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Abstract

Delaunay meshesare usedin various applications such as nite elemen analysis, com-
puter graphicsrendering, geometric modeling, and shape analysis. As the applications vary,
so do the domainsto be meshed. Although meshing of geometric domains with Delaunay
simplices have beenaround for a while, provable techniquesto meshvarious typesof three
dimensionaldomainshave beendeveloped only recertly. We dewote this article to presering
these techniques. We survey various related results and detail a few core algorithms that
have provable guaranteesand are amenableto practical implementation. Delaunay re ne-
mernt, a paradigm originally developed for guaranteeing shape quality of meshelemerts, is a
commonthread in thesealgorithms. We nish the article by listing a set of open questions.
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1 Intro duction

The needfor meshinggeometric domainsin three dimensionsis ubiquitous in sciertic studies
and engineeringapplications. Although a vast literature exists on mesh generation, there are
not many results that provide theoretical guaranees for the output. These guaranees typi-
cally include assurancesabout the topological and geometric properties of the output and also
about the shape quality of the mesh elemeris. In unstructured meshing with triangles and
tetrahedra, mainly two approadies are known that comewith these guarartees; one is octree
based[5, 46] and the other is Delaunay based[9, 33]. In this survey we focuson Delaunay based
methods. The literature on Delaunay basedmeshingis huge and it is not our intention to sur-
vey all existing algorithms on the subject. We recommendother literature [6, 12, 47, 50] as a
complemert to ours. We focus on various provable techniquesthat enable meshingof di erent
typesof geometricdomainsin three dimensions. As a commontheme we illustrate how an ele-
gant algorithmic paradigm called Delaunayre nement canbe adaptedto the variety of domains.

Issues There are two major issuesin Delaunay mesh generation of geometric domains: (i)
conformation and (ii) elemen quality.

If the input consists of linear elemens suc as segmetts, planar facets, and polyhedra,
conformation meansthat ead of theseinput elemens appearsin the output as a union of
Delaunay simplices. When the input is curved, one cannot imposethis condition sincea curved
elemert cannot be decompsedinto nitely many linear elemerts. Therefore, in this casewe
require that the underlying spaceof the output mesh have the sametopology as that of the
input. This means,for example, a meshing of a sphereshould be a triangulated sphere and
not a triangulated torus. Sincetopology doesnot capture the geometry of a shape, it is also
required that the geometry of the input be approximated well.

The shapes of the elemerts in uence the approximation and numerical errors in nite ele-
ment methods. The quality of the shape is determined by various measures.For a triangle, the
minimum angleis a good measureof its quality. For a tetrahedron, the minimum or maximum
over all faceangles,dihedral angles,and solid anglesis a good measureof its quality. Actually,
the requiremert on quality of simplicesdependson the application. SeeKnupp [42] for various
measuresof quality and alsothe article by Shewchuk [54] for implications of di erent measures.
In this article, we will use the well known radius-edgeratio measurethat enjoys many nice
properties [45) and suits Delaunay re nement techniquesvery well. For a triangle, a bound on
the radius-edgeratio imposesboth an upper and a lower bound on its anglesand thus forcesit
to be well shaped. For a tetrahedron an upper bound on the radius-edgeratio doesput bounds
on face anglesbut fails to do so for dihedral and solid angles. Indeed, an upper bound on
radius-edgeratio eliminates all types of bad tetrahedra except one, the notorious slivers [15].
Slivers are tetrahedra that residevery closeto a diametric plane of its circumscribing ball and
have all four vertices more or lessequi-spaced.SeeFigure 1.

Backgmound: Delaunay re nement was pioneeredby Chew [24] who applied it to meshing a
point set in two dimensionswith a quality guarartee for triangles. Chew showved that, by
inserting Voronoi verticeswhich are alsocircumcerters of Delaunay triangles, one canguaranee
aminimum angleof 30 . In anovel extension,Ruppert [51] shoved how the Delaunay re nement
strategy canbeadaptedto conformto line segmeis and points in the plane. His analysisshaved
that the Delaunay re nement producesa meshthat hasa sizewithin a constart factor of the
optimal.

In three dimensionsDelaunay re nement was rst applied to meshcorvex polyhedra [29].
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Figure 1. Tetrahedra with poor radius-edgeratio, taxonomy borrowed from [15]. All except
the sliver have bad radius-edgeratio.

Shewchuk [52] shaved how to apply it to polyhedral complexes.He made novel obsenations to
extend the analysisof Ruppert to this case.Although this isthe rst Delaunay re nement algo-
rithm for a non-trivial domain in three dimensions,the algorithm could not handle polyhedral
complexeswith input anglessmallerthan . Acute angleswere known to be a menacefor De-
launay re nement in two dimensions[51, 53]. Naturally they poseda harder challengein three
dimensions. Shewchuk [53] proposeda variant called the constrained Delaunay triangulation to
deal with acute angles. Howevwer, re nements with constrained Delaunay triangulations do not
produce Delaunay meshes. Shi and Gartner [55] report that when constrained Delaunay tri-
angulation is usedas a preprocessor,Delaunay re nement can handle acute anglesin practice.
Cohen-Steiner,de Verdiere, and Yvinec [27] proposeda meshingalgorithm with Delaunay sim-
plicesfor polyhedral complexesallowing acute input angles. This algorithm only addressedhe
conformity issuebut not the quality issue. Chengand Poon [2]] and Pav and Walkington [49]
proposedalgorithms that addressedboth issues. Unfortunately, these algorithms are not very
practical. Cheng, Dey, Ramos, and Ray [22] designeda Delaunay re nement algorithm for
polyhedra with possibly acute angleswhich could be implemented in practice. They guaranee
that all simplicesexceptthe onesnear acute angleshave boundedradius-edgeratio. A novelty
of the algorithm is that it doesnot explicitly compute the intersection of a set of protecting
balls with the polyhedron which was a bottlenedk in Cheng and Poon [21]. We describe the
algorithms of Shewchuk [52] and Chenget al. [22] in section 2.

For polyhedral domains, topology presenation is not an issuesince the output mesh can
conformto the input exactly. For curved domains, this is not the case.Capturing the topology
of the input is a foremost concernfor them. Chew wasthe rst to put forward a furthest point
insertion strategy for meshingsurfaces[25]. Howeer, his algorithm lacked rigorous mathemat-
ical analysis and theoretical guararntees.

Delaunay re nement techniques for curved domains advanced considerably after Amenta
and Bern [2] introduced local feature size based sampling theory for smooth surfacesin the
context of surfacereconstruction. Cheng, Dey, Edelsbrunner, and Sullivan [19] combined this
sampling theory with the furthest point strategy of Chew to designa meshing algorithm for
a speci ¢ type of smooth surfacescalled skin surfaces They usedthe fact that the Delaunay



triangulation of a densesampleof a smooth surfacecontains a subcomplex called the restricted
Delaunay triangulation whoseunderlying spaceis homeomorphicto the sampledsurface. Bois-
sonnat and Oudot [11] showved how the furthest point insertion strategy can be applied to
any C2-smooth surface. This algorithm assumesthat local feature sizescan be computed at
any point required by the algorithm. Computing local feature sizesis hard in general. They
suggestedhow to bypassthe exact computation in practice. Oudot, Rineau, and Yvinec [48]
extended this algorithm to volumes enclosedby a smooth surface. Cheng, Dey, Ramos, and
Ray [23] cameup with a di erent algorithm for surfacesthat doesnot require any local feature
sizecomputations. Instead, it cheds for violations of a topological property ensuringa homeo-
morphism betweeninput and output. We describe the algorithms of Boissonnatand Oudot [11]
and the algorithm of Chenget al. [23] in section 3.

Piecewisesmooth surfaceswere the next dicult classof domains on which Delaunay re-
nement was applied. Dey, Li, and Ray applied the strategy of [23] on piecewiselinear surfaces
which are assumedto approximate a smooth surface closely Boissonnat and Oudot showed
that their algorithm for smooth surfacescan work for a class of piecewisesmooth surfaces
called Lipschitz surfaces [11]. Unfortunately, the anglessubtended by tangerts of the surface
patches meeting at the non-smaoth regionsare required to be closeto . The menaceof small
anglesin Delaunay re nement for the polyhedral casealsoappearsin the piecewisesmooth case.
Cheng, Dey, and Ramos [18] preseried an algorithm that can take piecewisesmooth surfaces
with arbitrary input angles. In fact, the algorithm can handle a very large classof domains
called piecewise smath complex or PSC in short. This classincludes polyhedral complexes,
smooth surfaces, piecewisesmooth surfaces, volumes enclosedby them, and non-manifolds.
Unfortunately, becauseof some normal variation computations the algorithm is very hard to
implemert. Cheng, Dey, and Levine [16] modi ed the algorithm to make it amenablefor im-
plemertation. Very recertly Dey and Levine [30] simplied the algorithm ewen further. We
describe the algorithm of [16] in section 4.

1.1 De nitions

For corveniencewe borrow somede nitions and notations from topology. All topological spaces
in this paper are topological subspacesof some Euclidean spaceRY. We need maps between
topological spaceghat identify them astopologically equivalent. A continuousmaph:T1! T»

is a homeomorphism betweentopological spacesT 1 and T, if h is bijective and hasa cortinuous
inverse. The secondcondition can be dropped if T; and T, are compact since any comninu-

ous bijective map between compact spaceshas cortinuous inverse. Two spacesT; and T, are
homeomorphicif there is a homeomorphismbetweenthem. A stronger condition than home-
omorphism is captured by isotopy. Let T; and T, be embeddedin RY. A cortinuous map
F:T; [0;1]! RYis an isotopy betweenTy and T, if F(;0) is the identity, F(T1;1) = To,

and F ( ;t) is a homeomorphismonto its imagefor all t 2 [0; 1]. We say two spacesare isotopic

if they have an isotopy betweenthem. In words, isotopy meansthat one spacecan be cortinu-

ously deformedinto the other while maintaining homeomorphismall the time. Isotopic spaces
are homeomorphicbut the converseis not necessarilytrue. For example, a standard torus and

a knotted torus in R3 are not isotopic though they are homeomorphic.

A special class of topological spacesis manifolds. A k-manifold is a topological space
where eat point has a neighborhood homeomorphicto R¥ or halfspaceHX. The points with
a halfspace as neighborhood constitute the boundary of the manifold. The boundary of a
manifold M is denotedbd M.

Let d(X;Y) denote the Euclidean distance between two compact sets X ;Y RY. For



c2 RYandr 2 R, a gometric k-ball B(c;r) in RY is the set fxg on a k-dimensional linear
subspaceof R? where d(x; c) 6 r. A topolagical k-ball is a topological subspaceof RY which
is homeomorphicto a geometrick-ball. A k-simplexin RY is the corvex hull of a setof k + 1
anely independert points. A simplicial complexis a collection of simpliceswhere (i) a simplex
is in the collection only if sub-simplicesin its boundary are in the collection and (ii) any two
simpliceseither do not intersect or intersectin a lower dimensional simplex which is alsoin the
collection. A cell complexhasthe sameproperty exceptthat ead elemert in the collection is a
topological ball. Similarly, one may de ne a manifold complexwith elemens as manifolds. We
s&y two elemerns in a complex are incident if they are the sameor oneis in the boundary of
the other. They are adjacent if they have a non-empty intersection. For a complex C enbedded
in RY, we denote its underlying space,that is, point-wise union of its elemers as jCj which
inherits a subspacetopology from RY. The triangulation of a complex Cis a simplicial complex
K where jKj is homeomorphicto jC.

For any k-simplex t, let c(t) and r(t) denote the certer and radius of the k-ball whose
boundary cortains the vertices of t. We often refer to ¢(t) and r(t) asthe circumcerter and
circumradius of t respectively. The radius-edgeratio (t) is % where " (1) is the length of the
smallestedgein t. For triangles, an upper bound on puts alower bound on its minimum angle
since (t) = yo— where is the minimum anglein t. The smallestvalue of is pl—§ = 0:577:
which is achieved by equilateral triangles. To have an idea of the dependencebetween and
the minimum angle, we mertion that, for 6 1 the minimum angleis no lessthan 30 and for

6 2 the minimum angleis no lessthan 14:4 . We say a triangle or tetrahedron t is -skinny
if (t)6

We specialize someof the de nitions to Euclidean three spacesinceit is the ambient space
for domains consideredin this article. Let B(c;r) denotea geometric 3-ball in R3. A circumball
of a simplext RS is a 3-ball with all vertices of t on its boundary. Notice that a segme
or a triangle hasin nitely many circumballs. A tetrahedron, on the other hand, has a single
circumball. The smallest circumball of a simplex t is called its diametric kall. The diametric
ball of a segmen (edge) e is B(c(e);r(e)) where c(e) is the midpoint of e. The diametric ball
of a triangle t is B(c(t);r(t)) where c(t) and r(t) are the circumcerter and circumradius of t
respectively. The diametric ball of a tetrahedron is its circumball.

We will usetwo very special data structures de ned on a set of points V' R3. Dene a
Voronoi cell

Vp=fx 2 R3jd(x;p) 6 d(x;q) 8q2 Vg:

A Voronoi k-face is the intersection of (4 k) Voronoi cells. We refer to a Voronoi 0-,1-,2-,
and 3-faceas Voronoi vertex, Voronoi edge, Voronoi facet, and Voronoi cell respectively. The
Voronoi diagram VorV is the collection of all Voronoi faces. It is a cell complex. The dual
complex of VorV is the Delaunay triangulation of V denoted DelV. The dual of a Voronoi
k-faceis a Delaunay (3 k)-simplex, that is, a Voronoi vertex, Voronoi edge, Voronoi facet,
and Voronoi cell are dual to a Delaunay tetrahedron, Delaunay triangle, Delaunay edge,and
Delaunay vertex respectively. An important property of Delaunay simplicesis that they have a
circumball which is empty, that is, their interior doesnot cortain any of the vertices of V. See
Edelsbrunner [33] for more details.

1.2 Generic strategy

Given a domain D R3, the generic strategy of the Delaunay re nement can be stated as
follows:



DelRef (D)

1. Initialize a vertex setV from D and compute Del V.

2. If a property is not satis ed, insert a point ¢ from the domain D into V, update
VorV and/or DelV, and repeat step 2.

3. Return the computed mesh.

The initialization step varies from domain to domain. In the polyhedral case,the vertices
of the input domain are taken as the initial vertex set. For smooth domains, a set of carefully
chosenpoints from the domain is taken asthe initial vertex set. The main part of the algorithm
is run by step 2. The property to be satis ed variesaccordingto the desiredoutput. It includes
conformity to the domain, capturing topology and/or geometry of the domain, or guaraneeing
shape quality of the elemens. As long as the algorithm terminates, it is guaranteed that
the desired properties are satis ed. Therefore, the main burdens become (i) to choose an
appropriate property to be satis ed, (ii) to choosean appropriate point to be inserted, and (iii)
to prove that the proposedalgorithm terminates.

A dominant approac to prove the termination of the above re nement procedure is to
shaw that ead point p is inserted in a compact subset of R® where a positive lower bound
is maintained on the distance of p to ewvery other points inserted before and after p. The
termination follows from the following fact.

Fact 1.1 LetC RS be compact. LetV  C be a discrete point set where d(u;v) for any two
distinct points u;v is at least a constant > 0. Then, V is nite.

Usually the lower bound on distancesis proved using local feature sizesof the input. For
polyhedral domains, it is de ned as the distance between two non-adjacen input elemens.
For smooth cases,it is de ned as the distance of a point to the medial axis of the input. We
de ne thesefeature sizespreciselyin the appropriate sections. The argumert for termination
establishesthat ead inserted point maintains an inter-point distance of at least someconstart
times the local feature sizeat that point. We do not provide the proofs of the results and also
do not explain the choice of speci ¢ constarts that are usedin the algorithms and lemmasand
theorems. An interestedreader can extract the details from the respective papersthat we refer.

2 Polyhedral domains

First we considerpolyhedral domains. Thesedomains are special in that they consistof planar

elemerts, seeFigure 2. A polyhedral k-cell is a k-manifold in R3 whoseboundary is a piecewise
linear (k 1)-manifold. We call a polyhedral 0-,1-,2-, and 3-cell a vertex, edge facet, and

polyhadron respectively. A polyhedral complex, PC in short, is a collection of polyhedral cells,
any two of which either do not intersect or intersect in a lower dimensional polyhedral cell in

the complex. An input anglein a PC is any angle formed by two adjacert elemens. Let

be the lowest dimensional elemert containing a point x in a PC. The local feature sizef (x) is

de ned as:

f (x) = minimum distance of x to the elemens non-adjacer to



Figure 2: Example polyhedral surface and its Delaunay mesh. Input edgesand facets are
conformed by Delaunay simplices.

2.1 No acute angle

In this section we describe an algorithm by Shewchuk [52] for polyhedral complexeswithout
any acute input angle. This algorithm is an extension of the algorithm of Ruppert [51] who
applied Delaunay re nement for meshing planar straight line graphsin two dimensions. Let P
denotethe input PC. Just asin two dimensions,this algorithm requiresthat no input anglebe
acute.

The re nement algorithm proceedshierarchically in the dimensionsof the input elemers.
First, it inserts points to conform to the input edges,then to the input facets,and nally to
improve the quality of the triangles and tetrahedra. The algorithm maintains a vertex set V
and its Delaunay triangulation DelV which is updated with ead insertion. In the subroutines
described below, V and DelV are assumedto be globally accessible.

2.1.1 Conformit y

The input edgesare subdivided into subsgmentsby inserting points into them. We want ead of
the subsegmets to appearin the Delaunay triangulation of the current vertex setV. Actually,
the algorithm imposesa stronger condition; the diametric ball of ead subsegmenh should be
empty of verticesin V. Obviously, such a segmen must appear as a Delaunay edge. If the
diametric ball of any subsegmen e contains a point p 2 V other than its end points, we say e
is encroacheal by p, or p encroachese. The re nement algorithm goeson inserting the midp oint
of encroadied subsegmets using SplitEdge

SplitEdge( e)
Insert the midpoint of e in V and update Del V.

A set of points on an edge provides a unique subdivision of the edgeinto subsegmets.
Howewer, the sameis not true for facets. For facetsone hasto decideon a triangulation of the
original facet by points inserted in them. Let F be any such input facet and V be the set of
verticesin F. We considerthe two dimensional Delaunay triangulation of V in the plane of F.
Sincethe algorithm considersthe facetsonly after ead input edgeis recovered, the boundary
of F appearsas a union of subsegmets in this triangulation. Consequetly, F is subdivided
into Delaunay triangles ead of which is called a subfaet of F. The subfacetsof F may not
appear in the three dimensional Delaunay triangulation of the current vertex set. Again, the



algorithm enforcesthat the diametric ball of ead subfacet be empty. Otherwise, a point is
inserted. Obviously, if the processterminates, diametric balls of all subfacetsbecomeempty
and hencethey appear in the three dimensional Delaunay triangulation. If the interior of a
diametric ball of any subfaceth F contains a point p 2 V, we sa& h is encroachal by p. Notice
that the de nition of encroachyment for subfacetsis slightly di erent from that for subsegmets,
seeFigure 3. The point to beinserted when a subfaceth is encroated is determined asfollows.

(a) (b)

Figure 3: In Figure (a), p and q encroat the subsegmen In Figure (b), p encroades the
subfacetbut g doesnot.

This point is the circumcerter c of h if ¢ doesnot encroad any subsegmen If ¢ encroadiesa
subsegmenhe, it may betoo closeto e, causingunnecessarysplitting of e thereafter. To prevent
this, instead of ¢, the midpoint of any subsegmeh encroadied by c is inserted.

SplitF acet( h)

(i) Compute the circumcerter c of h.

(i) If c encroates a subsegmen e, call SplitEdge (€). Otherwise,
insert c into V and update Del V.

2.1.2 Qualit y enforcemen t

After conforming to the input edgesand facets,the re nem%n_t algorithm focuseson improving
the quality of the simplices. For an input parameter 1> = 2, if there isa j-skinny triangle,
it splits it using SplitF acet . Similarly, for an input parameter , > 2, if thereisa »-skinny
tetrahedron in a polyhedron of P, the tetrahedron is split as follows. The algorithm inserts
the circumcerter c of this tetrahedron if this circumcerter does not encroat any subfacet.
Otherwise,, it calls SplitF acet on a subfacet encroadied by c. The specic choice of the
constarts 2 and 2 comefrom the proof of termination, see[51, 52] for details.

SplitTet(  t)

1. Compute the circumcerter c of t.
2. If c encroatesa subsegmen e, call SplitEdge (e) and return.
3. If ¢ encroatesa subfaceth, call SplitF acet (h) and return.

4. Insert cin V and update Del V.



2.1.3 Algorithm

We erumerate the steps of the ertire algorithm below.
DelPC( P, 1, 2)

1. Initialize V to contain the verticesin P and compute Del V.

2. Find a subsegmen e encroadied by a vertex in V. If found, call SplitEdge( e)
and repeat step 2.

3. Find a subfaceth encroated by a vertex in V. If found, call SplitF acet( h)
and go to step 2.

4. Find a subfaceth that has (h) > 1. If found, call SplitF acet( h) and goto
step 2.

5. Find a tetrahedron t inside a polyhedronin P sothat (t) > . If found, call
SplitTet (t) and goto step 2.

6. Return simplicesin DelV whoseunion is P.

Onemay usea bounding box enclosingP and then producea Delaunay meshof the bounding
box which conformsto the input P. Then, onedoesnot needstep 4 sinceit improvesthe quality
of all tetrahedra inside the bounding box and hencealso improvesthe quality of the triangles.
Here we do not use such a bounding box and thus improve the triangle qualities explicitly.
Nevertheless,the elegan analysisof Shewchuk extendseasilyto shaw that the above algorithm
maintains a lower bound oninter-point distances. Speci cally, it insertsa point p with a distance
of at least f (p) distance from all other existing points where > 0 is a constart [52]. This
implies that the algorithm caninsert only nitely many points if it inserts them in a bounded
domain. We claim that all inserted points lie in the input domain P which is bounded. All points
inserted by SplitEdge lie in someinput edge. The following result prohibits circumcerters of
triangles and tetrahedra to go outside P.

Lemma 2.1 ([52]) If no subsgmentis encroachal, the circumcenter of a Delaunay triangle
in afacet F liesin F. If no subsgmentand subfaet of a polyhedron P 2 P is encroached, the
circumeenter of a Delaunay tetrahedron in P liesin P.

Thus, we have the argumert that DelPC terminates. Obviously, at termination, the output
meshconformsto P and ead triangle and tetrahedron has bounded radius-edgeratio.

Theorem 2.1 ([52]) For a PC P with no acute angle, DelPC produces a Delaunay mesh of
P where each simplex has a boundeal radius-algeratio.

2.2 Allo wing acute angles

It is crucial for DelPC that the input have no acute angle. Indeed, it may not terminate if
input anglesare allowed to be acute. Figure 4 shavs an examplewhy an acute input angle may
causeincessam point insertion near it. In this sectionwe preseri an algorithm DelPol y due
to Chenget al. [22] that can cope with acute input angleswhenthe input is a polyhedron. The
vertices and edgessubtending acute anglesare called sharp vertices and edgesrespectively.
There are three main ideasthat enable DelPol y to cope with acute angles. First, in the
conforming phasethe vertices with an acute input angle are protected with balls called vertex
balls. No points are allowed to be inserted inside the vertex balls. This prohibits incessam
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Figure 4: Inde nite splitting of encroatied subsegmets.

point insertions near sharp vertices. Second,the diametric balls of subfacetsare not required
to be empty. Instead we relax the condition by only requiring that the subfacetsappearin the
three dimensionalDelaunay triangulation. This prohibits inserted points ever approading eat
other near sharp edges.Third, in the quality enforcing phase,circumcerters of bad triangles or
tetrahedra are not allowed to be inserted near sharp verticesand sharp edges.For this purpose,
we take the diametric balls of the subsegmets on sharp edgesafter the conforming phaseand
double them. Theseballs called the edgehalls protect sharp edges.Any triangle or tetrahedron
whoseradius-edgeratio violates the quality criterion is not allowed to insert its circumcerter
inside any vertex or edgeball. The result of this constraint is that someof the poorly shaped
elemerts remain in the nal mesh. Howewer, they lie near sharp vertices or edges. After all,
one cannot avoid having poorly shaped elemers near theseregions.

Sincewe do not ensurethat the diametric balls of the subfacetsare empty, we cannot use
Lemma2.1to guaranteethat the circumcerters of tetrahedra lie inside P. Howeer, termination
requiresthat the points be inserted in a bounded domain. To circumvent the problem we use
a bounding box B around P. The box B is chosenlarge enoughsothat it doesnot a ect the
local feature size of P. The facetsof the bounding box are meshedwith subfacetsthat are not
encroated. The input P includesthe original polyhedron alongwith the vertices, edges facets,
and the volume of B. Oncethis modi ed P is meshed,one can extract the meshtriangulating
the original input polyhedron easily.

We describe the subroutines used by DelPol y in Sections2.2.1{2.2.3 and then give the
algorithm in Section2.2.4.

2.2.1 Sharp vertex protection

First, we protect the sharp vertices with vertex kalls. Points are not allowed to be inserted
inside these vertex balls at later stages. This meansthat certain skinny tetrahedra are not
removed since their removal requires insertions of vertices inside these vertex balls. Because
of this constraint we compute the feature sizesat the sharp vertices explicitly and useit to
compute the vertex balls. This allows one to argue that the skinny triangles and tetrahedra
that we left out lie near sharp vertices and edgesof the input.

For eath sharp vertex u, we compute its distance from all elemens of P which are not
incident to u. This distance is the local feature sizef (u) at u. A brute-force computation
of the feature sizetakes O(n) time per vertex where n is the number of elemers in P. This
brute-force computation is not prohibitiv e in practice sinceit is performed only onceand that
too before splitting any elemeris of the input P.

We put a vertex ball By, = B(u;f (u)=4). The points where the boundary of B intersects
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Figure 5: (a) and (b) show two shield subsegmets and their splittings, (c) shows a shield
subfacet.

edgesof P are inserted into the vertex setV. A subsetof B, \ P is protected using a method
similar to Cohen-Steiner,de Verdiere, and Yvinec [27]. At any generic step of the algorithm,
V contains vertices on the arc where a facet F incident to u intersects the boundary of B .
The segmeits connecting consecutive points on such an arc form shield subsgments Let ab
be a shield subsegmet If the angle of the circular sector aub on F is at least or abis
encroated, it is split by the following method called SOS(split on sphere)accordingto Cohen-
Steiner et al. [27] (a more general version of this strategy is described in [8]). If the angle of
the sectoraubon F is at least , we insert the midpoint x on the arc betweena and b on the
boundary of B, \ F. The subsegmenh ab is replacedwith two shield subsegmets ax and bx;
seeFigure 5(a). This type of splitting happensat most oncefor u, in which casea and blie on
the boundary edgesof F incident to u. If the angle of the sectoraub is lessthan and abis
encroated, we insert the midpoint x on the shorter arc betweena and b on the boundary of
B,. The subsegmen ab is replaced with two shield subsegmets ax and bx; seeFigure 5(b).
The protection procedure described above hasto be modi ed slightly to take care of adjacert
shield subsegmets making acute anglesbetweenthem.

When no shield subsegmen corresponds to a sector at u with angle or more, the shield
subsegmets around u create a set of shield subfaets incident to u. Figure 5(c) shaws an
example. The diametric ball of a shield subfacet lies in the union of the vertex ball B, and
the diametric ball of the corresponding shield subsegmen SinceB  is kept empty throughout
the algorithm, it is su cien t to keepthe diametric balls of shield subsegmets empty to ensure
that shield subfacetsappear in Del V.

In Initialize , weonly insert the points wherethe incident edgesof u intersectthe boundary
of By, and split shield subsegmets that correspond to sectorswith angles or more. The
encroatiment of shield subsegmets is handled in the conforming phase.

2.2.2 Conformit y

Edges are split using a subroutine SplitEdge , which recovers the edgesof P as union of
Delaunay edges. SplitEdge is called to split any subsegmen (sharp, non-sharp, or shield)
that is encroadied until no such segmen exists.

SplitEdge( €)

If eis ashield subsegmety split it with SOSelseinsert the midpoint
of ein V and update Del V.
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Notice that any point inserted by SplitEdge cannot lie in the interior of the vertex balls.
When SplitEdge terminates, ead edgeof P appearsas a union of Delaunay edges.

Facets are split with subroutine SplitF acet . For the subfacetson the boundary of the
bounding box, the main algorithm cheds if their diametric balls are empty. For all other
subfacetsit chedks only that the subfacetsappear in DelV. It can be shown that suc a
condition can be satis ed for a polyhedron after su cien t but nite amount of splitting.

SplitF acet( h)

1. Compute the circumcerter c of h.

2. Let F bethe facet containing h. If c doesnot encroat any subseg-
mert, insert ¢ into V and update DelV. Otherwise, reject c and

(a) pick a subsegmeh g encroadied by c with preferencefor those
in bdF or on F (shield subsegmet), and

(b) call SplitEdge( Q).

In the conforming phase,after all the edgesand facets are recovered, further splittings are
done using the subroutine SplitBall  to reducethe diametric balls of the sharp subsegmets
roughly to the order of local feature sizes. In order to avoid the computation of local feature
sizes, this is achieved in a roundabout way. SplitBall splits any subfacetor subsegmeh h
that is encroaded by the midpoint of a sharp subsegmens provided that h and s are contained
in disjoint elemers of P. The intuition is that someof the new verticesinserted to split these
subfacetsor subsegmets will encroat s and causes to split. One can claim that, at the end of
SplitBall , all diametric balls of sharp subsegmets becomesmall comparedto local feature
size.

SplitBall(  s)
If the midpoint of s encroates a subsegmet or subfaceth, where

h and s are cortained in disjoint elemens of P, split h accordingly
using SplitEdge( h) or SplitF acet( h).

At the end of the conforming phase, for ead sharp subsegmet we double the radius of its
diametric ball with the certer xed and call them edge balls. The edgeballs and the vertex
balls constitute the ertire set of protecting hkalls for the quality enforcing phase. Although sharp
subsegmets may be subdivided further in this phase,the protecting balls always refer to those
computed at the end of the conforming phase.

Lemma 2.2 ([22]) Any protecting ball B (x;r) is either contained in a ball centering a sharp
vertex v with radius %f (v) or hasr 6 2° 2f (x).

2.2.3 Qualit y enforcemen t

As in usual Delaunay re nement we attempt to insert the circumcerters of the skinny triangles
and tetrahedra in this phase. For a skinny triangle if the certer doesnot lie in any protecting
balls, we call SplitF acet to split this triangle. For a skinny tetrahedron whosecircumcerter
doesnot lie in any protecting ball, we call a subroutine SplitTet  which is exactly sameasthe
one described in section2.1.2.
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Now we enumerate all stepsof DelPol y \fghich takesa piecewiselinear 2- or 3-manifold P
asinput. The parameters 1> land ,> 2 2=1 tan( =8)) are constarts chosena priori
which regulate the quality of the elemeris in the output mesh.

2.2.4 Algorithm

DelPol y(P, 1, 2)

1. Initialize V to bethe setof vertices of P and the bounding box B. Compute the
vertex balls. Insert the intersectionsbetweentheir boundariesand the edgesof
P into V. If any shield subsegmen forms a sector with angle or more, split
it with SOS.Compute Del V.

2. If there is an encroahed subsegmenh g, call SplitEdge( €) and repeat step 2.

3. If there is a subfaceth B that is encroaded, or if h 6 B and h does not
appear in DelV, call SplitF acet (h) and goto step 2.

4. If edgeballs are already computed, goto step 5. For ead sharp subsegmeh s
call SplitBall  (s). Compute the edgeballs by doubling the diametric balls of
the sharp segmeis and go to step 2.

5. Find a triangle t with (t) > 1 and with its circumcerter c lying outside
protecting balls. If found, call SplitF acet (t) and goto step 2.

6. Find a tetrahedron t with (t) >  and with its circumcerter z lying outside
protecting balls. If found, call SplitTet (t) and goto step 2.

7. Return the subcomplex of Del V that cover the original input polyhedron.

DelPol y canbemodied to improve the threshold for ,to 2+ forany xed > 0. This
worsensthe output anglesat the sharp verticesthough. See[22] for more details.

We left out the details of the implementation of steps such as chedking whether the cir-
cumcerters of 1-skinny triangles and »-skinny tetrahedra lie inside a protecting ball. There
is a lot of room for experimentation and variations. The main focus should be to make the
computations local.

Figure 6: A polyhedral volume is meshedwith Qualmesh software [59] that implemerts
DelPol y. Middle: someskinny tetrahedra could not be removed near sharp vertices. Right:
the surfacemesh.

To ched whether the circumcerter c¢ of a skinny triangle or tetrahedron lies inside a pro-
tecting ball, rst nd the tetrahedron t that contains c by a walk. If the protecting balls that
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intersect t are recordedat t, one can easily determine the protecting balls containing c. The
initialization of sud information can be done at the end of conformity phaseby walking from
sharp subsegmets to all tetrahedra intersectedby protecting balls. Afterwards, with ead up-
date of the Delaunay triangulation, the information can be updated with local computations
only. An example of the output of DelPol y with local computations is shovn in Figure 6.

Theorem 2.2 ([22]) Given a polyhdaral surface or a polyhedron PR3, DelPol y produces
a Delaunay meshofléD where each simplex hasa boundel radius-algeratio exept the oneswhose
vertices lie within 5 2f (x) distance of a sharp point x 2 P.

3 Smooth domains

In this section we consider domains that are smooth sud as smooth surfaces,and volumes
enclosedby smooth surfaces. We require that the surfacesbe at least C2-smooth, compact,
and have no boundary, seeFigure 7. For sud surfacesa sampling theory has beendeveloped
recerily in the context of surface reconstruction [2, 3, 28]. This sampling theory is used to
argue about the sampling and meshing of such surfaceswith Delaunay re nement.

Figure 7: Delaunay mesh of a smooth knotted torus. The algorithms in section 3.1 and in
section 3.2 can produce such meshes. They have beenimplemened in CGAL [57] and the
SurfRemesh software [60] respectively.

Let R2 be a smooth, closed surface, that is, is compact, C2-smooth and has no
boundary. As with polyhedral domains, we need a local feature size de nition for smaooth
domains. The medial axis M () of is de ned asthe closure of the set of points x 2 R® so
that d(x; ) is realizedby two or more points in . Here, the local feature sizeis de ned as:

f(x)=d(x;M):

Amenta and Bern introduced this notion of local feature sizein the context of surfacerecon-
struction [2]. The local feature size captures the information of how complicated the surface
is locally. Naturally, this local feature size can be usedto measurehow well a set of points
samples. A setof points V is called an "-sampleof if B(x;"f (x))\ V is non-empty for
any x 2 .

It turns out that if Visan"-sampleof for asu cien tly smallvalueof", a subcomplexof the
Delaunay triangulation of this sample captures the topology of . We de ne this subcomplex
in generality and then specializeit to .

Let V beany point setin R3. Let V denotethe dual Voronoi faceof a Delaunay simplex in
DelV. The restricted Voronoi faceof V with respectto X  R3isthe intersectionV jx = V \ X.
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The restricted Voronoi diagram and restricted Delaunay triangulation of V with respect to X
are

VorVjx = fVijx jVix 6 ;0 andDelVjx = f |V jx 6 ;g respectively.

In words, Del Vjx consistsof those Delaunay simplicesin DelV whosedual Voronoi face inter-
sectsX. We call these simplicesrestricted.

Now considera sampleV on the surface . The restricted Delaunay triangulation of V with
respectto is DelVj . It is known that, if V isan"-sampleof for" 6 0:2, then DelV] has
its underlying spacehomeomorphicto [2, 28]. To usethis result one requires computing an
"-sampleof . A computation of local feature sizeor its approximation seemsto be necessary
to determine if a sampleis an "-samplefor a pre-determined”. Evenif oneis allowed to assume
the availability of the local feature sizeat any given point, it is not immediately obvious how to
place points on  sothat they become"-samplefor a given" > 0. Boissonnatand Oudot [1]]
showed that the furthest point strategy of Chew [25] can placethe points appropriately if local
feature sizesare available. We describe this algorithm in section 3.1.

When local feature sizesare not known, we cannot use the method of Boissonnat and
Oudot [11]. Instead, we fall badk upon a di erent strategy to drive the Delaunay re nement. A
result of Edelsbrunnerand Shah[37] says that if Voronoifacesintersect in aclosedtopological
ball of appropriate dimension, then the underlying spaceof the restricted Delaunay triangula-
tion becomeshomeomorphicto . Therefore, a Delaunay re nement driven by the violation
of the Edelsbrunner-Shahconditions provides a viable strategy for meshing with topological
guarartees. This strategy is followed by Cheng, Dey, Ramos, and Ray [22]. We describe this
algorithm in section 3.2.

3.1 Known feature size

Let V be a sampleof a smooth, closedsurface . Considerthe complex consisting of restricted
triangles and their vertices and edges.It is a subcomplex of DelVj , namely,

SkI’Vj = ft2 DelVj j tisincident to a restricted triangleg:

Notice that the above de nition usesthe notion that a simplex is incident to itself. The
di erence betweenSkl?Vj and DelVj isthat the former onedoesnot include restricted edges
and vertices that are not incident to any restricted triangles. Since meshingof should not
include such hanging edgesand isolated vertices, one can a ord to not considerthem.

The algorithm of Boissonnat and Oudot [11] is basedon the following obsenations. For
a restricted triangle t 2 SkI?Vj , the dual Voronoi edgeV; intersects possibly at multiple
points. Each ball certering such an intersection point and circumscribing vertices of t is called
a surface Delaunay kall of t. The following lemma is proved in [11].

Lemma 3.1 If all surface Delaunay kalls B (c;r) satisfyr 6 "f (c) for " 6 0:09, the underlying
space of SkI’Vj s a triangulated 2-manifold without boundary.

Let E bethe triangulated 2-manifold guaranteedby Lemma3.1. Onecanorient the triangles
of E consistertly. Let n; denotethe outward normal of such a triangle t. Similarly, let n, denote
the outward normal to  at a samplepoint v. A result of Amenta, Choi, Dey, and Leekha]3]
can be called upon to establish a homeomorphismbetweenE and if one can establish that
the triangles sharing vertices in E make small angles between their oriented normals. For
corvenience,let us say that a triangle is small if its circumradius is no more than O(") times
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the local feature sizesat its vertices where™ 6 0:05. A result of Amenta and Bern [2] shows
that the acute angle betweenthe lines normal to sudc triangles is O("). Howewer, one needs
the angle between oriented normals. Therefore, a small acute angle between lines normal to

triangles doesnot suce. A result of [3] (also see[28]) comesto the rescuewhich says that

oriented normals to restricted Delaunay triangles sharing an edgemake lessthan - angleif the
triangles are small. The triangles in E are made small by the algorithm. Therefore, all triangles
around a vertex v can be oriented consistertly sothat \ n¢;n, = O(") for ead triangle incident

to v. Sinceadjacen vertices (joined by an edgein E) are not far apart, their oriented normals
dier by O(") angle. The implication of this obsenation is that \ n¢;n, = O(") for any triangle

t with a vertex v. Now we recall a result of Amenta et al. [3].

Theorem 3.1 ([3]) Let :R3nM() ! map each point of R3 to its nearest point in
The restriction of to a simplicial 2-complex E whoseverticeslie in  is a homesmorphism
between E and , provided that:

1. E is a manifold without boundary,
2. everytriangle in E has circumradius of at most 0:113minff (v);v a vertex of tg,

3. the normal n; of every triangle t makesat most 0:375 radians with n,, wher v is any
vertex of t.

4. E hasverticesin all components of

The argumerts in the paragraph following Lemma 3.1 show that conditions 1-3 of the above
theoremare satis ed when" 6 0:05. Condition 4 hasto be ensuredby the algorithm. Therefore,
we get an immediate algorithm asfollows. Compute a point in eadx componert of . Maintain
the Delaunay triangulation of the current point setV and ched if there is any restricted triangle
t with surfaceDelaunay ball B (c;r), r > 0:05f (¢). If so,insert the point cinto V and cortinue.
There is one concernabout this algorithm. How doesone make surethat SkI>Vj is non-empty
at any stage of the algorithm? It may happen that no Voronoi edgeof VorV intersects . To
avoid this, Boissonnat and Oudot describe a method to pick a triangle t for ead componert
of with a surface Delaunay ball B(c; f (c)). They call such a triangle persistent as they
persist throughout the algorithm as a restricted triangle. It is not clear how one can compute
persisten triangles deterministically. The method describedin [11] is a heuristic which works
most of the time in practice.

We summarize the ertire algorithm below. A list L of all surface Delaunay balls is main-
tained. Updatesto VorV, SkI?Vj , and L are donelocally after eath insertion.

DelSmSurfl (, ")

1. For eath componert of compute a persistert triangle. Initialize V to set of
vertices of these persistert triangles. Initialize L to the surfaceDelaunay balls
of the persistert triangles.

2. Find a ball B(c;r) 2 L sothat r > "f (¢). If found, insert c into V, update
SkI’Vj and L, and repeat step 2.

3. Output SkI?Vj .

The parameter" 6 0:05cortrols the re nement level of the mesh. Boissonnatand Oudot [11]
show that the output meshhasa Hausdor distance O("?) times the local feature sizes. Specif-
ically, they prove the following theorem.

16



Theorem 3.2 ([11]) Given a smaoth, closal surface R3, DelSmSurfl  produces a mesh
T with the following properties:

1. There is an isotopy between  and |Tj.
2. The isotopy movesa point x 2 only by O("?)f (x) distance.

3. The numker of verticesin T is within a constant factor of any "-sample of

It is clear that the quality of the triangles can be easily cortrolled by adding a step that
inserts points wheneer a triangle has a radius-edgeratio greaterthan a threshold. See[11] for
details.

3.2 Unkno wn feature size

The algorithm of Boissonnat and Oudot cannot be usedif an oracle is not provided that can
compute (or estimate in practice) the local feature sizeat a given point of the surface. Cheng,
Dey, Ramos, and Ray [23] designedan algorithm that doesnot require any knowledge of local
feature size. This algorithm is motivated by a result of Edelsbrunner and Shah [37] which
says that if the restricted Voronoi diagram satis es certain conditions, the restricted Delaunay
triangulation becomeshomeomorphicto the surface.

As in the previous section, let V be a point samplefrom a smooth closedsurface RS.
We say a k-faceV of the Voronoi diagram VorV satis es the topological ball property, TBP
in short, if either V doesnot intersect or intersectsit transversally in a topological closed
(k  1)-ball. The ertire Voronoi diagram satis es the TBP if ead Voronoi face satis es it.
Edelsbrunner and Shah prove the following theorem [37].

Theorem 3.3 ([37]) If VorV satis es the TBP, the underlying space of the restricted Delaunay
triangulation DelVj is homemorphic to

Chenget al. [23] drive the Delaunay re nement with violations of the TBP. For ead Voronoi
faceviolating any of the conditions of the TBP, the algorithm samplesa point from the surface.
The authors in [23] prove that thesepoints maintain a positive lower bound on their distances,
thereby guararteeing the termination. Obviously, at the end, the TBP holds which by Theo-
rem 3.3 ensuresa homeomorphismbetweeninput and output. We go over the subroutinesthat
processthe TBP violations.

3.2.1 Subroutines

We have four subroutines VorEdge , TopoDisk , VorF acet , and Silhouette  processing
various typesof TBP violations. In the caseof a violation, they samplea new point from .
We useV to denote the set of sample points maintained by the algorithm. For simplicity we
assumethat no Voronoi vertex lieson . If this assumptiondoesnot hold, the algorithm needs
somemodi cations as detailed in [23].

The rst subroutine VorEdge cheds the TBP for a Voronoi edge. According to the TBP
a Voronoi edgeshould intersect  transversally in a single point, a 0-ball, if it intersectsat all.
Recall that the Delaunay dual of e is a restricted triangle t.. Let cmax(t) and rmax(t) denote
the certer and the radius of the largest surface Delaunay ball of a restricted triangle t. If e
intersects at multiple points, we insert cmax(te).
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VorEdge (e)

1. If eintersects tangentially, return the point of tangertial conact.
2. If eintersects in two or more points, return cmax(te).

In the next subroutine TopoDisk , we chek whether the restricted triangles incident to a
samplepoint p form a topological disk. Let T, be the set of triangles in DelVj incident to p.
First, we ched if ewery triangle edgein T, is incident to exactly two triangles in T,. Second,
we ched if T, forms exactly one cycle of triangles around p. If both tests are passed,T, forms
a topological disk; otherwise, it doesnot.

TopoDisk preverts two typesof TBP violations. First, if a Voronoi facet intersects in
two or more topological intervals, its dual Delaunay edgehas more than two restricted triangles
incident to it given that no Voronoi edgeintersects in more than one point. This condition
is disallowed by TopoDisk . Second,if the boundary of a Voronoi cell V, intersects in two
or more cycles, there are two or more topological disks in T, which is again preverted by
TopoDisk .

TopoDisk (p)

1. If T, forms a topological disk, return null.

2. Find the restricted triangle t 2 T, for which rmax(t) is the maximum among
all triangles in T,. Return cmax(t).

A Voronoifacet shouldintersect transversally in a singletopologicalinterval if it intersects
at all. It canviolate this property by (i) intersecting tangertially, (ii) intersecting in two or
more topological intervals, and/or (iii) intersecting in a closedcurve. The possibility of (ii)
is preverted by TopoDisk . The next subroutine VorF acet guardsagainstthe possibilities of
() and (iii). This subroutine usessomecritical point computations. Let C be a smooth closed
curve on a plane. Given a direction d, the critical points of C in direction d are the points
where the tangert to C is orthogonal to d.

VorF acet (F)

1. If F intersects tangertially, return the tangertial contact point.

2. Let bethe plane of F. Choosea direction d parallel to . Compute X, the
set of critical points of the curvesin \  in the direction d.

3. If no point in X lieson F, return null.

4. SinceF intersects transversally, F\ is a collection of disjoint simple curves
(openor closed)and X \ F isthe setof critical points of thesecurvesin direction
d. Let V,, be a Voronoi cell incident to F. Foreahr x 2 X \ F,

(@) Compute the line "y in  through x parallel to d. Notice that " is normal

toF\ atx.
(b) Compute X%:= ", \ . If j)XO Fj> 2, return the point in X A F furthest
from p.
5. Return null.
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The previous three subroutines make sure that Voronoi edgesand Voronoi facets satisfy the
TBP. Now we considerthe casefor Voronoi cell which, accordingto the TBP, should intersect

in a 2-ball, a topological disk. We argue that, at the end of VorEdge , TopoDisk , and
Vorf acet a Voronoi cell V, cannot intersect in multiple componerts. First, no connected
componert of  can be completely inside V,, since we initialize V with a point from ead
componert of . Therefore, eadh connectedcomponert of V,\  hasa non-empty boundary.
Second, if Vp\ had multiple componerts, (bdV;) \ would have multiple componerts.
However, this is preverted by TopoDisk and VorF acet . Therefore, V,\  is a connected
2-manifold with a connectedboundary. This surfaceis orientable as is. Sud a surfacecannot
be a disk only if it cortains a handle. We detect the presenceof handlesby silhouettes

For a smooth surface and a given direction d, the silhouette J4 is a set of closedcurves
formed by points x 2 whereny d= 0. This meansthat the normal to at ead point of the
silhouette is orthogonal to the direction d. The following result motivatesthe useof silhouettes.

Lemma 3.2 ([23]) Let be a compact connected smaoth surface with non-empty boundary in
R3. If Jq is empty for somedirection d, is a topolagical disk.

A subroutine Silhouette  utilizes Lemma 3.2. It chedks if a Voronoi cell V intersects
the silhouette Jq, where d = np. If Vp\ Jg 6 ;, either Jgy intersects some facets of V,
or V, completely cortains a componert of J4. The rst possibility is chedked by the sub-
routine SilhouettePlane . The secondpossibility can be detected by cheding if V, con-
tains any critical point of Jq in a direction orthogonal to d. This is done by the subroutine
SilhouetteCritical . The details of SilhouettePlane and SilhouetteCritical can be
found in [23].

Silhouette (p)

1. Choosea direction d° orthogonal to np,.

2. Compute X := SilhouetteCritical ( ;np;d‘).
3. If X contains a point inside Vp, return it.

4. Otherwise, for ead facet F of V,

(a) Compute X 9:= SilhouettePlane  ( ;Np), where s the plane of F.
(b) If X cortains a point in F, return it.

5. Return null.

3.2.2 Algorithm

The algorithm SampleTopology samplesa set of points V from  sothat DelVj is home-
omorphic to . It initializes V with a seedset of critical points of in a chosendirection.

Then it calls a procedure Topology that repeatedly invokes the subroutines in caseof any

violation of TBP. Upon the return of Topology , DelVj is homeomorphicto . Howewer, it

is possiblethat someseedsare too closetogether, which meansthat the surfacetriangulation

may be denserthan necessaryaround the seeds.One may x this problem by deleting the seeds
incremertally. Obsere that we may start the algorithm with a singleinitial point and then let

Silhouette  generatemore points on ead componert of instead of computing the seedset.
Howewer, to avoid the more expensive computation of critical points of the silhouette in a given
direction, we recommendstarting with the seedset.
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SampleTopology ()

1. Initialize V with critical points of .

2. Compute V := Topology (V).

3. While there is a seedp 2 V, deletep from V and compute V := Topology (V).
4. Return V.

Topology (V)

1. Perform steps (a){(d) in order. Terminate the current step as soon as the
returned x is non-null; skip the following steps;and go to step 2.

(a) For every edgee of VorV, compute x := VorEdge (e).
(b) For ewvery p2 V, compute x := TopoDisk (p).

(c) For ewvery facet F of VorV, compute x := VorF acet (F).
(d) For ewvery p2 V, compute x := Silhouette (p).

2. If x is non-null, insert x into V, update VorV, and go to step 1. Otherwise,
return V.

Although the above algorithm captures the topology of the input surface , the output is
often a crude approximation. In orderto capture the geometrybetter, Chenget al. suggestsome
geometricre nement [23]. The triangles can be re ned for their shape quality. A parameter
controls the shape quality. If there is a triangle t in DelVj with (t) > 1+ | the procedure
Quality inserts the furthest intersection point between and the dual Voronoi edgeof t.

Quality (V, )

1. If there is a restricted triangle t with (t) > 1+ , insert cmax(t) into V and
update VorV.

2. Return V.

To capture geometry better, one may alsoimprove the the internal dihedral anglessubtended
by the edgesof the output mesh. Sincewe are meshinga smooth surface,thesedihedral angles
should be closeto . We measurethe smoothnessof DelVj using the dihedral anglesat the
edges. Speci cally, for eat edgee in DelVj , we de ne the roughnessof e, denoted by g(e),
to be minus the dihedral angle at e. The procedure Smooth samplesa point from if the
roughnessof someedgeexceeds .

Smooth (V, )

1. If there is an edgepqin DelVj sud that g(pg) > insert cmax(t) wheret is
an incident restricted triangle of e and update VorV.

2. Return V.

Quality enforcesthat the anglesof every triangle are no lessthan arcsin ﬁ . Smooth

enforcesthe dihedral anglesare no lessthan O( ). Thus, we canimprove the triangle shape

and smoothnessby decreasing . Howewer, as explainedin [23] the meshsizeincreasedinearly
o4
in <.

The algorithm DelSmSurf2 combines all subroutines. It maintains the sampleset V and
DelVj throughout its execution. The nal triangulation DelVj is the output surface mesh

desired.
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DelSmSurf2 (, )

1. Compute V := SampleTopology ().

2. Compute V = Quality (V; ). If Quality inserted some point(s) into V,
compute V := Topology (V) and repeat step 2.

3. Compute V := Smooth (V; ). If Smooth inserted a point into V, compute
V := Topology (V) and goto step 2.

4. Output DelVj .

Notice that, after Quality or Smooth , we call Topology again becausethe new sample
point(s) may disturb the topology of DelV]j . It is worthwhile to note that one doesnot need
to seart the ertire VorV for a possibletopology violation. Instead, a local seart su ces since
the insertion of a new point changesVorV locally.

Theorem 3.4 ([23]) Given a smaoth, closal surface , DelSmSurf2 computesa restricted
Delaunay meshwhoseunderlying space is homeomorphicto  wher eachtriangle hasa bounded
aspect ratio and each edge has a dihedral angle closeto

Notice that the above theorem doesnot have any guaranee about the Hausdor distance
between and the output meshbeing small comparedto the local feature sizes. This cannot
be assuredunless feature sizesare computed, and the design of DelSmSurf2 avoids these
computations.

3.3 Smooth volume

In this section we consider meshing of volumes enclosedby smooth surfaces. Let O denote
the volume enclosedby a smooth surface . Let V be the vertex set produced either by
DelSmSurfl or DelsmSurf2 . Let T be the meshoutput by both the algorithms.

The volume enclosedby T is already triangulated with Delaunay tetrahedra. We can further
re ne them for quality using the radius-edgeratio condition. The circumcerters of skinny
tetrahedra can be added as long as they do not disturb the surface triangulation. One easy
approad is to skip adding those circumcerters who encroad the surfaceDelaunay balls meaning
that they lie inside theseballs. This ensuresthat all surfacetriangles remain intact. The trade
o of this easy x is that the tetrahedra near the boundary may not have boundedradius-edge
ratios. To ensurethe quality for all tetrahedra, additional e ort is required to maintain the
surface. We describe an algorithm by Oudot, Rineau, and Yvinec [48] which usesDelSmSurfl
for surfacetriangulation.

The algorithm rst runs DelSmSurfl to obtain a surfacetriangulation with a vertex set
V on the surface. It splits the surfacetriangles with the following subroutine.

SplitF (1)

Let B(c;r) bethe surfaceDelaunay ball circumscribing t wherer=f (c) is max-
imum amongall surfaceDelaunay balls of t. Insert ¢ into V and update VorV.

To mesh volumes we needtetrahedron and hence can forget about the hanging lower di-
mensional restricted simplicesthat may be presen. Just asin the caseof surfaces,we de ne
the following subcomplex for the volume.

SkPBVjo = ft 2 DelVjo j t is incident to a restricted tetrahedrong:

21



In the algorithm DelSmV ol belowv we usetwo parameters” and where " controls the
level of re nement and cortrols the aspect ratios of the tetrahedra and triangles.

DelSmV ol (V; ;")

1. Call DelSmSurfl (, ").

2. Find atriangle t 2 SkI*Vj whereall three verticesoft arenot in . If found,
call SplitF (t,) and repeat step 2.

3. Find atriangle t 2 SklI>Vj with asurfaceDelaunay ball B (c;r) wherer=f (c) >
". If found, call SplitF( t) and repeat step 2.

4. Find a tetrahedron t 2 SkI®Vjg with (t) > . If found, do the following:

If the circumcerter ¢ of t does not encroad any surface Delaunay ball,
insert c into V, update VorV, and goto step 4. Otherwise, let ¢ encroad
a surfaceDelaunay ball B(c®r). Insert c®into V, update VorV, and go to
step 2.

5. Return Sk Vijo.

Step 2 ensuresthat all restricted triangles have vertices from . Step 3 re nes surface
triangles asin DelSmSurfl . Step 4 re nes the tetrahedra. Re nement of surfacetriangles is
given priorit y over the tetrahedra. Oudot et al. [48] prove that the above algorithm terminates
and has the following geometric and topological guaranees.

Theorem 3.5 ([48]) Given a volume O boundead by a smath surface , for " 6 0:05 and

> 1, DelSmV ol produces T = SkiI®Vjo wher each tetrahadron in T has radius-algeratio at
most and jTj is homemorphic (isotopic) to O and bd T = Skl?Vj . Furthermore, the isotopy
movesa point x 2 by at most O("?)f (x) distance.

4 Piecewise smooth complex

In this section we consider a fairly large classof input domains called piecewisesmooth com-
plexes (PSCs). This classincludes smooth surfaceswith or without boundaries, piecewise
smooth surfacesincluding polyhedral surfaces,non-manifold surfaces,and volumesenclosedby
them. Figure 8 showvs someexampleinputs and their meshes.

4.1 Domain

A piecewisesmooth complex (PSC) is a manifold complex where eat elemert is a compact
smooth (C?) k-manifold, 0 6 k 6 3. An elemernt may have a boundary though the elemern
is assumedto be contained in a smooth k-manifold without boundary. We use D to denote
the kth stratum, i.e., the subsetof all k-dimensional elemers. Dy is a set of vertices;, D4 is
a set of curves called 1-faces;, D5 is a set of surface patches called 2-faces; and D3 is a set of
volumes called 3-faces For 16 k 6 2, weuseDg ¢ to denote Dg[ :::[ Dk. The domain is
D =Dg[ ::[ Ds.

The input D, beinga manifold complex, satis es the requiremerts of a complex: (i) interiors
of the elemerts are pairwise disjoint and for any 2 D, bd D; (i) forany ; °2 D, either

\ 9=: 0or \ Ojsaunion of elemerts in D.

The meshingalgorithm that we are goingto describe generatessamplepoints someof which

are weighted. A weighted point p with weight w,, is represerted with a ball p= B (p;wp). The
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Figure 8: Meshed PSCs, Met aball (Smooth), Part (Manifold PSC), and Wedge (Non-
manifold, PSC with small angles). Top row: surface mesh, bottom row: volume mesh. The
meshesare all produced by DelPSC software [5§].

squared weighted distance of any point x 2 R? from p is given by kx  pk? w3. One can
de ne a Voronoi diagram and its dual Delaunay triangulation for a weighted point setjust like
their Euclidean courterparts by replacing Euclidean distanceswith weighted distances[4]. For
aweighted point setV  R23, we overload the notations VorV and Del V to denotethe weighted
Voronoi and Delaunay diagrams of V respectively. For a simplex in the weighted Delaunay
triangulation, it is no longer true that there exists a circumscribing ball of the simplex which
is empty. Instead, a weighted version of this statemert holds. For a simplex with weighted
vertices f B (pi; wi)g, a ball B(c;r) is an orthokall if d(c;p;)? = r?+ w? for all i. A simplex is
in the weighted Delaunay triangulation if it hasan orthoball whoseweighted distanceto every
point in V is non-negative. The surfaceDelaunay balls of a restricted simplex are its orthoballs
with certersin  and with non-negative weighted distanceto every point in V. The orthoball
of a tetrahedron is unique whosecerter is called its orthocenter.

We have already seenin the caseof smooth surface meshingthat it is useful to consider
a subcomplex of the restricted Delaunay triangulation consisting of restricted triangles and
their subsimplices. We considersimilar subcomplexesfor meshingof PSCs. For example,for a
2-manifold in D, we consideronly restricted triangles and their edgesand vertices. Similarly,
for 1-manifolds, we consideronly restricted edgesand their vertices. In general,for 2 D;, let
SkI'Vj denote the i-dimensional complex

Ski'Vj = ft2 DelVj jtisincident to a restricted i-simplexg:

Intuitiv ely, SkI' Vj is an i-dimensional complex without any hanging lower dimensional sim-
plices. For example,in Figure 9, the dark edgeconnecting betweenupper and lower part of
is eliminated in SkI?Vj . We extend the de nition to strata and the domain:

. [ . . [ .
SKiVip, = =~ SkIVj ; SkiVip = = Ski Vip.:
2D; i
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Notice that computation of Skl Vjp, is easierthan DelVjp, sincethe former one involves
computations of intersectionsonly between(3 i)-dimensional Voronoi faceswith i-facesin D.
In fact, becauseof our special protections of D1, the only computation we needto determine
Ski* Vjp, and Sk Vjp, is Voronoi edge-surfacentersections.

N

Figure 9: Left: DelVj . Right: SkI’Vj .

4.2  Algorithm

The neighborhoods of the curves and vertices in Dg; are regions of potential problems to
Delaunay re nements of PSCs. First, if the elements incident to thesecurvesand vertices make
small anglesat the points of incidences,usual Delaunay re nement may not terminate. Second,
these curves and vertices represert \features" in the input which should be presened in the
output for many applications. Usual Delaunay re nement may destroy thesefeatures[10, 31].
As in the polyhedral case,somekind of protection medanism is used to handle these non-
smooth regions.

4.2.1 Protection

The elemerts in Dg are protected with balls before the re nement stage starts. These balls
are turned into weighted points during re nement. The protecting balls satisfy the following
properties:

Pr otection properties : Let! 6 0:076 be a positive constart and B, denote the protecting
ball of a point p.

1. Any two adjacert balls on a 1-faceoverlap signi cantly without containing ead other's
certers. For a precisestatemert of signi cant overlap see[16, 30].

2. No three balls have a common intersection.

3. Let p2 Dbethe certer of a protecting ball. Further, let B = B(p;R) be a ball where
R 6 ¢ radius(Bp) for somec6 8. For apoint x 2 , n (x) denotesthe normal to at x
if isa2-face,and it denotesthe tangert to at x if is a 1-face.

(@) For = or any 2-faceincident to ,\n (p);n (z) 6 2! foranyz2 B\ . The
sameresult holds for the surfacesof the 2-facesincident to

(b) B intersects in a single open curve and any 2-faceincident to in a topological
disk. The sameresult holds for the surfacesof the 2-facesincident to
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Eaah protecting ball B, = B (p;wp) is turned into a weighted point (p;wp). Just asin the
caseof smooth surfaces,it turns out that it is necessaryto keepead 2-faceintersectedby some
Voronoi edgein VorV throughout the algorithm. The weighted vertices ensureit for 2-faces
that have boundaries. For 2-faceswithout boundary, Cheng et al. [16] suggestplacing three
weighted points satisfying the protection properties. The triangle connecting these weighted
points remain restricted throughout the algorithm. The properties of the protecting balls make
sure that the curvesin D1 remain meshedproperly throughout the algorithm. In particular,
adjacent points along any curvein D1 remain connectedwith restricted Delaunay edges,see[18]
for detalils.

4.2.2 Renemen t

After protection, the algorithm inserts points iterativ ely outside the protected regionsto mesh
2-faces. This insertion is triggered by a disk condition which essetially imposesthat the tri-
anglesaround a point on a 2-faceform a topological disk. After 2-facesare meshed,3-faces
(volumes) are meshedwith the usual circumcerter insertion procedurefor re ning tetrahedra.
Eadh inserted point maintains a lower bound on its distancesto all existing points. Therefore,
the termination of the re nement follows from standard pading argumert. At termination the
restricted complex SkI®Vjp is output which has following properties:

Preservedfeatures All curvesin D1 are meshedhomeomorphically with restricted Delaunay
edgeswhose vertices lie on the curves. This presenes non-smaoth features or user de ned
featuresin the output, seeFigure 10.

Faithful topology. All surface patches and volumesin Dg3 are meshedwith a piecewiselinear
manifold. Furthermore, the algorithm acceptsa resolution parameter sothat it re nes the
Delaunay triangulations until the restricted triangles have “size'lessthan . When s su -
ciertly small, the output restricted complex becomeshomeomorphicto input jDj.

Figure 10: Featureson Anchor are presened in both surface (middle) and volume (right)
meshing.

In a meshof a 2-manifold, the triangles incident to a vertex should form a topological disk.
Therefore, one can turn this into a condition for sampling 2-manifolds in the input PSC. The
re nement condition applied to only a single 2-manifold is as simple as this. Howewer, since
a PSC may have sewral 2-manifolds, potentially forming even non-manifolds, one needsto
incorporate somemore conditions into the disk condition. Let p be a point on a 2-face . Let
Tp(D) and Ty( ) bethe setof triangles in Ski? Vjp, and SkI’Vj respectively which areincident
to p. The following disk condition is usedfor re nement. Oncethe restricted Delaunay triangles
are collected, this ched is only combinatorial.
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Disk _Conditions (p) : (i) Tp(D) = s 3IOTp( ), (ii) for eadh 2 D, containing p, underlying
spaceof Tp( ) is a 2-disk which has all verticesin . Point pis in the interior of this 2-disk if
andonly if p2 int . Also, if pisin bd , it is not connectedto any other point on D1 which
is not adjacert to it. Figure 11 explains these conditions.

Figure 11: Left: point p2 hasadiskin and anotherdiskin 6 violating condition (i).
Middle: point p2 hasa topological disk but someof its vertices (lightly shaded)belongto
violating condition (ii). Right: Points p and g satisfy disk condition. Point p, an interior point
in , liesin the interior of its disk in . Point g, a boundary point, hasthree disks for ead of
the three 2-faces.

When we meshvolumes,we usethe standard technique of inserting circumcerters (ortho cen-
ter) of tetrahedra that have radius-edgeratio greaterthan athreshold, > 1. If the orthocerter
encroates a surfacetriangle, that is, the certer lies in all surface Delaunay balls of a triangle
in SkI? Vjp,, the orthocerter is not inserted. Essetially, this strategy allows re ning most
of the tetrahedra except the onesnear boundary. The following pseudo-cale summarizesthe
algorithm.

DelPSC (D;; )

1. Protection. Protect elemerts in D g ; with weighted points. Insert three weighted
points in ead elemen of D, that has no boundary. Let V be the current
(weighted) point set.

2. Mesh2Complex.

(@) Let (p; ) be any tuple where p 2 SklI’Vj . If Disk _Conditions (p) is
violated, nd the triangle t 2 T,(D) which hasthe largestsurfaceDelaunay
ball B(c;r). Insert cinto V, update VorV, and repeat step 2(a).

(b) If there is restricted triangle with a surface Delaunay ball B(c;r) where
r > ,insert cinto V, update VorV, and goto step 2(a). Otherwise, goto
step 3.

3. Mesh3ComplexFind atetrahedront 2 SkI®Vj where (t) > and the ortho-
certer c of t doesnot encroad any triangle in Skl?Vjp and any ball B (p;2r)
where B (p;r) is a protecting ball. If found, insert c into V, update VorV, and
repeat step 3.

4. Return SkIVjp.

4.2.3 Guaran tees

Cheng, Dey, and Levine [17] shaw the following.
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Theorem 4.1 ([17]) (i) DelPSC terminates, (ii) the output of DelPSC satis es properties
T1-T3:

(T1) For each 2 Dj, SkI*Vj is homeomorphic to and two vertices are joined by an edge
in Ski*Vj if and only if thesetwo vertices are adjacent on

(T2) For 06 i 6 2and 2 Dj, SkI'Vj is a i-manifold with vertices only in . Further,
bdSkl'Vj = Skl' Vj,q . Fori = 3, the statementis true only if the set SkI' Vj is not
empty at the end of Mesh2Complex

(T3) There existsa > 0 so that the output mesh of DelPSC (D, , ) has an underlying
space homeomorphic to jDj. Further, this homeomorphism respects strati ¢ ation with
vertex restrictions, that is, for 06 i 6 3, Skl Vj is homemorphic to 2 D; wher
bdSkl'Vj = SkI' *Vj,q and verticesof SklI'Vj lie in

The implication of T1 is that the non-smaoth features are presened in the output, see
Figure 10. The implication of T1 and T2 is that ead k-manifold is meshedwith a simplicial
k-manifold. Also, the mesh of the boundary of a k-manifold appears as the boundary of the
mesh of the k-manifold. The meshesmay not be homeomorphicto the original manifold, but
with increasing levels of re nement (controlled by parameter ) homeomorphismis adcieved.
In practice this level is reached quite early in the re nement.

One can add the following step at the end of Mesh2Complesto improve the quality of the
triangles.

If there is a triangle t 2 SkI? Vijp, with (t) > 1, insert the certer c of its surface
Delaunay ball into V if ¢ doesnot lie in B(p;2r) where B (p;r) is a protecting ball.
Update VorV, and go badk to step 2(a).

In Mesh3Complexve avoided inserting the circumcerter c of a tetrahedron if it encroates
a surface Delaunay ball of a triangle. Instead one can take an approad asin the polyhedral
caseby rejecting ¢ and splitting the triangle encroated by c.

If there is a tetrahedron t 2 SkI3VjD3 where (t) > , and the orthocenrter c of t
doesnot lie in B(p;2r) where B (p;r) is a protecting ball do the following: insert ¢
if it doesnot encroad any triangle in t°2 SkIZVjDz, otherwise reject ¢ and insert
the certer of a surfaceDelaunay ball of t°instead. In both casesupdate VorV and
go bad to step 2(a).

The analysisfor [16] can be modi ed to claim that Theorem 4.1 still holds with the added
stepsfor quality enforcemen. After the original writing of this paper, Dey and Levine improved
the protection phaseewen further with new analysis. The latest developmen appearsin [30]
basedon which DelPSC software has beenbuilt [5§].

5 Open issues

In this sectionwe brie y describedi erent openissuesin Delaunay meshingof three dimensional
domains.

The algorithms described in previous sectionsattempt to improve the quality of tetrahedra
by improving their radius-edgeratios. As mentioned earlier, an upper bound on radius-edge
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ratios eliminate all typesof bad tetrahedra except one, slivers. A sliver tetrahedron t has an

upper bound on radius-edgeratio (t) but has poor volume-edgeratio given by (t) = 1’3%

where v(t) and "(t) are the volume and smallest edgelength of t. Considerablereseart e ort

over the past decade has been dewted to exude slivers from Delaunay meshes. The rst

successfulresult was given by Cheng et al. in their sliver exudation paper [15]. The authors
show that, for a periodic point setV RS, if DelV has an upper bound on radius-edgeratios
for tetrahedra, the vertices can be assignedweights so that all slivers with volume-edgeratio
smaller than a positive constart ¢ are eliminated. Although it is the rst result of its kind,
the algorithm cannot handle bounded domain like polyhedra. Cheng and Dey [14] adapted
the sliver exudation method to polyhedral complexes. For other attempts in sliver removal,
see[26, 34, 44]. The sliver exudation method of Cheng and Dey [14] can be used with the
algorithms for smooth and piecewisesmooth volume meshing [16, 48] to get rid of slivers.
Theoretically, the constart  for sliver removal is extremely small. In practice, it has been
obsened that sliverswith dihedral anglesin the rangel 3 are not eliminated [20, 36]. It is
still an open question how to eliminate sliversin Delaunay meshingof bounded domainswhere
the angle bounds are large, say near 10 . Labelle [43] shaved a technique to adciieve suc a
bound for periodic point setbut it is not clear how to extend it to bounded domains.

The Delaunay re nement strategy inserts points that arelocally furthest. They are generally
points where a dual Voronoi faceof a Delaunay elemert to be eliminated intersectsthe domain.
A natural questionis if there are other insertion strategiesthat may improve the re nement
algorithms. Edelsbrunnerand Guoy [35] shonvedthat insertion of \sinks" that are not necessarily
circumcerters of bad triangles or tetrahedra can indeed improve the mesh size in practice.
Unger proposed insertions of \o -cen ters" which remarkably improve the mesh size in two
dimensions[56]. It remains open how to apply theseor other insertion strategiesfor bounded
three dimensional domains.

In the past few yearssomeoptimization basedtechniqueshave beenproposedfor producing
mesheswith well shaped simplices[13, 32]. Theseapproathesseempromising; in particular, for
addressingthe question of sliversin tetrahedral meshing[1]. Howewer, it is still opento apply
thesetechniquesto boundeddomainswith provable guarantees. Someapplications require that
the meshsimplicescontain their dual Voronoi vertex. For triangles, this meansthat they do not
have any obtuse angle. Bern, Mitc hell, and Ruppert [7] gave an algorithm for producing linear
size non-obtuse triangulations for polygonsin two dimensions (also see[38]). The question
remains open for three dimensional bounded domains.

The question of spaceand time complexities of Delaunay re nement algorithms for three
dimensional domains remains mostly open. If m is the output size of the mesh, it is straight-
forward to derive an O(m?) time complexity bound. Each insertion of a point cannot take
more than O(m) time and henceO(m?) bound is trivial. However, the challenge remains to
achieve a non-trivial bound, in particular an O(nlogn + m) bound where n is the spacecom-
plexity of the input domain. Har-Peled and Unger [4(0] presenied an o -center basedalgorithm
for two dimensional point setsthat runs in optimal time and space. For a restricted classof
PCs, Hudson, Miller, and Phillips [41] shaw that a Delaunay re nement scheme can be run in
O(nlog(L=s) + m) time where L=s is the ratio of the diameter to minimum feature size. The
output meshsizem certainly regulatesthe time complexity of the Delaunay re nement and also
of the post-processingalgorithms that usethesemeshes.ldeally, m should be closeto optimal.
For an input domain, let m denotethe sizeof a Delaunay complex that has minimum number
of simplices over all possible meshesconforming to the input domain. If one adds the mesh
quality condition, m may change. It is very di cult and perhapsimpossibleto nd algorithms
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that have optimal output sizeand runs in polynomial time in terms of the output complexity.
Howewer, it might be possibleto designalgorithms whoseoutput has a size within a constart
factor of the optimal. In 2D, Ruppert [51] achievesthis. In 3D, one hasto addressthe issueof
sliversto obtain constart-factor optimal algorithms. For bounded domains, the only algorithm
that achievesit for spacecomplexity is of Cheng and Dey [14] for PCs with no acute angles.
For other three dimensional bounded domains, achieving optimal algorithms in terms of space
and time complexity remains an important open question.
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