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Abstract

Geometricshapesareidenti ed with their features.For computationapurposes concretemathemat-
ical de nition of featuresds required. In this paperwe usea topologicalapproachnamelydynamical
systemsto de ne featuresof shapes.To exploit this de nition algorithmicallywe assumehata point
sampleof theshapéoundaryis givenasinputfrom whichfeatureof theshapéhave to beapproximated.
We translateour de nition of featurego the discretedomainwhile mimicking the set-updevelopedfor
the continuousshapesThe outcomeof this approachs a cleanmathematicatle nition of featureghat
areef ciently computablevith combinatoriablgorithms.Experimentatesultsshav thatouralgorithms
seggmentshapen two andthreedimensionsnto so-calledeaturesyuiteeffectively. Furtherwe develop
a shapematchingalgorithmthattakesadvantageof our robustfeaturesegmentatiorstep. Performance
of this algorithmis exhibitedwith experimentakesults.

1. Intr oduction

Thefeaturesof a shapeareits speci ¢ identi able subsetsAlthoughthis high level characterizatiomf
featuress assumedoutinely, moreconcreteandmathematicatle nitions arerequiredfor computational
purposes.Many applicationsincluding object recognition,classi cation, matching,tracking needto
solve the problemof segmentinga shapeinto its salientfeatures seefor example[9, 10, 20, 28, 34,
41]. Most of theseapplicationsneedan appropriatede nition of featuresthat arecomputable.In the
computationadomains,the shapesare often representedvith discretemeansthat approximatethem.
Consequentlya consistentde nition of featuresin the discretedomainis neededto computethem
reliably.

Differentgeometricandtopologicalstructuresuchasshockgraphg35, 37], medialaxes[26], Reeb
graphg20], watershed§f29] andothers[24, 27] have beenproposedn the pastfor shapesegmentation.
Two notabletopologicalapproacheselatedto shapdeaturesarelevel setsmethod36] andthetopolog-
ical persistenc¢l6]. Thelevel setsmethodusenumericaltechniquegso computefeaturesvhereasve
rely moreon combinatoriaimeans.This makescomputationgasterandmorerobustagainstnumerical



errors. Topologicalpersistencenethodworks with homologicalalgebrato computea signatureof the
shapehatrespectsts featuresput do notaddresshe segmentatiornissue.

In this paperwe useatopologicalapproachnamelydynamicalsystemsto de ne featuresof shapes.
Thisapproachhasbeenstudiedn thecontext of surfacereconstructiomecently[15, 18]. Weassumehat
apointsampleof theshapess givenasinputfrom which featuresof the shapehave to beapproximated.
Wetranslateourde nition of featurego thisdiscretedomainwhile mimickingtheset-upthatwe develop
in the continuouscase. The outcomeof this approachs a cleanmathematicalle nition of features
thatare computablewith combinatorialalgorithms. For shapesn the planewe computethemexactly
whereaswve approximatehemfor shapesembeddedn mimicking the two dimensionaklgorithm.
Our experimentalresultsshawv that our algorithmssegmentshapesn two and threedimensionsnto
so-calledfeatureqquite effectively.

We applyourfeaturesegmentatiortechniqueo theshapematchingproblem which seeksa similarity
measurebetweentwo shapes. An usualapproachin shapematchingis to computea signatureof a
shapeandthencomparingt with the signatureof the othershape Differentquantitiessuchascunature
distribution[3, 38], waveletcoefcients [22], Fourierdescriptorg2], geometricstatisticd4, 33, 39], spin
image[23] andshapedistribution [25, 30] have beensuggestedor shapesignaturesseesurwey articles
[1, 7, 28, 40] for moredetails.Anotherprevalentapproachs to sggmenta shapeanto its salientfeatures
andthenmatchtheshapedasednthefeaturesaandtheir spatialrelationshipg5, 6, 8, 19]. Thesefeature
basedapproachedependmainly onthe quality of the featuredetectionstep.We give a shapematching
algorithmthat takes the advantageof our robust featuresegmentationstep. Eachsigni cant feature
segmentis representedvith a weightedpoint wherethe weightis the volume of the segment. Then,
the shapematchingproblemboils down to matchingtwo smallweightedpoint setsinsteadof matching
large point setsderivedfrom the boundaryof theshapeg$21]. We carryoutthesestepssothatthe entire
matchingprocesgemainsnvariantto rotation,translationmirroring andscaling.

2. Flow and critical points

In this sectionwe outline a theory of the o w inducedby a shape. Later we will usethis theoryto

de ne and computefeaturesof shapes.Herewe will developthe theoryin a more generalsettingby

consideringcompachypersuracesof the -dimensionaEuclideanspace |, i.e.,we considercompact,
-dimensionakubmanifoldof

Shape. Let beacompact -manifold without boundaryembeddedn . Theclosureof the
boundedcomponenbf is the shapeinterior denoted . The shapeexterior denoted
is the closureof the unboundedccomponenbf . The sgmentatiormethodpartitions and

simultaneouslyln whatfollows, by shapewe will meanboth and eachof whichis
boundedoy
Height function. Themanifold canbeusedto de ne adistancgunction as

for all

Anchor set. Associatedvith thedistancgunction,we de ne anandor setfor eachpoint as



Basically is the setof closestpoint(s)to in ; seeFigurel. Notethat cancontaineven
a continuumof points.

We would like to de ne a unit vector eld that assigngto every point the
directionin which thedistancefunctionincreaseshemost.If is smoothat then coincideswith
the normalizedgradient . In our case is not smootheverywhere.So,we have to be
carefulto de ne atarny non-smoottpoint . Insteadof smoothandnon-smoottpointswe will talk
aboutregularandcritical pointsin thefollowing. Critical pointsareeitherlocal extremaor saddlepoints
of the distancefunction. We usea generalizedheoryof critical points,seefor example[31], to derive
thefollowing de nition.

Regular and critical point. For every point let bethe corvex hull of , i.e.thecon-
vex hull of thepointson thatareclosesto . Wecall acritical pointof if . Otherwise
wecall aregularpoint.

The following de nition turnsout to be very helpful in the subsequentliscussion.It allows usto
characterizehedirectionof steepesascenbdf thedistancgunction atevery point

Driver. Forary point let bethe pointin closesto . Notethatthis pointis unique
since is corvex. We call thedriver of
Lemmal For anyregular point let bethedriver of . Thesteepesascentofthedistance

function at isin thedirectionof

PrROOF. Notethat is continuoughoughit is notsmooth.
Ourassumptiorthat is aregularpoint,i.e. , impliesthatthe vector is non-zero.
To prove our claimwe wantto shav rst that is non-increasingn all directionsthatmake anangleof
or largerwith
By de nition all pointsin havethesamedistance from and . Forary let
bethe uniqueclosedhalfspacehathas in its boundaryandcontainsthe ball of radius
centerecht . Obviously, thedistancefunction at is decreasingn all directionsthat pointinto the
interior of for all . Henceby the continuity of it is non-increasingn all directionsthat
pointinto . Let

By constructiorall directionsat thatmake anangleof or largerwith pointinto . Thus
is non-increasingn all thosedirections.Thisimpliesthat canonly beincreasingn somedirection
if . Onecandecompose as where s along and is

orthogonalto it. By our previousargument, is non-increasinglong . It follows thatthe increase
of is maximizedif its componentlong vanishesij.e., hasits steepesascentat in thedirection



Figurel: In thisexample isacurveembeddedn . Thesets areshavn with hollow circles
for four points . The corvex hulls of arelight shaded.The driver of the point
is the smallerblack circle. The driver of the point is the singlepointin . Thepoints and
arecritical sincethey arecontainedn and , respectrely. Thepoints and areregular The

directionsof steepesascenpf thedistancgunctionat and areindicatedby arraws.

We are now going to usethe direction of steepesascentto dene a ow on , i.e. a dynamical
systemon
Induced ow. De ne avector eld by setting

if and otherwise.
Note, that the vector eld vanishesexactly at the critical pointssince holdsfor all regular
points. The o w inducedby thevector eld is afunction suchthatthe right
derivative atevery point satis esthefollowing equation:
Orbits and xed points. Given andaninducedow , thecurwe
is calledtheorbit of . A point is calleda xed pointof if for all

Basically the orbit of a pointis thecurveit will follow if it werelet move alongthe o w.
Observation 1 The xed pointsof arethecritical pointsof thedistancefunction .

Becauseof this obserationwe referto a x edpointof asaminimum, saddleor maximumif the
correspondingritical point of thedistancgunctionis a minimum,saddleor maximum,respectrely.

Stablemanifold. Thestablemanifold of acritical point is thesetof all pointsthat o w into ,
ie.



Thestablemanifoldsof all critical pointspartition , i.e.

critical pointsx

if we addacritical pointatin nity , and for any two differentcritical points and .

3. Discretization

To dealwith continuoushapesilgorithmicallywediscretizeheirboundariesHerediscretizatiormeans
takinga nite pointsample of theshapeboundary . Thatis, wereplace by a nite subsebf

. Thesample inducesanothervector eld whichresembleshevector eld inducedby provided

is sufciently densan . At themomentwe cannotquantifythisresemblancen termsof asampling
density but it is quite intuitive that, for example,the prominentlocal maximaof bothvector elds are
very similar. The vector eld inducedby s intimately linked with the Voronoi andthe Delaunay
diagramof . Moreover, the stablemanifoldscorrespondingo the o w inducedby this vector eld are
efciently computablen dimensiongwo andthree.

Let us rst summarizethe de nitions of Voronoi and Delaunaydiagramsbeforewe shav how the
conceptave introducedn thelastsectioncanbe specializedo thecaseof nite pointsets.

Voronoidiagram. Let bea nite setof pointsin . TheVoronoicell of is givenas

The sets arecornvex polyhedraor empty sincethe setof pointsthat have the samedistancefrom
two pointsin  forms a hyperplane.Closedfacetssharedby , Voronoi cells are called

-dimensionaMoronoi facetsand points sharedby or more Voronoi cells are called
\Voronoi vertices The term Voronoi objectdenoteseithera Voronoi cell, facetor vertex. The Voronoi
diagram of isthecollectionof all Voronoiobjects.It de nesa cell decompositiorof

Delaunaydiagram. The Delaunaydiagram of asetof points is dualto the Voronoidiagram
of . Thecorvex hull of or morepointsin  de nes a Delaunaycell if the intersectionof the
correspondingv/oronoi cells is not empty and there exists no supersebf pointsin  with the same
property Analogouslythe corvex hull of pointsde nesa -dimensionaDelaunayfaceif
theintersectiorof their correspondind/oronoicellsis notempty Everypointin is calledaDelaunay
vertex. ThetermDelaunayobjectdenotesithera Delaunaycell, faceor vertex. The Delaunaydiagram
de nesadecompositiorof the corvex hull of all pointsin . This decompositions a triangulation

if the pointsarein generalposition.

ThedualDelaunayobjectof agivenVoronoiobjectis thecorvex hull of all pointsin ~ whoseVoronoi
cellscontainthe VVoronoiobject.

We alwaysreferto theinterior andto the boundaryof Voronoi/Delaunaybjectswith respecto their
dimension,e.g.theinterior of a Delaunayedgecontainsall pointsin this edgebesideghe endpoints.
The interior of a vertex andits boundaryare the vertex itself. Furthermore unlessstateddifferently,



Figure2: Ontheleft: The Voronoidiagram(dashedines)andthe Delaunaytriangulation(solid lines)
of sevenpointsin . Ontheright: Thecritical points(maxima , saddlepoints andminima ) of
thedistanceunctioninducedby the sevenpoints.

we alwaysassumegeneralposition,i.e., no threepointsare collinear no four pointsare cocircularor
coplanarandno ve pointsarecospherical.

Now considerthe distancefunction asin the previous sectionbut replacing with its discrete
sample . Notethatwe areusingthe samede nition of critical pointsfor aswe did in thecontinuous
case.Thefollowing lemmais known, seefor example[15, 18].

Lemma2 Let bea nite setof pointssud thattheVoronoiandtheir dual Delaunayobjectsintersect
in their interiors if they intersectat all. Thenthe critical points of the distancefunction are the
intersectionpointsof Voronoiobjects andtheir dual Delaunayobject .

This characterizatiorof critical points canbe usedto assigna meaningfulindex to critical points,
namely theindex of a critical pointis the dimensionof the Delaunayobjectusedin the above charac-
terization.Minima alwayshaveindex andmaximaalwayshave index

The driver of a pointin cannow also be describedn termsof Voronoi and Delaunayobijects,
because¢heanchorhulls now arealwaysDelaunayobjects.

Observation 2 Given . Let DbethelowestdimensionaMoronoiobjectin the Voronoi diagram
of thatcontains andlet bethedual Delaunayobjectof . Thedriverof isthepointin closest
to

We have a muchmoreexplicit characterizatiorof the o w inducedby a nite point setthanin the
generakase.

Observation 3 The ow inducedbya nite pointset is givenasfollows: For all critical points of
thedistancefunctionassociatedvith  weset

Otherwiselet bethedriver of and betheray originatingat andshootingin the direction
. Let bethe r stpointon whosedriver is differentfrom . Note
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thatsudha neednotexistin  if iscontainedn anunbounded/ronoiobject.In thiscaselet be
thepointatin nity in thedirectionof . Weset

For the ow is givenas

It is not completelyobvious, but it canbe shavn thatthis o w is well de ned. It is alsoeasyto see
thattheorbitsof arepiecaviselinearcurvesthatarelinearin Voronoiobjects.SeeFigure4 for some
examplesof orbits.

Undersomemild non-dgjenerag conditionthe stablemanifoldsof the critical points have a nice
recursve structure A stablemanifoldof index hasdimension andits boundaryconsists
of stablemanifoldsof index critical points.

In  thestablemanifoldsof index critical points,i.e. saddlepoints,areexactly the Delaunayedges
whosecircumcircleis empty TheseedgesalsocalledGabrieledgedorm the Gabrielgraphof the point
set . TheGabrielgraphis ef ciently computableTherecursve structureof the stablemanifoldsnow
tells us that the stablemanifoldsof the maxima,i.e. index critical points, are exactly the compact
regionsof the Gabrielgraph.Thatis, the stablemanifoldsof maxima(index 2 critical points)aregiven
asaunionof Delaunaytriangles.

Figure3: Ontheleft: The edgef the Gabrielgraphof the sevenpointsfrom Figurel arehighlighted.
Ontheright: The stablemanifoldsof themaxima of the o w inducedby the sevenpoints.

The stablemanifoldsof o ws inducedby nite point setsin canalso be computedef ciently,
see[18]. But alreadyin the stablemanifoldsof index 2 saddlepoints and maximaare not sub-
compleesof thethreedimensionaDelaunaytriangulation.This is why we chooseto bypasghe exact
computation®f thestablemanifoldsandinsteadapproximatehemwith sub-complgesof theDelaunay
triangulation.Theapproximationis moreef cient in sizeandcomputationatostthanthe exactone.



4. Approximating stable manifolds

Our goalis to decomposea two or threedimensionakhapéanto disjoint ssgmentsthatrespecthe “fea-
tures' of the shape.In our rst attemptto de ne featureswe resortto stablemanifoldsof maxima. So,
we de ne afeatureto bethe closedstablemanifold of amaximum

Figure5(a) shavs the sggmentationof a shapein  with this de nition of features.We cantranslate
this de nition to the discretesettingimmediatelyaswe have mimicked all conceptsn the continuous
caseto thediscretesetting.Figure5(b) shavs this sggmentation.

From a point sample of a shapeboundary we would like to compute for all maxima .
Thesemaximaarea subsef the Voronoiverticesin . For computingthe featuresegmentationit is
sufcient to computethe boundaryof all such . As we obsenedearlierthis boundaryis partitioned

by the stablemanifoldsof critical pointsof lowerindices.In  thismeanghatGabrieledgesseparate
thefeatures.

We alsowantto separatéhefeaturesn by asubsebf the Delaunaytriangles.Thatis, we wantto
approximatehe boundaryof the stablemanifoldsof maximaby Delaunaytriangles.Theseboundaries
consistof stablemanifoldsof critical pointsof index 1 and2. The closuresof the stablemanifoldsof
index 1 critical pointsare againexactly the Gabrieledges. By Lemma2 eachcritical point of index
2 lies in a Delaunaytriangle which we call a saddletriangle. The stablemanifoldsof the index 2
critical pointsmay not be containedonly in the saddletriangles. This makescomputingthe boundary
of the stablemanifoldsof maximaharderin . Althoughit canbe computedexactly, we propose
an alternatve methodthat approximateshis boundaryusingonly Delaunaytriangles. We derive this
methodby generalizinga simplealgorithmthatcomputeghe closedstablemanifoldsfor maximain
exactly.

In  we cancomputethe closedstablemanifold of amaximum by exploring out from the
Delaunaytriangle containing . To explain the algorithmwe de ne a o w relationamongDelaunay
triangleswhich wasproposedy Edelsbrunneetal. [17] for computingpocketsin molecules.

Flow relationin . Let , betwo trianglesthatshareanedge . We say if  andits
dualVoronoivertex lie onthe oppositesidesof the supportingine of .

Obsewation4 Let and betwotrianglessharinganedge whee . Thenthe ow onthe
dual Voronoiedge of isdirectedfrom to where isthedualVoronoivertex of

It is obviousfrom the de nition thatthe transitve closure  of is agyclic [17]. If , then
theradiusof the circumcircleof s largerthantheradiusof the circumcircleof . So,in achainof
trianglesrelatedby , thecircumradiiof thetrianglescannever decreasehusmakingit impossiblefor

to becyclic. Thismeanghat,for eachtriangle , thereis atriangle containingamaximum such
that . Wewill saythat o wsinto

Thefollowing lemmaholdsin

Lemma3 Let beatriangle containinga maximum . \\e have



Thealgorithm,originally proposedy Edelsbrunneetal. [17], for computingthe closedstablemani-

fold followsimmediatelyfrom theabovelemma.lnitially is setto thetriangle thatcontains
. At ary genericstepof this exploration,let bea Delaunayedgethatlies on the boundaryof
computedsofar. Let and betwo trianglesthatshare where is outside f we
update as . This procesgontinuedill we cannotincludeary moretriangleinto
e ! o
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Figure4: Ontheleft: Someorbitsof the o w inducedby thepointsfrom Figure2. Notethattheseorbits
arepiecavise linear curves. On theright: Trianglescontaininga maximumarehighlighted. An arrow
pointingfrom atriangle toatriangle indicatesthat ,i.e. owsinto

(@) (b)

Figure5: The closedstablemanifoldsof the maximadecomposehe interior shapeboundedby the

curve into four segments the middle two segmentsare meigeable(a). The discretizedversionhassix

seggments.The Gabrieledgegsolid) amongthe Delaunayedgegdashedform the boundarief these
segments All four middle sggmentscanbe meigedinto a singlesegment.

Now we turnour attentionto . In our attemptto compute foramaximum in , wemimic
thesetupthatwe usein

Flow relationin . Let , betwo tetrahedrasharingatriangle . We say if andits
dualVoronoivertex lie onthe oppositesidesof the planeof .



It followsfromthede nition of thatif , thentheradiusof thecircumspheref issmaller
thantheradiusof the circumspheref . Thus,asin , thetransitve closure is agyclic. For a
maximum let

where

Sofar everythingseemsanalogougo thetwo dimensionatase put herewe facetwo dif culties. First,
Lemmag3 is nolongervalid, i.e. it maybethat for amaximum . Thisis mainly because
the stablemanifoldsof index 2 critical pointsmay not be composedf Delaunaytriangles. However,
we coulduse asanapproximatiorto . But, we faceanothedif culty . It might bethat

and arenotdisjointfor two maxima and . Thereasons that,for atetrahedron , theremay
exist morethanonetetrahedron sothat . Thismaylead to ow into two or moredifferent
maxima.However, it is interestingto noticethefollowing.

Obserwation 5 Theee exist no threetetrahedia sothat a tetrahedon satis es for
In orderto getpairwisedisjoint sets we changeherelation to anew relation sothatfor a
tetrahedron therearenotwotetrahedra , with and . Notethattheheightof amaximum

is its squaredlistanceto the closestsamplepointin . It is equalto the squarectircumradiusof the
tetrahedrorcontaining . De ne the strength of a tetrahedron asthe largestof the heightsof all
maximathatit o wsinto.

Strengthened o w relation. We say if
(2) and
(2) thereis no othertetrahedron with andthestrengthof  islargerthan . In casethe

strengthof and aresamewechoose arbitrarilyfrom and for therelation.

Thetransitveclosure isagyclic since is. Now foramaximum werede ne as
where
Thesets arepairwisedisjoint sinceno tetrahedrorcan o w into morethanonemaximum.We

computethesesetsasaninitial segmentatiorof the shaperepresentethy the nite sample . Onecan
separatehe segmentsfor interior andexterior shapedy reconstructinghe boundaryof the shaperom
its sampleusingary of theknown surfacereconstructioralgorithms.
We sortthe maximain decreasingrderof their strengthsand processhemin this order So,when
we processamaximum , all tetrahedrao wing into  andhaving a strengthargerthanthatcontaining
have beenclaimedby someothermaximaprocesseearlier Thisis whatis requiredby the de nition
of
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STABLEMANIFOLD( )

1 compute and ;

2 determinghe maximaamongtheVoronoivertices;
3 sortthemaximain decreasing@rderof their heights;
4 for eachmaximum in thisorder

5 where ;

6 mark andall its triangles;

7 while amarkedtriangle in boundary

8

let and besuchthat and ;
9 if isunmarledand
10 ;
11 mark andall its triangles;
12 elseunmarkthetrianglesof
13 endif
14 endwhile
15 endfor

Sometime<losedstablemanifoldssggmenta shapeunnecessarilynto smallfeatures.For example,
smallperturbationsn ashapecancauseansigni cant sggmentationseefor exampleFigure5(a). Also, at
thediscretdevel, samplingartifactsmayintroduceevensmallersegments seeFigure5(b). We propose
meiging suchsmallsegmentdill two adjacensegmentsdiffer signi cantly.

For a shapelet be a stablemanifold of anindex critical point  which belongsto the
boundaryof a closedstablemanifold for amaximum . We say is -shallowwith respect
to if as , .e., the distances and are closeto eachother measuredy a
threshold

-Mergeablestablemanifolds. Two closedstablemanifolds and fortwomaxima and

are -memgeableif they are -shallav with respecto a sharedstablemanifoldontheirboundariesin
, thismeanghattwo stablemanifoldsof two maximaare -meigeabléaf they areboth -shallon with
respecto a stablemanifoldof index sharedoy theirboundaries.

Merging all meigeableclosedstablemanifoldswe obtainthefeaturesegmentatiorof . For example,
themiddletwo seggmentdor thecurvein Figure5(a)arememgeable We cantranslatehede nitions and
hencethe memging algorithmto the discretesettingeasily Thedistanceof a critical point is measured
with thesquarectircumradiusof thelowestdimensionaDelaunaysimplex thatcontains . This means,

in , wemegetwo closedstablemanifolds and if boththetrianglescontaining and
have circumradiilessthan timesthe circumradiusof the saddleedgesharecdby and
In , wecomputeapproximations to aclosedstablemanifold foramaximum . Mimick-

ing the de nition andthealgorithmin  we de ne megability of two approximatedtablemanifolds
asfollows.

-mergeableapproximate stablemanifolds. Let and betwo approximatedtableman-
ifolds thatshareatriangle . We say : are -megeablef boththetetrahedraontaining
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and havecircumradiilessthan timesthecircumradiusof .
The nal algorithmto computea featureseggmentatiorof a shapeboundedy from asample
is describedelow.

SEGMENT( )

1 STABLEMANIFOLD( );

2 Mergeall -meigeablesegments;
3 Outputtheresultingdecomposition;

4.1 Segmentationexperiments

We implementedSEGMENT in C++ usingthe Delaunaytriangulationcodeof CGAL [43]. SEGMENT
produceghedecompositiorof theinterioraswell asexteriorshapeln orderto separatéhecomponents
of the interior shape from thoseof the exterior shape , We useda surfacereconstruction
programcalledTIGHT CocoNE designedy Dey andGoswami[12]. This programdesignateshe De-
launaytetrahedrahatapproximate . Thesgmentatiorimposedy SEGMENT onthesetetrahedra
areshavn asoutput.

Figure6 shaws the dependeng of the sgmentatioron the parameter . Theleftmostpictureshowvs
the segmentationof CACTUS datasetvithout meging ( ) andthe threepictureson the right show
theresultsfor respectely.

Figure6: Effect of themegingthreshold onsementation

Figure 7 shovs someexamplesegmentationsn and respectrely. The point sampledor the
two dimensionamodelsare extractedfrom the boundaryof two dimensionaimages.As a resultthey
arequitenoisy. Neverthelessthe modelsaresegmentechicely. Similarly, we show the segmentatiorof
somethreedimensionaimodelssomeof which are extractedfrom noisy point samples.For example,
the TRICERATOPS andthe BuLL aresegmentechicely evenif thecorrespondingnput sampleis noisy.

Figure 8 demonstratethe robustnesf our methodunderdifferentsamplingsof the samesurface.
Theleft gure shaws the sgmentationof the HAND datase(25626points)andtheright gure shovs
theseggmentatiorof the decimatedrersionof the samedatase{2301points).

Figure9 shavs thetime taken by the SEGMENT routinetogetherwith the interior/exterior separation
whenrunonan2.8 GHz PentiumlV machinewith 1.2GBRAM.
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Figure7: Segmentatiorof two dimensionahndthreedimensionamodels

5. Matching

For shapematchingwe take advantagenf our segmentatiorschemedoy matchingtwo shapesvith respect
to their features.Givena pointsample of a shapeboundary , we identify a small setof signi cant
featuresfrom our featuresegmentation. Thesefeaturesare then mappedto a setof weightedpoints
calledthesignatue of . In orderto measurehesimilarity of two shapeswe compareheir signatures
which boils down to matchingtwo setsof a smallnumberof weightedpoints.

Signature. Let denotehesetof featuregor thatthefunctionSEGMENT computegogether
with TIGHT COCONE from a point sample of . To simplify notationswe use  for . By
de nition afeature is acollectionof Delaunaytrianglesif  is acurvein two dimensionsandit

is acollectionof Delaunaytetrahedraf  is asurfacein threedimensionsFor aDelaunaysimplex let
and denotethe centroidandvolumeof |, respectiely. Therepresentativgpoint  andits weight
for afeature arede nedas

Thatis, theweightof s its volumeandits representate pointis theweightedaverageof thecentroids

of all , weight beingthe volume of eachsimplex. We call afeature signi cant if its volumeis
morethana certainfraction of the total volume of the shape.Givena segmentation  of theinterior
shape , thesignature is de ned asthe setof weightedrepresentatie points,i.e.,

is signi cant
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Figure8: Rolustnes®f thealgorithmagainstaryingsamplingdensity

MoDEL | Num.of | Del. | Say. | In/Ex Sep.
points | (sec.)| (sec.) (sec.)
PIG 37K | 15.68| 19.13| 14.84
HORSE 48K | 17.89| 26.79| 25.14
Boy 95K | 52.71| 46.3 46.02
ALIEN 120K | 70.49| 56.09| 54.19

Figure9: Time for differentstagesof SEGMENT togethemwith theinterior/exterior separation

The amountof similarity betweenwo shapess measuredyy rst scalingthemwith boundingboxes
andthenscoringthe similarity betweentheir signatures.In orderto scorethe similarity betweentwo
signatures and , we needto alignthem rst.

Let be the representatie points with maximumweightsamongall representagie pointsin

and , respectrely. We rst translate sothat coincide.Thenanalignmentis
obtainedby rotating sothataline sggmentbetween andanotherpoint of alignswith
aline sggmentbetween andanothermpointin . Certainly thereare alignmentgossible
where and . Since aretypically small (lessthanten), checkingall
alignmentss not prohibitive.

For eachalignmentwe computea scorebasedon the matchingof weightedpoints. Both a similar-
ity measurgpositive) and a dissimilarity measurgnegative) are taken into accountwhile computing
the score. The maximumof all the scoresis taken to be the amountof similarity and corresponding
transformationgjive the bestalignment.

Before we computethe score,the weightsof the sggmentsare normalizedso that eachweight is
betweerD and1. Next, for eachpoint , we determinethe Euclideannearesneighbor say

,in f is lessthana “threshold”,we computea similarity scoe as
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wherethe“threshold”is aparametethattells how muchtolerancewve canhave for the proximity of two
features.The pointsin and thatdo not have nearesheighborsin the othersetwithin
“threshold” distancecontribute to a dissimilarity score which is equalto the negative of their weights.
Finally, we addboth similarity anddissimilarity scorego obtainthe scoreof matchingbetweerthetwo
shapedvoundedy and

5.1 Matching experiments

We performedthe matchingexperimentsboth in two and threedimensions. In two dimensionswe
createch databasef around350shapesandin threedimensionghe databaseonsistef signatureof
morethan300point clouddatacollectedfrom differentweb-sites Someexamplematchingresultsboth
in two andthreedimensionsareshownn in Fig 10. Matchingof a queryshapeover the entiredatabase
took lessthana second. Fig 11(a) shaws the similarity matrix of our methodon approximately250
two dimensionakhapeglividedinto 16 cateyories.Fig 11(b) shavs the performanceof this methodon
approximately200threedimensionakhapedglividedinto 17 cateyories.In thesimilarity matrixthe -th
row containsthe gray scalevaluecorrespondingo the 5 bestmatchesn the databaséor the -th shape
asthequery

We nd it dif cult to compareour techniquewith othermatchingalgorithmsasall of themassume
surfacemeshasaninput. Onenovelty of our algorithmis thatwe do not build any extra datastructure
otherthanthe Delaunaytriangulationof the input point set. Also, thereis no costly computatiornsuch
asapproximatinggeodesiaistancessby Hilagaetal. [20]. Theshapedistribution methodof Osadaet
al. [30] assumesaninput mesh.For comparisonsve adaptedt to pointsamplesasfollows. We usethe
D2 metric, thatis, we computedistancedetweerpairsof randomlyselectedoints. Randomselection
took careof the pointdensityto have afair comparisonThistechniquds quite effective for mostof the
models,however sometimest createssomeanomalies.Figure 12 shonvs one suchexamplefor which
our methodworksproperly

6 Discussionsand conclusions

Our resultshave shavn that the segmentationis quite robust againstsmall variationsin shapes.For
example,the humanbodiesin the rst row of the matchingtablein Figure 10 are segmentedsimilarly,
namelyinto headtorso,two handsandtwo legs. Thisis why they matchedagainsthe queryshapewith
higherscoreghanothershapesn the databaseThetoleranceagainstshapevariationscanbe attributed
to the factthat our approachemphasize$opology morethanlocal geometry Topologicalfeaturesin
termsof the heightfunction changerelatively lesswith the local changesn geometry Therearea
numberof openquestionghatremainto beaddressed.

In somecasegshe segmentedeaturedeviatevisibly from theintuitive ones.For example the ngers
in the handsof Figure 7 and Figure 8 do not get separatedrom the palm wherethey meet. A small
stumpremainsattachedo the palmfor each nger. We believe thatwe needare ned meging stratgy
to tacklethis problem.
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1.00 0.9 0.71 0.6 0.41 1.00 0.75 0.7 0.68 0.67

1.00 0.71 0.69 0.68 0.56 1.00 0.7 0.68 0.65 0.64

1.00 0.72 0.57 0.51 0.5 1.00 0.7 0.68 0.65 0.64

1.00 0.83 0.61 0.38 0.31 1.00 0.78 0.74 0.71 0.58

1.00 0.8 0.76 0.47 0.39 1.00 0.76 0.66 0.65 0.55

Figure10: Matchingresultsin two dimensiongleft) andthreedimensiongright): Modelswith 5 best
scoredor eachqueryareshovnin arow.

Although we mimickedthe de nition of featuresfrom the continuousspaceto the discretedomain,
thereis no quantitatve estimateof the approximation.Speci cally, canwe claim thatif the sampling
densityis beyondathresholdthenall de ned featuresn the shapeareapproximatedvell?

Our experimentsshow thatthe segmentationalgorithmis quite robust againstreasonabl@mountof
noise.In presenc®f noise,it becomesnoredif cult to separatéghe segmentsdecomposingheinterior
shapefrom the sgmentsdecomposinghe exterior one. Elsevhere,we shaved that a robust surface
reconstructioomethod[13] thatcanhandlenoisy point sampleis helpful in thesesituationg14]. More
thoroughinvestigationsaareneededo handlenoise.

In theshapematchingalgorithmwe usedthevolumesof thesegmentsastheweightof therepresenta-
tive points.In asenseye took thevolumeof afeatureto beits signature Are thereothermeasureshat
capturethe signatureof afeaturemoreeffectively? Currentlywe areinvestigatingall thesequestions.
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Figurell: Similarity Matrix for two dimensionalleft) andthreedimensionalright) shapes.
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