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Abstract

Delaunay meshesare used in various applications such as �nite element analysis, com-
puter graphicsrendering, geometricmodeling, and shape analysis. As the applications vary,
so do the domains to be meshed. Although meshing of geometric domains with Delaunay
simpliceshave beenaround for a while, provable techniques to meshvarious typesof three
dimensionaldomainshavebeendevelopedonly recently . We devote this article to presenting
these techniques. We survey various related results and detail a few core algorithms that
have provable guaranteesand are amenableto practical implementation. Delaunay re�ne-
ment, a paradigm originally developed for guaranteeing shape quality of meshelements, is a
common thread in thesealgorithms. We �nish the article by listing a set of open questions.
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1 In tro duction

The needfor meshinggeometric domains in three dimensionsis ubiquitous in scienti�c studies
and engineeringapplications. Although a vast literature exists on mesh generation, there are
not many results that provide theoretical guarantees for the output. These guarantees typi-
cally include assurancesabout the topological and geometric properties of the output and also
about the shape quality of the mesh elements. In unstructured meshing with triangles and
tetrahedra, mainly two approaches are known that come with these guarantees; one is octree
based[5, 46] and the other is Delaunay based[9, 33]. In this survey we focuson Delaunay based
methods. The literature on Delaunay basedmeshingis huge and it is not our intention to sur-
vey all existing algorithms on the subject. We recommendother literature [6, 12, 47, 50] as a
complement to ours. We focus on various provable techniques that enablemeshingof di�eren t
typesof geometricdomains in three dimensions. As a common theme we illustrate how an ele-
gant algorithmic paradigm calledDelaunayre�nement canbeadaptedto the variety of domains.

Issues: There are two major issuesin Delaunay mesh generation of geometric domains: (i)
conformation and (ii) element quality.

If the input consists of linear elements such as segments, planar facets, and polyhedra,
conformation means that each of these input elements appears in the output as a union of
Delaunay simplices. When the input is curved, onecannot imposethis condition sincea curved
element cannot be decomposedinto �nitely many linear elements. Therefore, in this casewe
require that the underlying spaceof the output mesh have the sametopology as that of the
input. This means, for example, a meshing of a sphereshould be a triangulated sphereand
not a triangulated torus. Since topology does not capture the geometry of a shape, it is also
required that the geometry of the input be approximated well.

The shapesof the elements in
uence the approximation and numerical errors in �nite ele-
ment methods. The quality of the shape is determined by various measures.For a triangle, the
minimum angle is a good measureof its quality. For a tetrahedron, the minimum or maximum
over all faceangles,dihedral angles,and solid anglesis a good measureof its quality. Actually ,
the requirement on quality of simplicesdependson the application. SeeKnupp [42] for various
measuresof quality and also the article by Shewchuk [54] for implications of di�eren t measures.
In this article, we will use the well known radius-edgeratio measurethat enjoys many nice
properties [45] and suits Delaunay re�nement techniques very well. For a triangle, a bound on
the radius-edgeratio imposesboth an upper and a lower bound on its anglesand thus forcesit
to be well shaped. For a tetrahedron an upper bound on the radius-edgeratio doesput bounds
on face angles but fails to do so for dihedral and solid angles. Indeed, an upper bound on
radius-edgeratio eliminates all types of bad tetrahedra except one, the notorious slivers [15].
Slivers are tetrahedra that residevery closeto a diametric plane of its circumscribing ball and
have all four vertices more or lessequi-spaced.SeeFigure 1.

Background: Delaunay re�nement was pioneered by Chew [24] who applied it to meshing a
point set in two dimensions with a quality guarantee for triangles. Chew showed that, by
inserting Voronoi verticeswhich arealsocircumcenters of Delaunay triangles, onecanguarantee
a minimum angleof 30� . In a novel extension,Ruppert [51] showedhow the Delaunay re�nement
strategy canbeadaptedto conform to line segments and points in the plane. His analysisshowed
that the Delaunay re�nement producesa mesh that has a sizewithin a constant factor of the
optimal.

In three dimensionsDelaunay re�nement was �rst applied to meshconvex polyhedra [29].
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Figure 1: Tetrahedra with poor radius-edgeratio, taxonomy borrowed from [15]. All except
the sliver have bad radius-edgeratio.

Shewchuk [52] showed how to apply it to polyhedral complexes.He madenovel observations to
extend the analysisof Ruppert to this case.Although this is the �rst Delaunay re�nement algo-
rithm for a non-trivial domain in three dimensions,the algorithm could not handle polyhedral
complexeswith input anglessmaller than �

2 . Acute angleswere known to be a menacefor De-
launay re�nement in two dimensions[51, 53]. Naturally they poseda harder challengein three
dimensions. Shewchuk [53] proposeda variant called the constrainedDelaunay triangulation to
deal with acute angles. However, re�nements with constrained Delaunay triangulations do not
produce Delaunay meshes. Shi and G•artner [55] report that when constrained Delaunay tri-
angulation is usedas a preprocessor,Delaunay re�nement can handle acute anglesin practice.
Cohen-Steiner,de Verdi�ere, and Yvinec [27] proposeda meshingalgorithm with Delaunay sim-
plices for polyhedral complexesallowing acute input angles. This algorithm only addressedthe
conformity issuebut not the quality issue. Cheng and Poon [21] and Pav and Walkington [49]
proposedalgorithms that addressedboth issues.Unfortunately, thesealgorithms are not very
practical. Cheng, Dey, Ramos, and Ray [22] designeda Delaunay re�nement algorithm for
polyhedra with possibly acute angleswhich could be implemented in practice. They guarantee
that all simplicesexcept the onesnear acute angleshave bounded radius-edgeratio. A novelty
of the algorithm is that it does not explicitly compute the intersection of a set of protecting
balls with the polyhedron which was a bottleneck in Cheng and Poon [21]. We describe the
algorithms of Shewchuk [52] and Cheng et al. [22] in section 2.

For polyhedral domains, topology preservation is not an issuesince the output mesh can
conform to the input exactly. For curved domains, this is not the case.Capturing the topology
of the input is a foremost concernfor them. Chew was the �rst to put forward a furthest point
insertion strategy for meshingsurfaces[25]. However, his algorithm lacked rigorous mathemat-
ical analysis and theoretical guarantees.

Delaunay re�nement techniques for curved domains advanced considerably after Amenta
and Bern [2] introduced local feature size based sampling theory for smooth surfacesin the
context of surfacereconstruction. Cheng, Dey, Edelsbrunner, and Sullivan [19] combined this
sampling theory with the furthest point strategy of Chew to design a meshing algorithm for
a speci�c type of smooth surfacescalled skin surfaces. They used the fact that the Delaunay
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triangulation of a densesampleof a smooth surfacecontains a subcomplex called the restricted
Delaunay triangulation whoseunderlying spaceis homeomorphicto the sampledsurface. Bois-
sonnat and Oudot [11] showed how the furthest point insertion strategy can be applied to
any C2-smooth surface. This algorithm assumesthat local feature sizescan be computed at
any point required by the algorithm. Computing local feature sizesis hard in general. They
suggestedhow to bypass the exact computation in practice. Oudot, Rineau, and Yvinec [48]
extended this algorithm to volumes enclosedby a smooth surface. Cheng, Dey, Ramos, and
Ray [23] cameup with a di�eren t algorithm for surfacesthat doesnot require any local feature
sizecomputations. Instead, it checks for violations of a topological property ensuringa homeo-
morphism betweeninput and output. We describe the algorithms of Boissonnatand Oudot [11]
and the algorithm of Cheng et al. [23] in section 3.

Piecewisesmooth surfaceswere the next di�cult classof domains on which Delaunay re-
�nement was applied. Dey, Li, and Ray applied the strategy of [23] on piecewiselinear surfaces
which are assumedto approximate a smooth surface closely. Boissonnat and Oudot showed
that their algorithm for smooth surfacescan work for a class of piecewisesmooth surfaces
called Lipschitz surfaces [11]. Unfortunately, the anglessubtended by tangents of the surface
patchesmeeting at the non-smooth regionsare required to be closeto � . The menaceof small
anglesin Delaunay re�nement for the polyhedral casealsoappearsin the piecewisesmooth case.
Cheng, Dey, and Ramos [18] presented an algorithm that can take piecewisesmooth surfaces
with arbitrary input angles. In fact, the algorithm can handle a very large classof domains
called piecewise smooth complex, or PSC in short. This class includes polyhedral complexes,
smooth surfaces,piecewisesmooth surfaces, volumes enclosedby them, and non-manifolds.
Unfortunately, becauseof somenormal variation computations the algorithm is very hard to
implement. Cheng, Dey, and Levine [16] modi�ed the algorithm to make it amenablefor im-
plementation. Very recently Dey and Levine [30] simpli�ed the algorithm even further. We
describe the algorithm of [16] in section 4.

1.1 De�nitions

For conveniencewe borrow somede�nitions and notations from topology. All topological spaces
in this paper are topological subspacesof someEuclidean spaceRd. We need maps between
topological spacesthat identify them astopologically equivalent. A continuousmap h: T 1 ! T2

is a homeomorphism betweentopological spacesT1 and T2 if h is bijective and hasa continuous
inverse. The secondcondition can be dropped if T1 and T2 are compact since any continu-
ous bijective map betweencompact spaceshas continuous inverse. Two spacesT 1 and T2 are
homeomorphic if there is a homeomorphismbetween them. A stronger condition than home-
omorphism is captured by isotopy. Let T1 and T2 be embedded in Rd. A continuous map
F : T1 � [0; 1] ! Rd is an isotopy between T1 and T2 if F (�; 0) is the identit y, F (T1; 1) = T2,
and F (�; t) is a homeomorphismonto its image for all t 2 [0; 1]. We say two spacesare isotopic
if they have an isotopy betweenthem. In words, isotopy meansthat one spacecan be continu-
ously deformed into the other while maintaining homeomorphismall the time. Isotopic spaces
are homeomorphicbut the converseis not necessarilytrue. For example,a standard torus and
a knotted torus in R3 are not isotopic though they are homeomorphic.

A special class of topological spacesis manifolds. A k-manifold is a topological space
where each point has a neighborhood homeomorphic to Rk or halfspaceHk . The points with
a halfspace as neighborhood constitute the boundary of the manifold. The boundary of a
manifold M is denoted bd M .

Let d(X ; Y ) denote the Euclidean distance between two compact sets X ; Y � Rd. For
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c 2 Rd and r 2 R, a geometric k-ball B (c;r ) in Rd is the set f xg on a k-dimensional linear
subspaceof Rd where d(x; c) 6 r . A topological k-ball is a topological subspaceof Rd which
is homeomorphic to a geometric k-ball. A k-simplex in Rd is the convex hull of a set of k + 1
a�nely independent points. A simplicial complexis a collection of simpliceswhere(i) a simplex
is in the collection only if sub-simplicesin its boundary are in the collection and (ii) any two
simpliceseither do not intersect or intersect in a lower dimensional simplex which is also in the
collection. A cell complexhas the sameproperty except that each element in the collection is a
topological ball. Similarly, one may de�ne a manifold complexwith elements as manifolds. We
say two elements in a complex are incident if they are the sameor one is in the boundary of
the other. They are adjacent if they have a non-empty intersection. For a complex C embedded
in Rd, we denote its underlying space, that is, point-wise union of its elements as jCj which
inherits a subspacetopology from Rd. The triangulation of a complex C is a simplicial complex
K where jK j is homeomorphicto jCj.

For any k-simplex t, let c(t) and r (t) denote the center and radius of the k-ball whose
boundary contains the vertices of t. We often refer to c(t) and r (t) as the circumcenter and
circumradius of t respectively. The radius-edgeratio � (t) is r (t )

` (t ) where `(t) is the length of the
smallestedgein t. For triangles, an upper bound on � puts a lower bound on its minimum angle
since � (t) = 1

2 sin � where � is the minimum angle in t. The smallest value of � is 1p
3

= 0:577::
which is achieved by equilateral triangles. To have an idea of the dependencebetween � and
the minimum angle, we mention that, for � 6 1 the minimum angle is no lessthan 30� and for
� 6 2 the minimum angle is no lessthan 14:4� . We say a triangle or tetrahedron t is � -skinny
if � (t) 6 � .

We specializesomeof the de�nitions to Euclidean three spacesinceit is the ambient space
for domainsconsideredin this article. Let B (c;r ) denotea geometric3-ball in R3. A circumball
of a simplex t � R3 is a 3-ball with all vertices of t on its boundary. Notice that a segment
or a triangle has in�nitely many circumballs. A tetrahedron, on the other hand, has a single
circumball. The smallest circumball of a simplex t is called its diametric ball. The diametric
ball of a segment (edge) e is B (c(e); r (e)) where c(e) is the midpoint of e. The diametric ball
of a triangle t is B (c(t); r (t)) where c(t) and r (t) are the circumcenter and circumradius of t
respectively. The diametric ball of a tetrahedron is its circumball.

We will use two very special data structures de�ned on a set of points V � R3. De�ne a
Voronoi cell

Vp = f x 2 R3 j d(x; p) 6 d(x; q) 8q 2 Vg:

A Voronoi k-face is the intersection of (4 � k) Voronoi cells. We refer to a Voronoi 0-,1-,2-,
and 3-faceas Voronoi vertex, Voronoi edge,Voronoi facet, and Voronoi cell respectively. The
Voronoi diagram Vor V is the collection of all Voronoi faces. It is a cell complex. The dual
complex of Vor V is the Delaunay triangulation of V denoted Del V. The dual of a Voronoi
k-face is a Delaunay (3 � k)-simplex, that is, a Voronoi vertex, Voronoi edge,Voronoi facet,
and Voronoi cell are dual to a Delaunay tetrahedron, Delaunay triangle, Delaunay edge,and
Delaunay vertex respectively. An important property of Delaunay simplicesis that they have a
circumball which is empty, that is, their interior doesnot contain any of the vertices of V. See
Edelsbrunner [33] for more details.

1.2 Generic strategy

Given a domain D � R3, the generic strategy of the Delaunay re�nement can be stated as
follows:
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DelRef (D)

1. Initialize a vertex set V from D and compute Del V.

2. If a property is not satis�ed, insert a point c from the domain D into V, update
Vor V and/or Del V, and repeat step 2.

3. Return the computed mesh.

The initialization step varies from domain to domain. In the polyhedral case,the vertices
of the input domain are taken as the initial vertex set. For smooth domains, a set of carefully
chosenpoints from the domain is taken asthe initial vertex set. The main part of the algorithm
is run by step 2. The property to be satis�ed variesaccording to the desiredoutput. It includes
conformity to the domain, capturing topology and/or geometry of the domain, or guaranteeing
shape quality of the elements. As long as the algorithm terminates, it is guaranteed that
the desired properties are satis�ed. Therefore, the main burdens become(i) to choose an
appropriate property to be satis�ed, (ii) to choosean appropriate point to be inserted, and (iii)
to prove that the proposedalgorithm terminates.

A dominant approach to prove the termination of the above re�nement procedure is to
show that each point p is inserted in a compact subset of R3 where a positive lower bound
is maintained on the distance of p to every other points inserted before and after p. The
termination follows from the following fact.

Fact 1.1 Let C � R3 be compact. Let V � C be a discrete point set where d(u; v) for any two
distinct points u; v is at least a constant � > 0. Then, V is �nite.

Usually the lower bound � on distances is proved using local feature sizesof the input. For
polyhedral domains, it is de�ned as the distance between two non-adjacent input elements.
For smooth cases,it is de�ned as the distance of a point to the medial axis of the input. We
de�ne these feature sizesprecisely in the appropriate sections. The argument for termination
establishesthat each inserted point maintains an inter-point distance of at least someconstant
times the local feature sizeat that point. We do not provide the proofs of the results and also
do not explain the choice of speci�c constants that are usedin the algorithms and lemmasand
theorems. An interestedreadercan extract the details from the respective papers that we refer.

2 Polyhedral domains

First we considerpolyhedral domains. Thesedomains are special in that they consist of planar
elements, seeFigure 2. A polyhedral k-cell is a k-manifold in R3 whoseboundary is a piecewise
linear (k � 1)-manifold. We call a polyhedral 0-,1-,2-, and 3-cell a vertex, edge, facet, and
polyhedron respectively. A polyhedral complex, PC in short, is a collection of polyhedral cells,
any two of which either do not intersect or intersect in a lower dimensional polyhedral cell in
the complex. An input angle in a PC is any angle formed by two adjacent elements. Let �
be the lowest dimensional element containing a point x in a PC. The local feature size f (x) is
de�ned as:

f (x) = minimum distance of x to the elements non-adjacent to � :
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Figure 2: Example polyhedral surface and its Delaunay mesh. Input edgesand facets are
conformedby Delaunay simplices.

2.1 No acute angle

In this section we describe an algorithm by Shewchuk [52] for polyhedral complexeswithout
any acute input angle. This algorithm is an extension of the algorithm of Ruppert [51] who
applied Delaunay re�nement for meshingplanar straight line graphs in two dimensions. Let P
denote the input PC. Just as in two dimensions,this algorithm requires that no input angle be
acute.

The re�nement algorithm proceedshierarchically in the dimensionsof the input elements.
First, it inserts points to conform to the input edges,then to the input facets, and �nally to
improve the quality of the triangles and tetrahedra. The algorithm maintains a vertex set V
and its Delaunay triangulation Del V which is updated with each insertion. In the subroutines
described below, V and Del V are assumedto be globally accessible.

2.1.1 Conformit y

The input edgesaresubdivided into subsegmentsby inserting points into them. We want each of
the subsegments to appear in the Delaunay triangulation of the current vertex set V. Actually ,
the algorithm imposesa stronger condition; the diametric ball of each subsegment should be
empty of vertices in V. Obviously, such a segment must appear as a Delaunay edge. If the
diametric ball of any subsegment e contains a point p 2 V other than its end points, we say e
is encroached by p, or p encroachese. The re�nement algorithm goeson inserting the midpoint
of encroached subsegments using SplitEdge .

SplitEdge( e)

Insert the midpoint of e in V and update Del V.

A set of points on an edge provides a unique subdivision of the edge into subsegments.
However, the sameis not true for facets. For facetsone has to decideon a triangulation of the
original facet by points inserted in them. Let F be any such input facet and V be the set of
vertices in F . We considerthe two dimensional Delaunay triangulation of V in the plane of F .
Since the algorithm considersthe facets only after each input edgeis recovered, the boundary
of F appears as a union of subsegments in this triangulation. Consequently, F is subdivided
into Delaunay triangles each of which is called a subfacet of F . The subfacetsof F may not
appear in the three dimensional Delaunay triangulation of the current vertex set. Again, the
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algorithm enforcesthat the diametric ball of each subfacet be empty. Otherwise, a point is
inserted. Obviously, if the processterminates, diametric balls of all subfacetsbecomeempty
and hence they appear in the three dimensional Delaunay triangulation. If the interior of a
diametric ball of any subfaceth � F contains a point p 2 V, we say h is encroached by p. Notice
that the de�nition of encroachment for subfacetsis slightly di�eren t from that for subsegments,
seeFigure 3. The point to be inserted when a subfaceth is encroached is determined asfollows.

p

q

p

q

(a) (b)

Figure 3: In Figure (a), p and q encroach the subsegment. In Figure (b), p encroaches the
subfacetbut q doesnot.

This point is the circumcenter c of h if c doesnot encroach any subsegment. If c encroaches a
subsegment e, it may be too closeto e, causingunnecessarysplitting of e thereafter. To prevent
this, instead of c, the midpoint of any subsegment encroached by c is inserted.

SplitF acet( h)

(i) Compute the circumcenter c of h.

(ii) If c encroaches a subsegment e, call SplitEdge (e). Otherwise,
insert c into V and update Del V.

2.1.2 Qualit y enforcemen t

After conforming to the input edgesand facets, the re�nement algorithm focuseson improving
the quality of the simplices. For an input parameter � 1 >

p
2, if there is a � 1-skinny triangle,

it splits it using SplitF acet . Similarly, for an input parameter � 2 > 2, if there is a � 2-skinny
tetrahedron in a polyhedron of P, the tetrahedron is split as follows. The algorithm inserts
the circumcenter c of this tetrahedron if this circumcenter does not encroach any subfacet.
Otherwise, it calls SplitF acet on a subfacet encroached by c. The speci�c choice of the
constants

p
2 and 2 comefrom the proof of termination, see[51, 52] for details.

SplitTet( t)

1. Compute the circumcenter c of t.

2. If c encroachesa subsegment e, call SplitEdge (e) and return.

3. If c encroachesa subfaceth, call SplitF acet (h) and return.

4. Insert c in V and update Del V.
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2.1.3 Algorithm

We enumerate the stepsof the entire algorithm below.

DelPC( P,� 1,� 2)

1. Initialize V to contain the vertices in P and compute Del V.

2. Find a subsegment e encroached by a vertex in V. If found, call SplitEdge( e)
and repeat step 2.

3. Find a subfacet h encroached by a vertex in V. If found, call SplitF acet( h)
and go to step 2.

4. Find a subfaceth that has � (h) > � 1. If found, call SplitF acet( h) and go to
step 2.

5. Find a tetrahedron t inside a polyhedron in P so that � (t) > � 2. If found, call
SplitTet (t) and go to step 2.

6. Return simplices in Del V whoseunion is P.

Onemay usea bounding box enclosingP and then producea Delaunay meshof the bounding
box which conformsto the input P. Then, onedoesnot needstep 4 sinceit improvesthe quality
of all tetrahedra inside the bounding box and hencealso improves the quality of the triangles.
Here we do not use such a bounding box and thus improve the triangle qualities explicitly .
Nevertheless,the elegant analysisof Shewchuk extendseasily to show that the above algorithm
maintains a lower bound on inter-point distances.Speci�cally , it insertsa point p with a distance
of at least �f (p) distance from all other existing points where � > 0 is a constant [52]. This
implies that the algorithm can insert only �nitely many points if it inserts them in a bounded
domain. Weclaim that all insertedpoints lie in the input domain P which is bounded. All points
inserted by SplitEdge lie in someinput edge. The following result prohibits circumcenters of
triangles and tetrahedra to go outside P.

Lemma 2.1 ([52]) If no subsegment is encroached, the circumcenter of a Delaunay triangle
in a facet F lies in F . If no subsegment and subfacet of a polyhedron P 2 P is encroached, the
circumcenter of a Delaunay tetrahedron in P lies in P.

Thus, wehave the argument that DelPC terminates. Obviously, at termination, the output
meshconforms to P and each triangle and tetrahedron has bounded radius-edgeratio.

Theorem 2.1 ([52 ]) For a PC P with no acute angle, DelPC produces a Delaunay meshof
P where each simplex has a bounded radius-edge ratio.

2.2 Allo wing acute angles

It is crucial for DelPC that the input have no acute angle. Indeed, it may not terminate if
input anglesare allowed to be acute. Figure 4 shows an examplewhy an acute input anglemay
causeincessant point insertion near it. In this section we present an algorithm DelPol y due
to Chenget al. [22] that can cope with acute input angleswhen the input is a polyhedron. The
vertices and edgessubtending acute anglesare called sharp vertices and edgesrespectively.

There are three main ideas that enableDelPol y to cope with acute angles. First, in the
conforming phasethe vertices with an acute input angle are protected with balls called vertex
balls. No points are allowed to be inserted inside the vertex balls. This prohibits incessant
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Figure 4: Inde�nite splitting of encroached subsegments.

point insertions near sharp vertices. Second,the diametric balls of subfacetsare not required
to be empty. Instead we relax the condition by only requiring that the subfacetsappear in the
three dimensionalDelaunay triangulation. This prohibits inserted points ever approaching each
other near sharp edges.Third, in the quality enforcing phase,circumcenters of bad triangles or
tetrahedra are not allowed to be inserted near sharp verticesand sharp edges.For this purpose,
we take the diametric balls of the subsegments on sharp edgesafter the conforming phaseand
double them. Theseballs called the edgeballs protect sharp edges.Any triangle or tetrahedron
whoseradius-edgeratio violates the quality criterion is not allowed to insert its circumcenter
inside any vertex or edgeball. The result of this constraint is that someof the poorly shaped
elements remain in the �nal mesh. However, they lie near sharp vertices or edges. After all,
one cannot avoid having poorly shaped elements near theseregions.

Sincewe do not ensurethat the diametric balls of the subfacetsare empty, we cannot use
Lemma 2.1 to guarantee that the circumcenters of tetrahedra lie inside P. However, termination
requires that the points be inserted in a bounded domain. To circumvent the problem we use
a bounding box B around P. The box B is chosenlarge enoughso that it does not a�ect the
local feature sizeof P. The facetsof the bounding box are meshedwith subfacetsthat are not
encroached. The input P includesthe original polyhedron along with the vertices,edges,facets,
and the volume of B. Once this modi�ed P is meshed,one can extract the meshtriangulating
the original input polyhedron easily.

We describe the subroutines used by DelPol y in Sections2.2.1{2.2.3 and then give the
algorithm in Section 2.2.4.

2.2.1 Sharp vertex protection

First, we protect the sharp vertices with vertex balls. Points are not allowed to be inserted
inside these vertex balls at later stages. This means that certain skinny tetrahedra are not
removed since their removal requires insertions of vertices inside these vertex balls. Because
of this constraint we compute the feature sizesat the sharp vertices explicitly and use it to
compute the vertex balls. This allows one to argue that the skinny triangles and tetrahedra
that we left out lie near sharp vertices and edgesof the input.

For each sharp vertex u, we compute its distance from all elements of P which are not
incident to u. This distance is the local feature size f (u) at u. A brute-force computation
of the feature size takes O(n) time per vertex where n is the number of elements in P. This
brute-force computation is not prohibitiv e in practice since it is performed only onceand that
too beforesplitting any elements of the input P.

We put a vertex ball Bu = B (u; f (u)=4). The points where the boundary of B u intersects
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Figure 5: (a) and (b) show two shield subsegments and their splittings, (c) shows a shield
subfacet.

edgesof P are inserted into the vertex set V. A subsetof B u \ P is protected using a method
similar to Cohen-Steiner,de Verdi�ere, and Yvinec [27]. At any generic step of the algorithm,
V contains vertices on the arc where a facet F incident to u intersects the boundary of B u .
The segments connecting consecutive points on such an arc form shield subsegments. Let ab
be a shield subsegment. If the angle of the circular sector aub on F is at least � or ab is
encroached, it is split by the following method called SOS(split on sphere)accordingto Cohen-
Steiner et al. [27] (a more general version of this strategy is described in [8]). If the angle of
the sector aub on F is at least � , we insert the midpoint x on the arc betweena and b on the
boundary of Bu \ F . The subsegment ab is replacedwith two shield subsegments ax and bx;
seeFigure 5(a). This type of splitting happensat most oncefor u, in which casea and b lie on
the boundary edgesof F incident to u. If the angle of the sector aub is lessthan � and ab is
encroached, we insert the midpoint x on the shorter arc between a and b on the boundary of
Bu . The subsegment ab is replaced with two shield subsegments ax and bx; seeFigure 5(b).
The protection proceduredescribed above has to be modi�ed slightly to take care of adjacent
shield subsegments making acute anglesbetweenthem.

When no shield subsegment corresponds to a sector at u with angle � or more, the shield
subsegments around u create a set of shield subfacets incident to u. Figure 5(c) shows an
example. The diametric ball of a shield subfacet lies in the union of the vertex ball B u and
the diametric ball of the corresponding shield subsegment. SinceB u is kept empty throughout
the algorithm, it is su�cien t to keepthe diametric balls of shield subsegments empty to ensure
that shield subfacetsappear in Del V.

In Initialize , we only insert the points wherethe incident edgesof u intersect the boundary
of Bu , and split shield subsegments that correspond to sectors with angles � or more. The
encroachment of shield subsegments is handled in the conforming phase.

2.2.2 Conformit y

Edges are split using a subroutine SplitEdge , which recovers the edgesof P as union of
Delaunay edges. SplitEdge is called to split any subsegment (sharp, non-sharp, or shield)
that is encroached until no such segment exists.

SplitEdge( e)

If e is a shield subsegment, split it with SOSelseinsert the midpoint
of e in V and update Del V.
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Notice that any point inserted by SplitEdge cannot lie in the interior of the vertex balls.
When SplitEdge terminates, each edgeof P appearsas a union of Delaunay edges.

Facets are split with subroutine SplitF acet . For the subfacetson the boundary of the
bounding box, the main algorithm checks if their diametric balls are empty. For all other
subfacets it checks only that the subfacets appear in Del V. It can be shown that such a
condition can be satis�ed for a polyhedron after su�cien t but �nite amount of splitting.

SplitF acet( h)

1. Compute the circumcenter c of h.

2. Let F be the facet containing h. If c doesnot encroach any subseg-
ment, insert c into V and update Del V. Otherwise, reject c and

(a) pick a subsegment g encroached by c with preferencefor those
in bd F or on F (shield subsegment), and

(b) call SplitEdge( g) .

In the conforming phase,after all the edgesand facets are recovered, further splittings are
done using the subroutine SplitBall to reduce the diametric balls of the sharp subsegments
roughly to the order of local feature sizes. In order to avoid the computation of local feature
sizes,this is achieved in a roundabout way. SplitBall splits any subfacet or subsegment h
that is encroached by the midpoint of a sharp subsegment s provided that h and s are contained
in disjoint elements of P. The intuition is that someof the new vertices inserted to split these
subfacetsor subsegments will encroach s and causes to split. One can claim that, at the end of
SplitBall , all diametric balls of sharp subsegments becomesmall compared to local feature
size.

SplitBall( s)

If the midpoint of s encroaches a subsegment or subfacet h, where
h and s are contained in disjoint elements of P, split h accordingly
using SplitEdge( h) or SplitF acet( h) .

At the end of the conforming phase, for each sharp subsegment, we double the radius of its
diametric ball with the center �xed and call them edge balls. The edgeballs and the vertex
balls constitute the entire set of protecting balls for the quality enforcingphase. Although sharp
subsegments may be subdivided further in this phase,the protecting balls always refer to those
computed at the end of the conforming phase.

Lemma 2.2 ([22]) Any protecting ball B (x; r ) is either contained in a ball centering a sharp
vertex v with radius 5

4 f (v) or has r 6 2
p

2f (x).

2.2.3 Qualit y enforcemen t

As in usual Delaunay re�nement we attempt to insert the circumcenters of the skinny triangles
and tetrahedra in this phase. For a skinny triangle if the center doesnot lie in any protecting
balls, we call SplitF acet to split this triangle. For a skinny tetrahedron whosecircumcenter
doesnot lie in any protecting ball, we call a subroutine SplitTet which is exactly sameas the
one described in section 2.1.2.
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Now we enumerate all stepsof DelPol y which takesa piecewiselinear 2- or 3-manifold P
as input. The parameters � 1 > 1 and � 2 > 2

p
2=(1 � tan(� =8)) are constants chosena priori

which regulate the quality of the elements in the output mesh.

2.2.4 Algorithm

DelPol y(P,� 1,� 2)

1. Initialize V to be the set of verticesof P and the bounding box B. Compute the
vertex balls. Insert the intersectionsbetweentheir boundariesand the edgesof
P into V. If any shield subsegment forms a sector with angle � or more, split
it with SOS.Compute Del V.

2. If there is an encroached subsegment e, call SplitEdge( e) and repeat step 2.

3. If there is a subfacet h � B that is encroached, or if h 6�B and h does not
appear in Del V, call SplitF acet (h) and go to step 2.

4. If edgeballs are already computed, go to step 5. For each sharp subsegment s
call SplitBall (s). Compute the edgeballs by doubling the diametric balls of
the sharp segments and go to step 2.

5. Find a triangle t with � (t) > � 1 and with its circumcenter c lying outside
protecting balls. If found, call SplitF acet (t) and go to step 2.

6. Find a tetrahedron t with � (t) > � 2 and with its circumcenter z lying outside
protecting balls. If found, call SplitTet (t) and go to step 2.

7. Return the subcomplex of Del V that cover the original input polyhedron.

DelPol y can be modi�ed to improve the threshold for � 2 to 2+ � for any �xed � > 0. This
worsensthe output anglesat the sharp vertices though. See[22] for more details.

We left out the details of the implementation of steps such as checking whether the cir-
cumcenters of � 1-skinny triangles and � 2-skinny tetrahedra lie inside a protecting ball. There
is a lot of room for experimentation and variations. The main focus should be to make the
computations local.

Figure 6: A polyhedral volume is meshed with Qualmesh software [59] that implements
DelPol y . Middle: someskinny tetrahedra could not be removed near sharp vertices. Right:
the surfacemesh.

To check whether the circumcenter c of a skinny triangle or tetrahedron lies inside a pro-
tecting ball, �rst �nd the tetrahedron t that contains c by a walk. If the protecting balls that
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intersect t are recorded at t, one can easily determine the protecting balls containing c. The
initialization of such information can be done at the end of conformity phaseby walking from
sharp subsegments to all tetrahedra intersectedby protecting balls. Afterwards, with each up-
date of the Delaunay triangulation, the information can be updated with local computations
only. An exampleof the output of DelPol y with local computations is shown in Figure 6.

Theorem 2.2 ([22 ]) Given a polyhedral surface or a polyhedron P � R3, DelPol y produces
a Delaunay meshof P where each simplexhasa bounded radius-edgeratio except the oneswhose
vertices lie within 5

p
2f (x) distance of a sharp point x 2 P.

3 Smooth domains

In this section we consider domains that are smooth such as smooth surfaces,and volumes
enclosedby smooth surfaces. We require that the surfacesbe at least C 2-smooth, compact,
and have no boundary, seeFigure 7. For such surfacesa sampling theory has beendeveloped
recently in the context of surface reconstruction [2, 3, 28]. This sampling theory is used to
argue about the sampling and meshingof such surfaceswith Delaunay re�nement.

Figure 7: Delaunay mesh of a smooth knotted torus. The algorithms in section 3.1 and in
section 3.2 can produce such meshes. They have been implemented in CGAL [57] and the
SurfRemesh software [60] respectively.

Let � � R3 be a smooth, closed surface, that is, � is compact, C2-smooth and has no
boundary. As with polyhedral domains, we need a local feature size de�nition for smooth
domains. The medial axis M (�) of � is de�ned as the closure of the set of points x 2 R3 so
that d(x; �) is realized by two or more points in �. Here, the local feature size is de�ned as:

f (x) = d(x; M ):

Amenta and Bern introduced this notion of local feature size in the context of surfacerecon-
struction [2]. The local feature size captures the information of how complicated the surface
is locally. Naturally , this local feature size can be used to measurehow well a set of points
samples�. A set of points V � � is called an "-sampleof � if B (x; "f (x)) \ V is non-empty for
any x 2 �.

It turns out that if V is an "-sampleof � for a su�cien tly small valueof " , a subcomplexof the
Delaunay triangulation of this samplecaptures the topology of �. We de�ne this subcomplex
in generality and then specializeit to �.

Let V beany point set in R3. Let V� denotethe dual Voronoi faceof a Delaunay simplex � in
Del V. The restricted Voronoi faceof V� with respect to X � R3 is the intersection V� jX = V� \ X.
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The restricted Voronoi diagram and restricted Delaunay triangulation of V with respect to X
are

Vor VjX = f V� jX j V� jX 6= ;g and Del VjX = f � j V� jX 6= ;g respectively.

In words, Del VjX consistsof those Delaunay simplices in Del V whosedual Voronoi face inter-
sectsX. We call thesesimplicesrestricted.

Now considera sampleV on the surface�. The restricted Delaunay triangulation of V with
respect to � is Del Vj � . It is known that, if V is an "-sampleof � for " 6 0:2, then Del Vj � has
its underlying spacehomeomorphicto � [2, 28]. To use this result one requires computing an
"-sampleof �. A computation of local feature sizeor its approximation seemsto be necessary
to determine if a sampleis an "-samplefor a pre-determined". Even if oneis allowed to assume
the availabilit y of the local feature sizeat any given point, it is not immediately obvious how to
place points on � so that they become"-sample for a given " > 0. Boissonnat and Oudot [11]
showed that the furthest point strategy of Chew [25] can place the points appropriately if local
feature sizesare available. We describe this algorithm in section 3.1.

When local feature sizes are not known, we cannot use the method of Boissonnat and
Oudot [11]. Instead, we fall back upon a di�eren t strategy to drive the Delaunay re�nement. A
result of Edelsbrunnerand Shah[37] says that if Voronoi facesintersect � in a closedtopological
ball of appropriate dimension, then the underlying spaceof the restricted Delaunay triangula-
tion becomeshomeomorphic to �. Therefore, a Delaunay re�nement driven by the violation
of the Edelsbrunner-Shahconditions provides a viable strategy for meshing with topological
guarantees. This strategy is followed by Cheng, Dey, Ramos, and Ray [22]. We describe this
algorithm in section 3.2.

3.1 Kno wn feature size

Let V be a sampleof a smooth, closedsurface�. Consider the complex consisting of restricted
triangles and their vertices and edges.It is a subcomplex of Del Vj � , namely,

Skl2 Vj� = f t 2 Del Vj � j t is incident to a restricted triangleg:

Notice that the above de�nition uses the notion that a simplex is incident to itself. The
di�erence betweenSkl2 Vj� and Del Vj � is that the former onedoesnot include restricted edges
and vertices that are not incident to any restricted triangles. Since meshing of � should not
include such hanging edgesand isolated vertices, one can a�ord to not consider them.

The algorithm of Boissonnat and Oudot [11] is basedon the following observations. For
a restricted triangle t 2 Skl2 Vj� , the dual Voronoi edgeVt intersects � possibly at multiple
points. Each ball centering such an intersection point and circumscribing vertices of t is called
a surface Delaunay ball of t. The following lemma is proved in [11].

Lemma 3.1 If all surface Delaunay balls B (c;r ) satisfy r 6 "f (c) for " 6 0:09, the underlying
space of Skl2 Vj� is a triangulated 2-manifold without boundary.

Let E bethe triangulated 2-manifold guaranteedby Lemma3.1. Onecanorient the triangles
of E consistently. Let n t denotethe outward normal of such a triangle t. Similarly, let n v denote
the outward normal to � at a samplepoint v. A result of Amenta, Choi, Dey, and Leekha [3]
can be called upon to establish a homeomorphismbetweenE and � if one can establish that
the triangles sharing vertices in E make small angles between their oriented normals. For
convenience,let us say that a triangle is small if its circumradius is no more than O(") times
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the local feature sizesat its vertices where " 6 0:05. A result of Amenta and Bern [2] shows
that the acute angle between the lines normal to such triangles is O("). However, one needs
the angle between oriented normals. Therefore, a small acute angle between lines normal to
triangles does not su�ce. A result of [3] (also see[28]) comesto the rescuewhich says that
oriented normals to restricted Delaunay triangles sharing an edgemake lessthan �

2 angle if the
triangles are small. The triangles in E are madesmall by the algorithm. Therefore, all triangles
around a vertex v can be oriented consistently so that \ n t ; nv = O(") for each triangle incident
to v. Sinceadjacent vertices (joined by an edgein E) are not far apart, their oriented normals
di�er by O(") angle. The implication of this observation is that \ n t ; nv = O(") for any triangle
t with a vertex v. Now we recall a result of Amenta et al. [3].

Theorem 3.1 ([3]) Let � : R3 n M (�) ! � map each point of R3 to its nearest point in � .
The restriction of � to a simplicial 2-complex E whosevertices lie in � is a homeomorphism
between E and � , provided that:

1. E is a manifold without boundary,

2. every triangle in E has circumradius of at most 0:113minf f (v); v a vertex of tg,

3. the normal n t of every triangle t makesat most 0:375 radians with n v , where v is any
vertex of t.

4. E has vertices in all components of � .

The arguments in the paragraph following Lemma 3.1 show that conditions 1-3 of the above
theoremaresatis�ed when" 6 0:05. Condition 4 hasto beensuredby the algorithm. Therefore,
we get an immediate algorithm as follows. Compute a point in each component of �. Maintain
the Delaunay triangulation of the current point set V and check if there is any restricted triangle
t with surfaceDelaunay ball B (c;r ), r > 0:05f (c). If so, insert the point c into V and continue.
There is oneconcernabout this algorithm. How doesonemake sure that Skl2 Vj� is non-empty
at any stageof the algorithm? It may happen that no Voronoi edgeof Vor V intersects �. To
avoid this, Boissonnat and Oudot describe a method to pick a triangle t for each component
of � with a surface Delaunay ball B (c; 1

3 f (c)). They call such a triangle persistent as they
persist throughout the algorithm as a restricted triangle. It is not clear how one can compute
persistent triangles deterministically. The method described in [11] is a heuristic which works
most of the time in practice.

We summarize the entire algorithm below. A list L of all surfaceDelaunay balls is main-
tained. Updates to Vor V, Skl2 Vj� , and L are done locally after each insertion.

DelSmSurf1 (�, " )

1. For each component of � compute a persistent triangle. Initialize V to set of
vertices of thesepersistent triangles. Initialize L to the surfaceDelaunay balls
of the persistent triangles.

2. Find a ball B (c;r ) 2 L so that r > "f (c). If found, insert c into V, update
Skl2 Vj� and L, and repeat step 2.

3. Output Skl2 Vj� .

The parameter" 6 0:05controls the re�nement level of the mesh. Boissonnatand Oudot [11]
show that the output meshhasa Hausdor� distanceO(" 2) times the local feature sizes.Specif-
ically, they prove the following theorem.
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Theorem 3.2 ([11 ]) Given a smooth, closed surface � � R3, DelSmSurf1 produces a mesh
T with the following properties:

1. There is an isotopy between � and jT j.

2. The isotopy movesa point x 2 � only by O(" 2)f (x) distance.

3. The number of vertices in T is within a constant factor of any "-sampleof � .

It is clear that the quality of the triangles can be easily controlled by adding a step that
inserts points whenever a triangle has a radius-edgeratio greater than a threshold. See[11] for
details.

3.2 Unkno wn feature size

The algorithm of Boissonnat and Oudot cannot be used if an oracle is not provided that can
compute (or estimate in practice) the local feature sizeat a given point of the surface. Cheng,
Dey, Ramos,and Ray [23] designedan algorithm that doesnot require any knowledgeof local
feature size. This algorithm is motivated by a result of Edelsbrunner and Shah [37] which
says that if the restricted Voronoi diagram satis�es certain conditions, the restricted Delaunay
triangulation becomeshomeomorphicto the surface.

As in the previous section, let V be a point sample from a smooth closedsurface� � R3.
We say a k-face V� of the Voronoi diagram Vor V satis�es the topological ball property, TBP
in short, if either V� does not intersect � or intersects it transversally in a topological closed
(k � 1)-ball. The entire Voronoi diagram satis�es the TBP if each Voronoi face satis�es it.
Edelsbrunner and Shah prove the following theorem [37].

Theorem 3.3 ([37 ]) If Vor V satis�es the TBP, the underlying space of the restricted Delaunay
triangulation Del Vj � is homeomorphic to � .

Chenget al. [23] drive the Delaunay re�nement with violations of the TBP. For each Voronoi
faceviolating any of the conditions of the TBP, the algorithm samplesa point from the surface.
The authors in [23] prove that thesepoints maintain a positive lower bound on their distances,
thereby guaranteeing the termination. Obviously, at the end, the TBP holds which by Theo-
rem 3.3 ensuresa homeomorphismbetweeninput and output. We go over the subroutines that
processthe TBP violations.

3.2.1 Subroutines

We have four subroutines VorEdge , TopoDisk , VorF acet , and Silhouette processing
various types of TBP violations. In the caseof a violation, they sample a new point from �.
We use V to denote the set of sample points maintained by the algorithm. For simplicit y we
assumethat no Voronoi vertex lies on �. If this assumptiondoesnot hold, the algorithm needs
somemodi�cations as detailed in [23].

The �rst subroutine VorEdge checks the TBP for a Voronoi edge. According to the TBP
a Voronoi edgeshould intersect � transversally in a single point, a 0-ball, if it intersectsat all.
Recall that the Delaunay dual of e is a restricted triangle t e. Let cmax(t) and r max(t) denote
the center and the radius of the largest surface Delaunay ball of a restricted triangle t. If e
intersects � at multiple points, we insert cmax(t e).
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VorEdge (e)

1. If e intersects � tangentially , return the point of tangential contact.

2. If e intersects � in two or more points, return cmax(t e).

In the next subroutine TopoDisk , we check whether the restricted triangles incident to a
samplepoint p form a topological disk. Let Tp be the set of triangles in Del Vj � incident to p.
First, we check if every triangle edgein Tp is incident to exactly two triangles in Tp. Second,
we check if Tp forms exactly one cycle of triangles around p. If both tests are passed,Tp forms
a topological disk; otherwise, it doesnot.

TopoDisk prevents two types of TBP violations. First, if a Voronoi facet intersects � in
two or more topological intervals, its dual Delaunay edgehasmore than two restricted triangles
incident to it given that no Voronoi edgeintersects � in more than one point. This condition
is disallowed by TopoDisk . Second,if the boundary of a Voronoi cell Vp intersects � in two
or more cycles, there are two or more topological disks in Tp which is again prevented by
TopoDisk .

TopoDisk (p)

1. If Tp forms a topological disk, return null.

2. Find the restricted triangle t 2 Tp for which r max(t) is the maximum among
all triangles in Tp. Return cmax(t).

A Voronoi facet should intersect � transversally in a singletopological interval if it intersects
at all. It can violate this property by (i) intersecting � tangentially , (ii) intersecting � in two or
more topological intervals, and/or (iii) intersecting � in a closedcurve. The possibility of (ii)
is prevented by TopoDisk . The next subroutine VorF acet guardsagainst the possibilities of
(i) and (iii). This subroutine usessomecritical point computations. Let C be a smooth closed
curve on a plane. Given a direction d, the critical points of C in direction d are the points
where the tangent to C is orthogonal to d.

VorF acet (F)

1. If F intersects � tangentially , return the tangential contact point.

2. Let � be the plane of F . Choosea direction d parallel to �. Compute X , the
set of critical points of the curves in � \ � in the direction d.

3. If no point in X lies on F , return null.

4. SinceF intersects� transversally, F \ � is a collection of disjoint simple curves
(openor closed)and X \ F is the setof critical points of thesecurvesin direction
d. Let Vp be a Voronoi cell incident to F . For each x 2 X \ F ,

(a) Compute the line `x in � through x parallel to d. Notice that ` x is normal
to F \ � at x.

(b) Compute X 0 := `x \ �. If jX 0\ F j > 2, return the point in X 0\ F furthest
from p.

5. Return null.
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The previous three subroutinesmake sure that Voronoi edgesand Voronoi facetssatisfy the
TBP. Now we consider the casefor Voronoi cell which, according to the TBP, should intersect
� in a 2-ball, a topological disk. We argue that, at the end of VorEdge , TopoDisk , and
Vorf acet a Voronoi cell Vp cannot intersect � in multiple components. First, no connected
component of � can be completely inside Vp since we initialize V with a point from each
component of �. Therefore, each connectedcomponent of Vp \ � has a non-empty boundary.
Second, if Vp \ � had multiple components, (bd Vp) \ � would have multiple components.
However, this is prevented by TopoDisk and VorF acet . Therefore, Vp \ � is a connected
2-manifold with a connectedboundary. This surfaceis orientable as� is. Such a surfacecannot
be a disk only if it contains a handle. We detect the presenceof handlesby silhouettes.

For a smooth surface � and a given direction d, the silhouette Jd is a set of closedcurves
formed by points x 2 � where nx � d = 0. This meansthat the normal to � at each point of the
silhouette is orthogonal to the direction d. The following result motivates the useof silhouettes.

Lemma 3.2 ([23]) Let � be a compact connected smooth surface with non-empty boundary in
R3. If Jd is empty for somedirection d, � is a topological disk.

A subroutine Silhouette utilizes Lemma 3.2. It checks if a Voronoi cell Vp intersects
the silhouette Jd, where d = np. If Vp \ Jd 6= ; , either Jd intersects some facets of Vp

or Vp completely contains a component of Jd. The �rst possibility is checked by the sub-
routine SilhouettePlane . The secondpossibility can be detected by checking if Vp con-
tains any critical point of Jd in a direction orthogonal to d. This is done by the subroutine
SilhouetteCritical . The details of SilhouettePlane and SilhouetteCritical can be
found in [23].

Silhouette (p)

1. Choosea direction d0 orthogonal to np.

2. Compute X := SilhouetteCritical (� ; np; d0).

3. If X contains a point inside Vp, return it.

4. Otherwise, for each facet F of Vp,

(a) Compute X 0 := SilhouettePlane (� ; � ; np), where � is the plane of F .
(b) If X 0 contains a point in F , return it.

5. Return null.

3.2.2 Algorithm

The algorithm SampleTopology samplesa set of points V from � so that Del Vj � is home-
omorphic to �. It initializes V with a seedset of critical points of � in a chosen direction.
Then it calls a procedure Topology that repeatedly invokes the subroutines in caseof any
violation of TBP. Upon the return of Topology , Del Vj � is homeomorphicto �. However, it
is possiblethat someseedsare too closetogether, which meansthat the surfacetriangulation
may be denserthan necessaryaround the seeds.One may �x this problem by deleting the seeds
incrementally. Observe that we may start the algorithm with a single initial point and then let
Silhouette generatemore points on each component of � instead of computing the seedset.
However, to avoid the more expensive computation of critical points of the silhouette in a given
direction, we recommendstarting with the seedset.
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SampleTopology (�)

1. Initialize V with critical points of �.

2. Compute V := Topology (V).

3. While there is a seedp 2 V, deletep from V and compute V := Topology (V).

4. Return V.

Topology (V)

1. Perform steps (a){(d) in order. Terminate the current step as soon as the
returned x is non-null; skip the following steps;and go to step 2.

(a) For every edgee of Vor V, compute x := VorEdge (e).
(b) For every p 2 V, compute x := TopoDisk (p).
(c) For every facet F of Vor V, compute x := VorF acet (F ).
(d) For every p 2 V, compute x := Silhouette (p).

2. If x is non-null, insert x into V, update Vor V, and go to step 1. Otherwise,
return V.

Although the above algorithm captures the topology of the input surface�, the output is
often a crudeapproximation. In order to capture the geometrybetter, Chenget al. suggestsome
geometric re�nement [23]. The triangles can be re�ned for their shape quality. A parameter �
controls the shape quality. If there is a triangle t in Del Vj � with � (t) > 1 + � , the procedure
Quality inserts the furthest intersection point between� and the dual Voronoi edgeof t.

Quality (V,� )

1. If there is a restricted triangle t with � (t) > 1 + � , insert cmax(t) into V and
update Vor V.

2. Return V.

To capture geometry better, one may also improve the the internal dihedral anglessubtended
by the edgesof the output mesh. Sincewe are meshinga smooth surface,thesedihedral angles
should be closeto � . We measurethe smoothnessof Del Vj � using the dihedral anglesat the
edges. Speci�cally , for each edgee in Del Vj � , we de�ne the roughnessof e, denoted by g(e),
to be � minus the dihedral angle at e. The procedureSmooth samplesa point from � if the
roughnessof someedgeexceeds� .

Smooth (V,� )

1. If there is an edgepq in Del Vj � such that g(pq) > � insert cmax(t) where t is
an incident restricted triangle of e and update Vor V.

2. Return V.

Quality enforcesthat the anglesof every triangle are no lessthan arcsin
�

1
2+2 �

�
. Smooth

enforcesthe dihedral anglesare no lessthan � � O(� ). Thus, we can improve the triangle shape
and smoothnessby decreasing� . However, as explained in [23] the meshsizeincreaseslinearly
in 1

� 2 .
The algorithm DelSmSurf2 combines all subroutines. It maintains the sampleset V and

Del Vj � throughout its execution. The �nal triangulation Del Vj � is the output surfacemesh
desired.
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DelSmSurf2 (�, � )

1. Compute V := SampleTopology (�).

2. Compute V := Quality (V; � ). If Quality inserted some point(s) into V,
compute V := Topology (V) and repeat step 2.

3. Compute V := Smooth (V; � ). If Smooth inserted a point into V, compute
V := Topology (V) and go to step 2.

4. Output Del Vj � .

Notice that, after Quality or Smooth , we call Topology again becausethe new sample
point(s) may disturb the topology of Del Vj � . It is worthwhile to note that one doesnot need
to search the entire Vor V for a possibletopology violation. Instead, a local search su�ces since
the insertion of a new point changesVor V locally.

Theorem 3.4 ([23 ]) Given a smooth, closed surface � , DelSmSurf2 computes a restricted
Delaunaymeshwhoseunderlying space is homeomorphic to � where each triangle hasa bounded
aspect ratio and each edgehas a dihedral angle closeto � .

Notice that the above theorem does not have any guarantee about the Hausdor� distance
between � and the output meshbeing small compared to the local feature sizes. This cannot
be assuredunless feature sizesare computed, and the design of DelSmSurf2 avoids these
computations.

3.3 Smooth volume

In this section we consider meshing of volumes enclosedby smooth surfaces. Let O denote
the volume enclosedby a smooth surface �. Let V be the vertex set produced either by
DelSmSurf1 or DelSmSurf2 . Let T be the meshoutput by both the algorithms.

The volume enclosedby T is already triangulated with Delaunay tetrahedra. We can further
re�ne them for quality using the radius-edge ratio condition. The circumcenters of skinny
tetrahedra can be added as long as they do not disturb the surface triangulation. One easy
approach is to skip adding thosecircumcenters who encroach the surfaceDelaunay balls meaning
that they lie inside theseballs. This ensuresthat all surfacetriangles remain intact. The trade
o� of this easy�x is that the tetrahedra near the boundary may not have boundedradius-edge
ratios. To ensure the quality for all tetrahedra, additional e�ort is required to maintain the
surface. We describean algorithm by Oudot, Rineau, and Yvinec [48] which usesDelSmSurf1
for surfacetriangulation.

The algorithm �rst runs DelSmSurf1 to obtain a surfacetriangulation with a vertex set
V on the surface. It splits the surfacetriangles with the following subroutine.

SplitF (t)

Let B (c;r ) be the surfaceDelaunay ball circumscribing t where r =f (c) is max-
imum amongall surfaceDelaunay balls of t. Insert c into V and update Vor V.

To mesh volumes we need tetrahedron and hencecan forget about the hanging lower di-
mensional restricted simplices that may be present. Just as in the caseof surfaces,we de�ne
the following subcomplex for the volume.

Skl3 VjO = f t 2 Del VjO j t is incident to a restricted tetrahedrong:
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In the algorithm DelSmV ol below we use two parameters " and � where " controls the
level of re�nement and � controls the aspect ratios of the tetrahedra and triangles.

DelSmV ol (V; �; " )

1. Call DelSmSurf1 (�, " ).

2. Find a triangle t 2 Skl2 Vj� where all three vertices of t are not in �. If found,
call SplitF (t,) and repeat step 2.

3. Find a triangle t 2 Skl2 Vj� with a surfaceDelaunay ball B (c;r ) wherer =f (c) >
" . If found, call SplitF( t) and repeat step 2.

4. Find a tetrahedron t 2 Skl3 VjO with � (t) > � . If found, do the following:

If the circumcenter c of t does not encroach any surface Delaunay ball,
insert c into V, update Vor V, and go to step 4. Otherwise, let c encroach
a surfaceDelaunay ball B (c0; r ). Insert c0 into V, update Vor V, and go to
step 2.

5. Return Skl3 VjO.

Step 2 ensuresthat all restricted triangles have vertices from �. Step 3 re�nes surface
triangles as in DelSmSurf1 . Step 4 re�nes the tetrahedra. Re�nement of surfacetriangles is
given priorit y over the tetrahedra. Oudot et al. [48] prove that the above algorithm terminates
and has the following geometric and topological guarantees.

Theorem 3.5 ([48 ]) Given a volume O bounded by a smooth surface � , for " 6 0:05 and
� > 1, DelSmV ol produces T = Skl3 VjO where each tetrahedron in T has radius-edgeratio at
most � and jT j is homeomorphic (isotopic) to O and bd T = Skl2 Vj� . Furthermore, the isotopy
movesa point x 2 � by at most O(" 2)f (x) distance.

4 Piecewise smooth complex

In this section we consider a fairly large classof input domains called piecewisesmooth com-
plexes (PSCs). This class includes smooth surfaceswith or without boundaries, piecewise
smooth surfacesincluding polyhedral surfaces,non-manifold surfaces,and volumesenclosedby
them. Figure 8 shows someexample inputs and their meshes.

4.1 Domain

A piecewisesmooth complex (PSC) is a manifold complex where each element is a compact
smooth (C2) k-manifold, 0 6 k 6 3. An element may have a boundary though the element
is assumedto be contained in a smooth k-manifold without boundary. We use D k to denote
the kth stratum, i.e., the subset of all k-dimensional elements. D 0 is a set of vertices; D1 is
a set of curves called 1-faces; D 2 is a set of surfacepatches called 2-faces; and D 3 is a set of
volumes called 3-faces. For 1 6 k 6 2, we use D 6 k to denote D0 [ : : : [ Dk . The domain is
D = D0 [ ::: [ D3.

The input D, beinga manifold complex,satis�es the requirements of a complex: (i) interiors
of the elements are pairwise disjoint and for any � 2 D, bd � � D; (ii) for any � ; � 0 2 D, either
� \ � 0 = ; or � \ � 0 is a union of elements in D.

The meshingalgorithm that we are going to describe generatessamplepoints someof which
are weighted. A weighted point p with weight wp is represented with a ball p̂ = B (p;wp). The
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Figure 8: Meshed PSCs, Met aball (Smooth), Par t (Manifold PSC), and Wedge (Non-
manifold, PSC with small angles). Top row: surface mesh, bottom row: volume mesh. The
meshesare all produced by DelPSC software [58].

squared weighted distance of any point x 2 R3 from p̂ is given by kx � pk2 � w2
p. One can

de�ne a Voronoi diagram and its dual Delaunay triangulation for a weighted point set just like
their Euclidean counterparts by replacing Euclidean distanceswith weighted distances[4]. For
a weighted point set V � R3, we overload the notations Vor V and Del V to denote the weighted
Voronoi and Delaunay diagrams of V respectively. For a simplex in the weighted Delaunay
triangulation, it is no longer true that there exists a circumscribing ball of the simplex which
is empty. Instead, a weighted version of this statement holds. For a simplex with weighted
vertices f B (pi ; wi )g, a ball B (c;r ) is an orthoball if d(c;pi )2 = r 2 + w2

i for all i . A simplex is
in the weighted Delaunay triangulation if it has an orthoball whoseweighted distance to every
point in V is non-negative. The surfaceDelaunay balls of a restricted simplex are its orthoballs
with centers in � and with non-negative weighted distance to every point in V. The orthoball
of a tetrahedron is unique whosecenter is called its orthocenter.

We have already seenin the caseof smooth surface meshing that it is useful to consider
a subcomplex of the restricted Delaunay triangulation consisting of restricted triangles and
their subsimplices.We considersimilar subcomplexesfor meshingof PSCs. For example, for a
2-manifold in D, we consider only restricted triangles and their edgesand vertices. Similarly,
for 1-manifolds, we consideronly restricted edgesand their vertices. In general,for � 2 D i , let
Skli Vj� denote the i -dimensional complex

Skli Vj� = f t 2 Del Vj � j t is incident to a restricted i -simplexg:

Intuitiv ely, Skli Vj� is an i -dimensional complex without any hanging lower dimensional sim-
plices. For example, in Figure 9, the dark edgeconnecting betweenupper and lower part of �
is eliminated in Skl2 Vj� . We extend the de�nition to strata and the domain:

Skli VjD i =
[

� 2 D i

Skli Vj� ; Skli VjD =
[

i

Skli VjD i :
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Notice that computation of Skli VjD i is easier than Del VjD i since the former one involves
computations of intersectionsonly between(3 � i )-dimensional Voronoi faceswith i -facesin D.
In fact, becauseof our special protections of D 1, the only computation we need to determine
Skl1 VjD 1 and Skl2 VjD 2 is Voronoi edge-surfaceintersections.

�� ��

Figure 9: Left: Del Vj � . Right: Skl2 Vj� .

4.2 Algorithm

The neighborhoods of the curves and vertices in D 6 1 are regions of potential problems to
Delaunay re�nements of PSCs. First, if the elements incident to thesecurvesand verticesmake
small anglesat the points of incidences,usual Delaunay re�nement may not terminate. Second,
these curves and vertices represent \features" in the input which should be preserved in the
output for many applications. Usual Delaunay re�nement may destroy these features [10, 31].
As in the polyhedral case,some kind of protection mechanism is used to handle these non-
smooth regions.

4.2.1 Protection

The elements in D6 1 are protected with balls before the re�nement stage starts. These balls
are turned into weighted points during re�nement. The protecting balls satisfy the following
properties:

Pr otection pr oper ties : Let ! 6 0:076 be a positive constant and B p denote the protecting
ball of a point p.

1. Any two adjacent balls on a 1-faceoverlap signi�cantly without containing each other's
centers. For a precisestatement of signi�cant overlap see[16, 30].

2. No three balls have a common intersection.

3. Let p 2 � be the center of a protecting ball. Further, let B = B (p;R) be a ball where
R 6 c � radius(Bp) for somec 6 8. For a point x 2 � , n � (x) denotesthe normal to � at x
if � is a 2-face,and it denotesthe tangent to � at x if � is a 1-face.

(a) For � = � or any 2-faceincident to � , \ n � (p); n� (z) 6 2! for any z 2 B \ � . The
sameresult holds for the surfacesof the 2-facesincident to � .

(b) B intersects � in a single open curve and any 2-face incident to � in a topological
disk. The sameresult holds for the surfacesof the 2-facesincident to � .
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Each protecting ball Bp = B (p;wp) is turned into a weighted point (p;wp). Just as in the
caseof smooth surfaces,it turns out that it is necessaryto keepeach 2-faceintersectedby some
Voronoi edgein Vor V throughout the algorithm. The weighted vertices ensure it for 2-faces
that have boundaries. For 2-faceswithout boundary, Cheng et al. [16] suggestplacing three
weighted points satisfying the protection properties. The triangle connecting these weighted
points remain restricted throughout the algorithm. The properties of the protecting balls make
sure that the curves in D 1 remain meshedproperly throughout the algorithm. In particular,
adjacent points along any curve in D 1 remain connectedwith restricted Delaunay edges,see[18]
for details.

4.2.2 Re�nemen t

After protection, the algorithm inserts points iterativ ely outside the protected regionsto mesh
2-faces. This insertion is triggered by a disk condition which essentially imposesthat the tri-
anglesaround a point on a 2-face form a topological disk. After 2-facesare meshed,3-faces
(volumes) are meshedwith the usual circumcenter insertion procedurefor re�ning tetrahedra.
Each inserted point maintains a lower bound on its distancesto all existing points. Therefore,
the termination of the re�nement follows from standard packing argument. At termination the
restricted complex Skl3 VjD is output which has following properties:
Preservedfeatures: All curves in D 1 are meshedhomeomorphically with restricted Delaunay
edgeswhose vertices lie on the curves. This preserves non-smooth features or user de�ned
features in the output, seeFigure 10.
Faithful topology: All surfacepatches and volumes in D 6 3 are meshedwith a piecewiselinear
manifold. Furthermore, the algorithm acceptsa resolution parameter � so that it re�nes the
Delaunay triangulations until the restricted triangles have `size' lessthan � . When � is su�-
ciently small, the output restricted complex becomeshomeomorphicto input jDj.

Figure 10: Features on Anchor are preserved in both surface (middle) and volume (right)
meshing.

In a meshof a 2-manifold, the triangles incident to a vertex should form a topological disk.
Therefore, one can turn this into a condition for sampling 2-manifolds in the input PSC. The
re�nement condition applied to only a single 2-manifold is as simple as this. However, since
a PSC may have several 2-manifolds, potentially forming even non-manifolds, one needsto
incorporate somemore conditions into the disk condition. Let p be a point on a 2-face� . Let
Tp(D) and Tp(� ) be the set of triangles in Skl2 VjD 2 and Skl2 Vj� respectively which are incident
to p. The following disk condition is usedfor re�nement. Oncethe restricted Delaunay triangles
are collected, this check is only combinatorial.
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Disk Conditions (p) : (i) Tp(D) =
S

� 3 p Tp(� ), (ii) for each � 2 D2 containing p, underlying
spaceof Tp(� ) is a 2-disk which has all vertices in � . Point p is in the interior of this 2-disk if
and only if p 2 int � . Also, if p is in bd � , it is not connectedto any other point on D 1 which
is not adjacent to it. Figure 11 explains theseconditions.

��

��

�p
��

��

�p

�q

��

��

�'

�p

Figure 11: Left: point p 2 � has a disk in � and another disk in � 6= � violating condition (i).
Middle: point p 2 � has a topological disk but someof its vertices (lightly shaded)belong to �
violating condition (ii). Right: Points p and q satisfy disk condition. Point p, an interior point
in � , lies in the interior of its disk in � . Point q, a boundary point, has three disks for each of
the three 2-faces.

When wemeshvolumes,weusethe standard technique of inserting circumcenters (orthocen-
ter) of tetrahedra that have radius-edgeratio greater than a threshold, � > 1. If the orthocenter
encroaches a surfacetriangle, that is, the center lies in all surfaceDelaunay balls of a triangle
in Skl2 VjD 2 , the orthocenter is not inserted. Essentially , this strategy allows re�ning most
of the tetrahedra except the onesnear boundary. The following pseudo-code summarizesthe
algorithm.

DelPSC (D; �; � )

1. Protection. Protect elements in D 6 1 with weighted points. Insert three weighted
points in each element of D 2 that has no boundary. Let V be the current
(weighted) point set.

2. Mesh2Complex.

(a) Let (p; � ) be any tuple where p 2 Skl2 Vj� . If Disk Conditions (p) is
violated, �nd the triangle t 2 Tp(D) which hasthe largestsurfaceDelaunay
ball B (c;r ). Insert c into V, update Vor V, and repeat step 2(a).

(b) If there is restricted triangle with a surface Delaunay ball B (c;r ) where
r > � , insert c into V, update Vor V, and go to step 2(a). Otherwise, go to
step 3.

3. Mesh3Complex.Find a tetrahedron t 2 Skl3 Vj� where � (t) > � and the ortho-
center c of t doesnot encroach any triangle in Skl2 VjD and any ball B (p;2r )
where B (p; r ) is a protecting ball. If found, insert c into V, update Vor V, and
repeat step 3.

4. Return Skl3 VjD .

4.2.3 Guaran tees

Cheng, Dey, and Levine [17] show the following.
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Theorem 4.1 ([17 ]) (i) DelPSC terminates, (ii) the output of DelPSC satis�es properties
T1-T3:

(T1) For each � 2 D1, Skl1 Vj� is homeomorphic to � and two vertices are joined by an edge
in Skl1 Vj� if and only if thesetwo vertices are adjacent on � .

(T2) For 0 6 i 6 2 and � 2 D i , Skli Vj� is a i -manifold with vertices only in � . Further,
bd Skli Vj� = Skli � 1 Vjbd � . For i = 3, the statement is true only if the set Skli Vj� is not
empty at the end of Mesh2Complex.

(T3) There exists a � > 0 so that the output mesh of DelPSC (D,� ,� ) has an underlying
space homeomorphic to jDj. Further, this homeomorphism respects strati�c ation with
vertex restrictions, that is, for 0 6 i 6 3, Skli Vj� is homeomorphic to � 2 D i where
bd Skli Vj� = Skli � 1 Vjbd � and vertices of Skli Vj� lie in � .

The implication of T1 is that the non-smooth features are preserved in the output, see
Figure 10. The implication of T1 and T2 is that each k-manifold is meshedwith a simplicial
k-manifold. Also, the mesh of the boundary of a k-manifold appears as the boundary of the
meshof the k-manifold. The meshesmay not be homeomorphic to the original manifold, but
with increasing levels of re�nement (controlled by parameter � ) homeomorphismis achieved.
In practice this level is reached quite early in the re�nement.

One can add the following step at the end of Mesh2Complexto improve the quality of the
triangles.

If there is a triangle t 2 Skl2 VjD 2 with � (t) > � 1, insert the center c of its surface
Delaunay ball into V if c doesnot lie in B (p;2r ) where B (p; r ) is a protecting ball.
Update Vor V, and go back to step 2(a).

In Mesh3Complexwe avoided inserting the circumcenter c of a tetrahedron if it encroaches
a surfaceDelaunay ball of a triangle. Instead one can take an approach as in the polyhedral
caseby rejecting c and splitting the triangle encroached by c.

If there is a tetrahedron t 2 Skl3 VjD 3 where � (t) > � 2 and the orthocenter c of t
doesnot lie in B (p;2r ) where B (p; r ) is a protecting ball do the following: insert c
if it does not encroach any triangle in t0 2 Skl2 VjD 2 , otherwise reject c and insert
the center of a surfaceDelaunay ball of t0 instead. In both casesupdate Vor V and
go back to step 2(a).

The analysis for [16] can be modi�ed to claim that Theorem 4.1 still holds with the added
stepsfor quality enforcement. After the original writing of this paper, Dey and Levine improved
the protection phaseeven further with new analysis. The latest development appears in [30]
basedon which DelPSC software has beenbuilt [58].

5 Op en issues

In this sectionwebrie
y describedi�eren t open issuesin Delaunay meshingof three dimensional
domains.

The algorithms described in previous sectionsattempt to improve the quality of tetrahedra
by improving their radius-edgeratios. As mentioned earlier, an upper bound on radius-edge
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ratios eliminate all types of bad tetrahedra except one, slivers. A sliver tetrahedron t has an
upper bound on radius-edgeratio � (t) but has poor volume-edgeratio given by � (t) = v(t)

`3 (t )
where v(t) and `(t) are the volume and smallest edgelength of t. Considerableresearch e�ort
over the past decade has been devoted to exude slivers from Delaunay meshes. The �rst
successfulresult was given by Cheng et al. in their sliver exudation paper [15]. The authors
show that, for a periodic point set V � R3, if Del V has an upper bound on radius-edgeratios
for tetrahedra, the vertices can be assignedweights so that all slivers with volume-edgeratio
smaller than a positive constant � 0 are eliminated. Although it is the �rst result of its kind,
the algorithm cannot handle bounded domain like polyhedra. Cheng and Dey [14] adapted
the sliver exudation method to polyhedral complexes. For other attempts in sliver removal,
see[26, 34, 44]. The sliver exudation method of Cheng and Dey [14] can be used with the
algorithms for smooth and piecewisesmooth volume meshing [16, 48] to get rid of slivers.
Theoretically, the constant � 0 for sliver removal is extremely small. In practice, it has been
observed that slivers with dihedral anglesin the range 1� � 3� are not eliminated [20, 36]. It is
still an open question how to eliminate slivers in Delaunay meshingof boundeddomainswhere
the angle bounds are large, say near 10� . Labelle [43] showed a technique to achieve such a
bound for periodic point set but it is not clear how to extend it to bounded domains.

The Delaunay re�nement strategy insertspoints that are locally furthest. They aregenerally
points wherea dual Voronoi faceof a Delaunay element to be eliminated intersectsthe domain.
A natural question is if there are other insertion strategies that may improve the re�nement
algorithms. Edelsbrunnerand Guoy [35] showedthat insertion of \sinks" that arenot necessarily
circumcenters of bad triangles or tetrahedra can indeed improve the mesh size in practice.
•Ung•or proposed insertions of \o�-cen ters" which remarkably improve the mesh size in two
dimensions[56]. It remains open how to apply theseor other insertion strategies for bounded
three dimensional domains.

In the past few yearssomeoptimization basedtechniqueshave beenproposedfor producing
mesheswith well shaped simplices[13, 32]. Theseapproachesseempromising; in particular, for
addressingthe question of slivers in tetrahedral meshing [1]. However, it is still open to apply
thesetechniquesto boundeddomainswith provable guarantees. Someapplications require that
the meshsimplicescontain their dual Voronoi vertex. For triangles, this meansthat they do not
have any obtuse angle. Bern, Mitc hell, and Ruppert [7] gave an algorithm for producing linear
size non-obtuse triangulations for polygons in two dimensions (also see[38]). The question
remains open for three dimensional bounded domains.

The question of spaceand time complexities of Delaunay re�nement algorithms for three
dimensional domains remains mostly open. If m is the output sizeof the mesh, it is straight-
forward to derive an O(m2) time complexity bound. Each insertion of a point cannot take
more than O(m) time and henceO(m2) bound is trivial. However, the challenge remains to
achieve a non-trivial bound, in particular an O(n logn + m) bound where n is the spacecom-
plexity of the input domain. Har-Peled and •Ung•or [40] presented an o�-center basedalgorithm
for two dimensional point sets that runs in optimal time and space. For a restricted classof
PCs, Hudson, Miller, and Phillips [41] show that a Delaunay re�nement schemecan be run in
O(n log(L=s) + m) time where L=s is the ratio of the diameter to minimum feature size. The
output meshsizem certainly regulatesthe time complexity of the Delaunay re�nement and also
of the post-processingalgorithms that usethesemeshes.Ideally, m should be closeto optimal.
For an input domain, let m � denote the sizeof a Delaunay complex that has minimum number
of simplices over all possiblemeshesconforming to the input domain. If one adds the mesh
quality condition, m � may change. It is very di�cult and perhapsimpossibleto �nd algorithms
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that have optimal output sizeand runs in polynomial time in terms of the output complexity.
However, it might be possibleto designalgorithms whoseoutput has a sizewithin a constant
factor of the optimal. In 2D, Ruppert [51] achieves this. In 3D, one has to addressthe issueof
slivers to obtain constant-factor optimal algorithms. For boundeddomains, the only algorithm
that achieves it for spacecomplexity is of Cheng and Dey [14] for PCs with no acute angles.
For other three dimensional bounded domains, achieving optimal algorithms in terms of space
and time complexity remains an important open question.

Ac knowledgmen ts

We acknowledgethe useof CGAL libraries for developing various meshingsoftware [58, 59, 60]
that have beenusedto generatesomeof the pictures usedin this article. Also, we acknowledge
the support of NSF grants CCF-0430735and CCF-0635008.

References

[1] P. Alliez, D. Cohen-Steiner,M. Desbrun, and M. Yvinec. Variational tetrahedral meshing.
ACM Siggraph 2005 (2005), 617{625.

[2] N. Amenta and M. Bern. Surfacereconstruction by Voronoi �ltering. Discr. Comput. Geom.
22 (1999), 481{504.

[3] N. Amenta, S. Choi, T. K. Dey and N. Leekha. A simple algorithm for homeomorphic
surfacereconstruction. Internat. J. Comput. Geom. Applications 12 (2002), 125{141.

[4] F. Aurenhammer. Power diagrams : properties, algorithms, and applications. SIAM J.
Computing 16 (1987),78{96.

[5] M. Bern, D. Eppstein and J. Gilb ert. Provably good mesh generation. J. Comput. Syst.
Sci., 48 (1994), 384{409.

[6] M. Bern and D. Eppstein. Mesh generation and optimal triangulation. In D.-Z. Du and
F. K. Hwang editors, Computing in Euclidean Geometry, 2nd Edition , World Scienti�c,
Singapore, (1995), 47{123.

[7] M. Bern, S. A. Mitc hell, and J. Ruppert. Linear-sizenonobtusetriangulation of polygons.
Proc. 10th Annu. ACM Sympos. Comput. Geom. (1994), 221{230.

[8] C. Boivin and C. Ollivier-Go och. Guaranteed-quality triangular mesh generation for do-
mainswith curvedboundaries.Intl. J. Numer. Methods in Engineer., 55(2002), 1185{1213.

[9] J.-D. Boissonnat, D. Cohen-Steiner, B. Mourrain, G. Rote, and G. Vegter. Meshing of
surfaces.Chapter 5 in E�e ctive Computational Geometry for Curves and Surfaces, eds.
J.-D. Boissonnat, M. Teillaud, Springer Verlag, 2006.

[10] J.-D. Boissonnatand S. Oudot. Provably good sampling and meshingof Lipschitz surfaces.
Proc. 22nd Ann. Sympos. Comput. Geom. (2006), 337{346.

[11] J.-D. Boissonnat and S. Oudot. Provably good surfacesampling and meshingof surfaces.
Graphical Models 67 (2005), 405{451.

29



[12] J.-D. Boissonnat,D. Cohen-Steiner,and G. Vegter. Isotopic implicit surfacemeshing.Proc.
36th Annu. ACM Sympos. Theory Comput. (2004), 301{309.

[13] L. Chen and J. Xu. Optimal Delaunay triangulations. J. Comput. Mathematics 22 (2004),
299{308.

[14] S.-W. Cheng and T. K. Dey. Qualit y meshingwith weighted Delaunay re�nement. SIAM
J. Comput., 33 (2003), 69{93.

[15] S.-W. Cheng,T. K. Dey, H. Edelsbrunner, M. A. Facelloand S.-H. Teng.Sliver exudation.
J. ACM, 47 (2000), 883{904.

[16] S.-W. Cheng, T. K. Dey, and J. Levine. A practical Delaunay meshing algorithm for a
large classof domains. Proc. 16th. Internat. Meshing Roundtable, 2007.

[17] S.-W. Cheng,T. K. Dey, and J. Levine. Theory of a practical Delaunay meshingalgorithm
for a large classof domains. Algorithms, Architecture and Information System Security ,
World Scienti�c Review Volume 3, (2008), 17{41.

[18] S.-W. Cheng, T. K. Dey, and E. A. Ramos. Delaunay re�nement for piecewisesmooth
complexes.Proc. 18th Annu. ACM-SIAM Sympos. Discrete Algorithms (2007), 1096{1105.

[19] H.-L. Cheng, T. K. Dey, H. Edelsbrunner, and J. Sullivan. Dynamic skin triangulation.
Discrete Comput. Geom. 25 (2001), 525{568.

[20] S.-W. Cheng, T. K. Dey, and T. Ray. Weighted Delaunay re�nement for polyhedra with
small angle. Proc. 14th Internat. Meshing Roundtable(2005), 325{342.

[21] S.-W. Chengand S.-H. Poon. Three-dimensionalDelaunay meshgeneration.DiscreteCom-
put. Geom. 36 (2006), 419{456.

[22] S.-W. Cheng, T. K. Dey, E. A. Ramos and T. Ray. Qualit y meshing for polyhedra with
small angles.Internat. J. Comput. Geom. Appl. 15 (2005), 421{461.

[23] S.-W. Cheng, T. K. Dey, E. A. Ramosand T. Ray. Sampling and meshinga surfacewith
guaranteed topology and geometry. SIAM J. Comput. 37 (2007), 1199{1227.

[24] L. P. Chew.Guaranteed-quality triangular meshes.Report TR-98-983,Comput. Sci.Dept.,
Cornell Univ., Ithaca, New York, 1989.

[25] L. P. Chew. Guaranteed-quality meshgeneration for curved surfaces.Proc. 9th Ann. Sym-
pos. Comput. Geom. (1993), 274{280.

[26] L. P. Chew. Guaranteed-quality Delaunay meshingin 3D. Proc. 13th Ann. Sympos. Com-
put. Geom. (1997), 391{393.

[27] D. Cohen-Steiner,E. C. de Verdi�ere and M. Yvinec. Conforming Delaunay triangulations
in 3D. Proc. Ann. Sympos. Comput. Geom., 2002,199{208.

[28] T. K. Dey. Curve and surface reconstruction : algorithms with mathematical analysis.
Cambridge U. Press,New York, 2006.

[29] T. K. Dey, C. Bajaj and K. Sugihara.On good triangulations in three dimensions.Internat.
J. Comput. Geom. 2 (1992), 75{95.

30



[30] T. K. Dey and J. A. Levine. Delaunay meshing of piecewisesmooth complexeswithout
expensive predicates.Tech Report, OSU-CISRC-7/08-TR40, July 2008.

[31] T. K. Dey, G. Li, and T. Ray. Polygonal surface remeshing with Delaunay re�nement.
Proc. 14th Internat. Meshing Roundtable(2005), 343{361.

[32] Q. Du and D. Wang. Tetrahedral mesh generation and optimization basedon centroidal
Voronoi tessellations.Internat. J. Numeric. Method. Engineering 56 (2003), 1355-1373.

[33] H. Edelsbrunner. Geometry and Topology for Mesh Generation. Cambridge Univ. Press,
England, 2001.

[34] H. Edelsbrunner,X.-Y. Li, G. L. Miller, A. Stathopoulos,D. Talmor, S.-H. Teng,A. •Ung•or
and N. Walkington. Smoothing cleansup slivers. Proc. 32nd Ann. ACM Sympos. Theory
Comput., (2000), 273{277.

[35] H. Edelsbrunner and D. Guoy. Sink-insertion for mesh improvement. Internat. J. Found.
Comput. Sci. 13 (2002), 223{242.

[36] H. Edelsbrunner and D. Guoy. An experimental study of sliver exudation. Proc. 10th Intl.
Meshing Roundtable, (2001), 307{316.

[37] H. Edelsbrunner and N. Shah. Triangulating topological spaces.Internat. J. Comput.
Geom. Appl. 7 (1997), 365{378.

[38] D. Eppstein. Faster circle packing with application to nonobtusetriangulations. Internat.
J. Comput. Geom. Appl. 7 (1997), 485{491.

[39] L. A. Freitag and C. Ollivier-Go och. Tetrahedral mesh improvement using swapping and
smoothing. Intl. J. Numer. Methods Engg., 40, (1997), 3979{4002.

[40] S. Har-Peled and A. •Ung•or. A time optimal Delaunay re�nement algorithm in two dimen-
sions.Proc. 22nd Ann. Sympos. Comput. Geom. (2005), 228{236.

[41] B. Hudson, G. Miller, and T. Phillips. SparseVoronoi re�nement. Proc. 15th Internat.
Meshing Roundtable(2006).

[42] P. Knupp. Algebraic meshquality metrics. SIAM J. Sci. Comput. 23 (2001), 193-218.

[43] F. Labelle. Sliver removal by lattice re�nement. Proc. Ann. Sympos. Comput. Geom.
(2006), 347{356.

[44] X.-Y. Li and S.-H. Teng.Generating well-shaped Delaunay meshesin 3D. Proc. 12th. Ann.
ACM-SIAM Sympos. Discrete Algorithm (2001), 28{37.

[45] G. L. Miller, D. Talmor, S.-H. Teng and N. Walkington. A Delaunay based numerical
method for three dimensions: generation, formulation, and partition. Proc. 27th Ann.
ACM Sympos. Theory Comput. (1995), 683{692.

[46] S. A. Mitc hell and S. A. Vavasis.Qualit y meshgeneration in higher dimensions.SIAM J.
Comput., 29 (2000), 1334{1370.

[47] S. Owen. A survey of unstructured mesh generation technology.
http://www.andrew.cm u.edu/sowen/survey.

31



[48] S. Oudot, L. Rineau, and M. Yvinec. Meshing volumesboundedby smooth surfaces.Proc.
14th Internat. Meshing Roundtable(2005), 203{219.

[49] S. Pav and N. Walkington. Robust three dimensional Delaunay re�nement. 13th Internat.
Meshing Roundtable2004.

[50] S. Plantinga and G. Vegter. Isotopic meshing of implicit surfaces.The Visual Computer
23 (2007), 45{58.

[51] J. Ruppert. A Delaunay re�nement algorithm for quality 2-dimensionalmeshgeneration.
J. Algorithms, 18 (1995), 548{585.

[52] J. R. Shewchuk. Tetrahedral mesh generation by Delaunay re�nement. Proc. 14th Ann.
Sympos. Comput. Geom. (1998), 86{95.

[53] J. R. Shewchuk. Mesh generation for domains with small angles.Proc. 16th Ann. Sympos.
Comput. Geom. (2000), 1{10.

[54] J. R. Shewchuk. What is a good linear element? interpolation, conditioning and quality
measures.Proc. 11th Internat. Meshing Roundtable(2002), 115{126.

[55] H. Shi and K. G•artner. Meshingpiecewiselinear complexesby constrainedDelaunay tetra-
hedralizations. Proc. 14th Internat. Meshing Roundtable(2005), 147{164.

[56] A. •Ung•or. O�-cen ters : A newtypeof Steinerpoints for computing size-optimalguaranteed-
quality Delaunay triangulations. Proc. Latin American Theoretical Informatics (2004),
152{161.

[57] http://www.cgal.org

[58] http://www.cse.ohio-state.edu/ � tamaldey/delpsc

[59] http://www.cse.ohio-state.edu/ � tamaldey/qualmesh

[60] http://www.cse.ohio-state.edu/ � tamaldey/surfremesh

32


