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Abstract
Geometric shapes are identified with their features. For computational purposes a concrete mathemat-
ical definition of features is required. In this paper we use a topological approach, namely dynamical
systems, to define features of shapes. To exploit this definition algorithmically we assume that a point
sample of the shape boundary is given as input from which features of the shape have to be approximated.
We translate our definition of features to the discrete domain while mimicking the set-up developed for
the continuous shapes. The outcome of this approach is a clean mathematical definition of features that
are efficiently computable with combinatorial algorithms. Experimental results show that our algorithms
segment shapes in two and three dimensions into so-called features quite effectively. Further, we develop
a shape matching algorithm that takes advantage of our robust feature segmentation step. Performance
of this algorithm is exhibited with experimental results.

1. Introduction
The features of a shape are its specific identifiable subsets. Although this high level characterization of
features is assumed routinely, more concrete and mathematical definitions are required for computational
purposes. Many applications including object recognition, classification, matching, tracking need to
solve the problem of segmenting a shape into its salient features, see for example [9, 10, 20, 28, 34,
41]. Most of these applications need an appropriate definition of features that are computable. In the
computational domains, the shapes are often represented with discrete means that approximate them.
Consequently, a consistent definition of features in the discrete domain is needed to compute them
reliably.

Different geometric and topological structures such as shock graphs [35, 37], medial axes [26], Reeb
graphs [20], watersheds [29] and others [24, 27] have been proposed in the past for shape segmentation.
Two notable topological approaches related to shape features are level sets method [36] and the topolog-
ical persistence [16]. The level sets method use numerical techniques to compute features whereas we
rely more on combinatorial means. This makes computations faster and more robust against numerical
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errors. Topological persistence method works with homological algebra to compute a signature of the
shape that respects its features, but do not address the segmentation issue.

In this paper we use a topological approach, namely dynamical systems, to define features of shapes.
This approach has been studied in the context of surface reconstruction recently [15, 18]. We assume that
a point sample of the shapes is given as input from which features of the shape have to be approximated.
We translate our definition of features to this discrete domain while mimicking the set-up that we develop
in the continuous case. The outcome of this approach is a clean mathematical definition of features
that are computable with combinatorial algorithms. For shapes in the plane we compute them exactly
whereas we approximate them for shapes embedded in

���
mimicking the two dimensional algorithm.

Our experimental results show that our algorithms segment shapes in two and three dimensions into
so-called features quite effectively.

We apply our feature segmentation technique to the shape matching problem, which seeks a similarity
measure between two shapes. An usual approach in shape matching is to compute a signature of a
shape and then comparing it with the signature of the other shape. Different quantities such as curvature
distribution [3, 38], wavelet coefficients [22], Fourier descriptors [2], geometric statistics [4, 33, 39], spin
image [23] and shape distribution [25, 30] have been suggested for shape signatures; see survey articles
[1, 7, 28, 40] for more details. Another prevalent approach is to segment a shape into its salient features
and then match the shapes based on the features and their spatial relationships [5, 6, 8, 19]. These feature
based approaches depend mainly on the quality of the feature detection step. We give a shape matching
algorithm that takes the advantage of our robust feature segmentation step. Each significant feature
segment is represented with a weighted point where the weight is the volume of the segment. Then,
the shape matching problem boils down to matching two small weighted point sets instead of matching
large point sets derived from the boundary of the shapes [21]. We carry out these steps so that the entire
matching process remains invariant to rotation, translation, mirroring and scaling.

2. Flow and critical points
In this section we outline a theory of the flow induced by a shape. Later we will use this theory to
define and compute features of shapes. Here we will develop the theory in a more general setting by
considering compact hypersurfaces of the � -dimensional Euclidean space

���
, i.e., we consider compact,� ���
	�� -dimensional submanifolds of

� �
.

Shape. Let 
 be a compact
� ����	�� -manifold without boundary embedded in

���
. The closure of the

bounded component of
����� 
 is the shape interior denoted ��� � 
�� . The shape exterior denoted ��� � 
��

is the closure of the unbounded component of
����� 
 . The segmentation method partitions ��� � 
�� and��� � 
�� simultaneously. In what follows, by shape we will mean both ��� � 
�� and ��� � 
�� each of which is

bounded by 
 .

Height function. The manifold 
 can be used to define a distance function ��� � ��� �
as

� �! �#"%$'&(�*),+�-/.�01�  .32 for all
 54 �6�87

Anchor set. Associated with the distance function, we define an anchor set for each point
 94 �:�

as; �! �5"=<?>A@B$1&C� ),+,- .�01�  . 7
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Basically,
; �D � is the set of closest point(s) to

 
in 
 ; see Figure 1. Note that

; �! � can contain even
a continuum of points.

We would like to define a unit vector field EF� ��� � �6�
that assigns to every point

 G4 ���
the

direction in which the distance function increases the most. If � is smooth at
 

then E �! � coincides with
the normalized gradient H'� �D �JIK.LH'� �! ��. . In our case � is not smooth everywhere. So, we have to be
careful to define E �! � at any non-smooth point

 
. Instead of smooth and non-smooth points we will talk

about regular and critical points in the following. Critical points are either local extrema or saddle points
of the distance function. We use a generalized theory of critical points, see for example [31], to derive
the following definition.

Regular and critical point. For every point
 94 ���

let M �D � be the convex hull of
; �D � , i.e. the con-

vex hull of the points on 
 that are closest to
 

. We call
 

a critical point of � if
 N4 M �! � . Otherwise

we call
 

a regular point.

The following definition turns out to be very helpful in the subsequent discussion. It allows us to
characterize the direction of steepest ascent of the distance function � at every point

 94 ���
.

Driver. For any point
 O4 � �

let � �D � be the point in M �! � closest to
 

. Note that this point is unique
since M �D � is convex. We call � �D � the driver of

 
.

Lemma 1 For any regular point
 O4 ���

let � �D � be the driver of
 

. The steepest ascent of the distance
function � at

 
is in the direction of

 �P� �! � .
PROOF. Note that � is continuous though it is not smooth.

Our assumption that
 

is a regular point, i.e.
 RQ4 M �! � , implies that the vector

 �P� �D � is non-zero.
To prove our claim we want to show first that � is non-increasing in all directions that make an angle ofS IBT or larger with

 �U� �D � .
By definition all points in

; �! � have the same distance � from
 

and V ; �! ��VXWY	 . For any 0 4 ; �! � letZ ) be the unique closed halfspace that has
 

in its boundary and contains the ball of radius .  �P� �! ��.
centered at 0 . Obviously, the distance function � at

 
is decreasing in all directions that point into the

interior of
Z ) for all 0 4 ; �D � . Hence by the continuity of � it is non-increasing in all directions that

point into
Z ) . Let Z " [),+]\K^`_ba

Z ) 7
By construction all directions at

 
that make an angle of S IBT or larger with

 �O� �D � point into
Z

. Thus� is non-increasing in all those directions. This implies that � can only be increasing in some directionE if Edc �D �e� �! �J�gfihGj . One can decompose E as E9"kEmlon
E 2 where Epl is along
 �e� �D � and E 2 is

orthogonal to it. By our previous argument, � is non-increasing along E 2 . It follows that the increase
of � is maximized if its component along E 2 vanishes, i.e., � has its steepest ascent at

 
in the direction �P� �! � . q
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Figure 1: In this example r is a curve embedded in s�t . The sets uwv!xzy are shown with hollow circles
for four points xN{}|�~���~���~��9�Us�t . The convex hulls of uwv!xzy are light shaded. The driver of the point� is the smaller black circle. The driver of the point � is the single point in u�v��8y . The points | and �
are critical since they are contained in �Uv�|my and �Uv��by , respectively. The points � and � are regular. The
directions of steepest ascent of the distance function at � and � are indicated by arrows.

We are now going to use the direction of steepest ascent to define a flow on s�� , i.e. a dynamical
system on s � .
Induced flow. Define a vector field ���Bs ��� s � by setting

��vDxzy'{ x��U�Kv!xzy� x��U�Kv!xzy � if xU�{��zvDxzy and � otherwise.

Note, that the vector field vanishes exactly at the critical points since x��{��KvDxzy holds for all regular
points. The flow induced by the vector field � is a function �R������~3�
y�� s � � s � such that the right
derivative at every point x5�5s � satisfies the following equation:

¡C¢C£¤¦¥§¤©¨ �ªv!«3~Jxzy��P�ªv!«¦¬�~Jxzy«o�­«¦¬ {®�zv¯��vD«¦¬,~JxzyAyb°
Orbits and fixed points. Given x
�
s � and an induced flow � , the curve �K±9���²�8~3�
y � s � ~o«�³��ªv!«3~Jxzy is called the orbit of x . A point x5�5s � is called a fixed point of � if ��vD«3~Jxzy�{´x for all «�µ�� .

Basically, the orbit of a point is the curve it will follow if it were let move along the flow.

Observation 1 The fixed points of � are the critical points of the distance function ¶ .

Because of this observation we refer to a fixed point of � as a minimum, saddle or maximum if the
corresponding critical point of the distance function is a minimum, saddle or maximum, respectively.

Stable manifold. The stable manifold ·:vDxzy of a critical point x is the set of all points that flow into x ,
i.e. ·:v!xzy'{¹¸�º��9s � � ¡(¢C£¤¼»:½ ��¾?v!«Ay�{
xÀ¿X°
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The stable manifolds of all critical points partition
� �

, i.e.

� � " [
critical points x

Á �! �
if we add a critical point at infinity, and

Á �! �ÃÂ Á �!Ä ��"=Å for any two different critical points
 

and
Ä
.

3. Discretization
To deal with continuous shapes algorithmically we discretize their boundaries. Here discretization means
taking a finite point sample Æ of the shape boundary 
´Ç ��� . That is, we replace 
 by a finite subset of
 . The sample Æ induces another vector field which resembles the vector field induced by 
 providedÆ is sufficiently dense in 
 . At the moment we cannot quantify this resemblance in terms of a sampling
density, but it is quite intuitive that, for example, the prominent local maxima of both vector fields are
very similar. The vector field induced by Æ is intimately linked with the Voronoi and the Delaunay
diagram of Æ . Moreover, the stable manifolds corresponding to the flow induced by this vector field are
efficiently computable in dimensions two and three.

Let us first summarize the definitions of Voronoi and Delaunay diagrams before we show how the
concepts we introduced in the last section can be specialized to the case of finite point sets.

Voronoi diagram. Let Æ be a finite set of points in
� �

. The Voronoi cell of 0 4 Æ is given as

È )�"ÊÉ  94 � � ��ËzÌ 4 Æ � É�0*ÍXÎo.  �90o.�ÏÐ.  �ÑÌ�.L�3Í 7
The sets

È ) are convex polyhedra or empty since the set of points that have the same distance from
two points in Æ forms a hyperplane. Closed facets shared by ÒzÎ3T­ÏÓÒ
ÏÔ� , Voronoi cells are called� ����Ò'nG	�� -dimensional Voronoi facets and points shared by ��nÕ	 or more Voronoi cells are called
Voronoi vertices. The term Voronoi object denotes either a Voronoi cell, facet or vertex. The Voronoi
diagram

È�Ö
of Æ is the collection of all Voronoi objects. It defines a cell decomposition of

���
.

Delaunay diagram. The Delaunay diagram × Ö of a set of points Æ is dual to the Voronoi diagram
of Æ . The convex hull of �ØnÙ	 or more points in Æ defines a Delaunay cell if the intersection of the
corresponding Voronoi cells is not empty and there exists no superset of points in Æ with the same
property. Analogously, the convex hull of Ò#ÏF� points defines a

� Òd�
	�� -dimensional Delaunay face if
the intersection of their corresponding Voronoi cells is not empty. Every point in Æ is called a Delaunay
vertex. The term Delaunay object denotes either a Delaunay cell, face or vertex. The Delaunay diagram× Ö defines a decomposition of the convex hull of all points in Æ . This decomposition is a triangulation
if the points are in general position.

The dual Delaunay object of a given Voronoi object is the convex hull of all points in Æ whose Voronoi
cells contain the Voronoi object.

We always refer to the interior and to the boundary of Voronoi/Delaunay objects with respect to their
dimension, e.g. the interior of a Delaunay edge contains all points in this edge besides the endpoints.
The interior of a vertex and its boundary are the vertex itself. Furthermore, unless stated differently,
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Figure 2: On the left: The Voronoi diagram (dashed lines) and the Delaunay triangulation (solid lines)
of seven points in

� 2 . On the right: The critical points (maxima Ú , saddle points Û and minima Ü ) of
the distance function induced by the seven points.

we always assume general position, i.e., no three points are collinear, no four points are cocircular or
coplanar, and no five points are cospherical.

Now consider the distance function � as in the previous section but replacing 
 with its discrete
sample Æ . Note that we are using the same definition of critical points for � as we did in the continuous
case. The following lemma is known, see for example [15, 18].

Lemma 2 Let Æ be a finite set of points such that the Voronoi and their dual Delaunay objects intersect
in their interiors if they intersect at all. Then the critical points of the distance function � are the
intersection points of Voronoi objects

È
and their dual Delaunay object Ý .

This characterization of critical points can be used to assign a meaningful index to critical points,
namely, the index of a critical point is the dimension of the Delaunay object used in the above charac-
terization. Minima always have index j and maxima always have index � .

The driver of a point in
���

can now also be described in terms of Voronoi and Delaunay objects,
because the anchor hulls now are always Delaunay objects.

Observation 2 Given
 N4 ���

. Let
È

be the lowest dimensional Voronoi object in the Voronoi diagram
of Æ that contains

 
and let Ý be the dual Delaunay object of

È
. The driver of

 
is the point in Ý closest

to
 

.

We have a much more explicit characterization of the flow induced by a finite point set than in the
general case.

Observation 3 The flow Þ induced by a finite point set Æ is given as follows: For all critical points
 

of
the distance function associated with Æ we set

Þ �!ß Î  ��"  Î ß�4Pà j�Î3á
� 7
Otherwise let � �D � be the driver of

 
and â be the ray originating at

 
and shooting in the directionE �D ��" �! �R� �D �J�JI�.  �e� �D ��. . Let ã be the first point on â whose driver is different from � �! � . Note
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that such a ã need not exist in
� �

if
 

is contained in an unbounded Voronoi object. In this case let ã be
the point at infinity in the direction of â . We set

Þ �!ß Î  �ä"  n ß c�E �! ��Î ß�4åà j8Î?. ã �  .L� 7
For

ß WÐ. ã �  . the flow is given as

Þ �Dß Î  �æ" Þ �çß �è. ã �  .�nÊ. ã �  .�Î  �" Þ �çß �è. ã �  .�Î Þ � . ã �  .�Î  �J� 7
It is not completely obvious, but it can be shown that this flow is well defined. It is also easy to see

that the orbits of Þ are piecewise linear curves that are linear in Voronoi objects. See Figure 4 for some
examples of orbits.

Under some mild non-degeneracy condition the stable manifolds of the critical points have a nice
recursive structure. A stable manifold of index ÒKÎ�j�Ï´ÒéÏê�ëÎ has dimension Ò and its boundary consists
of stable manifolds of index Òw�
	 critical points.

In
� 2 the stable manifolds of index 	 critical points, i.e. saddle points, are exactly the Delaunay edges

whose circumcircle is empty. These edges also called Gabriel edges form the Gabriel graph of the point
set Æ . The Gabriel graph is efficiently computable. The recursive structure of the stable manifolds now
tells us that the stable manifolds of the maxima, i.e. index T critical points, are exactly the compact
regions of the Gabriel graph. That is, the stable manifolds of maxima (index 2 critical points) are given
as a union of Delaunay triangles.

Figure 3: On the left: The edges of the Gabriel graph of the seven points from Figure 1 are highlighted.
On the right: The stable manifolds of the maxima Ú of the flow induced by the seven points.

The stable manifolds of flows induced by finite point sets in
���

can also be computed efficiently,
see [18]. But already in

���
the stable manifolds of index 2 saddle points and maxima are not sub-

complexes of the three dimensional Delaunay triangulation. This is why we choose to bypass the exact
computations of the stable manifolds and instead approximate them with sub-complexes of the Delaunay
triangulation. The approximation is more efficient in size and computational cost than the exact one.
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4. Approximating stable manifolds
Our goal is to decompose a two or three dimensional shape into disjoint segments that respect the ‘fea-
tures’ of the shape. In our first attempt to define features we resort to stable manifolds of maxima. So,
we define a feature to be the closed stable manifold ì �! � of a maximum

 
,

ì �D �6"êí]î(ïBðJñò>Aó � Á �! �J� 7
Figure 5(a) shows the segmentation of a shape in

� 2 with this definition of features. We can translate
this definition to the discrete setting immediately as we have mimicked all concepts in the continuous
case to the discrete setting. Figure 5(b) shows this segmentation.

From a point sample Æ of a shape boundary 
 we would like to compute ì �D � for all maxima
 

.
These maxima are a subset of the Voronoi vertices in

È�Ö
. For computing the feature segmentation it is

sufficient to compute the boundary of all such ì �! � . As we observed earlier this boundary is partitioned
by the stable manifolds of critical points of lower indices. In

� 2 this means that Gabriel edges separate
the features.

We also want to separate the features in
� �

by a subset of the Delaunay triangles. That is, we want to
approximate the boundary of the stable manifolds of maxima by Delaunay triangles. These boundaries
consist of stable manifolds of critical points of index 1 and 2. The closures of the stable manifolds of
index 1 critical points are again exactly the Gabriel edges. By Lemma 2 each critical point of index
2 lies in a Delaunay triangle which we call a saddle triangle. The stable manifolds of the index 2
critical points may not be contained only in the saddle triangles. This makes computing the boundary
of the stable manifolds of maxima harder in

� �
. Although it can be computed exactly, we propose

an alternative method that approximates this boundary using only Delaunay triangles. We derive this
method by generalizing a simple algorithm that computes the closed stable manifolds for maxima in

� 2
exactly.

In
� 2 we can compute the closed stable manifold ì �! � of a maximum

 
by exploring out from the

Delaunay triangle containing
 

. To explain the algorithm we define a flow relation among Delaunay
triangles which was proposed by Edelsbrunner et al. [17] for computing pockets in molecules.

Flow relation in
� 2 . Let Ý l , Ý 2 be two triangles that share an edge ô . We say Ý lwõ Ý 2 if Ý l and its

dual Voronoi vertex lie on the opposite sides of the supporting line of ô .
Observation 4 Let Ý l and Ý 2 be two triangles sharing an edge ô where Ý l�õ Ý 2 . Then the flow on the
dual Voronoi edge EmlöE 2 of ô is directed from Eml to E 2 where E�÷ is the dual Voronoi vertex of Ý ÷ .

It is obvious from the definition that the transitive closure õ�ø of õ is acyclic [17]. If Ý lØõ Ý 2 , then
the radius of the circumcircle of Ý 2 is larger than the radius of the circumcircle of Ý l . So, in a chain of
triangles related by õ , the circumradii of the triangles can never decrease, thus making it impossible forõ�ø to be cyclic. This means that, for each triangle ÝÀù , there is a triangle Ý containing a maximum

 
such

that Ý ù õ ø�Ý . We will say that Ý ù flows into Ý .
The following lemma holds in

� 2 .
Lemma 3 Let Ý be a triangle containing a maximum

 
. We have ì �D �6"Êú1û3ü(ý�þgû Ý�ù .
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The algorithm, originally proposed by Edelsbrunner et al. [17], for computing the closed stable mani-
fold ì �! � follows immediately from the above lemma. Initially ì �! � is set to the triangle Ý that contains 

. At any generic step of this exploration, let ô be a Delaunay edge that lies on the boundary of ì �D �
computed so far. Let Ý l and Ý 2 be two triangles that share ô where Ý l is outside ì �! � . If Ý lÿõ Ý 2 we
update ì �! � as ì �! ��� "´ì �D � � Ý l . This process continues till we cannot include any more triangle intoì �! � .

Figure 4: On the left: Some orbits of the flow induced by the points from Figure 2. Note that these orbits
are piecewise linear curves. On the right: Triangles containing a maximum are highlighted. An arrow
pointing from a triangle ��� to a triangle � indicates that ������� , i.e. ��� flows into � .

(a) (b)

Figure 5: The closed stable manifolds of the maxima decompose the interior shape bounded by the
curve into four segments, the middle two segments are mergeable (a). The discretized version has six
segments. The Gabriel edges (solid) among the Delaunay edges (dashed) form the boundaries of these
segments. All four middle segments can be merged into a single segment.

Now we turn our attention to 	�
 . In our attempt to compute ��
���� for a maximum � in 	�
 , we mimic
the setup that we use in 	�� .
Flow relation in 	 
 . Let ��� , � � be two tetrahedra sharing a triangle � . We say ������� � if ��� and its
dual Voronoi vertex lie on the opposite sides of the plane of � .
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It follows from the definition of õ that if Ý l�õ Ý 2 , then the radius of the circumsphere of Ý l is smaller
than the radius of the circumsphere of Ý 2 . Thus, as in

� 2 , the transitive closure õ�ø is acyclic. For a
maximum

 
let

�ì �D ��" [û3ü(ý�þgû Ý ù where
 54 Ý 7

So far everything seems analogous to the two dimensional case, but here we face two difficulties. First,
Lemma 3 is no longer valid, i.e. it may be that ì �! � Q" �ì �D � for a maximum

 
. This is mainly because

the stable manifolds of index 2 critical points may not be composed of Delaunay triangles. However,
we could use

�ì �! � as an approximation to ì �! � . But, we face another difficulty. It might be that
�ì �! �

and
�ì �! ù � are not disjoint for two maxima

 
and

 ù . The reason is that, for a tetrahedron Ý , there may
exist more than one tetrahedron ÝÀù so that Ý õ Ý�ù . This may lead Ý to flow into two or more different
maxima. However, it is interesting to notice the following.

Observation 5 There exist no three tetrahedra Ý lbÎ Ý 2 Î Ý � so that a tetrahedron Ý satisfies Ý õ Ý ÷ for� "Ù	BÎ3T8Î�� .
In order to get pairwise disjoint sets

�ì �D � we change the relation õ to a new relation
�õ so that for a

tetrahedron Ý there are no two tetrahedra Ý l , Ý 2 with Ý �õ Ý l and Ý �õ Ý 2 . Note that the height of a maximum 
is its squared distance to the closest sample point in Æ . It is equal to the squared circumradius of the

tetrahedron containing
 

. Define the strength of a tetrahedron Ý as the largest of the heights of all
maxima that it flows into.

Strengthened flow relation. We say Ý l �õ Ý 2 if

(1) Ý l�õ Ý 2 and

(2) there is no other tetrahedron Ý � with Ý l õ Ý � and the strength of Ý � is larger than Ý 2 . In case the
strengths of Ý � and Ý 2 are same, we choose Ý 2 arbitrarily from Ý � and Ý 2 for the relation.

The transitive closure
�õ ø is acyclic since õ�ø is. Now for a maximum

 
we redefine

�ì �! � as
�ì �D ��" [û3ü��ý þ û Ý ù where

 54 Ý 7

The sets
�ì �D � are pairwise disjoint since no tetrahedron can flow into more than one maximum. We

compute these sets as an initial segmentation of the shape represented by the finite sample Æ . One can
separate the segments for interior and exterior shapes by reconstructing the boundary of the shape from
its sample using any of the known surface reconstruction algorithms.

We sort the maxima in decreasing order of their strengths and process them in this order. So, when
we process a maximum

 
, all tetrahedra flowing into

 
and having a strength larger than that containing 

have been claimed by some other maxima processed earlier. This is what is required by the definition
of
�ì �! � .
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STABLEMANIFOLD( Æ )
1 compute

È�Ö
and × Ö ;

2 determine the maxima among the Voronoi vertices;
3 sort the maxima in decreasing order of their heights;
4 for each maximum

 
in this order

5
�ì �D ��� " Ý where

 54 Ý ;
6 mark Ý and all its triangles;
7 while � a marked triangle

ß
in boundary

�ì �! �
8 let Ý l and Ý 2 be such that

ß " Ý lÃÂ Ý 2 and Ý 2 4
�ì �D � ;

9 if Ý l is unmarked and Ý l�õ Ý 2
10

�ì �! ��� " �ì �D � � Ý l ;
11 mark Ý l and all its triangles;
12 else unmark the triangles of Ý 2
13 endif
14 endwhile
15 endfor

Sometimes closed stable manifolds segment a shape unnecessarily into small features. For example,
small perturbations in a shape can cause insignificant segmentation, see for example Figure 5(a). Also, at
the discrete level, sampling artifacts may introduce even smaller segments, see Figure 5(b). We propose
merging such small segments till two adjacent segments differ significantly.

For a shape let
Á �! � be a stable manifold of an index � �Ù	 critical point

 
which belongs to the

boundary of a closed stable manifold ì ��Ä � for a maximum
Ä
. We say ì ��Ä � is � -shallow with respect

to
Á �! � if as � �!Ä �éÏ �m� �! � , i.e., the distances � �D � and � �!Ä � are close to each other measured by a

threshold ��hF	 .
� -Mergeable stable manifolds. Two closed stable manifolds ì �D lJ� and ì �! 2 � for two maxima

 l and 2 are � -mergeable if they are � -shallow with respect to a shared stable manifold on their boundaries. In���
, this means that two stable manifolds of two maxima are � -mergeable if they are both � -shallow with

respect to a stable manifold of index T shared by their boundaries.

Merging all mergeable closed stable manifolds we obtain the feature segmentation of 
 . For example,
the middle two segments for the curve in Figure 5(a) are mergeable. We can translate the definitions and
hence the merging algorithm to the discrete setting easily. The distance of a critical point

 
is measured

with the squared circumradius of the lowest dimensional Delaunay simplex that contains
 

. This means,
in
� 2 , we merge two closed stable manifolds ì �! lA� and ì �D 2 � if both the triangles containing

 l and
 2

have circumradii less than � times the circumradius of the saddle edge shared by ì �! lJ� and ì �D 2 � .
In
� �

, we compute approximations
�ì �D � to a closed stable manifold ì �! � for a maximum

 
. Mimick-

ing the definition and the algorithm in
� 2 we define mergability of two approximated stable manifolds

as follows.

� -mergeable approximate stable manifolds. Let
�ì �! lJ� and

�ì �! 2 � be two approximated stable man-
ifolds that share a triangle

ß
. We say

�ì �! lJ� , �ì �! 2 � are � -mergeable if both the tetrahedra containing
 l
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and
 2 have circumradii less than � times the circumradius of

ß
.

The final algorithm to compute a feature segmentation of a shape bounded by 
"! � � from a sampleÆ is described below.

SEGMENT( Æ�Î#� )
1 STABLEMANIFOLD( Æ );
2 Merge all � -mergeable segments;
3 Output the resulting decomposition;

4.1 Segmentation experiments
We implemented SEGMENT in C++ using the Delaunay triangulation code of CGAL [43]. SEGMENT

produces the decomposition of the interior as well as exterior shape. In order to separate the components
of the interior shape ��� � 
�� from those of the exterior shape ��� � 
�� , we used a surface reconstruction
program called TIGHT COCONE designed by Dey and Goswami [12]. This program designates the De-
launay tetrahedra that approximate ��� � 
�� . The segmentation imposed by SEGMENT on these tetrahedra
are shown as output.

Figure 6 shows the dependency of the segmentation on the parameter � . The leftmost picture shows
the segmentation of CACTUS dataset without merging ( �9õÐ	 ) and the three pictures on the right show
the results for ��"Õ	 7 	BÎ,	 7%$ Î�T 7 j respectively.

ρ < 1 ρ = 1.1 ρ = 1.8 ρ = 2.0

Figure 6: Effect of the merging threshold � on segmentation

Figure 7 shows some example segmentations in
� 2 and

� �
respectively. The point samples for the

two dimensional models are extracted from the boundary of two dimensional images. As a result they
are quite noisy. Nevertheless, the models are segmented nicely. Similarly, we show the segmentation of
some three dimensional models some of which are extracted from noisy point samples. For example,
the TRICERATOPS and the BULL are segmented nicely even if the corresponding input sample is noisy.

Figure 8 demonstrates the robustness of our method under different samplings of the same surface.
The left figure shows the segmentation of the HAND dataset (25626 points) and the right figure shows
the segmentation of the decimated version of the same dataset (2301 points).

Figure 9 shows the time taken by the SEGMENT routine together with the interior/exterior separation
when run on an 2.8 GHz Pentium IV machine with 1.2GB RAM.
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Figure 7: Segmentation of two dimensional and three dimensional models

5. Matching
For shape matching we take advantage of our segmentation scheme by matching two shapes with respect
to their features. Given a point sample Æ of a shape boundary 
 , we identify a small set of significant
features from our feature segmentation. These features are then mapped to a set of weighted points
called the signature of 
 . In order to measure the similarity of two shapes, we compare their signatures
which boils down to matching two sets of a small number of weighted points.

Signature. Let â Ö'& - denote the set of features for ��� � 
�� that the function SEGMENT computes together
with TIGHT COCONE from a point sample Æ of 
 . To simplify notations we use â - for â Ö'& - . By
definition a feature ( 4 â - is a collection of Delaunay triangles if 
 is a curve in two dimensions and it
is a collection of Delaunay tetrahedra if 
 is a surface in three dimensions. For a Delaunay simplex Ý let) û and E û denote the centroid and volume of Ý , respectively. The representative point ( ø and its weight*( for a feature ( are defined as

*( " 
 û +,+zE û
( ø " 
 û +,+ � ) û c�E û �*(

7
That is, the weight of ( is its volume and its representative point is the weighted average of the centroids
of all Ý 4 ( , weight being the volume of each simplex. We call a feature ( significant if its volume is
more than a certain fraction of the total volume of the shape. Given a segmentation â - of the interior
shape ��� � 
�� , the signature ðJ&(@ � 
�� is defined as the set of weighted representative points, i.e.,

ðJ&(@ � 
��#" É � ( ø Î *(§� V-( 4 â - is significant Í 7
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Figure 8: Robustness of the algorithm against varying sampling density

MODEL Num. of Del. Seg. In/Ex Sep.
points (sec.) (sec.) (sec.)

PIG 37K 15.68 19.13 14.84
HORSE 48K 17.89 26.79 25.14

BOY 95K 52.71 46.3 46.02
ALIEN 120K 70.49 56.09 54.19

Figure 9: Time for different stages of SEGMENT together with the interior/exterior separation

The amount of similarity between two shapes is measured by first scaling them with bounding boxes
and then scoring the similarity between their signatures. In order to score the similarity between two
signatures ðA&C@ � 
�lJ� and ðJ&(@ � 
 2 � , we need to align them first.

Let (§ø]Î/.�ø be the representative points with maximum weights among all representative points inðA&C@ � 
�lJ� and ðJ&C@ � 
 2 � , respectively. We first translate ðJ&(@ � 
 2 � so that ( ø Î/. ø coincide. Then an alignment is
obtained by rotating ðA&C@ � 
 2 � so that a line segment between . ø and another point of ðA&C@ � 
 2 � aligns with
a line segment between ( ø and another point in ðJ&C@ � 
�lA� . Certainly, there are 0 �2143 � alignments possible
where V ðJ&(@ � 
�lJ��VÃ" 1 and V ðJ&C@ � 
 2 ��Vª" 3 . Since

1 Î 3 are typically small (less than ten), checking all
alignments is not prohibitive.

For each alignment we compute a score based on the matching of weighted points. Both a similar-
ity measure (positive) and a dissimilarity measure (negative) are taken into account while computing
the score. The maximum of all the scores is taken to be the amount of similarity and corresponding
transformations give the best alignment.

Before we compute the score, the weights of the segments are normalized so that each weight is
between 0 and 1. Next, for each point Ì ø 4 ðA&C@ � 
 2 � , we determine the Euclidean nearest neighbor, say0ëø , in ðJ&C@ � 
�lJ� . If .�0�øä�UÌ?ø§. is less than a “threshold”, we compute a similarity score as

14



	:�èV *0'� *Ì*0ÿn *Ì V
where the “threshold” is a parameter that tells how much tolerance we can have for the proximity of two
features. The points in ðA&C@ � 
�lJ� and ðJ&C@ � 
 2 � that do not have nearest neighbors in the other set within
“threshold” distance contribute to a dissimilarity score which is equal to the negative of their weights.
Finally, we add both similarity and dissimilarity scores to obtain the score of matching between the two
shapes bounded by 
�l and 
 2 .
5.1 Matching experiments
We performed the matching experiments both in two and three dimensions. In two dimensions, we
created a database of around 350 shapes and in three dimensions the database consisted of signatures of
more than 300 point cloud data collected from different web-sites. Some example matching results both
in two and three dimensions are shown in Fig 10. Matching of a query shape over the entire database
took less than a second. Fig 11(a) shows the similarity matrix of our method on approximately 250
two dimensional shapes divided into 16 categories. Fig 11(b) shows the performance of this method on
approximately 200 three dimensional shapes divided into 17 categories. In the similarity matrix the

�
-th

row contains the gray scale value corresponding to the 5 best matches in the database for the
�
-th shape

as the query.
We find it difficult to compare our technique with other matching algorithms as all of them assume a

surface mesh as an input. One novelty of our algorithm is that we do not build any extra data structure
other than the Delaunay triangulation of the input point set. Also, there is no costly computation such
as approximating geodesic distances as by Hilaga et al. [20]. The shape distribution method of Osada et
al. [30] assumes an input mesh. For comparisons we adapted it to point samples as follows. We use the
D2 metric, that is, we compute distances between pairs of randomly selected points. Random selection
took care of the point density to have a fair comparison. This technique is quite effective for most of the
models, however sometimes it creates some anomalies. Figure 12 shows one such example for which
our method works properly.

6 Discussions and conclusions
Our results have shown that the segmentation is quite robust against small variations in shapes. For
example, the human bodies in the first row of the matching table in Figure 10 are segmented similarly,
namely into head, torso, two hands and two legs. This is why they matched against the query shape with
higher scores than other shapes in the database. The tolerance against shape variations can be attributed
to the fact that our approach emphasizes topology more than local geometry. Topological features in
terms of the height function change relatively less with the local changes in geometry. There are a
number of open questions that remain to be addressed.

In some cases the segmented features deviate visibly from the intuitive ones. For example, the fingers
in the hands of Figure 7 and Figure 8 do not get separated from the palm where they meet. A small
stump remains attached to the palm for each finger. We believe that we need a refined merging strategy
to tackle this problem.
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1.00 0.72 0.57 0.51 0.5

1.00 0.71 0.69 0.68 0.56

1.00 0.310.83 0.61 0.38

1.00 0.9 0.71 0.6 0.41

1.00 0.8 0.76 0.47 0.39

1.00 0.75 0.7 0.68 0.67

1.00 0.7 0.68 0.65 0.64

1.00 0.7 0.68 0.65 0.64

1.00 0.78 0.74 0.71 0.58

1.00 0.76 0.66 0.65 0.55

Figure 10: Matching results in two dimensions (left) and three dimensions (right): Models with 5 best
scores for each query are shown in a row.

Although we mimicked the definition of features from the continuous space to the discrete domain,
there is no quantitative estimate of the approximation. Specifically, can we claim that if the sampling
density is beyond a threshold, then all defined features in the shape are approximated well?

Our experiments show that the segmentation algorithm is quite robust against reasonable amount of
noise. In presence of noise, it becomes more difficult to separate the segments decomposing the interior
shape from the segments decomposing the exterior one. Elsewhere, we showed that a robust surface
reconstruction method [13] that can handle noisy point sample is helpful in these situations [14]. More
thorough investigations are needed to handle noise.

In the shape matching algorithm we used the volumes of the segments as the weight of the representa-
tive points. In a sense, we took the volume of a feature to be its signature. Are there other measures that
capture the signature of a feature more effectively? Currently we are investigating all these questions.
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Figure 11: Similarity Matrix for two dimensional (left) and three dimensional (right) shapes.
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