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Abstract

Themedialaxisof asurfacein 3D is theclosureof all points
thathave two or moreclosestpointson thesurface.It is an
essentialgeometricstructurein a numberof applications
involving 3D geometricshapes.Since exact computation
of the medial axis is dif�cult in general,efforts continue
to improve their approximations.Voronoi diagramsturn
out to be useful for this approximation.Although it is
known that Voronoi verticesfor a sampleof points from
a curve in 2D approximateits medial axis, similar result
doesnot hold in 3D. Recently, it hasbeendiscoveredthat
only a subsetof Voronoi verticesconverge to the medial
axis as sampledensityapproachesin�nity . However, most
applicationsneeda non-discreteapproximationasopposed
to a discreteone.To dateno known algorithmcancompute
thisapproximationstraightfrom theVoronoidiagramwith a
guaranteeof convergence.Wepresentsuchanalgorithmand
its convergenceanalysisin this paper. One salient feature
of the algorithmis that it is scaleanddensityindependent.
Experimentalresultscorroborateour theoreticalclaims.

Keywords: Medial axis, GeometricModeling, samples,Voronoi
diagram,Delaunaytriangulation.

1 Intr oduction

Themedialaxisof a shapeis de�ned whentheshapeis em-
beddedin anEuclideanspaceandis endowedwith adistance
function.Informally, it is thesetof all pointsthathavemore
thanoneclosestpointontheshape.Themedialaxisprovides
a compactrepresentationof theshapeswhich hasbeenused
in anumberof applicationsincludingimageprocessing[22],
computervision [9, 23], solid modeling[19, 20, 28], mesh
generation[25, 26], motion planning[18] andmany others
[21, 29]. Theshapesin this paperaresurfacesembeddedin
threedimensions.

Applicationdemandshavepromptedresearchin thecom-
putationalas well as the mathematicalaspectsof the me-
dial axis in recentyears.As a mathematicalstructurethey
areinstablesincea small changein shapecancausea rela-
tively largechangein its medialaxis[17, 30]. They arehard

to computeexactly due to numericalinstability associated
with their computations.Few algorithms,andonly for spe-
cial classesof shapes,have beendesignedtill dateto com-
pute the exact medial axis [12, 20]. Consequently, efforts
have beenmadeto approximatethe medialaxis. For poly-
hedralinput Etzion andRappoport[16] suggestan approx-
imationmethodbasedon octreesubdivisionsof space.An-
otherschemeconsideredby many usesasetof samplepoints
on theshapeandthenapproximatesthemedialaxiswith the
Voronoidiagramof thesepoints[4, 5, 6, 11, 25, 29].

Wefollow theVoronoidiagramapproach.It is particularly
suitablefor point cloud data,which are increasinglybeing
usedfor geometricmodelingover a wide rangeof applica-
tions. It is known that theVoronoiverticesapproximatethe
medialaxisof acurvein 2D. In fact,Schmitt[24] andBrandt
[10] show that if thesampledensityapproachesin�nity , the
Voronoiverticesin thiscaseconvergeto themedialaxis.Un-
fortunately, thesameisnottruein threedimensions.Amenta,
Bern andEppstein[2] observe that someVoronoi vertices,
the centersof the �at tetrahedracalled `slivers', cancome
closeto thesurfacenomatterhow denseasampleis. In order
to alleviatethisproblemin thecontext of surfacereconstruc-
tion, Amentaand Bern [1] identify someVoronoi vertices
called`poles' that remainfar from thesurface.Thesepoles
are the farthestVoronoi verticesfrom the samplepoints in
their Voronoicells.BoissonnatandCazals[7] andAmenta,
Choi andKolluri [4] show that thepolesindeedlie closeto
themedialaxisandconvergeto it asthesampledensityap-
proachesin�nity .

The convergenceresult of polesto the medial axis is a
signi�cant progressin themedialaxisapproximationin 3D.
However, many applicationsrequireandoftenprefera non-
discreteapproximationrather than a discreteone. In 2D,
BrandtandAlgazi [11] achieve this by retaininga subsetof
Voronoiedgesincidentto theVoronoivertices.In 3D, since
poleslie closeto themedialaxis,Amenta,Choi andKolluri
[4] designanalgorithmthatconnectsthemwith a cell com-
plex. They considerthe Delaunayballs centeringthe poles
and then computethe medial axis of the boundaryof the
unionof theseballsby theweightedDelaunaytriangulation
of thepoleswith theradii of theDelaunayballsasweights.
Thisis the�rst algorithmthatproducesacontinuousapprox-
imationof themedialaxiswith theoreticalguaranteesin 3D.



However, this methodrequiresa secondVoronoidiagramto
computethe medial axis and, more importantly, produces
noisy medialaxis in somecases.Heuristicshave beenpro-
posedto cleanup thesenoisymedialaxes,but theseheuris-
ticsarenot scaleindependent.

In this paperwe proposeto approximatethe medialaxis
directly from the Voronoi diagram.Approximatingthe me-
dial axis straightfrom the Voronoidiagramin 3D hasbeen
proposedin thepast.In a nicework, Attali andLachaud[5]
(alsosee[6]) show how to prunetheVoronoidiagramwith
anangleandlengthcriterionto approximatethemedialaxis.
Although the strategy achievesgoodresultsin many cases,
the pruningis scaledependentandmoreseriouslydepends
onthesamplingdensity. Consequently,oneneedsto �ne tune
thepruningparametersindividually for eachdatasetandit
is not clearif thesestrategiesareaptfor a datasetwherethe
densityvariesin differentpartsof theshape.

Our algorithmalsousestwo criteria to selecttheVoronoi
facetsfrom theVoronoidiagram.But,unlike[5, 6], thesetwo
criteriaarescaleanddensityindependentandthealgorithm
hasaconvergenceguarantee.We �lter Delaunayedgesfrom
theDelaunaytriangulationof thesamplepointsandthenout-
put their dualVoronoifacetsasanapproximatemedialaxis.
Theapproximationdependsuponasamplingdensityparam-
eter � that tendsto zeroasthesamplingdensityon thesur-
faceSapproachesin�nity . A subsetof themedialaxissatis-
fying certainconditionthatdependson � is approximatedby
a point in the output.As � approacheszerowith increasing
density, this subsetcoincideswith thecompletemedialaxis
meaningthatall pointsin themedialaxisareapproachedby
a point in theoutput.Thethresholdsusedfor two criteriato
�lter theDelaunayedgesremain�x edover datasetsof dif-
ferent densities.Thus, thereis no needfor �ne tuning the
parametervalues.Our experimentswith differentdatasets
alsosupportour theoreticalclaims.

The restof the paperis organizedas follows. Section2
containspreliminariesandde�nitions thatwe uselater. Sec-
tion 3 detailsthetwo conditionsthatwe useto �lter theDe-
launayedgesanddescribesthe algorithm.In section4 we
prove theguaranteesof convergence.Section5 containsthe
experimentalresultsandwe concludein section6.

2 Preliminaries and De�nitions

Let P bea pointsamplefrom a smoothcompactsurfaceS �

� 3 without boundary. A ball is calledmedial if it meetsS
only tangentiallyin at leasttwo points.The medialaxis of
S is de�ned astheclosureof thesetof centersof all medial
balls.Eachpoint on S hastwo medialballs,onetouchingit
from outsideandtheothertouchingit from inside.It follows
that the line going througha point p � S and the centers
of its medialballs is normal to S at p. SeeFigure1 for an
illustrationin 2D.

Obviously, themedialaxisof Scanbeapproximatedfrom
a sampleP only if it is denseenoughto carry information

p

Figure1: A curve (dashed),somemedialballs (dotted)and
themedialaxis(solid) in 2D.

aboutthe featuresof S. Following AmentaandBern [1] we
de�ne thelocalfeaturesizef () asafunctionf : S �

�

where
f (x) is thedistanceof x � Sto themedialaxis.Intuitively, f ()
measureshow complicatedS is locally. It is known that the
functionf () is 1-Lipschitzcontinuous,i.e.,f (p) � f (q)+ � p �

q � for any two pointsp, q in S [1]. A sampleis an � -sample
if eachpoint x � Shasa samplepoint within � f (x) distance.
Generally, in practice,a sampleis denseif �	� 0.25 though
in most casestheoreticalguaranteesrequiremuch smaller
values.

TheVoronoi diagramandits dual, theDelaunaytriangu-
lation,playakey role in capturinginformationaboutshapes.
This observation hasled to a numberof algorithmsfor the
relatedproblemof surfacereconstructionwhich exploit the
structuresof thesediagrams[1, 3, 7, 14, 15]. The Voronoi
diagramVP for a point setP �

� 3 is a cell complex con-
sistingof Voronoicells 
 Vp � p � P andtheir facets,edgesand
vertices,whereVp = 
 x �

� 3 


� p � x ����� q � x � , � q � P
�

.
Thedualcomplex, DP, calledtheDelaunaytriangulationof
P, consistsof Delaunaytetrahedraand their incident trian-
gles,edgesandvertices.A Delaunaytetrahedronis dual to
a Voronoi vertex, a Delaunaytriangle is dual to a Voronoi
edge,a Delaunayedgeis dual to a Voronoi facetanda De-
launayvertex is dual to a Voronoi cell. We saye = Dualg
if e and g are dual to eachother in the two diagrams.It
is an importantresultproved by AmentaandBern [1] that
theVoronoicellsareelongatedalongthenormaldirectionto
thesurfaceat thesamplepointsif thesampleis suf�ciently
dense.Thede�nition of polesplaysanimportantrole in ap-
proximatingthesenormals.

De�nition 1 Thepolep+ of a samplepoint p is thefarthest
Voronoi vertex in the Voronoi cell Vp. If Vp is unbounded,
p+ is taken at in�nity . Thevectorvp = p+

� p is called the
polevectorfor p andits directionis takenastheaverage of
all directionsof in�nite edgesin caseVp is unbounded,see
Figure2.

It is provedthat thepolevectorvp approximatesthenor-
malnp to thesurfaceSat p up to orientation[1].

De�nition 2 Thetangentpolygonfor a samplepoint is de-
�ned asthepolygonin which theplanethroughp with vp as
normalintersectsVp. SeeFigure2(a) for an illustration.
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Figure2: A Voronoi cell Vp. The correspondingpole, pole
vector, tangentpolygon(a),andtheumbrella(b).

Sincevp approximatesnp, the tangentpolygonapproxi-
matesthe tangentplaneat p restrictedwithin Vp. We de�ne
a dual structureto the tangentpolygon from the Delaunay
triangulationDP.

De�nition 3 TheumbrellaUp for a samplepointp is de�ned
asthetopological discmadeby theDelaunaytrianglesinci-
dent to p that are dual to the Voronoi edgesintersectedby
thetangentpolygon.SeeFigure2(b).

The umbrellaUp approximatesthe surfacelocally at p.
The trianglesin theumbrellalie very closeto therestricted
Delaunaytrianglesthataredual to theVoronoi edgesin Vp

intersectingthesurface.

Notations. In what follows we usethe following nota-
tions.Thenotation� u, v denotesthetheacuteanglebetween
thelinessupportingtwo vectorsu andv. Thetangentvector
goingfrom a point p to q is denotedwith tpq. Thenormalto
a trianglepqr is npqr andits circumradiusis Rpqr.

3 Algorithm

Our aim is to approximatethe medial axis with a subset
of Voronoi facetsand their closures.The closureCl F of a
Voronoi facetF is thesetof all incidentVoronoiedgesand
verticesof F andF itself. We choosetheseVoronoifacetsas
thedualof a setof selectedDelaunayedges.This meanswe
needsomeconditionsto �lter theseDelaunayedgesfrom
DP. Let us examinea medial ball B closely to determine
which Delaunayedgeswe shouldselect.ConsiderFigure3.
Thesegmentpq makesanangle � with the tangentplaneat
p and q wherethe medial ball touchesthe surfaceS. If B
touchesS in morethantwo points,let p andq be suchthat
theangle � is maximal.We associateeachmedialaxispoint
m, andalsothepointswhereB meetsS, with suchanangle

� , which we call their medialangle. The medialaxis is ap-
proximatedby Voronoi facetsdual to the Delaunayedges.

q

q
S

p

m

B

q

Figure3: A medialaxispoint m, its medialangle � andthe
correspondingmedialball.

Theseedgesareeither long edgesmakinglarge anglewith
thesurface- thusselectedby theso-calledAngle condition.
WhentheDelaunayedgestendto becomeparallelto thetan-
gentplanesat their endpoints,theAngle conditionfails and
weresortto aRatiocondition;morepreciselytheedgesused
therearethosewhoselengthis signi�cantly larger thanthe
circumradiiof theumbrellatriangles.

3.1 Angle condition

Approximationof themedialangle� for a medialaxispoint
requiresanapproximationto thetangentplaneat thatpoint.
It follows from Lemma3 that thetrianglesin theumbrellas
necessarilylie �at to S.

Therefore,we take umbrellatrianglesin Up for approxi-
matingthe tangentplaneat a samplepoint p anddetermine
all Delaunayedgespq thatmake relatively largeanglewith
this tangentplane.Theanglebetweenan edgepq anda tri-
angleptu is measuredby theacuteangle � nptu, tpq. Ourgoal
is to captureall edgespq that make morethana threshold
angle � with trianglesin Up, or equivalentlymake an angle
lessthan �2 ��� with their normals,seeFigure4. We saya
Delaunayedgepqsatis�esAnglecondition[ � ] if

max
ptu� Up

� nptu, tpq �

�

2
��� .

The roles of p and q are interchangable,i.e., if the um-
brella trianglesin Uq areusedin the condition,we sayqp
satis�es the Angle condition[ � ]. Consistentwith this nota-
tion the edgepq is consideredtwice in the algorithm,once
aspqandanothertimeasqp.

Only Angleconditioncannotapproximatethemedialaxis
in a densityindependentmanner. If we �x � for all models,
someof the medialaxis pointswith medialanglebelow �

arenot approximated.In that casewe cannothopefor con-
vergencein thelimit whendensityapproachesin�nity .

Figure5 illustratestheresultswith `only Anglecondition'.
Wevariedthevalueof � in orderto getagoodapproximation
to the medialaxis.As expected,larger valueof � produces
lessfacetsin theoutputresultingin undesirablèholes',see
therightmostpictureof 3HOLE datain Figure5.Ontheother
hand,smallervaluesof � generatetoo many facetsresult-
ing in undesirablèspikes', seethe leftmostpicture for the
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Figure5: Resultswith `only Anglecondition'.
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Figure4: The angleof interestfor the Angle condition[ � ].
TheVoronoiedgeshown with thedottedline is normalto the
shadedtriangle.

3HOLE datain Figure5. For eachmodelshown in Figure 5
we attemptedto determinea value of � for which we can
obtain an approximationas good as possible.The second
row of Figure 5 shows the output of this experiment.The
major drawbackof the `only Angle condition' approachis
that thevalueof � for which we obtaingoodapproximation
differs from sampleto sample.It turnsout that the required
valueof � getslargerwith decreasingsampledensity. Con-
sequently, we couldnot �nd any consistentvaluefor which
theapproachworksfor all modelswe experimentedwith.

3.2 Ratio condition

Considerthemedialball B asshown in Figure3. Fromsim-
plegeometryof spheres,weget

� p � q � = 2� sin �

where � = � m � p � is theradiusof B. Therefore,if ��� � ,
where� is thesamplingdensity, wehave � p � q ��� 2� sin � .
Also, theradiusof theumbrellatrianglesareonly of theor-
derof � � aswe show later. This meansthatthelengthof pq
will bemuchlargerthantheradii of theumbrellatriangles.

Taking the cuefrom the above observation,we compare
thelengthof theDelaunayedgeswith thecircumradiiof the
umbrellatriangles.By this we can approximateall medial
axispointswith medialanglesonly few timeslargerthan � .
Of course,wewill notbeableto approximatethemedialaxis
pointswith medialanglelessthan � with thismethod,but as

� approacheszero,we gettherequiredconvergence.We say
anedgepqsatis�estheRatiocondition[ � ] if (seeFigure6)

min
ptu� Up

� p � q �

Rptu

�

� .

Here,too, therolesof p andq areinterchangable.
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Figure7: Resultswith `only Ratiocondition'.
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Figure6: Radiusof interestfor theRatiocondition[ � ].

Figure7 illustratestheeffectof `only Ratiocondition'.As
expected,largervalueof � produceslessnoisymedialaxis,
but with `holes' as shown in the rightmostpicture for the
FOOT datain Figure 7. On the other hand,smaller � pro-
ducesundesirablespurious̀ spikes' asexhibitedby the left-
mostpictureof theFOOT in Figure7.

In this casealsowe couldnot �nd a valueof � for which
all samplesproducegood result. When the sampleis less
dense,a smaller � is neededto obtainan approximationas
goodaspossible.̀ Only Ratio condition' approachhasone
moredisadvantage.If thesampledensityis notuniformover
theentiresurface,onevalueof � cannotcapturethemedial
axis for the entireshape.This is why no valueof � gave a
goodresultfor theFOOT and3HOLE datathoughwe could
�nd anappropriate� for ROCKER andKNOT datawhichare

mostlyuniform.

Although,in theory, for suf�ciently densesample,thera-
tio conditionaloneis adequateto �lter all necessaryDelau-
nay edges,often this densityrequirementis not satis�ed in
practice.Our experimentssuggestthat both angleandratio
conditionsarenecessaryin parcticeto keepthe thresholds
�x ed over varying sampledensity. Experimentallywe ob-
serve that � = � 0 =

�8 and � = � 0 = 8 areappropriatefor all
reasonablydensedatasets.With thesetwo valueswe enu-
meratethe stepsof our algorithmMEDIAL to approximate
themedialaxis.

MEDIAL(P)
1 ComputeVP andDP;
2 F = � ;
3 for eachp � P
4 ComputeUp;
5 for eachDelaunayedgepq � Up

6 if pqsatis�esAngleCondition[ � 0]
or Ratiocondition[ � 0]

7 F := F � Dualpq
8 endif
9 endfor

10endfor
11outputCl F



Remark: As we mentionedearlier, the pole vectorsap-
proximatethenormalsto Sat thesamplepoints.Therefore,
it is plausibleto usethemin the angleconditioninsteadof
thenormalsto theumbrellatriangles.Similarly, thewidth of
the tangentpolygoncanreplacethe circumradiiof the um-
brella trianglesin the ratio condition.However, our experi-
mentssuggestthatthesealternativesdonotproduceasgood
resultasthestatedangleandratioconditionsdo.We believe
thatthesealternativesdonoteliminateDelaunayedgeslying
closeto thesurfaceverywell in practice.

4 Guarantees

In thissectionweprovethatasigni�cant subsetof theoutput
of MEDIAL convergesto theactualmedialaxiswhen � ap-
proacheszero.For a samplepoint p we de�ne � p, � p, � p and

�

p asfollows.Motivationof their de�nitions becomesclear
whenweusethemlater. Let

� p = radiusof thelargermedialball atp

� p = max
pqr � Up

Rpqr

� p

� p = � p

�

� p

f (p) �

�

p = arcsin
� p

1 � 2� p
+ arcsin

�

2
�

3
sin(2arcsin

� p

1 � 2� p
)

�

+
2� p

1 � 6� p
.

Our analysisusesthe two medialballs touchingthe sur-
faceat p. Their radii arenot necessarilyequalto the local
featuresizef (p) whichwarrantstheintroductionof � p. Both

� p and � p measurethe local densityof thesamplearoundp
which may be much smaller than the global densitymea-
suredby � . We will seelater that � p = O( � ) f (p)

�

p
. This in

turn implies that � p is O( � ). The term
�

p measuresthe an-
gle � np, npqr betweenthenormalat p andthenormalto any
of its incidentumbrellatriangle.TheO( � ) boundon � p also
putsanO( � ) boundon

�

p.

4.1 Umbrella triangles

TheRatioandAngleconditionsin MEDIAL arebasedonthe
assumptionthattheumbrellatriangleslie �at to thesurface.
We prove this fact now. Similar result hasbeenproved by
Amenta,Choi,Dey andLeekha[3]. But, we will needa dif-
ferentform of the resulthere.For completenessanddueto
thedifferences,we includetheproofswherenecessary.

RecallthatRpqr denotesthecircumradiusof a trianglepqr
andnpqr denotesits normal.Let p be thevertex subtending
thelargestanglein pqr.

Lemma 1 If Rpqr

f (p) � 0.1, theangle � npqr, np is nomore than
� + sin�

1( 2
	

3
sin2� ), where �

� arcsinRpqr

f (p) .

PROOF. ConsiderthemedialballsB1 andB2 sandwichingS
at p with the centerson the medialaxis. Let D be the ball
with the circumcircleof pqr asa diametriccircle; refer to
Figure8. Denotethecirclesof intersectionof D with B1 and
B2 asC1 andC2 respectively.

Theline of normalto Satp passesthroughm, thecenterof
B1. Thisnormalmakesananglelessthan � with thenormals
to theplaneof C1, where

�

� arcsin
Rpqr

� m � p �

� arcsin
Rpqr

f (p)

This angleboundalsoappliesto theplaneof C2, which im-
pliesthattheplanesof C1 andC2 makeawedge,sayW, with
anacutedihedralanglenomorethan2� .
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Figure 8: Normal to a triangle and the normal to S at the
vertex with thelargestfaceangle.

The two verticesq, r of pqr cannotlie inside B1 or B2.
This impliesthatpqr lies completelyin thewedgeW. Since
the faceangleat p is at least �3 , the trianglepqr hasto lie
somewhat�at within thewedgeW if � is smallenough.With
theconditionthat Rpqr

f (p) � 0.1, � is smallandit isprovedin [3]

that ��
 = arcsin( sin2�

sin
��


3) where��
 is theacuteanglebetween
theplanesof C1 andpqr. Theangle� npqr, np is atmost � + ��


proving thetheorem.

Thenext lemmais provedby AmentaandBern[1] which
saysthatsurfacenormalsdonotdiffer muchif thepointsare
closewith respectto local featuresizes.

Lemma 2 Let p andq betwo pointsin Ssothat � p � q � �

� f (p). Then � np, nq � �1
�

3
�

if �

�

1
3.

We usethe previous two lemmasto derive a boundbe-
tweenthenormalsto thesurfaceandto theumbrellatriangles
respectively.

Lemma 3 Let pqr be any triangle in Up. We have
� npqr, np �

�

p.

PROOF.
Noticethatif p is avertex subtendingthemaximumangle

in pqr, thenwe canapplyLemma1 with Rpqr ��� p � p to get

� np, npqr � arcsin� p + arcsin

�

2
�

3
sin(2arcsin� p)

�

�

�

p.



If p is not thevertex subtendingthemaximumangle,without
loss of generalityassumeq be suchone.Sincepq cannot
be largerthanthediameterof thecircumcircleof pqr, � p �

q � � 2� p � p = 2� pf (p). We have f (p) �

1
1

�

2� p
f (q) by the

Lipschitz propertyof f (). It follows � p � q � �

2� p

1
�

2� p
f (p).

Apply Lemma2 with � = 2� p

1
�

2� p
to get

� np, nq �

2� p

1 � 6� p
.

Applying Lemma1 for q andthenusingthefactf (q)
�

(1 �

2� p)f (p) we getthat � npqr, nq is nomorethan

arcsin
� p

1 � 2� p
+ arcsin

�

2
�

3
sin(2arcsin

� p

1 � 2� p
)

�

.

Since � npqr, np � � npqr, nq + � nq, np, the bound as
claimedfollows.

Theproofof thenext lemmafollows from aresultin [1].

Lemma 4 Let pqr beanyumbrella triangle in Up. Thecir-

cumradiusRpqr �

���

1
�

���

�

1
sin(

��


2
�

3 arcsin
�




(1
�

�

))
� f (p).

PROOF. The radiusRpqr cannotbe more than the distance
betweenp and the farthestpoint on the tangentpolygon
of p from it. Any point w in the tangentpolygon satis�es

� vp, tpw = �2 wherevp is thepolevector. Therefore,we can
usethereverseimplicationof thefollowingstatementproved
in [1]. If w � Vp is a pointsothat � w � p �

�

� f (p), then

� vp, tpw � arcsin
�

� (1 � � )
+ arcsin

�

1 � �

.

Also, thepolevectorvp satis�es � vp, np � 2arcsin
�

1
�

� . The
reverseimplicationasreferredabovegivesthatRpqr � � w �

p � �

���

1
�

���

�

1
sin(

��


2
�

3 arcsin
�




(1
�

�

))
� f (p).

It followsfrom theabovelemmathat

� p = max
pqr � Up

Rpqr

� p
� O( � )

f (p)
� p

.

This impliesthatboth � p and
�

p areO( � ) only.

Corollary 1 � p = O( � ) f (p)
�

p
, � p = O( � ), and

�

p � 6� p = O( � )
for small � .

4.2 Anal ysis

The convergenceanalysisproceedsin part by showing that
eachpoint in a speci�c subsetof theoutputis within asmall
distancefrom a medialaxis point. As � � 0 this distance
vanishes.Conversely, we also argue that eachmedial axis
point hasa nearbypoint in thesubset,thedistancebetween
whichalsovanishesas � � 0.

Someof thepointsonthesampledsurfaceShavein�nitely
largemedialballs.Thisposessomedif�culty in ouranalysis.

To prevent this we encloseS andhenceits samplewithin a
suf�ciently largeboundingsphere.This ensuresthat � p has
anupperboundfor eachpoint p on S. Of course,thebound-
ingspherechangesthemedialaxisoutsideS, butwecankeep
thesechangesasfar away from Saswe wish by choosinga
suf�ciently largeboundingsphere.In particular, themedial
axisinsideSdoesnotchangeatall with thismodi�cation. In
theanalysisto follow, we assumethat the input point setP
samplesS aswell asthe boundingsphere.With thebound-
ing sphereassumption,we have � �

f (p)
�

p
� 1 for any point

p � Swhere�

� 0 is aconstantdependentonS. It is impor-
tant that,although � dependson S, it remainsindependent
of its sampling.

In theanalysisweproveconvergencefor thesubsetof the
medialaxisof S that remainsunchangedwith thebounding
sphereassumption.Let M denotethis subsetof the medial
axis which consistsof the centersof the medial balls that
touchS but not theboundingsphere.We alsoneedto make
someadjustmentsin MEDIAL to accommodatethis change.
Given the samplepointsof S, MEDIAL hasto �rst addthe
samplepoints of the boundingsphereand then �lter only
from thoseDelaunayedgesthatconnectsamplepointsof S.
We assumethis mod�cation to MEDIAL while carryingout
theanalysis.However, we donot implementthesemodi�ca-
tionssincewe observe that thealgorithmwithout this addi-
tional samplepointswork well in practice.

For the � -sampleP, we will de�ne 	

�

, a subcomplex of
theoutputcomplex computedby MEDIAL andshow thatthe
underlyingspaceL

�

of 	

�

convergesto M in thelimit � � 0.
Let m andm
 bethecentersof thetwo medialballsat p and

� , �


 their radii respectively. It is asimpleobservationthatm
andm
 arecontainedin Vp [1]. Supposew � Vp beapoint in
theoutputsothattpw 


tpm
� 0. This meansw andm lies on

thesamesideof thetangentplaneat p. We will show that,if
� w � p � � � , thedistancebetweenw andits closestpointon
pmis small.This fact is usedto show that,if w belongsto a
Voronoifacetof Vp whichmakeslargeanglewith theline of
pm, thenw mustbenearto m.

Beforewe proceedto prove the above fact, we needan-
othergeometricpropertyof theumbrellatrianglesandtheir
circumcircles.For an umbrella triangle pqr, considerthe
coneon its planewith p asapex andopeningangle � qpr.
Let Lpqr denotetheintersectionof thisconewith thecircum-
circle of pqr, seeFigure 9. We de�ne the �ower of p, Flp
as

Flp = � pqr � UpLpqr.

Lemma 5 Vp doesnot containanypoint of theboundaryof
Flp inside.

PROOF. Considerany point x on the boundaryof Flp as
shown in Figure9. Let x belongto theboundaryof thecir-
cumcircleof pqr. It is a simplegeometricfactof circlesthat
x is closerto eitherq or r than to p. It meansx cannotbe
insideVp.



p

p
q r

q r
x

Figure 9: Lpqr of an umbrella triangle pqr (left), and the
�o werof p.

The�o werof p lies very �at to thesurfaceandcannotinter-
sectthesegmentmm
 at any point otherthanp. This means
that the above lemma implies that Flp intersectsVp com-
pletely andseparatesm andm
 on its two sideswithin Vp.
In particular, any segmentconnectinga point w � Vp with
m, wherew and m lies on the oppositesidesof Flp, must
intersectFlp.

In thenext two lemmaslet w� denotetheclosestpoint to
w � Vp on theline of mm
 . Also seeFigure10.

m

p

ww
m

'

y

Figure10: Illustrationfor Lemma6.

Lemma 6 If w� lies in the segment mm
 , � w � w� � �

2tan(arcsin2� p) � p.

PROOF. Let m
 be the centerof the medialball at p so that
w andm
 lie on oppositesidesof the �o wer at p within Vp.
Considerthesegmentwm
 . Let y be the foot of theperpen-
diculardroppedfrom from p to wm
 . Sincewm
 intersectsFlp
andany point in Flp is within 2� p � p distance,we musthave

� y � p � � 2� p � p. Therefore,

� pm
 y � arcsin
� y � p �

� m


� p �

� arcsin
2� p � p

f (p)
= arcsin2� p.

It follows that

� w � w�

��� � m � m


� tan � pm
 y � 2� p tan(arcsin2� p).

Lemma 7 Let F = Dualpq be a Voronoi facet where pq
satis�es the angle condition [ � ] with �

�

2� p +
�

p. Any
point w in F with � w � p � � � is within a distanceof

1
sin(

�

�

�

p) (2 tan(arcsin2� p)) � p fromm where m and � are the
centerandradiusof themedialball at p with tpm 


tpw
� 0.

PROOF. Considerthe ball B with radius � aroundp. The
point w necessarilylies insideB since � w � p � � � . There-
fore, w� lies in thesegmentpm. We canapplyLemma6 to
assert� w � w� ��� 2tan(arcsin2� p) � p.

p

w

p

m

w

F

y

m

x

m m

x

' '

F

w

Figure11: Illustrationfor Lemma7. Thepicturein theleft is
nota possiblecon�gurationdueto theconstrainton � .

Let the planeof F intersectthe line of pm at x at an an-
gle � . We have �

�

� �

�

p sincethe normal to F makes
morethan � anglewith the normalof an umbrellatriangle
(by the Angle condition[ � ]) which in turn makesan angle
lessthan

�

p with the surfacenormalat p (Lemma3). With
therequirementthat �

� 2� p +
�

p, we have �

� 2� p.
Also, the planeof F cannotintersectthe segmentmm
 .

This is becausethemedialballsat p areemptyof any other
samplepoint andthusboth m andm
 belongto Vp. In par-
ticular, thesegmentmm
 mustbeinsidetheVoronoicell Vp.
Thesegmentwm
 necessarilyliesinsideVp andintersectsthe
�o wer of p, sayat y. This means� y � p � � 2� p � p. If x lies
below m
 asshown in theleft pictureof Figure11,wehave

�

� � pxw � � pm
 y � tan
� y � p �

� m


� p �

� 2� p.

This contradictsthe assertionthat �

� 2� p. So, x cannot
lie below m
 . Instead,it lies above m asshown in the right
picturein Figure11.Fromthetriangleww� x we have

� w � m��� � w � x � �

� w � w� �

sin �

�

2tan(arcsin2� p)
sin(� �

�

p)
� p.

To completethe proof of convergencewe needthe fol-
lowing lemmawhich saysthat for a long Delaunayedgepq
theremustexistsapointw � Dualpqwhichcannotbetoofar
from amedialaxispoint.This lemmais extractedfrom a re-
sult (Proposition18)of BoissonnatandCazals[8]. Although
weuseslightly differentversionwith differentconstantsand
exponents,theproof remainssame.

Lemma 8 Let pq be a Delaunayedge with � p � q �

�

� � ,
where � is theradiusof a medialball at p with thecenterm
and �

�

�

1



4. If themedialangleof p is larger than �

1



3, then
all pointsw � Dualpq with tpm 


tpw
� 0 satisfy � w � m� =

O( �

3



4) � for suf�ciently small �

�

0.



Now we de�ne a subcomplex 	

�

from thecomplex com-
putedby MEDIAL. Thede�nition is motivatedby thecondi-
tionsof Lemma7 andLemma8.

De�nition 4 We de�ne 	

���

VP as 	

�

= 
 Cl F 
 F � VP �

wherepq = DualF is selectedbyMEDIAL eitherby(i) Angle
condition,or (ii) Ratioconditionwith � p � q �

�

�

1



4
� p and

themedialangleof p is larger than �

1



3. Here � is theradius
of themedialball at p with thecentermsothat tpm 


tpq
� 0.

LetL
�

denotetheunderlyingspaceof 	

�

.

Considera sequenceof L
�

with decreasing� . Theorem
1 and2 establishthat the limit of this sequenceconverges
to M whereM is the subsetof the medialaxis de�ned by
medialballs that touchonly S but not theboundingsphere.
Thisshowsthatasubsetof theoutputof MEDIAL converges
to themedialaxisthoughthedifferencebetweenthis subset
andtheoutputis small; speci�cally when � = 0, this subset
coincideswith theoutput.

Theorem1 lim
���

0 L
���

M.

PROOF. Let F � 	

�

be a facetcomputedby MEDIAL().
First, considerthecasewhenpq = DualF is selectedby the
Anglecondition.Let w � F beany point and � andm areas
de�ned in Lemma7. If w is morethan � away from p, we
canapply Lemma8 to conclude � w � m� = O( �

3



4) � if p
hasa medialangle � ( �

1



3). Otherwise,Lemma7 appliesto
assertthat � w � m���

2 tan(arcsin2� p) �

p

sin(
��


8
�

�

p) = O( � ) � p. In bothcases
as � approacheszero,w reachesmin thelimit � � 0.

Next, considerthecasewhenpq = DualF is selectedby
MEDIAL by the Ratio condition.SinceF ��	

�

, all condi-
tionsto applyLemma8 aresatis�ed.So,wehave � w � m� =
O( �

3



4) � . This implies thatw reachesm in the limit � � 0.

Next wewishto establishtheconverseof thepreviousthe-
orem,i.e., thepointson themedialaxishave a nearbypoint
in theoutput,L

�

in particular. It turnsout thatonly a subset
of M satis�esthis guaranteewhich convergesto entireM as

� approacheszero.

De�nition 5 The sampledsurfaceS is said to be well be-
haved in theneighborhoodof a point p � S with respectto

�

�

0 if thefollowing conditionholds:anyball that meetsS
tangentiallyat p canbetangentto anotherpoint q � Sonly
if � p � q �

�

2�

1



4
� , where � is theradiusof themedialball

at p with thecenterm sothat tpm



tpq
� 0.

Roughlyspeaking,theabovede�nition saysthatScannot
oscillatearounda well behavedpoint arbitrarily. Let S

�
�

S
bethesetof all pointswhereSis well behavedwith respect
to � . By de�nition all pointsin S

�

have a medialanglemore
thanarcsin�

1



4 �

�

1



3 for suf�ciently small � . Next lemma
claimsthatall samplepointswhereS is well behavedmust
havea long Delaunayedge.

Lemma 9 Let p � S
�

be a samplepoint. For each medial
ball at p with thecentermandradius � , there is a Delaunay
edge pq with tpm 


tpq
� 0 sothat � p � q �

�

�

1



4
� where �

is suf�ciently small.

PROOF. Let B bea medialball touchingSat p with radius�

andcenterm. Grow B keepingit tangentto S at p. Initially,
theball is emptyof any otherpoint of S. But, asthegrowth
continuesit startsmeetingS andeventuallymeetsa sample
point q. Certainly, we have tpm 


tpq
� 0. Let q belongto a

componentof B � Sthatoriginatedatx � Sduringthegrowth
process.ThismeansB metStangentiallyatx. SinceSis well
behavedatp, wemusthave � p � x �

�

2�

1



4
� . Also,applying

the � -samplingconditionandsomespheregeometrywe can
show that, for suf�ciently small � , � q � x � � 2� f (x). Now
assume� p � q � � 2�

1



4
� becauseotherwisethereis nothing

to prove.UsingLipschitzconditionon f () andthecondition
� q � x � � 2� f (x), it is easyto establishthat f (x) �

f (q)
1

�

2
� .

Similarly, usingthecondition � p � q � � 2�

1



4
� �

2
�

1 � 4
� f (p),

wegetf (q) �

f (p)
1

�

2
�

1 � 4



�

�

�

1
�

2
�

1 � 4



� . Therefore,

� p � q �

�

� p � x � � � q � x �

�

2�

1



4
� �

2� �

1 � 2�

1



4 	

�

�

�

1



4
�

for suf�ciently small � .

We also need the following result proved by Amenta,
Choi,Kolluri [4] whichsaysthatpolesarenot very far from
themedialaxispointsinsidea Voronoicell.

Lemma 10 Letmbea medialaxispointwithnearestsample
point p and themedialangleat m is larger than �

1



3. Then
there is a pole of p which is only O( �

2



3) � distanceaway
fromm where � is theradiusof therespectivemedialball.

LetM
�

�

M bethesetof medialaxispointswhosenearest
point(s)in SandP lie in S

�

. Sinceall pointsin S
�

havemedial
anglesmorethan �

1



3, soarethepointsin M
�

. We show that
M

�

hasa nearbypoint in L
�

.

Lemma 11 Letm � M
�

. Thereexistsa pointw � L
�

sothat
� w � m� = O( �

1



4) � p wherep is thenearestsamplepoint to
m.

PROOF. Let c be the centerof the medial ball touchingS
at p. Sincethis ball doesnot containany point of S inside,
we musthave c inside the Voronoi cell Vp. Also, m � Vp

sincep is the nearestsamplepoint to m. First, both m and
c have medialanglesmorethan �

1



3 by thepropertyof M
�

.
Applying Lemma10 we get that thatm andc cannotbe far
apart,� m � c � = O( �

2



3) � p sincebothhaveapoleof p within
O( �

2



3) � p distance.
By de�nition, p � S

�

. Thus,accordingto Lemma9 there
existsa Delaunayedgepqwith � p � q �

�

�

1



4
� where� is



the radiusof themedialball with thecenterm. Thedualof
this edgemustbelongto 	

�

by theRatiocondition.Lemma
8 impliesthatthereis a point w � F = Dualpq sothat � w �

c � = O( �

3



4) � p. This means

� w � m� ��� w � c � + � m � c � = O( �

3



4) � p.

e = 0

e -> 0
e -> 0

e

M

Le

Le M

Me

M

Figure12:Convergenceof L
�

andM.

Theorem2 M
�

lim
���

0 L
�

.

PROOF. By de�nition of M
�

we have M = lim
���

0 M
�

.
Lemma11 implieslim

���

0 M
� �

lim
���

0 L
�

.

Theorem1 and2 togetherestablishthat,in the limit � �

0,L
�

convergesto themedialaxisM. A schematicdiagramof
theconvergenceof variousstructuresis illustratedin Figure
12.

Remark: Note that it is essentialto assumethat no � ve
samplepointslie ontheboundaryof anemptyspheresothat
dualfacetsof all edgeswith anemptycircumscribingsphere
exist in the Voronoi diagram.This excludes,for example,
samplepointsona sphere.

Also, a carefulexaminationof the proofsof Theorem1
andTheorem2 suggeststhattheonly Ratioconditionis suf-
�cient to �lter Delaunayedges.However, aswe have indi-
catedearlier, we needbothconditionsto dealwith datasets
appearingin practice.This is the reasonwhy we designed
MEDIAL with two conditionsandprove their contributions
towardsconvergence.

5 Experimental results

We implementedMEDIAL in C + + usingtheCGAL library
[32] for theVoronoidiagramandtheDelaunaytriangulation.
Figure 13 shows our result on someexampledatasets.In
this pictureweshow only the`inner' medialaxisthatis `en-
closed'by thesurface.We computedthe`inner' medialaxis
asfollows.A piecewiselinearsurfaceinterpolatingthesam-
ple points is computedwith our TIGHT COCONE software

[31]. This surfaceis a subcomplex of theDelaunaytriangu-
lation and is guaranteedto be watertight.We output those
Voronoi facetscomputedby MEDIAL that are dual to the
Delaunayedgesenclosedby thecomputedsurfaceof TIGHT

COCONE.
Theapproximationof themedialaxis is betterwherethe

datais dense.Nearhighcurvatureregions,or non-smoothre-
gionswhereundersamplinghappens,theapproximationcon-
tainsartifacts.For example,in theCLUB andROCKER data,
themedialaxis is well approximatedin mostpartwherethe
densityis high.But, nearthehandleof theCLUB andtop of
theROCKER, thesamplingdensitysuffersdueto highcurva-
tureandsmallfeatures.As aresulttheapproximationis poor
in theseregions.

# points Delaunay Filter
object time(sec.) time(sec.)

3HOLE 4000 2.37 0.82
KNOT 10001 8.36 2.66

ENGINE 11361 37.0 1.82
MANNEQUIN 12773 7.79 2.28

FANDISK 16475 13.4 3.0
CLUB 16865 18.81 3.06
FOOT 20021 13.24 3.71
HAND 25626 51.14 5.11

SCREWDRIVER 27152 51.87 5.36
DINOSAUR 28098 23.28 5.8

HEART 37912 32.49 6.58
ROCKER 40177 74.54 8.25
FEMALE 121723 292.85 24.95

Table1: Timedata.

SCREWDRIVER data is mostly very denseand almost
uniform exceptnearsomesmall curvatureregions.On the
other hand,3HOLE is relatively a sparsedataset. In both
cases,MEDIAL approximatedthe medial axis quite well.
ThisshowsthatMEDIAL is tolerantto differentlevelsof data
densities.

The samplein ENGINE lie on several connectedcompo-
nents.In this casewe computedtheentiremedialaxissince
`inner' and`outer' distinctionin this casedoesnot haveany
meaning.

In general,the medialaxis of a surfacemay containele-
mentsof differentdimensions.In MEDIAL we approximate
all theseelementswith two dimensionalVoronoifacets.The
datasetKNOT shows this interestingphenomenon.Theone
dimensionalmedialaxis in this casehasbeenapproximated
with very thin Voronoifacets.

TheHEART datais extractedasaniso-surfacefrom thein-
tensity�eld of a volumetricimage.Thedatacontainssome
noise introducedby the iso-surface extraction procedure.
MEDIAL could toleratemostof this noiseas the output in
Figure13suggests.

Four more examplesHAND, MANNEQUIN, DINOSAUR

and FEMALE show how MEDIAL computesclean medial



CLUB 3HOLE ROCKER

SCREWDRIVER ENGINE surface medialaxisof ENGINE

KNOT HEART HAND

MANNEQUIN DINOSAUR FEMALE

Figure13:Medial axiswith MEDIAL shown darkshaded.



FANDISK Medialaxis Anotherview

FOOT Toes Heel

Figure14:Computedmedialaxisof FANDISK andFOOT.

axesfor complicatedshapes.

In Figure14, we show the two views of the medialaxis
for aCAD objectFANDISK. Themedialaxisis well approx-
imatedexcept at the boundarieswhere it is `jagged'. The
poor approximationat theseplacesis causedby the sharp
edgesof thesurfacewhereit is nonsmoothandthereforethe
inherentproblemof undersamplingoccurs,see[13]. In the
FOOT datawe zoomsomeplacesof the toesand the heel.
The zoomedregion in the toe hasundersamplingand the
medial axis nearthe boundaryhassomeroughness.How-
ever, theheelis well sampled,andthecorrespondingmedial
axis boundaryis smoother. The FOOT datahasabruptden-
sity changesin someparts.As aresult`only Ratiocondition'
did notproducegoodresultfor any ratio.MEDIAL produced
a goodapproximationto themedialaxis.It shows thatME-
DIAL is imperviousto nonuniformityin data.

5.1 Timing

We usedthe �ltered �oating point arithmeticprovided by
CGAL [32] for robustgeometriccomputations.Experiments
wereconductedon a PC with 933 MHz CPU and512MB
memory. Thecodewascompiledwith CGAL2.3library and
g++compilerwith o1 level of optimization.Thetimefor the
Delaunaytriangulationand�ltration arelistedin Table1.

6 Conc lusions

In this paperwe presentanalgorithmthatapproximatesthe
medial axis from the Voronoi diagramof a set of sample
points.Unlike previous approaches,this algorithm is scale
anddensityindependent.Experimentalstudiessuggestthat
the algorithmcomputescleanmedialaxeswithout any �ne
tuningof theparameters.

Althoughthis is the�rst algorithmthatshows thatmedial
axis canbe computedasa subcomplex of the Voronoi dia-
gramwith guaranteedconvergence,we couldnot prove that
theoutputmedialaxismaintainsthetopologyof theoriginal
one.Fromourexperimentresults,weobservethatall signi�-
cantbranchingsof themedialaxisareapproximatedby ME-
DIAL. If thedatasetis dense,we obtainquitecleanmedial
axiswithoutmuchof samplingartifacts.Althoughproving a
homeomorphismbetweentheoutputof MEDIAL andthetrue
medialaxiswill bedif�cult, if notimpossible,weexpectthat
it would bepossibleto show thehomotopy equivalencebe-
tweenthe two. We plan to investigatethis aspectin future
research.

In many applicationsit is usefulto haveasimpli�cation of
themedialaxis.Obviously, largerparametervaluessimplify
the medialaxis. Is therea way to determinethe valuesau-
tomaticallythatbring up thehierarchyof thestablepartsof
themedialaxis?Moreinvestigationsarenecessaryto answer



this question.
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