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Abstract

Geometricshapesareidenti�ed with their features.For computationalpurposesa concretemathemat-
ical de�nition of featuresis required. In this paperwe usea topologicalapproach,namelydynamical
systems,to de�ne featuresof shapes.To exploit this de�nition algorithmicallywe assumethata point
sampleof theshapeboundaryis givenasinputfrom whichfeaturesof theshapehavetobeapproximated.
We translateour de�nition of featuresto thediscretedomainwhile mimicking theset-updevelopedfor
thecontinuousshapes.Theoutcomeof this approachis a cleanmathematicalde�nition of featuresthat
areef�ciently computablewith combinatorialalgorithms.Experimentalresultsshow thatouralgorithms
segmentshapesin two andthreedimensionsinto so-calledfeaturesquiteeffectively. Further, wedevelop
a shapematchingalgorithmthat takesadvantageof our robust featuresegmentationstep.Performance
of thisalgorithmis exhibitedwith experimentalresults.

1. Intr oduction
Thefeaturesof a shapeareits speci�c identi�able subsets.Althoughthis high level characterizationof
featuresis assumedroutinely, moreconcreteandmathematicalde�nitions arerequiredfor computational
purposes.Many applicationsincluding object recognition,classi�cation, matching,trackingneedto
solve the problemof segmentinga shapeinto its salientfeatures,seefor example[9, 10, 20, 28, 34,
41]. Most of theseapplicationsneedan appropriatede�nition of featuresthat arecomputable.In the
computationaldomains,the shapesareoften representedwith discretemeansthat approximatethem.
Consequently, a consistentde�nition of featuresin the discretedomain is neededto computethem
reliably.

Dif ferentgeometricandtopologicalstructuressuchasshockgraphs[35, 37], medialaxes[26], Reeb
graphs[20], watersheds[29] andothers[24, 27] havebeenproposedin thepastfor shapesegmentation.
Two notabletopologicalapproachesrelatedto shapefeaturesarelevel setsmethod[36] andthetopolog-
ical persistence[16]. Thelevel setsmethodusenumericaltechniquesto computefeatureswhereaswe
rely moreon combinatorialmeans.This makescomputationsfasterandmorerobustagainstnumerical
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errors. Topologicalpersistencemethodworkswith homologicalalgebrato computea signatureof the
shapethatrespectsits features,but donot addressthesegmentationissue.

In this paperwe usea topologicalapproach,namelydynamicalsystems,to de�ne featuresof shapes.
Thisapproachhasbeenstudiedin thecontext of surfacereconstructionrecently[15,18]. Weassumethat
apointsampleof theshapesis givenasinput from which featuresof theshapehaveto beapproximated.
Wetranslateourde�nition of featuresto thisdiscretedomainwhilemimickingtheset-upthatwedevelop
in the continuouscase. The outcomeof this approachis a cleanmathematicalde�nition of features
thatarecomputablewith combinatorialalgorithms.For shapesin the planewe computethemexactly
whereaswe approximatethemfor shapesembeddedin

���

mimicking the two dimensionalalgorithm.
Our experimentalresultsshow that our algorithmssegmentshapesin two and threedimensionsinto
so-calledfeaturesquiteeffectively.

Weapplyourfeaturesegmentationtechniqueto theshapematchingproblem,whichseeksasimilarity
measurebetweentwo shapes.An usualapproachin shapematchingis to computea signatureof a
shapeandthencomparingit with thesignatureof theothershape.Differentquantitiessuchascurvature
distribution[3, 38],waveletcoef�cients [22], Fourierdescriptors[2], geometricstatistics[4, 33, 39],spin
image[23] andshapedistribution [25, 30] havebeensuggestedfor shapesignatures;seesurvey articles
[1, 7, 28, 40] for moredetails.Anotherprevalentapproachis to segmentashapeinto its salientfeatures
andthenmatchtheshapesbasedonthefeaturesandtheirspatialrelationships[5, 6, 8, 19]. Thesefeature
basedapproachesdependmainlyon thequalityof thefeaturedetectionstep.Wegiveashapematching
algorithm that takes the advantageof our robust featuresegmentationstep. Eachsigni�cant feature
segmentis representedwith a weightedpoint wherethe weight is the volumeof the segment. Then,
theshapematchingproblemboils down to matchingtwo smallweightedpoint setsinsteadof matching
largepoint setsderivedfrom theboundaryof theshapes[21]. Wecarryout thesestepssothattheentire
matchingprocessremainsinvariantto rotation,translation,mirroringandscaling.

2. Flow and critical points
In this sectionwe outline a theoryof the �o w inducedby a shape. Later we will usethis theory to
de�ne andcomputefeaturesof shapes.Herewe will develop the theoryin a moregeneralsettingby
consideringcompacthypersurfacesof the � -dimensionalEuclideanspace

���

, i.e.,weconsidercompact,
�

���
	�� -dimensionalsubmanifoldsof
�

�

.

Shape. Let 
 bea compact
�

����	�� -manifoldwithout boundaryembeddedin
���

. Theclosureof the
boundedcomponentof

�����


 is theshapeinterior denoted���

�


�� . Theshapeexterior denoted���

�


��

is theclosureof theunboundedcomponentof
�����


 . Thesegmentationmethodpartitions ���

�


�� and
���

�


�� simultaneously. In whatfollows,by shapewewill meanboth ���

�


�� and ���

�


�� eachof which is
boundedby 
 .

Height function. Themanifold 
 canbeusedto de�ne adistancefunction ���

�
���

�
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Basically,
;

�D 

� is thesetof closestpoint(s)to
 

in 
 ; seeFigure1. Notethat
;

�! 

� cancontaineven
acontinuumof points.

We would like to de�ne a unit vector �eld EF�

��� � �6�

that assignsto every point
 G4

���

the
directionin which thedistancefunctionincreasesthemost.If � is smoothat

 

then E

�! 

� coincideswith
thenormalizedgradientH'�

�D 

�JIK.LH'�

�! 

��. . In our case� is not smootheverywhere.So,we have to be
carefulto de�ne E

�! 

� atany non-smoothpoint
 

. Insteadof smoothandnon-smoothpointswewill talk
aboutregularandcritical pointsin thefollowing. Critical pointsareeitherlocalextremaor saddlepoints
of thedistancefunction. We usea generalizedtheoryof critical points,seefor example[31], to derive
thefollowing de�nition.

Regular and critical point. For everypoint
 94

���

let M

�D 

� betheconvex hull of
;

�D 

� , i.e. thecon-
vex hull of thepointson 
 thatareclosestto

 

. We call
 

a critical point of � if
 N4

M

�! 

� . Otherwise
wecall

 

a regularpoint.

The following de�nition turnsout to be very helpful in the subsequentdiscussion.It allows us to
characterizethedirectionof steepestascentof thedistancefunction � ateverypoint

 94

���

.

Dri ver. For any point
 O4

�
�

let �

�D 

� bethepoint in M

�! 

� closestto
 

. Notethatthis point is unique
sinceM

�D 

� is convex. Wecall �

�D 

� thedriverof
 

.

Lemma 1 For anyregular point
 O4

���

let �

�D 

� bethedriver of
 

. Thesteepestascentof thedistance
function � at

 

is in thedirectionof
 

�P�

�! 

� .

PROOF. Notethat � is continuousthoughit is not smooth.
Our assumptionthat

 

is a regularpoint, i.e.
 RQ 4

M

�! 

� , impliesthatthevector
 

�P�

�D 

� is non-zero.
To proveourclaim wewantto show �rst that � is non-increasingin all directionsthatmakeanangleof

S

IBT or largerwith
 

�U�

�D 

� .
By de�nition all pointsin

;

�! 

� havethesamedistance� from
 

and V

;

�! 

��VXWY	 . For any 0

4

;

�! 

� let
Z

) betheuniqueclosedhalfspacethathas
 

in its boundaryandcontainstheball of radius .

 

�P�

�! 

��.

centeredat 0 . Obviously, thedistancefunction � at
 

is decreasingin all directionsthatpoint into the
interior of

Z

) for all 0

4

;

�D 

� . Henceby thecontinuityof � it is non-increasingin all directionsthat
point into

Z

) . Let
Z

" [

),+]\K^`_ba

Z

)
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By constructionall directionsat
 

thatmakeanangleof S

IBT or largerwith
 

�O�

�D 

� point into
Z

. Thus
� is non-increasingin all thosedirections.This impliesthat � canonly beincreasingin somedirection

E if Edc

�D 

�e�

�! 

�J�gfihGj . OnecandecomposeE as E9"kEmlon
E

2

where Epl is along
 

�e�

�D 

� and E

2

is
orthogonalto it. By our previous argument, � is non-increasingalong E

2

. It follows that the increase
of � is maximizedif its componentalong E

2

vanishes,i.e., � hasits steepestascentat
 

in thedirection
 

�P�

�! 

� . q
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Figure1: In this example r is a curve embeddedin s�t . Thesetsuwv!xzy areshown with hollow circles
for four points xN{}|•~•€�~•‚ƒ~…„9†Us‡t . Theconvex hulls of uwv!xzy arelight shaded.Thedriver of thepoint

‚ is the smallerblack circle. The driver of the point „ is the singlepoint in u�vˆ„8y . The points | and €

arecritical sincethey arecontainedin ‰Uvˆ|my and ‰UvŠ€by , respectively. Thepoints ‚ and „ areregular. The
directionsof steepestascentof thedistancefunctionat ‚ and „ areindicatedby arrows.

We are now going to usethe directionof steepestascentto de�ne a �o w on s�‹ , i.e. a dynamical
systemon s

‹

.

Induced �o w. De�ne a vector�eld ŒŽ•Bs

‹••

s

‹

by setting

Œ‘vDxzy'{

xŽ’U„Kv!xzy

“

xŽ’U„Kv!xzy

“ if xU” {�„zvDxzy and • otherwise.

Note, that the vector �eld vanishesexactly at the critical pointssince x–” {—„KvDxzy holds for all regular
points. The �o w inducedby thevector�eld Œ is a function ˜R•š™›•œ~3•
yŸž s

‹
•

s
‹

suchthat theright
derivativeateverypoint x5†5s

‹
satis�esthefollowing equation:

¡C¢C£

¤¦¥§¤©¨

˜ªv!«3~Jxzy�’P˜ªv!«¦¬�~Jxzy

«o’­«¦¬

{®Œzv¯˜�vD«¦¬,~JxzyAyb°

Orbits and �xed points. Given x
†
s

‹

andan induced�o w ˜ , the curve ˜K±9•‡™²•8~3•
y

•

s

‹

~o«�³

•

˜ªv!«3~Jxzy is calledtheorbit of x . A point x5†5s

‹

is calleda �xed pointof ˜ if ˜�vD«3~Jxzyš{´x for all «‡µ�• .

Basically, theorbit of apoint is thecurve it will follow if it werelet movealongthe�o w.

Observation 1 The�xed pointsof ˜ are thecritical pointsof thedistancefunction ¶ .

Becauseof this observationwe refer to a �x edpoint of ˜ asa minimum,saddleor maximumif the
correspondingcritical pointof thedistancefunctionis aminimum,saddleor maximum,respectively.

Stablemanifold. Thestablemanifold ·:vDxzy of acritical point x is thesetof all pointsthat�o w into x ,
i.e.

·:v!xzy'{¹¸�ºŽ†9s

‹

•

¡(¢C£

¤¼»:½

˜•¾?v!«Ayš{
xÀ¿X°
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Thestablemanifoldsof all critical pointspartition
� �

, i.e.

�

�

" [

critical pointsx

Á

�! 

�

if weaddacritical pointat in�nity , and
Á

�! 

�ÃÂ

Á

�!Ä

��"=Å for any two differentcritical points
 

and
Ä

.

3. Discretization
Todealwith continuousshapesalgorithmicallywediscretizetheirboundaries.Herediscretizationmeans
takinga �nite pointsampleÆ of theshapeboundary
´Ç

���

. Thatis, wereplace
 by a �nite subsetof

 . ThesampleÆ inducesanothervector�eld which resemblesthevector�eld inducedby 
 provided

Æ is suf�ciently densein 
 . At themomentwecannotquantifythis resemblancein termsof asampling
density, but it is quite intuitive that, for example,theprominentlocal maximaof bothvector�elds are
very similar. The vector �eld inducedby Æ is intimately linked with the Voronoi and the Delaunay
diagramof Æ . Moreover, thestablemanifoldscorrespondingto the�o w inducedby this vector�eld are
ef�ciently computablein dimensionstwo andthree.

Let us �rst summarizethe de�nitions of Voronoi andDelaunaydiagramsbeforewe show how the
conceptswe introducedin thelastsectioncanbespecializedto thecaseof �nite point sets.

Voronoi diagram. Let Æ bea �nite setof pointsin
�

�

. TheVoronoicell of 0

4

Æ is givenas

È

)•"ÊÉ

 94

�

�

��ËzÌ

4

Æ

�

É…0*ÍXÎo.

 

�90o.�ÏÐ.

 

�ÑÌ•.L�3Í

7

The sets
È

) are convex polyhedraor emptysincethe set of points that have the samedistancefrom
two points in Æ forms a hyperplane.Closedfacetssharedby ÒzÎ3T­ÏÓÒ
ÏÔ� , Voronoi cells arecalled

�

�Ž��Ò'nG	�� -dimensionalVoronoi facetsandpointssharedby ��nÕ	 or moreVoronoi cells arecalled
Voronoi vertices. The term Voronoi objectdenoteseithera Voronoi cell, facetor vertex. The Voronoi
diagram

È•Ö

of Æ is thecollectionof all Voronoiobjects.It de�nesacell decompositionof
���

.

Delaunaydiagram. The Delaunaydiagram ×

Ö

of a setof points Æ is dual to the Voronoidiagram
of Æ . The convex hull of �ØnÙ	 or morepointsin Æ de�nes a Delaunaycell if the intersectionof the
correspondingVoronoi cells is not empty and thereexists no supersetof points in Æ with the same
property. Analogously, theconvex hull of Ò#ÏF� pointsde�nesa

�

Òd�
	�� -dimensionalDelaunayfaceif
theintersectionof theircorrespondingVoronoicellsis notempty. Everypoint in Æ is calledaDelaunay
vertex. ThetermDelaunayobjectdenoteseitheraDelaunaycell, faceor vertex. TheDelaunaydiagram

×

Ö

de�nesa decompositionof theconvex hull of all pointsin Æ . This decompositionis a triangulation
if thepointsarein generalposition.

ThedualDelaunayobjectof agivenVoronoiobjectis theconvex hull of all pointsin Æ whoseVoronoi
cellscontaintheVoronoiobject.

We alwaysreferto theinteriorandto theboundaryof Voronoi/Delaunayobjectswith respectto their
dimension,e.g.the interior of a Delaunayedgecontainsall points in this edgebesidesthe endpoints.
The interior of a vertex and its boundaryare the vertex itself. Furthermore,unlessstateddifferently,
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Figure2: On the left: TheVoronoidiagram(dashedlines)andtheDelaunaytriangulation(solid lines)
of sevenpointsin

�

2

. On theright: Thecritical points(maxima Ú , saddlepoints Û andminima Ü ) of
thedistancefunctioninducedby thesevenpoints.

we alwaysassumegeneralposition,i.e., no threepointsarecollinear, no four pointsarecocircularor
coplanar, andno � vepointsarecospherical.

Now considerthe distancefunction � as in the previous sectionbut replacing 
 with its discrete
sample

Æ
. Notethatweareusingthesamede�nition of critical pointsfor

�
aswedid in thecontinuous

case.Thefollowing lemmais known, seefor example[15, 18].

Lemma 2 Let
Æ

bea �nite setof pointssuch that theVoronoiandtheir dualDelaunayobjectsintersect
in their interiors if they intersectat all. Thenthe critical points of the distancefunction

�
are the

intersectionpointsof Voronoiobjects
È

andtheir dualDelaunayobject Ý .

This characterizationof critical pointscanbe usedto assigna meaningfulindex to critical points,
namely, the index of a critical point is thedimensionof theDelaunayobjectusedin theabove charac-
terization.Minima alwayshave index j andmaximaalwayshave index � .

The driver of a point in
���

cannow alsobe describedin termsof Voronoi andDelaunayobjects,
becausetheanchorhulls now arealwaysDelaunayobjects.

Observation 2 Given
 N4

���

. Let
È

bethelowestdimensionalVoronoi objectin theVoronoidiagram
of Æ thatcontains

 

andlet Ý bethedualDelaunayobjectof
È

. Thedriver of
 

is thepoint in Ý closest
to

 

.

We have a muchmoreexplicit characterizationof the �o w inducedby a �nite point set thanin the
generalcase.

Observation 3 The�ow Þ inducedbya �nite pointset
Æ

is givenasfollows: For all critical points
 

of
thedistancefunctionassociatedwith

Æ
weset

Þ

�!ß

Î

 

�š"

 

Î

ß�4Pà

jœÎ3á
�

7

Otherwiselet
�

�D 

�
be the driver of

 

and â be the ray originating at
 

and shootingin the direction
E

�D 

��"

�! 

�R�

�D 

�J�JI•.

 

�e�

�D 

��.
. Let ã bethe�r st point on â whosedriver is differentfrom

�

�! 

�
. Note
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that such a ã neednot exist in
� �

if
 

is containedin an unboundedVoronoiobject.In this caselet ã be
thepointat in�nity in thedirectionof â . Weset

Þ

�!ß

Î

 

�ä"

 

n

ß

c�E

�! 

��Î

ß‡4åà

j8Î?. ã �

 

.L�

7

For
ß

WÐ. ã �

 

. the�ow is givenas

Þ

�Dß

Î

 

�æ" Þ

�çß

�è. ã �

 

.šnÊ. ã �

 

.�Î

 

�

" Þ

�çß

�è. ã �

 

.�Î Þ

�

. ã �

 

.�Î

 

�J�
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It is not completelyobvious,but it canbeshown that this �o w is well de�ned. It is alsoeasyto see
thattheorbitsof Þ arepiecewiselinearcurvesthatarelinearin Voronoiobjects.SeeFigure4 for some
examplesof orbits.

Undersomemild non-degeneracy condition the stablemanifoldsof the critical pointshave a nice
recursivestructure.A stablemanifoldof index ÒKÎ…j�Ï´ÒéÏê�ëÎ hasdimensionÒ andits boundaryconsists
of stablemanifoldsof index Òw�
	 critical points.

In
�

2

thestablemanifoldsof index 	 critical points,i.e.saddlepoints,areexactly theDelaunayedges
whosecircumcircleis empty. TheseedgesalsocalledGabrieledgesform theGabrielgraphof thepoint
set Æ . TheGabrielgraphis ef�ciently computable.Therecursivestructureof thestablemanifoldsnow
tells us that the stablemanifoldsof the maxima,i.e. index T critical points,areexactly the compact
regionsof theGabrielgraph.Thatis, thestablemanifoldsof maxima(index 2 critical points)aregiven
asa unionof Delaunaytriangles.

Figure3: On theleft: Theedgesof theGabrielgraphof thesevenpointsfrom Figure1 arehighlighted.
On theright: Thestablemanifoldsof themaxima Ú of the�o w inducedby thesevenpoints.

The stablemanifoldsof �o ws inducedby �nite point setsin
���

canalso be computedef�ciently ,
see[18]. But alreadyin

���

the stablemanifoldsof index 2 saddlepoints and maximaare not sub-
complexesof thethreedimensionalDelaunaytriangulation.This is why we chooseto bypasstheexact
computationsof thestablemanifoldsandinsteadapproximatethemwith sub-complexesof theDelaunay
triangulation.Theapproximationis moreef�cient in sizeandcomputationalcostthantheexactone.
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4. Approximating stablemanifolds
Our goal is to decomposea two or threedimensionalshapeinto disjoint segmentsthatrespectthe`fea-
tures'of theshape.In our �rst attemptto de�ne featureswe resortto stablemanifoldsof maxima.So,
wede�ne a featureto betheclosedstablemanifold ì

�! 

� of amaximum
 

,

ì

�D 

�6"êí]î(ïBðJñò>Aó

�

Á

�! 

�J�

7

Figure5(a) shows thesegmentationof a shapein
�

2

with this de�nition of features.We cantranslate
this de�nition to thediscretesettingimmediatelyaswe have mimickedall conceptsin thecontinuous
caseto thediscretesetting.Figure5(b) shows thissegmentation.

From a point sampleÆ of a shapeboundary
 we would like to computeì

�D 

� for all maxima
 

.
Thesemaximaarea subsetof theVoronoiverticesin

È‘Ö

. For computingthefeaturesegmentationit is
suf�cient to computetheboundaryof all suchì

�! 

� . As weobservedearlierthisboundaryis partitioned
by thestablemanifoldsof critical pointsof lower indices.In

�

2

this meansthatGabrieledgesseparate
thefeatures.

Wealsowantto separatethefeaturesin
�

�

by asubsetof theDelaunaytriangles.Thatis, wewantto
approximatetheboundaryof thestablemanifoldsof maximaby Delaunaytriangles.Theseboundaries
consistof stablemanifoldsof critical pointsof index 1 and2. Theclosuresof thestablemanifoldsof
index 1 critical pointsareagainexactly the Gabrieledges.By Lemma2 eachcritical point of index
2 lies in a Delaunaytriangle which we call a saddletriangle. The stablemanifoldsof the index 2
critical pointsmaynot becontainedonly in thesaddletriangles.This makescomputingtheboundary
of the stablemanifoldsof maximaharderin

�
�

. Although it can be computedexactly, we propose
an alternative methodthat approximatesthis boundaryusingonly Delaunaytriangles. We derive this
methodby generalizingasimplealgorithmthatcomputestheclosedstablemanifoldsfor maximain

�

2

exactly.
In

�

2

we cancomputetheclosedstablemanifold ì

�! 

� of a maximum
 

by exploring out from the
Delaunaytrianglecontaining

 

. To explain the algorithmwe de�ne a �o w relationamongDelaunay
triangleswhichwasproposedby Edelsbrunneretal. [17] for computingpocketsin molecules.

Flow relation in
�

2

. Let Ý
l , Ý

2

be two trianglesthat sharean edgeô . We say Ý
lwõ

Ý

2

if Ý
l andits

dualVoronoivertex lie on theoppositesidesof thesupportingline of ô .

Observation 4 Let Ý
l and Ý

2

betwo trianglessharingan edge ô where Ý
l�õ

Ý

2

. Thenthe�ow on the
dualVoronoiedge EmlöE

2

of ô is directedfrom Eml to E

2

where Eƒ÷ is thedualVoronoivertex of Ý
÷ .

It is obviousfrom thede�nition that the transitive closure õ•ø of õ is acyclic [17]. If Ý
lØõ

Ý

2

, then
theradiusof thecircumcircleof Ý

2

is larger thantheradiusof thecircumcircleof Ý
l . So,in a chainof

trianglesrelatedby õ , thecircumradiiof thetrianglescanneverdecrease,thusmakingit impossiblefor
õŸø to becyclic. Thismeansthat,for eachtriangle ÝÀù , thereis a triangle Ý containingamaximum

 

such
that Ý

ù

õ
øšÝ . Wewill saythat Ý

ù �o ws into Ý .
Thefollowing lemmaholdsin

�

2

.

Lemma 3 Let Ý bea triangle containinga maximum
 

. Wehaveì

�D 

�6"Êú1û3ü(ýœþgû
Ý‘ù .
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Thealgorithm,originally proposedby Edelsbrunneretal. [17], for computingtheclosedstablemani-
fold ì

�! 

� followsimmediatelyfrom theabovelemma.Initially ì

�! 

� is setto thetriangle Ý thatcontains
 

. At any genericstepof this exploration,let ô bea Delaunayedgethat lies on theboundaryof ì

�D 

�

computedsofar. Let Ý l and Ý

2

be two trianglesthatshareô where Ý l is outsideì

�! 

� . If Ý lÿõ Ý

2

we
updateì

�! 

� as ì

�! 

��� "´ì

�D 

�

�

Ý l . Thisprocesscontinuestill wecannotincludeany moretriangleinto
ì

�! 

� .

Figure4: Ontheleft: Someorbitsof the�o w inducedby thepointsfrom Figure2. Notethattheseorbits
arepiecewise linearcurves. On theright: Trianglescontaininga maximumarehighlighted.An arrow
pointingfrom a triangle ��� to a triangle � indicatesthat ������� , i.e. ��� �o ws into � .

(a) (b)

Figure5: The closedstablemanifoldsof the maximadecomposethe interior shapeboundedby the
curve into four segments,themiddle two segmentsaremergeable(a). The discretizedversionhassix
segments.TheGabrieledges(solid) amongtheDelaunayedges(dashed)form theboundariesof these
segments.All four middlesegmentscanbemergedinto asinglesegment.

Now we turn ourattentionto 	�
 . In ourattemptto compute��
���� for amaximum� in 	�
 , we mimic
thesetupthatweusein 	�� .

Flow relation in 	


 . Let ��� , �

�

be two tetrahedrasharinga triangle � . We say �������

�

if ��� andits
dualVoronoivertex lie on theoppositesidesof theplaneof � .
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It followsfrom thede�nition of õ thatif Ý l�õ Ý

2

, thentheradiusof thecircumsphereof Ý l is smaller
thanthe radiusof the circumsphereof Ý

2

. Thus,as in
�

2

, the transitive closure õ�ø is acyclic. For a
maximum

 

let
�

ì

�D 

�š" [

û3ü(ýœþgû

Ý

ù where
 54

Ý

7

Sofar everythingseemsanalogousto thetwo dimensionalcase,but herewe facetwo dif�culties. First,
Lemma3 is no longervalid, i.e. it maybethat ì

�! 

�

Q

"

�

ì

�D 

� for a maximum
 

. This is mainly because
the stablemanifoldsof index 2 critical pointsmay not be composedof Delaunaytriangles.However,
we coulduse

�

ì

�! 

� asanapproximationto ì

�! 

� . But, we faceanotherdif�culty . It might bethat
�

ì

�! 

�

and
�

ì

�! 

ù � arenot disjoint for two maxima
 

and
 

ù . Thereasonis that, for a tetrahedronÝ , theremay
exist morethanonetetrahedronÝÀù so that Ý õ Ý‘ù . This may lead Ý to �o w into two or moredifferent
maxima.However, it is interestingto noticethefollowing.

Observation 5 There exist no threetetrahedra Ý
lbÎ

Ý

2

Î
Ý

� so that a tetrahedron Ý satis�es Ý
õ

Ý
÷ for

�

"Ù	BÎ3T8Î�� .

In orderto getpairwisedisjoint sets
�

ì

�D 

� we changetherelation õ to a new relation
�

õ sothat for a
tetrahedronÝ therearenotwo tetrahedraÝ

l , Ý

2

with Ý

�

õ
Ý

l andÝ

�

õ
Ý

2

. Notethattheheightof amaximum
 

is its squareddistanceto theclosestsamplepoint in Æ . It is equalto thesquaredcircumradiusof the
tetrahedroncontaining

 

. De�ne the strength of a tetrahedronÝ as the largestof the heightsof all
maximathatit �o ws into.

Strengthened�o w relation. Wesay Ý
l

�

õ
Ý

2

if

(1) Ý
l�õ

Ý

2

and

(2) thereis no othertetrahedronÝ

� with Ý
l õ

Ý

� andthestrengthof Ý

� is larger than Ý

2

. In casethe
strengthsof Ý

� and Ý

2

aresame,wechooseÝ

2

arbitrarily from Ý

� and Ý

2

for therelation.

Thetransitiveclosure
�

õ

ø is acyclic since õ�ø is. Now for amaximum
 

werede�ne
�

ì

�! 

� as
�

ì

�D 

�š" [

û3ü�� ý

þ

û

Ý

ù where
 54

Ý

7

Thesets
�

ì

�D 

� arepairwisedisjoint sinceno tetrahedroncan�o w into morethanonemaximum.We
computethesesetsasaninitial segmentationof theshaperepresentedby the�nite sampleÆ . Onecan
separatethesegmentsfor interior andexterior shapesby reconstructingtheboundaryof theshapefrom
its sampleusingany of theknown surfacereconstructionalgorithms.

We sort themaximain decreasingorderof their strengthsandprocessthemin this order. So,when
weprocessamaximum

 

, all tetrahedra�o wing into
 

andhaving astrengthlargerthanthatcontaining
 

havebeenclaimedby someothermaximaprocessedearlier. This is whatis requiredby thede�nition
of

�

ì

�! 

� .
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STABLEMANIFOLD( Æ )
1 compute

È•Ö

and ×

Ö

;
2 determinethemaximaamongtheVoronoivertices;
3 sortthemaximain decreasingorderof theirheights;
4 for eachmaximum

 

in thisorder
5

�

ì

�D 

��� " Ý where
 54

Ý ;
6 mark Ý andall its triangles;
7 while � amarkedtriangle

ß

in boundary
�

ì

�! 

�

8 let Ý l and Ý

2

besuchthat
ß

" Ý lÃÂ Ý

2

and Ý

2

4

�

ì

�D 

� ;
9 if Ý l is unmarkedand Ý l�õ Ý

2

10
�

ì

�! 

��� "

�

ì

�D 

�

�

Ý l ;
11 mark Ý l andall its triangles;
12 elseunmarkthetrianglesof Ý

2

13 endif
14 endwhile
15 endfor

Sometimesclosedstablemanifoldssegmenta shapeunnecessarilyinto small features.For example,
smallperturbationsin ashapecancauseinsigni�cant segmentation,seefor exampleFigure5(a).Also,at
thediscretelevel, samplingartifactsmayintroduceevensmallersegments,seeFigure5(b). Wepropose
mergingsuchsmallsegmentstill two adjacentsegmentsdiffer signi�cantly.

For a shapelet
Á

�! 

� be a stablemanifold of an index � �Ù	 critical point
 

which belongsto the
boundaryof a closedstablemanifold ì

�ˆÄ

� for a maximum
Ä

. We say ì

�ˆÄ

� is � -shallowwith respect
to

Á

�! 

� if as �

�!Ä

�éÏ �m�

�! 

� , i.e., the distances�

�D 

� and �

�!Ä

� arecloseto eachothermeasuredby a
threshold�ŽhF	 .

� -Mergeablestablemanifolds. Two closedstablemanifoldsì

�D 

lJ� and ì

�! 

2

� for two maxima
 

l and
 

2

are � -mergeableif they are � -shallow with respectto asharedstablemanifoldontheirboundaries.In
�š�

, thismeansthattwo stablemanifoldsof two maximaare � -mergeableif they areboth � -shallow with
respectto astablemanifoldof index T sharedby theirboundaries.

Mergingall mergeableclosedstablemanifoldsweobtainthefeaturesegmentationof 
 . For example,
themiddletwo segmentsfor thecurve in Figure5(a)aremergeable.Wecantranslatethede�nitions and
hencethemergingalgorithmto thediscretesettingeasily. Thedistanceof a critical point

 

is measured
with thesquaredcircumradiusof thelowestdimensionalDelaunaysimplex thatcontains

 

. Thismeans,
in

�

2

, wemergetwo closedstablemanifoldsì

�! 

lA� and ì

�D 

2

� if boththetrianglescontaining
 

l and
 

2

havecircumradiilessthan � timesthecircumradiusof thesaddleedgesharedby ì

�! 

lJ� and ì

�D 

2

� .
In

�
�

, wecomputeapproximations
�

ì

�D 

� to aclosedstablemanifold ì

�! 

� for amaximum
 

. Mimick-
ing thede�nition andthealgorithmin

�

2

we de�ne mergability of two approximatedstablemanifolds
asfollows.

� -mergeableapproximatestablemanifolds. Let
�

ì

�! 

lJ� and
�

ì

�! 

2

� betwo approximatedstableman-
ifolds thatsharea triangle

ß

. We say
�

ì

�! 

lJ� ,
�

ì

�! 

2

� are � -mergeableif boththetetrahedracontaining
 

l
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and
 

2

havecircumradiilessthan � timesthecircumradiusof
ß

.
The�nal algorithmto computea featuresegmentationof ashapeboundedby 
"!

� �

from asample
Æ is describedbelow.

SEGMENT( Æ�Î#� )
1 STABLEMANIFOLD( Æ );
2 Mergeall � -mergeablesegments;
3 Outputtheresultingdecomposition;

4.1 Segmentationexperiments

We implementedSEGMENT in C++ usingtheDelaunaytriangulationcodeof CGAL [43]. SEGMENT

producesthedecompositionof theinterioraswell asexteriorshape.In orderto separatethecomponents
of the interior shape���

�


�� from thoseof the exterior shape���

�


�� , we useda surfacereconstruction
programcalledTIGHT COCONE designedby Dey andGoswami [12]. This programdesignatestheDe-
launaytetrahedrathatapproximate���

�


�� . Thesegmentationimposedby SEGMENT on thesetetrahedra
areshown asoutput.

Figure6 shows thedependency of thesegmentationon theparameter� . Theleftmostpictureshows
thesegmentationof CACTUS datasetwithout merging ( �9õÐ	 ) andthethreepictureson theright show
theresultsfor ��"Õ	

7

	BÎ,	

7%$

Î…T

7

j respectively.

r < 1 r = 1.1 r = 1.8 r = 2.0

Figure6: Effectof themerging threshold� onsegmentation

Figure7 shows someexamplesegmentationsin
�

2

and
�

�

respectively. The point samplesfor the
two dimensionalmodelsareextractedfrom theboundaryof two dimensionalimages.As a resultthey
arequitenoisy. Nevertheless,themodelsaresegmentednicely. Similarly, weshow thesegmentationof
somethreedimensionalmodelssomeof which areextractedfrom noisy point samples.For example,
theTRICERATOPS andtheBULL aresegmentednicelyevenif thecorrespondinginput sampleis noisy.

Figure8 demonstratesthe robustnessof our methodunderdifferentsamplingsof the samesurface.
The left �gure shows thesegmentationof the HAND dataset(25626points)andtheright �gure shows
thesegmentationof thedecimatedversionof thesamedataset(2301points).

Figure9 shows thetime takenby theSEGMENT routinetogetherwith theinterior/exteriorseparation
whenrunonan2.8GHzPentiumIV machinewith 1.2GBRAM.
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Figure7: Segmentationof two dimensionalandthreedimensionalmodels

5. Matching
For shapematchingwetakeadvantageof oursegmentationschemeby matchingtwo shapeswith respect
to their features.Givena point sampleÆ of a shapeboundary
 , we identify a small setof signi�cant
featuresfrom our featuresegmentation. Thesefeaturesare then mappedto a set of weightedpoints
calledthesignatureof 
 . In orderto measurethesimilarity of two shapes,we comparetheir signatures
whichboils down to matchingtwo setsof asmallnumberof weightedpoints.

Signature. Let â

Ö'&

- denotethesetof featuresfor ���

�


�� thatthefunctionSEGMENT computestogether
with TIGHT COCONE from a point sampleÆ of 
 . To simplify notationswe use â

- for â

Ö'&

- . By
de�nition a feature(

4

â
- is acollectionof Delaunaytrianglesif 
 is acurve in two dimensionsandit

is acollectionof Delaunaytetrahedraif 
 is asurfacein threedimensions.For aDelaunaysimplex Ý let
)

û and E

û denotethecentroidandvolumeof Ý , respectively. Therepresentativepoint (
ø andits weight

*

( for a feature( arede�ned as

*

( " 


û

+,+zE

û

(

ø

"




û

+,+

�

)

û

c�E

û

�

*

(

7

Thatis, theweightof ( is its volumeandits representativepoint is theweightedaverageof thecentroids
of all Ý

4

( , weightbeingthevolumeof eachsimplex. We call a feature( signi�cant if its volumeis
morethana certainfractionof the total volumeof theshape.Givena segmentationâ

- of the interior
shape���

�


�� , thesignatureðJ&(@

�


�� is de�ned asthesetof weightedrepresentativepoints,i.e.,

ðJ&(@

�


��#" É

�

(

ø

Î

*

(§� V-(

4

â
- is signi�cant Í

7
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Figure8: Robustnessof thealgorithmagainstvaryingsamplingdensity

MODEL Num. of Del. Seg. In/Ex Sep.
points (sec.) (sec.) (sec.)

PIG 37K 15.68 19.13 14.84
HORSE 48K 17.89 26.79 25.14
BOY 95K 52.71 46.3 46.02

ALIEN 120K 70.49 56.09 54.19

Figure9: Time for differentstagesof SEGMENT togetherwith theinterior/exteriorseparation

Theamountof similarity betweentwo shapesis measuredby �rst scalingthemwith boundingboxes
andthenscoringthe similarity betweentheir signatures.In orderto scorethe similarity betweentwo
signaturesðA&C@

�


�lJ� and ðJ&(@

�




2

� , weneedto align them�rst.
Let (§ø]Î/.�ø be the representative points with maximumweightsamongall representative points in

ðA&C@

�


ŸlJ� and ðJ&C@

�




2

� , respectively. We�rst translateðJ&(@

�




2

� sothat (
ø

Î/.
ø coincide.Thenanalignmentis

obtainedby rotating ðA&C@

�




2

� sothata line segmentbetween.
ø andanotherpoint of ðA&C@

�




2

� alignswith
a line segmentbetween(

ø andanotherpoint in ðJ&C@

�


�lA� . Certainly, thereare 0

�2143

� alignmentspossible
where V ðJ&(@

�


ŸlJ��VÃ"

1

and V ðJ&C@

�




2

��Vª"

3

. Since
1

Î

3

aretypically small (lessthanten), checkingall
alignmentsis notprohibitive.

For eachalignmentwe computea scorebasedon the matchingof weightedpoints. Both a similar-
ity measure(positive) anda dissimilarity measure(negative) aretaken into accountwhile computing
the score. The maximumof all the scoresis taken to be the amountof similarity andcorresponding
transformationsgivethebestalignment.

Before we computethe score,the weightsof the segmentsare normalizedso that eachweight is
between0 and1. Next, for eachpoint Ì

ø

4

ðA&C@

�




2

� , we determinetheEuclideannearestneighbor, say
0ëø , in ðJ&C@

�


ŸlJ� . If .�0•øä�UÌ?ø§. is lessthana “threshold”,wecomputeasimilarity scoreas
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*

0'�

*

Ì

*

0ÿn

*

Ì

V

wherethe“threshold”is aparameterthattellshow muchtolerancewecanhavefor theproximity of two
features.The pointsin ðA&C@

�


�lJ� and ðJ&C@

�




2

� that do not have nearestneighborsin the othersetwithin
“threshold”distancecontribute to a dissimilarityscore which is equalto thenegative of their weights.
Finally, weaddbothsimilarity anddissimilarityscoresto obtainthescoreof matchingbetweenthetwo
shapesboundedby 
�l and 


2

.

5.1 Matching experiments

We performedthe matchingexperimentsboth in two and threedimensions. In two dimensions,we
createdadatabaseof around350shapesandin threedimensionsthedatabaseconsistedof signaturesof
morethan300pointclouddatacollectedfrom differentweb-sites.Someexamplematchingresultsboth
in two andthreedimensionsareshown in Fig 10. Matchingof a queryshapeover theentiredatabase
took lessthana second.Fig 11(a)shows the similarity matrix of our methodon approximately250
two dimensionalshapesdividedinto 16 categories.Fig 11(b)shows theperformanceof this methodon
approximately200threedimensionalshapesdividedinto 17 categories.In thesimilarity matrix the

�

-th
row containsthegrayscalevaluecorrespondingto the5 bestmatchesin thedatabasefor the

�

-th shape
asthequery.

We �nd it dif�cult to compareour techniquewith othermatchingalgorithmsasall of themassumea
surfacemeshasaninput. Onenovelty of our algorithmis thatwe do not build any extra datastructure
otherthantheDelaunaytriangulationof the input point set. Also, thereis no costlycomputationsuch
asapproximatinggeodesicdistancesasby Hilagaetal. [20]. Theshapedistributionmethodof Osadaet
al. [30] assumesaninputmesh.For comparisonswe adaptedit to point samplesasfollows. Weusethe
D2 metric,that is, we computedistancesbetweenpairsof randomlyselectedpoints.Randomselection
tookcareof thepointdensityto havea fair comparison.This techniqueis quiteeffective for mostof the
models,however sometimesit createssomeanomalies.Figure12 shows onesuchexamplefor which
ourmethodworksproperly.

6 Discussionsand conclusions

Our resultshave shown that the segmentationis quite robust againstsmall variationsin shapes.For
example,thehumanbodiesin the �rst row of thematchingtablein Figure10 aresegmentedsimilarly,
namelyinto head,torso,two handsandtwo legs.This is why they matchedagainstthequeryshapewith
higherscoresthanothershapesin thedatabase.Thetoleranceagainstshapevariationscanbeattributed
to the fact that our approachemphasizestopologymorethanlocal geometry. Topologicalfeaturesin
termsof the height function changerelatively lesswith the local changesin geometry. Thereare a
numberof openquestionsthatremainto beaddressed.

In somecasesthesegmentedfeaturesdeviatevisibly from theintuitiveones.For example,the�ngers
in the handsof Figure7 andFigure8 do not get separatedfrom the palm wherethey meet. A small
stumpremainsattachedto thepalmfor each�nger. We believe thatwe needa re�ned merging strategy
to tacklethisproblem.
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1.00 0.72 0.57 0.51 0.5

1.00 0.71 0.69 0.68 0.56

1.00 0.310.83 0.61 0.38

1.00 0.9 0.71 0.6 0.41

1.00 0.8 0.76 0.47 0.39

1.00 0.75 0.7 0.68 0.67

1.00 0.7 0.68 0.65 0.64

1.00 0.7 0.68 0.65 0.64

1.00 0.78 0.74 0.71 0.58

1.00 0.76 0.66 0.65 0.55

Figure10: Matchingresultsin two dimensions(left) andthreedimensions(right): Modelswith 5 best
scoresfor eachqueryareshown in a row.

Althoughwe mimickedthede�nition of featuresfrom thecontinuousspaceto thediscretedomain,
thereis no quantitative estimateof theapproximation.Speci�cally, canwe claim that if the sampling
densityis beyonda threshold,thenall de�ned featuresin theshapeareapproximatedwell?

Our experimentsshow that thesegmentationalgorithmis quite robustagainstreasonableamountof
noise.In presenceof noise,it becomesmoredif�cult to separatethesegmentsdecomposingtheinterior
shapefrom the segmentsdecomposingthe exterior one. Elsewhere,we showed that a robust surface
reconstructionmethod[13] thatcanhandlenoisypoint sampleis helpful in thesesituations[14]. More
thoroughinvestigationsareneededto handlenoise.

In theshapematchingalgorithmweusedthevolumesof thesegmentsastheweightof therepresenta-
tivepoints.In asense,we took thevolumeof a featureto beits signature.Are thereothermeasuresthat
capturethesignatureof a featuremoreeffectively?Currentlyweareinvestigatingall thesequestions.
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Figure11: Similarity Matrix for two dimensional(left) andthreedimensional(right) shapes.
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