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Abstract

Themedialaxisof asurfacein 3D is the closureof all points
thathave two or moreclosestpointson the surface.lt is an

essentialgeometricstructurein a number of applications
involving 3D geometricshapes.Since exact computation
of the medial axis is dif cult in general,efforts continue
to improve their approximations.Voronoi diagramsturn

out to be useful for this approximation.Although it is

known that Voronoi verticesfor a sampleof points from

a curve in 2D approximateits medial axis, similar result
doesnot hold in 3D. Recently it hasbeendiscoveredthat

only a subsetof Voronoi verticescorverge to the medial

axis as sampledensityapproachesn nity . However, most
applicationsneeda non-discreteapproximationas opposed
to a discreteone.To dateno known algorithmcancompute
this approximatiorstraightfrom the Voronoidiagramwith a

guarante®f corvergenceWe presensuchanalgorithmand

its corvergenceanalysisin this paper One salientfeature
of the algorithmis thatit is scaleand densityindependent.
Experimentatesultscorroborateour theoreticaklaims.

Keywords: Medial axis, GeometricModeling, samples,Voronoi
diagram Delaunaytriangulation.

1 Introduction

Themedialaxisof a shapés de ned whentheshapés em-
beddedn anEuclidearspaceandis endavedwith adistance
function.Informally, it is the setof all pointsthathave more
thanoneclosespointontheshapeThemedialaxisprovides
acompactrepresentationf the shapesvhich hasbeenused
in anumberof applicationsncludingimageprocessing22],
computervision [9, 23], solid modeling[19, 20, 28], mesh
generatior{25, 26], motion planning[18] and mary others
[21, 29]. The shapesn this paperare surfacesembeddedn
threedimensions.

Applicationdemandsave promptedresearclin the com-
putationalas well asthe mathematicabhspectsf the me-
dial axisin recentyears.As a mathematicaktructurethey
areinstablesincea small changein shapecancausearela-
tively largechangen its medialaxis[17, 30]. They arehard

to computeexactly dueto numericalinstability associated
with their computationsFew algorithms,andonly for spe-
cial classeof shapeshave beendesignedill dateto com-
pute the exact medial axis [12, 20]. Consequentlyefforts
have beenmadeto approximatethe medial axis. For poly-
hedralinput Etzion and Rappopor{16] suggestn approx-
imation methodbasedon octreesubdvisionsof space An-
otherschemeaonsideredy mary usesa setof samplepoints
ontheshapeandthenapproximateshe medialaxiswith the
Voronoidiagramof thesepoints[4, 5, 6, 11, 25, 29].

We follow theVoronoidiagramapproachlt is particularly
suitablefor point cloud data,which are increasinglybeing
usedfor geometricmodelingover a wide rangeof applica-
tions. It is known thatthe VVoronoiverticesapproximatehe
medialaxisof acurvein 2D. In fact,Schmitt[24] andBrandt
[10] shaw thatif the sampledensityapproaches nity , the
Voronoiverticesin this casecorvergeto themedialaxis.Un-
fortunatelythesames nottruein threedimensionsAmenta,
Bern and Eppstein[2] obsere that someVoronoi vertices,
the centersof the at tetrahedrecalled “slivers', cancome
closeto thesurfaceno matterhow denseasampleas. In order
to alleviatethis problemin the context of surfacereconstruc-
tion, Amentaand Bern [1] identify someVoronoi vertices
called poles'thatremainfar from the surface.Thesepoles
arethe farthestVoronoi verticesfrom the samplepointsin
their Voronoicells. Boissonnatind Cazals[7] and Amenta,
ChoiandKolluri [4] shav thatthe polesindeedlie closeto
the medialaxisandcorvergeto it asthe sampledensityap-
proachesn nity .

The corvergenceresult of polesto the medial axis is a
signi cant progressn the medialaxisapproximatiorin 3D.
However, mary applicationgequireandoften prefera non-
discreteapproximationrather than a discreteone. In 2D,
BrandtandAlgazi [11] achiese this by retaininga subsebf
Voronoiedgesncidentto the Voronoivertices.In 3D, since
poleslie closeto the medialaxis, Amenta,Choi andKolluri
[4] designanalgorithmthat connectghemwith a cell com-
plex. They considerthe Delaunayballs centeringthe poles
and then computethe medial axis of the boundaryof the
unionof theseballs by the weightedDelaunaytriangulation
of the poleswith the radii of the Delaunayballs asweights.
Thisisthe rst algorithmthatproduces continuousapprox-
imationof the medialaxiswith theoreticaguarantee 3D.



However, this methodrequiresa secondvoronoidiagramto
computethe medial axis and, more importantly produces
noisy medialaxis in somecasesHeuristicshave beenpro-
posedto cleanup thesenoisy medialaxes,but theseheuris-
ticsarenotscaleindependent.

In this paperwe proposeto approximatethe medial axis
directly from the Voronoi diagram.Approximatingthe me-
dial axis straightfrom the Voronoidiagramin 3D hasbeen
proposedn the past.ln a nice work, Attali andLachaud5]
(alsosee[6]) shav how to prunethe Voronoidiagramwith
anangleandlengthcriterionto approximatehe medialaxis.
Although the strateggy achievesgoodresultsin mary cases,
the pruningis scaledependenand more seriouslydepends
onthesamplingdensity Consequentlyoneneeddo ne tune
the pruning parametersndividually for eachdatasetandit
is notclearif thesestratgiesareaptfor a datasetwherethe
densityvariesin differentpartsof the shape.

Our algorithmalsousestwo criteriato selectthe VVoronoi
facetdrom theVoronoidiagram But, unlike[5, 6], thesewo
criteriaarescaleanddensityindependenandthe algorithm
hasa corvergenceguaranteeWe lter Delaunayedgesrom
theDelaunaytriangulationof thesamplepointsandthenout-
puttheir dual Voronoifacetsasanapproximatenedialaxis.
Theapproximatiordependsipona samplingdensityparam-
eter thattendsto zeroasthe samplingdensityon the sur
faceSapproaches nity . A subsebf the medialaxis satis-
fying certainconditionthatdepend®n is approximatedy
a pointin the output.As approachegerowith increasing
density this subsetcoincideswith the completemedial axis
meaningthatall pointsin the medialaxisareapproachetby
apointin the output. The thresholdsusedfor two criteriato

Iter the Delaunayedgesremain x ed over datasetsof dif-

ferentdensities.Thus, thereis no needfor ne tuningthe
parametenalues.Our experimentswith differentdatasets
alsosupportour theoreticaklaims.

The restof the paperis organizedas follows. Section2
containspreliminariesandde nitions thatwe uselater. Sec-
tion 3 detailsthetwo conditionsthatwe useto Iter the De-
launay edgesand describeghe algorithm. In section4 we
prove the guaranteesf corvergence Section5 containsthe
experimentakesultsandwe concludein section6.

2 Preliminaries and De nitions

Let P bea point samplefrom a smoothcompactsurfaceS

3 without boundary A ball is called medialif it meetsS
only tangentiallyin at leasttwo points. The medial axis of
Sis de ned asthe closureof the setof centersof all medial
balls. Eachpoint on S hastwo medialballs, onetouchingit
from outsideandthe othertouchingit from inside.lt follows
that the line going througha pointp S andthe centers
of its medial ballsis normalto S at p. SeeFigurel for an
illustrationin 2D.

Obviously, themedialaxisof Scanbeapproximatedrom

a sampleP only if it is denseenoughto carry information

Figurel: A curve (dashed)somemedialballs (dotted)and
themedialaxis(solid) in 2D.

aboutthe featuresof S. Following AmentaandBern[1] we

de nethelocalfeaturesizef () asafunctionf : S where
f(x) isthedistanceof x ~ Stothemedialaxis.Intuitively, f()

measurefiov complicatedSis locally. It is known thatthe
functionf() is 1-Lipschitzcontinuousi.e.,f(p) f(qQ)+ p

g for any two pointsp, qin S[1]. A sampleis an -sample
if eachpointx Shasasamplepointwithin f(x) distance.
Generallyin practice,asampleis denseif 0.25though
in most casestheoreticalguaranteesequire much smaller
values.

The Voronoi diagramandits dual, the Delaunaytriangu-
lation, play akey role in capturinginformationaboutshapes.
This obsenation hasled to a numberof algorithmsfor the
relatedproblemof surfacereconstructiorwhich exploit the
structuresof thesediagramg[1, 3, 7, 14, 15]. The Voronoi
diagramVp for a point setP 3 is a cell complex con-
sistingof Voronoicells V, , p andtheirfacetsedgesand
verticeswhereV,= x 3 p X q x,q P.
The dualcomple, Dp, calledthe Delaunaytriangulationof
P, consistsof Delaunaytetrahedraand their incidenttrian-
gles,edgesandvertices.A Delaunaytetrahedroris dualto
a Voronoi vertex, a Delaunaytriangleis dual to a Voronoi
edge,a Delaunayedgeis dualto a Voronoifacetanda De-
launayvertex is dual to a Voronoicell. We saye = Dualg
if e andg are dual to eachother in the two diagrams.It
is animportantresultproved by Amentaand Bern [1] that
theVoronoicellsareelongatedhlongthenormaldirectionto
the surfaceat the samplepointsif the sampleis sufciently
denseThede nition of polesplaysanimportantrolein ap-
proximatingthesenormals.

De nition 1 Thepolep* of a samplepoint p is the farthest
Voronoi vertex in the Voronoi cell V. If V, is unbounded,
p* is takenat in nity. Thevectorv, = p* pis calledthe

polevectorfor p andits directionis taken asthe average of

all directionsof in nite edgesin caseV, is unboundedsee
Figure 2.

It is provedthatthe pole vectorv, approximateshe nor-
mal n, to the surfaceSat p up to orientation[1].

De nition 2 Thetangentpolygonfor a samplepointis de-
ned asthepolygonin which the planethroughp with v, as
normalintersectsV,. SeeFigure 2(a) for anillustration.



(b)

Figure 2: A Voronoi cell V. The correspondingole, pole
vector tangentpolygon(a), andthe umbrella(b).

Sincev, approximatesy,, the tangentpolygon approxi-
matesthe tangentplaneat p restrictedwithin V,. We de ne
a dual structureto the tangentpolygon from the Delaunay
triangulationDp.

De nition 3 TheumbrellaU, for asamplepointpis de ned
asthetopolagical discmadeby the Delaunaytrianglesinci-
dentto p that are dual to the Voronoi edgesintersectedby
thetangentpolygon.SeeFigure 2(b).

The umbrellaU, approximateghe surfacelocally at p.
Thetrianglesin the umbrellalie very closeto therestricted
Delaunaytrianglesthat are dual to the Voronoi edgesin V,
intersectinghe surface.

Notations. In what follows we usethe following nota-
tions.Thenotation u, v denoteshetheacuteanglebetween
thelines supportingwo vectorsu andv. Thetangentvector
goingfrom a pointp to q is denotedwith t,q. Thenormalto

atrianglepgr is npqr andits circumradiugs Rygr.

3 Algorithm

Our aim is to approximatethe medial axis with a subset
of Voronoi facetsandtheir closures.The closureCIF of a
VoronoifacetF is the setof all incidentVoronoiedgesand
verticesof F andF itself. We chooseheseVoronoifacetsas
thedualof a setof selectedelaunayedgesThis meanswve
needsomeconditionsto Iter theseDelaunayedgesfrom
Dp. Let us examinea medial ball B closely to determine
which Delaunayedgeswe shouldselect.ConsiderFigure 3.
The sggmentpg makesanangle with thetangentplaneat
p and q wherethe medial ball touchesthe surfaceS. If B
touchesSin morethantwo points,let p andq be suchthat
theangle is maximal.We associateeachmedialaxis point
m, andalsothe pointswhereB meetsS, with suchanangle
, which we call their medialangle The medialaxisis ap-
proximatedby Voronoifacetsdual to the Delaunayedges.

A

Figure3: A medialaxis point m, its medialangle andthe
correspondingnedialball.

Theseedgesare eitherlong edgesmaking large anglewith

the surface- thusselecteddy the so-calledAngle condition.
WhentheDelaunayedgedendto becomeparallelto thetan-
gentplanesat their endpointsthe Angle conditionfails and
weresortto a Ratiocondition;morepreciselytheedgesused
therearethosewhoselengthis signi cantly largerthanthe
circumradiiof theumbrellatriangles.

3.1 Angle condition

Approximationof the medialangle for amedialaxispoint
requiresanapproximatiorto thetangentplaneat thatpoint.
It follows from Lemmag3 that the trianglesin the umbrellas
necessariljie at to S.

Therefore we take umbrellatrianglesin U, for approxi-
matingthe tangentplaneat a samplepoint p anddetermine
all Delaunayedgespq that make relatively large anglewith
this tangentplane.The anglebetweenan edgepq anda tri-
angleptuis measuredby theacuteangle npy, tpg. Ourgoal
is to captureall edgespq that make morethana threshold
angle with trianglesin Up, or equivalently make anangle
lessthan 5 with their normals,seeFigure4. We saya
Delaunayedgepq satis esAnglecondition[ ] if

max Npy, t =
ptu Up Pt T 2

The rolesof p and q areinterchangablei.e., if the um-
brellatrianglesin Uq are usedin the condition, we say qp
satis esthe Angle condition[ ]. Consistenwith this nota-
tion the edgepq is consideredwice in the algorithm,once
aspgandanothertime asqp.

Only Angle conditioncannotapproximatehe medialaxis
in a densityindependenmannerlf we x for all models,
someof the medial axis points with medial anglebelon
arenot approximatedin that casewe cannothopefor con-
vergencen thelimit whendensityapproaches nity .

Figurebillustratestheresultswith “only Angle condition’.
Wevariedthevalueof in orderto getagoodapproximation
to the medialaxis. As expected largervalueof produces
lessfacetsin the outputresultingin undesirabléholes', see
therightmostpictureof 3HOL E datain Figure5. Ontheother
hand,smallervaluesof generate¢oo mary facetsresult-
ing in undesirable spikes', seethe leftmostpicture for the
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Figure5: Resultswith “only Angle condition'.

Figure4: The angleof interestfor the Angle condition[ ].
TheVoronoiedgeshovn with thedottedline is normalto the
shadedriangle.

3HOLE datain Figure5. For eachmodelshovn in Figure 5

we attemptedto determinea value of for which we can
obtain an approximationas good as possible.The second
row of Figure 5 shaws the output of this experiment.The

major drawvback of the “only Angle condition' approachis

thatthevalueof for which we obtaingoodapproximation
differsfrom sampleto samplelt turnsout thatthe required
valueof getslargerwith decreasingampledensity Con-

sequentlywe could not nd ary consistenwaluefor which

theapproactworksfor all modelswe experimentedwith.

3.2 Ratio condition

Considerthe medialball B asshavn in Figure3. Fromsim-
ple geometryof spheresye get

p g =2 sin

where = m p istheradiusof B. Therefore|f ,
where isthesamplingdensitywehave p ¢ 2 sin .
Also, theradiusof the umbrellatrianglesareonly of the or-
derof  aswe shaw later This meanghatthelengthof pq
will bemuchlargerthantheradii of theumbrellatriangles.
Taking the cue from the above obsenation, we compare
thelengthof the Delaunayedgeswith the circumradiiof the
umbrellatriangles.By this we can approximateall medial
axis pointswith medialanglesonly few timeslargerthan .
Of coursewewill notbeableto approximatehemedialaxis
pointswith medialanglelessthan with this method but as
approachegero,we gettherequiredcornvergence We say
anedgepg satis esthe Ratiocondition[ ] if (seeFigure6)

min P49
ptu U Row

Here,too, therolesof p andq areinterchangable.
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Figure7: Resultswith “only Ratiocondition'.

Figure6: Radiusof interestfor the Ratiocondition[ ].

Figure7 illustratestheeffectof “only Ratiocondition'. As
expectedJargervalueof producedessnoisy medialaxis,
but with “holes' as shown in the rightmostpicture for the
Foot datain Figure 7. On the other hand,smaller pro-
ducesundesirablespurious’spikes' asexhibited by the left-
mostpictureof the FOOT in Figure?7.

In this casealsowe couldnot nd avalueof for which
all samplesproducegood result. When the sampleis less
densea smaller is neededo obtainan approximationas
goodaspossible.”Only Ratio condition' approacthasone
moredisadwantagelf thesampledensityis notuniform over
the entiresurface,onevalueof cannotcapturethe medial
axis for the entire shape. This is why no valueof gavea
goodresultfor the FOoT and3HoLE datathoughwe could

nd anappropriate for ROCKER andKNOT datawhichare

mostlyuniform.

Although,in theory, for sufciently densesamplethera-
tio conditionaloneis adequaté¢o Iter all necessarypelau-
nay edgespften this densityrequiremenis not satis edin
practice.Our experimentssuggesthat both angleandratio
conditionsare necessaryn parcticeto keepthe thresholds
x ed over varying sampledensity Experimentallywe ob-
senethat = o= gand = (= 8areappropriatefor all
reasonablydensedatasets.With thesetwo valueswe enu-
meratethe stepsof our algorithm MEDIAL to approximate
themedialaxis.

MEDIAL(P)
1 ComputeVp andDp;
2F = ;
3foreachp P
4 ComputeUp,
5 for eachDelaunayedgepq Up
6 if pg satis esAngle Condition[ o]
or Ratiocondition[ ]

7 F:=F Dualpq
8 endif
9 endfor

10 endfor

11 outputCIlF



Remark: As we mentionedearlier, the pole vectorsap-
proximatethe normalsto S at the samplepoints. Therefore,
it is plausibleto usethemin the angleconditioninsteadof

thenormalsto theumbrellatriangles.Similarly, thewidth of

the tangentpolygon canreplacethe circumradiiof the um-

brellatrianglesin the ratio condition. However, our experi-

mentssuggesthatthesealternatvesdo not produceasgood
resultasthe statedangleandratio conditionsdo. We believe

thatthesealternatvesdonot eliminateDelaunayedgedying

closeto thesurfaceverywell in practice.

4 Guarantees

In this sectiorwe provethatasigni cant subsebf theoutput
of MEDIAL corvergesto the actualmedialaxiswhen ap-
proachegero.For asamplepointpwede ne , p, pand

p asfollows. Motivation of their de nitions becomeslear
whenwe usethemlater. Let

radiusof thelargermedialball atp

S = max
par Up  p
S b o
f(p)
2
= i P i ; i P
= arcsin +arcsin  — sin(2arcsin
P 1 2, 3 ( 1 2p)
20

Our analysisusesthe two medial balls touchingthe sur
faceat p. Their radii are not necessarilyequalto the local
featuresizef (p) which warrantstheintroductionof . Both

p and , measurehe local densityof the samplearoundp
which may be much smallerthan the global density mea-
suredby . We will seelaterthat , = O( )@. This in
turn impliesthat , is O( ). Theterm , measureshe an-
gle np, nygr betweerthenormalat p andthe normalto ary
of its incidentumbrellatriangle. The O( ) boundon , also
putsanO( ) boundon .

4.1 Umbrella triangles

TheRatioandAngle conditionsin MEDIAL arebasednthe
assumptiorthatthe umbrellatriangleslie at to the surface.
We prove this fact now. Similar resulthasbeenproved by
Amenta,Choi, Dey andLeekha[3]. But, we will needa dif-
ferentform of the resulthere.For completenesanddueto
thedifferenceswe includethe proofswherenecessary

RecallthatRyq denoteghecircumradiusof atrianglepgr
andnpg denotests normal.Let p be the vertex subtending
thelargestanglein par.

Lemmal If fR(pr?) 0.1, theangle Ny, Np is Nomote than

inRear
arcsingg -

+sin (2é sin2 ), whee :

ProoOF. Considerthe medialballs B; andB, sandwichingS
at p with the centerson the medial axis. Let D be the ball
with the circumcircleof pgr asa diametriccircle; refer to
Figure8. Denotethe circlesof intersectiorof D with B; and
B, asC; andC, respectiely.

Theline of normalto Satp passeshroughm, thecenterof
B;. Thisnormalmakesananglelessthan with thenormals
to theplaneof C,;, where

arcsin

Roar
p

Roar
f(p)
This angleboundalsoappliesto the planeof C,, which im-

pliesthattheplanesof C; andC, make awedge sayW, with
anacutedihedralangleno morethan?2 .

arcsin—-

Figure 8: Normal to a triangle andthe normalto S at the
vertex with thelargestfaceangle.

The two verticesq, r of pgr cannotlie inside B; or B,.
Thisimpliesthatpqr lies completelyin thewedgeW. Since
the faceangleat p is at least 5, the triangle pgr hasto lie
somavhat at within thewedgeW if issmallenoughWith
theconditionthat ™ 0.1, issmallandit is provedin [3]

(o)
that =arCS|r(SSI;]"2 3) Where s theacuteanglebetween

theplanesof C; andpgr. Theangle npgr, Npisatmost +
proving thetheorem.

Thenext lemmais provedby AmentaandBern[1] which
saysthatsurfacenormalsdo notdiffer muchif the pointsare
closewith respecto local featuresizes.

Lemma?2 Letpandq betwo pomtsm Ssothat p (¢

f(p). Then np,ngq if i

13 3

We usethe previous two lemmasto derive a boundbe-
tweenthenormalgo thesurfaceandto theumbrellatriangles
respectiely.

Lemma3 Let pgr be any triangle in U,. We have
Npar Mp - p-
PROOF.
Noticethatif p is avertex subtendinghe maximumangle
in pgr, thenwe canapplyLemmal with Ryqr  p ptoget

, 2. ,
Np, Npgr ~ @rcsin p +arcsin 3 sin(2arcsin p) P



If pis notthevertex subtendinghe maximumangle without
loss of generalityassumeg be suchone. Since pg cannot
be largerthanthe diameterof the circumcircleof pgr, p

q 2 5 p = 2 of(p). We have f(p) 1—12pf(q) by the

Lipschitz propertyof f(). It follows p g 122"pf(p).

2
1

Apply Lemma2 with =

> - to get

2P
1 6,

np,nq

Applying Lemmal for q andthenusingthefactf(q) (1
2 p)f(p) wegetthat nyqr, Ng is Nomorethan

2
arcsin +arcsin — sin(2arcsin
1 2, 3 ( 1 2 p)
Since  Npgr, Np NpgrsNg +  Ng, Np, the bound as
claimedfollows. H]

The proof of the next lemmafollows from aresultin [1].

Lemma4 Letpgr beanyumbellatrianglein U,. Thecir-
cumradiusRygr — ) f(p).

PrOOF. The radiusR,q cannotbe more thanthe distance
betweenp and the farthestpoint on the tangentpolygon
of p from it. Any point w in the tangentpolygon satis es
Vp, tow = 5 Wherev,, is the pole vector Therefore we can
usethereverse@mplicationof thefollowing statemenproved
in[1]. f w Vpisapointsothat w p f(p), then

1
sin( 2 3arcsin (1

Vp, tpw arcsin (1 ) + arcsml—.

Also, thepolevectorv, satis es vy, N,  2arcsing—. The
reverseimplicationasreferredabove givesthatRyqr W

p T

1
si( 2 3arcsin (1 )) f(p).
It follows from the abore lemmathat

R o 1 (@)

= max — O()
P par U p p

Thisimpliesthatboth , and , areO( ) only.

Corollary 1, = O( )@, p=0()and , 6,=0()
for small .
4.2 Analysis

The convergenceanalysisproceedsn part by shawving that
eachpointin aspeci ¢ subsebf theoutputis within asmall
distancefrom a medial axis point. As 0 this distance
vanishes.Corversely we also amgue that eachmedial axis
point hasa nearbypointin the subsetthe distancebetween
which alsovanishesas 0.
Someof thepointsonthesampledsurfaceShavein nitely

largemedialballs. This posesomedif culty in ouranalysis.

To preventthis we encloseS andhenceits samplewithin a
sufciently large boundingsphereThis ensuregshat , has
anupperboundfor eachpoint p on S. Of coursethebound-
ing spherechangeshemedialaxisoutsideS, butwe cankeep
thesechangesasfar away from S aswe wish by choosinga
sufciently large boundingsphereln particular the medial
axisinsideSdoesnotchangeatall with thismodi cation. In
the analysisto follow, we assumehatthe input point setP
samplesS aswell asthe boundingsphere With the bound-
ing sphereassumptionye have @ 1 for ary point
p Swhere Oisaconstantdependendn S It isimpor-
tantthat,although dependn S it remainsindependent
of its sampling.

In theanalysiswe prove corvergenceor the subsebf the
medialaxis of Sthatremainsunchangedvith the bounding
sphereassumptionLet M denotethis subsetof the medial
axis which consistsof the centersof the medial balls that
touch S but not the boundingsphere We alsoneedto make
someadjustmentsn MEDIAL to accommodatéhis change.
Giventhe samplepointsof S, MEDIAL hasto rst addthe
samplepoints of the boundingsphereandthen Iter only
from thoseDelaunayedgeghatconnectsamplepointsof S.
We assumehis mod cation to MEDIAL while carryingout
theanalysisHowever, we do notimplementthesemodi ca-
tions sincewe obsene thatthe algorithmwithout this addi-
tional samplepointswork well in practice.

For the -sampleP, we will de ne , a subcompl& of
theoutputcomple« computedby MEDIAL andshaow thatthe
underlyingspaced. of  corvergesto M in thelimit 0.
Letmandm bethecentersof thetwo medialballsat p and

, theirradiirespectiely. It is asimpleobsenationthatm
andm arecontainedn V,, [1]. Supposev V, beapointin
theoutputsothattpy tym 0. Thismeansw andm lies on
the samesideof thetangentplaneat p. We will shaw that,if

w p , thedistancebetweernw andits closesfpointon
pmis small. This factis usedto show that,if w belongsto a
Voronoifacetof V, which makeslargeanglewith theline of
pm, thenw mustbenearto m.

Beforewe proceedto prove the above fact, we needan-
othergeometricpropertyof the umbrellatrianglesandtheir
circumcircles.For an umbrellatriangle pgr, considerthe
coneon its planewith p asape< and openingangle qpr.
Let Lpqr denotetheintersectiorof this conewith the circum-
circle of par, seeFigure 9. We de ne the ower of p, Fl,
as

Flo="par u,Lpar-

Lemma5 V, doesnotcontainany point of the boundaryof
Fl, inside

Proor. Considerary point x on the boundaryof Fl, as
shawvn in Figure9. Let x belongto the boundaryof the cir-
cumcircleof pqr. It is a simplegeometricfactof circlesthat
X is closerto eitherq or r thanto p. It meansx cannotbe
insideVp. H]



Figure 9: Lpgr of an umbrellatriangle pgr (left), and the
o werof p.

The o werof p liesvery at to the surfaceandcannotinter-
sectthe sgmentmm at ary point otherthanp. This means
that the above lemmaimplies that Fl,, intersectsV, com-
pletely and separatesn andm on its two sideswithin Vp,.
In particulay ary sggmentconnectinga pointw  V, with
m, wherew and m lies on the oppositesidesof Fl,, must
intersectFl,.

In the next two lemmaslet w denotethe closestpoint to
w V,ontheline of mm. Also seeFigurel0.

m
W w

m

Figure10: lllustrationfor Lemmas.

Lemmaé6 If w lies in the sgmentmm, w w
2tan(arcsin2 p) p.

PROOF. Let m be the centerof the medialball at p sothat

w andm lie on oppositesidesof the o wer at p within V.

Considerthe sggmentwm. Let y be thefoot of the perpen-

diculardroppedrom from ptowm. Sincewm intersects-|,

andary pointin Fl, is within 2 | , distancewe musthave
y p  2p p Therefore,

ZPP

f(p)

arcsin arcsin

pmy = arcsin2 p.

y p
m p
It followsthat

wow m m tan pmy 2 ptan(arcsirg p).

Lemma7 Let F = Dualpg be a Voronoi facet whete pq
satis es the angle condition[ ] with 2p+ p. Any
pointw in F with w p is within a distanceof
Wlp)(z tan(arcsin2 p)) , frommwheemand arethe
centerandradiusof themedialball at p with tpm tow 0.

ProoOF. Considerthe ball B with radius aroundp. The
pointw necessariljies insideB since w p . There-
fore,w liesin the sgmentpm We canapply Lemmaé to
assertw w 2tan(arcsin2 ) p.

X
m F m \F

X

Figurell:lllustrationfor Lemma?. Thepicturein theleft is
nota possiblecon gurationdueto the constrainion

Let the planeof F intersectthe line of pmat x atanan-
gle . We have p sincethe normalto F makes
morethan anglewith the normalof an umbrellatriangle
(by the Angle condition[ ]) which in turn makesan angle
lessthan , with the surfacenormalat p (Lemma3). With
therequirementhat 2 ,+ ,, wehave 2 p

Also, the planeof F cannatintersectthe sggmentmm.
This is becauséhe medialballsat p areemptyof any other
samplepoint and thusboth mandm belongto V,. In par
ticular, the sgmentmm mustbe insidethe Voronoicell V.
Thesggmentwm necessariljiesinsideV, andintersectshe
owerof p, sayaty. Thismeansy p 2, p If xlies
belov m asshown in theleft pictureof Figurell, we have

y p

pxw  pmy tan ——

p.

This contradictsthe assertionthat 2 p. So, x cannot
lie belov m. Instead,t lies abose m asshawn in the right
picturein Figure1l. Fromthetriangleww x we have

wow 2tan(arcsin2 ;)

w m W X e -
sin sin( p)

p-

To completethe proof of corvergencewe needthe fol-
lowing lemmawhich saysthatfor a long Delaunayedgepq
theremustexistsapointw  Dualpgwhichcannotbetoofar
from amedialaxis point. Thislemmais extractedfrom are-
sult(Propositionl8) of BoissonnatindCazald8]. Although
we useslightly differentversionwith differentconstanta&nd
exponentsthe proof remainssame.

Lemma8 Letpqbea Delaunayedgewith p q ,
whee istheradiusof a medialball at p with thecenterm
and 14 |f themedialangleof pislargerthan * 2, then
all pointsw  Dualpgwithtpm tpw Osatisfy w m =
O( 4 forsufciently small 0.



Now we de ne asubcompl&  from the comple« com-
putedby MEDIAL. Thede nition is motivatedby the condi-
tionsof Lemma7 andLemmas.

De nition 4 We de ne Vp as = CIFF VW
wheee pg = DualF is selectedy MEDIAL eitherby (i) Angle
condition,or (i) Ratioconditionwith p q 14 S and
themedialangleof pislargerthan * 3. Here istheradius
of themedialball at p with thecentermsothattym tpg 0.
LetL denotetheunderlyingspaceof

Considera sequenceof L with decreasing . Theorem
1 and 2 establishthat the limit of this sequenceorverges
to M whereM is the subsetof the medial axis de ned by
medialballs thattouchonly S but not the boundingsphere.
This shavsthata subsebf theoutputof MEDIAL corverges
to the medialaxisthoughthe differencebetweerthis subset
andthe outputis small; speci cally when = 0, this subset
coincideswith theoutput.

Theorem1 lim oL M.

PROOF. Let F be a facetcomputedby MEDIAL().
First, considerthe casewhenpq = DualF is selectedby the
Angle condition.Letw F beary pointand andmareas
de ned in Lemma?. If wis morethan away from p, we
canapplyLemma8toconclude w m =0O( 3% ifp
hasamedialangle ( ! 3). Otherwise Lemma7 appliesto
asserthat w m %8'”23“ =0( ) p.Inbothcases
as approachegero,w reachesnin thelimit 0.

Next, considerthe casewhenpq = DualF is selectechy
MEDIAL by the Ratio condition. SinceF , all condi-
tionsto applyLemma8 aresatis ed.So,wehave w m =
O( 2 %) . Thisimpliesthatw reachesnin the limit 0.

Next we wishto establisithe corverseof thepreviousthe-
orem,i.e.,the pointson the medialaxis have a nearbypoint
in the output,L in particular It turnsoutthatonly a subset
of M satis esthis guaranteavhich corvergesto entireM as

approachegero.

De nition 5 The sampledsurfaceS is said to be well be-
havedin the neighborhoodf a pointp  Swith respecto

0 if thefollowing conditionholds: anyball that meetsS
tangentially at p canbetangentto anotherpointqg  Sonly
if p g 2'% whee istheradiusofthemedialball
at p with thecentermsothattpm t,q 0.

Roughlyspeakingthe abore de nition saysthatScannot
oscillatearounda well beharedpoint arbitrarily. LetS S
bethesetof all pointswhereSis well beharedwith respect
to . By de nition all pointsin S have amedialanglemore
thanarcsin 1 4 1 3 for sufciently small . Next lemma
claimsthatall samplepointswhereS is well behared must
have along Delaunayedge.

Lemma9 Letp S bea samplepoint. For eat medial
ball at p with thecentermandradius , theris a Delaunay
edgepqwithtpm t,q Osothat p g 14 whee
is sufciently small.

PROOF. Let B beamedialball touchingSat p with radius

andcenterm. Grow B keepingit tangentto S at p. Initially,
theball is emptyof ary otherpoint of S. But, asthe growth
continuest startsmeetingS andeventuallymeetsa sample
pointg. Certainly we have tpm tpqg 0. Let g belongto a
componendf B Sthatoriginatedatx  Sduringthegrowth
processThismean®B metStangentiallyatx. SinceSis well
behaedatp, wemusthave p x 2 14 .Also,applying
the -samplingconditionandsomespheregeometrywe can
shaw that, for sufciently small , q x 2 f(x). Now
assumep gq 2 !'4 becausetherwisethereis nothing
to prove. Using Lipschitz conditionon f() andthe condition

g x 2 f(x), it is easyto establishthatf(x) 1 4%.
Similarly, usingtheconditon p q 24 2 —f(p),
wegetf(q) 5 Therefore,

P q p X q X
2
14
2 1 2 14
14
for sufciently small . Hl

We also needthe following result proved by Amenta,
Choi, Kolluri [4] which saysthatpolesarenot very farfrom
themedialaxispointsinsidea Voronoicell.

Lemma 10 Letmbeamedialaxispointwith nealestsample
point p and the medialangleat mis larger than * 2. Then
there is a pole of p which is only O( 2 3) distanceaway
frommwhee istheradiusof therespectivenedialball.

LetM M bethesetof medialaxispointswhosenearest
point(s)in SandPlie in S . Sinceall pointsin S have medial
anglesmorethan ! 3, soarethepointsin M . We shaw that
M hasanearbypointin L .

Lemmall Letm M .Thereexistsapointw L sothat
w m =0( 1% ,wheepistheneaestsamplepointto
m.

PROOF. Let c be the centerof the medial ball touchingS
at p. Sincethis ball doesnot containary point of Sinside,
we must have ¢ inside the Voronoi cell V. Also,m 'V,
sincep is the nearestsamplepoint to m. First, both m and
¢ have medialanglesmorethan ! 2 by the propertyof M .
Applying Lemmal10 we getthatthatm andc cannotbe far
apart, m ¢ =0O( ?3) ,sincebothhaveapoleof pwithin
O( 23) ,distance.

By de nition, p S . Thus,accordingto Lemma9 there
existsa Delaunayedgepgwith p q 14 where is



the radiusof the medialball with the centerm. The dual of
this edgemustbelongto by the Ratio condition.Lemma
8 impliesthatthereis apointw F = Dualpgsothat w

c =0O( *% ,. Thismeans

c =0(%% p

w m wW Cc + m

e=0

Figure12: Corvergenceof L andM.

Theorem2 M lim gL.

PrROOF. By de nition of M we have M = lim M .
Lemmallimpliesim oM  lim oL .

Theoreml and?2 togetherestablishthat,in the limit
0,L cornvergestothemedialaxisM. A schematicliagramof
the corvergenceof variousstructuress illustratedin Figure
12.

Remark: Note thatit is essentiato assumethatno ve
samplepointslie ontheboundaryof anemptyspheresothat
dualfacetsof all edgeswvith anemptycircumscribingsphere
exist in the Voronoi diagram.This excludes,for example,
samplepointsonasphere.

Also, a careful examinationof the proofs of Theoreml
andTheorenm? suggestshatthe only Ratio conditionis suf-
cient to Iter DelaunayedgesHowever, aswe have indi-
catedearlier we needboth conditionsto dealwith datasets
appearingn practice.This is the reasonwhy we designed
MEDIAL with two conditionsand prove their contrikutions
towardscorvergence.

5 Experimental results

We implementedVEDIAL in C + + usingthe CGAL library
[32] for theVVoronoidiagramandthe Delaunaytriangulation.
Figure 13 shaws our resulton someexampledatasets.In
this picturewe shav only the “inner' medialaxisthatis “en-
closed'by the surface.We computedhe “inner' medialaxis
asfollows. A piecaviselinearsurfaceinterpolatingthe sam-
ple pointsis computedwith our TIGHT COCONE software

[31]. This surfaceis a subcompl& of the Delaunaytriangu-
lation andis guaranteedo be watertight.We outputthose
Voronoi facetscomputedby MEDIAL that are dual to the
Delaunayedgesnclosedy thecomputedsurfaceof TIGHT

COCONE.

The approximationof the medialaxisis betterwherethe
datais denseNearhigh curvatureregions,or non-smoottre-
gionswhereundersamplingpappenstheapproximatiorcon-
tainsartifacts.For example,in the CLuB andROCKER data,
the medialaxisis well approximatedn mostpartwherethe
densityis high. But, nearthe handleof the CLuB andtop of
the ROCKER, the samplingdensitysuffersdueto high curva-
tureandsmallfeaturesAs aresulttheapproximatioris poor
in theseregions.

#points | Delaunay Filter
object time(sec.)| time(sec.)
3HOLE 4000 2.37 0.82
KNOT 10001 8.36 2.66
ENGINE 11361 37.0 1.82

MANNEQUIN 12773 7.79 2.28
FANDISK 16475 13.4 3.0
CLuB 16865 18.81 3.06
Foot 20021 13.24 3.71
HAND 25626 51.14 5.11
SCREWDRIVER | 27152 51.87 5.36
DINOSAUR 28098 23.28 5.8
HEART 37912 32.49 6.58
ROCKER 40177 74.54 8.25
FEMALE 121723 292.85 24.95

Tablel: Time data.

SCREWDRIVER datais mostly very denseand almost
uniform except nearsomesmall cunvatureregions. On the
otherhand,3HOLE is relatively a sparsedataset. In both
cases,MEDIAL approximatedthe medial axis quite well.
ThisshavsthatMEDIAL is tolerantto differentlevelsof data
densities.

The samplein ENGINE lie on several connecteccompo-
nents.In this casewe computedhe entiremedialaxissince
“inner' and outer' distinctionin this casedoesnot have ary
meaning.

In generalthe medialaxis of a surfacemay containele-
mentsof differentdimensionsin MEDIAL we approximate
all theseelementswith two dimensionaMoronoifacets.The
datasetK NOT shaws this interestingphenomenonTheone
dimensionamedialaxisin this casehasbeenapproximated
with very thin Voronoifacets.

TheHEART datais extractedasaniso-surticefrom thein-
tensity eld of avolumetricimage.The datacontainssome
noise introducedby the iso-surfice extraction procedure.
MEDIAL could toleratemost of this noiseas the outputin
Figure1l3suggests.

Four more examplesHAND, MANNEQUIN, DINOSAUR
and FEMALE shov how MEDIAL computesclean medial



CLuB 3HOLE ROCKER

SCREWDRIVER ENGINE surface medialaxisof ENGINE
KNOT HEART HAND
MANNEQUIN DINOSAUR FEMALE

Figure13: Medial axiswith MEDIAL shovn darkshaded.



FANDISK

Foot

Medial axis

Toes

Anotherview

Heel

Figure14: Computedmedialaxisof FANDISK andFOOT.

axesfor complicatedshapes.

In Figure 14, we shav the two views of the medial axis
for aCAD objectFANDISK. Themedialaxisis well approx-
imated except at the boundarieswhereit is “jagged'. The
poor approximationat theseplacesis causedby the sharp
edgeof thesurfacewhereit is nonsmootrandthereforethe
inherentproblemof undersamplingpccurs,see[13]. In the
FooT datawe zoomsomeplacesof the toesandthe heel.
The zoomedregion in the toe hasundersamplingand the
medial axis nearthe boundaryhas someroughnessHow-
ever, theheelis well sampledandthe correspondingnedial
axis boundaryis smootherThe FOOT datahasabruptden-
sity change$n someparts.As aresult only Ratiocondition’
did not producegoodresultfor ary ratio. MEDIAL produced
a goodapproximatiorto the medialaxis. It shavsthatME-
DIAL is imperviousto nonuniformityin data.

5.1 Timing

We usedthe ltered oating point arithmetic provided by
CGAL [32] for robustgeometriccomputationsExperiments
were conductedon a PC with 933 MHz CPU and 512MB
memory Thecodewascompiledwith CGAL2.3library and
g++compilerwith 01 level of optimization.Thetime for the
Delaunaytriangulationand Itration arelistedin Table1.

6 Conclusions

In this paperwe presentan algorithmthatapproximateshe
medial axis from the Voronoi diagramof a set of sample
points. Unlike previous approachesthis algorithmis scale
anddensityindependentExperimentalstudiessuggesthat
the algorithm computescleanmedial axeswithout ary ne
tuningof the parameters.

Althoughthisis the rst algorithmthatshowvs thatmedial
axis canbe computedasa subcompl& of the Voronoi dia-
gramwith guaranteeadorvergencewe could not prove that
theoutputmedialaxismaintainsthetopologyof the original
one.Fromourexperimentesultswe obsenethatall signi -
cantbranching®f themedialaxisareapproximatedy ME-
DIAL. If the datasetis densewe obtainquite cleanmedial
axiswithout muchof samplingartifacts.Although proving a
homeomorphisrbetweertheoutputof MEDIAL andthetrue
medialaxiswill bedif cult, if notimpossiblewe expectthat
it would be possibleto shov the homotopy equivalencebe-
tweenthe two. We plan to investigatethis aspectin future
research.

In mary applicationst is usefulto have asimpli cation of
themedialaxis.Ohviously, largerparametewraluessimplify
the medialaxis. Is therea way to determinethe valuesau-
tomaticallythat bring up the hierarchyof the stablepartsof
themedialaxis?More investigation@renecessarjo answer



this question.
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