic the abose sggmentationof ~ usingthe dis-
cretesampleP of d%. Thedistancefunctionis definedwith
respecto the samplepointsasfollows:

hx min x p forallx 3.
pP

It turnsoutthatthecritical pointsfor this functionarethe
pointswherethe DelaunayandtheirdualVoronoiobjectsin-
tersect.This hasbeenobseredbefore[EFL98]. Thesample
pointsareminima. They arethe intersectionof themseles
andtheir dual Voronoi cells. The Voronoi verticesthat are
containedn their dual Delaunaytetrahedrarethe maxima.
Therearetwo typesof saddlesn 3. The pointswherea
Delauny edgeintersectsts dual Voronoi facetare saddle
points of type 1 andthe pointswherea Delaung triangle
intersectsts dual Voronoi edgeare saddlesof type 2. We
definesegmentsasthe closureof the stablemanifoldsof the
maximamimicking thecontinuouscase Eachof suchaseg-
mentis boundedy the stablemanifoldsof thesaddlepoints
of type 1 and 2 and the minima. The stablemanifolds of
thesaddlepointsarea subsebf Delaunayobjects(edges)n
2D. Thesameis nottruein 3D. Althoughthey canbe com-
putedexadly [GJ02], we avoid costly numericalcomputa-
tions by approximatingthe stablemanifoldsof the maxima
with only Delaung objectsusingthe Delaunayflow ideaof
EdelsbrunneiFacelloandLiang [EFL98].

Let 0, g, betwo Delaunaytetrahedrasharinga triangle
t. We say g; flowsinto o, denotedby 0, o, if g; and
its dualVoronoivertex lie onthe oppositesidesof the plane
of t. For anillustration seethe trianglessurroundinghe big
greentrianglein the hip of the Dog in the lower left pic-
tureof Figurel. All thesethreetrianglesflow into thegreen
triangle containinga maximum.It follows from the defini-
tion thatif g;  0,, thenthe radiusof the Delaunayball
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of g, is smallerthanthe radiusof the Delauray ball of o,.
Thus,thetransitive closure * of is agyclic. For a maxi-
mumx, onecancollectall tetrahedrahatareflowing to x by
the transitive closureof *. This is the methodwhich was
proposedo computethe pocketsin two dimensionakhapes
by Edelsbrunneetal. [EFL98]. In threedimensionsve face
a difficulty becausea Delaunaytetrahedrommay flow into
two otherDelaung tetrahedraThereforethe approximated
stablemanifoldsof maximacomputecdby the abore method
may not be disjoint. To overcomethis problemwe change
the flow relation to ~ asfollows. Definethe strengthof
a tetrahedrono as the largestvalue of the distancefunc-
tion amongall maximathatit flows into. We say g, ~ o,
if () o, 0, and(ii) thereis no othertetrahedroro, with
0, 05 andthe strengthof g is larger than g,. Now we
defineasegmentG x for amaximumx as

G x g
g o

where o is the tetrahedrorcontainingx. One canturn this

definitioninto analgorithmvery easily First, we determine
the maximaVoronoivertices.They arethe Voronoivertices
containedin their dual Delaung tetrahedraThen,we sort
thesemaximain decreasingorder of their h-values. This

valueis givenby theradiusof theDelaung ball circumscrib-
ing thedualtetrahedrorf the maximumVoronoivertex. We

procesghe maximain this sortedorderandfor eachmaxi-

mum x collect the tetrahedrahat flow into it. This is done
by adepthfirst searchstartingfrom thetetrahedrordualto x

andthenincluding a tetrahedrorin the collectionif it flows

into one of the tetrahedraalreadyin the collection. Middle

picturein thelower row of Figurel shavs the sggmentation
obtainedby this procesdor atwo dimensionakhape.

3.3. Merging

As one canobsere from Figure 1, the segmentsobtained
by theabove algorithmmay betoo fine becaiseof sampling
artifacts Many maximamaybeintroduceddueto discretiza-
tion. We meige smallsggmentso coarserthe sggmentation.
A sgmentis judgedprominentif the h-value at the maxi-
mum is significantly larger thanthe h-value at the circum-
centersof the triangleson the sggmentboundary In other
words, prominentsegmentsare ‘peaky’ when seenin the
graphof thedistancdunctionh. We memgeall sggmentghat
arenot prominentwith someadjaceh sggments.Precisely
we say two segmentsG x; andG x, are p-mewgable if
they sharea trianglet andthe circumradiiof the tetrahedra
containingx; andx, areno morethanp timesthe circum-
radiusof t. In the implementationwe mege ary two 1 5-
meigablesegments.

Final sgmentsof a shapearethe onesobtainedafterthe
meging processThe rightmostpicturein the lower row of
Figure 1 shaws the sgmentationafter meiging. In Figure
3 we show the sggmentationof some3D shapedrom their
pointsamples.

Figure 3: SgmertedshapesS@mentsare shownwith dif-
ferentcolors. The TRICERATOPS andthe BuLL point sam-
plesare noisy

4. Matching

For shapematchingwe useour sggmentatiorschemeBased
on the principle that similar shapeshave a similar sgmen-
tation, we generatea signaturefor a shapefrom its segmen-
tation and then matchit againstother signaturesThe sig-
naturesarea small setof weightedpointsthatrepresenthe
sgments.

4.1. Signature

Let Gp 5 denotethe setof segmentscomputedrom a point
sampleP of a shapeZ. To simplify notationswe use Gy
for Gpy. By definitiona segmentg  Gs is a collection of
Delaung tetrahedraFor a Delaunaysimplex o let ¢, and
Vg denotethe centroidand volume of g, respectiely. The
representativepoint g* of a segmentg andits weight§ are
definedas
25 g Co Vo

g ZO' g VO' g>:< @

Thatis, the weight of g is its volume andits representafie
pointis the weightedaverageof the centroidsof all o g,
weightbeingthe volumeof eachsimplex. Givena segmen-
tation G5 of ashapeZ, thesignaturesign X is definedasa
setof weightedpointsasfollows.

RPN

sign X gg§ g Gs

4.2. Scoring

The amountof similarity betweentwo shapeds measured
by first scalingthemwith boundingboxesandthenscoring

(© TheEurographic#ssociation2004.
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Figure 4: Repesentativepoints enlarged accoding to the
volumeof the correspondingsegments.

the similarity betweertheir signaturesln orderto scorethe
similarity betweertwo signaturesign %, andsign %, ,we
needto align themfirst.

Let g* h* be the representate pointsin sign ; and
sign %, , respectiely, with maximum weights. We first
translatesign 2, sothatg* h* coincide.Thenanalignment
is obtainedby rotatingsign %, sothata line segmentbe-
tweenh* andanothempointof sign =, alignswith aline seg-
mentbetwesn g* and anotherpointin sign 2, . Certainly
thereare® mn alignmentspossiblewhere sign Z; m
and sign Z, n. Sincem n aretypically small (lessthan
ten),checkng all alignmentscanbedonefast.

For eachalignmentwe computea score basedon the
matchingof the weightedpoints.Both a similarity measure
(positive) and a dissimilarity measurg(negative) are taken
into accountwhile computingthe score.The maximumof
all thescoresds takento betheamountof similarity andcor
respondingransformationgjive the bestalignment.

5. Resultsand comparisons

We usedthe robustandfastDelaunaytriangulationcodeof

CGAL to implementthe sggmentationrandthe matchingal-

gorithms.The experimerts weredoneon 2.8 Ghz Pentium4

machinewith 1 GB RAM. As the examplesshaw, the seg-

mentationmostly respectshe socalledfeaturesWe created
adatabaeof signaturesrom approximately300pointcloud
datamostly collectedfrom differentweb-sitesandalsocre-
atedfrom 3D models.Someexamplematchingresultsand
sgmentatiortimings areshowvn in Figure5. Matchingof a

queryshapeovertheentiredatabaséook lessthanasecond.
Figure 6 shavs the similarity matrix for our methodon ap-

proximately200shapeglividedinto 17 categyories.Only the

five bestscoredor eachqueryareshadedaccordingto their

values.

We find it difficult to compareour techniquewith other
matchingalgorithmsasall of themassume surfacemeshas
aninput.Onenovelty of ouralgorithmis thatwe donotbuild
ary extra datastructureotherthanthe Delaunaytriangula-

(© TheEurographic#ssociation2004.

1.00 0.75 0.7 0.68 0.67

1.00 0.7 0.68 0.65 0.64

1.00 0.78 0.74 0.71 0.58

1.00 0.76 0.66 0.65 0.55

CAD Pig Tiger Dog Boy Alien

#pts 11K 37K 44K 55K 91K 120K

sec. 19.8 232 399 475 1049 1455

Figure 5: Matching result: Modelswith five bestscoresare
shownfor eac queryin a row. Timingsfor segmentationn
seconddor somemodelsare shown.

tion of theinput point set.Also, thereis no costly computa-
tion suchasapproximatinggeodesidistancesasby Hilaga
etal. [HSKKO01]. Theshapelistribution methodof Osadaet
al. [OFCDO01] assumesninput mesh.For comparisonsve
adaptedt to point cloudsasfollows. We usethe D2 metric,
thatis, we computedistancebetwee pairsof randomlyse-
lectedpoints. Randomselectiontook careof point density
to have a fair comparisonThis techniqueis quite effective
for mostof the models,however sometimest createssome
anomaliesFigure7 shavs onesuchexamplefor which our
methodworks properly

6. Conclusions

In this paperwe shaved that a surfacereconstructiortech-
niguefor noisy point cloudscanbe combinedwith a topo-
logicaltechniquéor segmentatiorto obtainarobustmethod
for featureidentification of shapesfrom their point sam-
plespossiblycorruptedwith noise.The entiremethodis di-

rectandsimplein thatit dealswith a singledatastructure,
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Animals

Dino 1

Dino 2

Blades

Cars

Chairs

Chess Pieces

Fishes

Guns

Hands

Humans

Phones

Satelliteg

Shoes

CAD 1

CAD 2

CAD 3

Figure 6: Similarity matrix.

Probability

distance

Figure 7: In the shapedistribution methodthe probability
distribution plot of D2 distancesshowsa better matct be-
tweenthe left alien and the dynosaurOur methodmatdes
thetwo aliensbetterthanwith thedynosaur

namelythe Delaunaytriangulationof the point sampleand
determineshetetrahedrdo be clusteredo form thefeature
segmentsThefeaturesggmentsobtainedby the methodcan
be usedeffectively for shapematching.

Somegquestiongemainopen.Our methodis suitablefor
segmentingand hencematchingvolumes.lt doesnot work
for surfacesthat have boundariesSomeapplicationsneed

partial matchingswhere surfaceswith boundariesneedto
be consideredAlso, the methodis not suitablefor match-
ing deformableobjects.For example,a cravling humanwill
be treateddifferently from the samehumanwith no such
crawl. Noticethatthe sgmentatiorwill dissectthe features
correctlyin both caseghoughthe matchingmay not com-
pensatdor the deformationsWe arecurrentlyinvestigating
thesessues.
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