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Abstract

Delaunay refinement, a versatile method of mesh generation,is plagued by memory thrashing when
required to generate large output meshes. To address this space issue, a localized version of Delaunay
refinement was proposed for generating meshes for smooth surfaces and volumes bounded by them.
The method embodies a divide-and-conquer paradigm in that it maintains the growing set of sample
points with an octree and produces a local mesh within each individual node, and stitches these local
meshes seamlessly. The proofs of termination and global consistency for localized methods exploit
recently developed sampling theory for smooth surfaces. Unfortunately, these proofs break down for
a larger class called piecewise smooth complexes (PSCs) that allow smooth surface patches that are
joined along ridges and corners. In this work, we adapt a recently developed sampling and meshing
algorithm for PSCs into the localization framework. This requires revisiting the original algorithm, and
more importantly re-establishing the correctness proofs to accommodate the localization framework.
Our implementation of the algorithm exhibits that it can indeed generate large meshes with significantly
less time and memory than the original algorithm without localization. In fact, it beats a state-of-the-art
meshing tool of CGAL for generating large meshes.
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1 Introduction

The technique of Delaunay refinement pioneered by Chew [10], Ruppert [14], and Shewchuk [15] has been
recognized as an effective tool for sampling and meshing smooth surfaces [3, 9] and volumes bounded by
them [13]. The approach utilizes the fact that the sampling of a smooth surface at locally furthest points
eventually becomes sufficiently dense to capture its topology and geometry [1, 2]. However, as the sample
grows, the Delaunay triangulation starts stressing the available memory, and may eventually trigger memory
thrashing if the output mesh is large. This limits the applicability of a theoretically sound technique to
generate large meshes. To address this scalability issue, a technique termedlocalized Delaunay refinement
was proposed in [11, 12].

Localized Delaunay refinement works on the divide-and-conquer principle. It maintains the growing
set of sampled points with an octree. Each node containing a subset of points is processed individually for
Delaunay refinement. By putting a limit on the number of points a node can hold, the size of the Delaunay
triangulation is tamed for each node. Of course, now the challenge becomeshow to merge the individual
meshes seamlessly and also how to guarantee a lower bound on the inter-point distance globally when
inserting points for a local meshing. These two questions were addressedin [11, 12] using recent results from
the sampling theory [2, 3, 9] for smooth surfaces. These theories do nothold for non-smooth surfaces [4] and
for a larger class called piecewise smooth complexes (PSCs) [7] that allow several smooth surface patches
to be attached along ridges and corners. This class appears abundantlyin meshing applications and the
need for computing large meshes for PSCs arises naturally. The localizationtechnique for smooth surfaces
obviously does not work for this class and needs to be revisited.

In this paper, we address the problem of localized Delaunay refinement for PSCs. In particular, we
localize a ball-protection technique of [7] that was modified further for adaptive refinement in [6] and later
in the Delaunay mesh generation book [8]. On the theoretical side, we showhow one can adapt the results
in [7, 8] to the localization framework of [11, 12]. This requires a careful design of the local refinement
steps, some additional analysis of the ball-protection step, and revisiting the sampling theory developed for
weighted Delaunay refinement [8]. The Delaunay refinement algorithms for PSC meshing employ weighted
points, orprotecting balls, to preserve sharp features of the input, and these balls may be refined (i.e. -
replaced by sets of smaller balls) at any time during the refinement in order to satisfy some refinement
criteria. The localization brings up the question of how to refine the balls in the context of the local mesh
and still be globally consistent. We show that ball refinement can indeed be performed locally. This requires
selecting the point sets for local refinement and reprocessing some of thenodes with some care.

On the practical side, we exhibit that the localization can produce large meshes in the range of millions
of simplices with much less time and memory than the original refinement method withoutlocalization.
In some cases, the localization succeeds where the original refinement fails due to memory shortage. We
compare our results with a state of the art CGAL meshing tool, and find that ourimplementation yields
significantly better running times and memory footprints for large meshes.

2 Background

Piecewise-Smooth Complexes.Our input domainD is a piecewise smooth complex(PSC) where each
element is a compact subset of a smooth (C2) k-manifold,0 ≤ k ≤ 2. Each element is closed and hence
contains its boundaries. For simplicity we assume that each element has a non-empty boundary. We use
Dk to denote the subset of allk-dimensional elements, thekth stratum.D0 is a set ofvertices; D1 is a
set of ridges called 1-faces; D2 is a set of surface patches called 2-faces. For 1 ≤ k ≤ 2, we useD≤k to
denoteD0 ∪ . . . ∪Dk. We useintX andbdX to denote the interior and boundary of a topological spaceX,
respectively.
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The domainD satisfies the usual proper requirements for being a complex: (i) interiors of the elements
are pairwise disjoint and for anyσ ∈ D, bdσ ⊂ D; (ii) for any σ, σ′ ∈ D, eitherσ ∩ σ′ = ∅ or σ ∩ σ′ is a
union of elements inD. We use|D| to denote the underlying space ofD. For0 ≤ k ≤ 2, we also use|Dk|
to denote the underlying space ofDk.

Delaunay Triangulations and Voronoi Diagrams. For a set of pointsP ⊂ R
3, we denote its Voronoi

diagram and Delaunay triangulation as VorP and DelP respectively. Eachk-dimensional Delaunay sim-
plexσ (vertex, edge, triangle, and tetrahedron) is dual to a(3− k)-dimensional Voronoi faceVσ (cell, facet,
edge, vertex respectively).

In this paper,P will be sampled from a PSC. The set of Delaunay simplices whose dual Voronoi faces
intersectD will be of special interest to us. Throughout the refinement, we use a special sub-complex of
DelP called therestricted Delaunay complexwith respect toD. It is defined as:

Del|D P = {f ∈ DelP : Vf ∩ σ 6= ∅, σ ∈ D}.
We employ Delaunay triangulations of weighted point sets for PSC refinement.The weighted distance

dw between two pointsp andq with weightsωp andωq respectively is given as:

dw(p, q)
2 = d(p, q)2 − ω2

p − ω2
q

whered(·, ·) is the unweighted Euclidean distance. The Voronoi diagram and (restricted) Delaunay triangu-
lation of the weighted point set then follow their standard definitions using the distancedw. In the algorithm,
the points of the triangulation having strictly positive weights are used to “protect” the sharp features of the
input geometry, as in [7], and will often be referred to as protecting balls.Specifically, given the weighted
point q and its weightωq, the protecting ball is a ballbq = B(q, ωq) with centerq and radiusωq.

For a weighted Delaunay trianglef , let size(f) = maxx∈ef∩D{dw(p, x)}, whereef is the edge in the
weighted Voronoi diagram dual tof andp is a vertex off . Observe that size(f) is the radius of an empty
ball called asurface Delaunay ballof f .

Overall algorithm Our algorithm begins by running PROTECT(from [8]) on the input surface to generate
an initial set of protecting balls to cover sharp features; this operation is performed globally without local-
ization, but usually with a small set of points. The algorithm then divides the sample setP using an octree,
and processes only one leaf node of the octree at a time. During the processing of a nodeν, some conditions
are checked. When one of these conditions is violated, the algorithm refines the node’s local triangulation
accordingly. Note that when a protecting ball is refined, it is refined with regards only to the local point set,
and may require that weremovesome points from our sample set. Showing that this local ball refinement
can be accomplished without sacrificing guaranteed termination or mesh integrity is nontrivial, and is a key
leading to the correctness of the algorithm. When there are no more violations inν, it begins processing
another node of the octree. When none of the refinement criteria are violated in any of the nodes, all local
meshes are brought together to form the final output. Throughout the algorithm, we utilize a point insertion
strategy that is necessary for our proof of termination, and we may selectsome nodes forreprocessingin
order to maintain a global consistency across meshes.

2.1 Protecting Sharp Features

In this section, we reproduce procedures from [8] that are used forgenerating and maintaining a set of
protecting balls that coverD≤1. COVER is used to cover a segment of a ridge inD1 with balls; REFINEBALL

replaces one set of balls with a new set of smaller balls; and PROTECTgenerates an initial set of protecting
balls to coverD≤1. We describe the main steps of the algorithms here for completeness and pushother
details to Appendix A. We use the following notations.
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• B(c, r) denotes a geometric ball of radiusr centered atc.

• segγ(bp) denotes a segment ofbp ∩ γ, whereγ ∈ D1 is a ridge andbp is a geometric ball centered at
p. Specifically, it denotes the connected component ofbp ∩ γ containingp.

• γ(p, q) denotes the segment ofγ ∈ D1 bounded byp andq.

• lfsmin(γ) is the minimum feature size w.r.t.γ over all points inγ, where the feature size at a pointx
in γ is the distance fromx to the medial axis ofγ.

In many cases, we discuss indexed sequences of protecting ballsbj , bj+1, ..., bk−1, bk. On these occasions,
we denote byωi andci the radius and center respectively of a ballbi, j ≤ i ≤ k.

Definition 2.1 (Ball Adjacency) Two protecting ballsbp andbq are adjacent with respect to sample setP
iff p andq both lie on aγ ∈ D1, andint (γ(p, q)) is empty of sample points, that is,int (γ(p, q)) ∩ P = ∅.

Definition 2.2 (Contiguous Set of Balls)A set of protecting ballsB = {b0, ..., bk} with centers located at
C = {c0, ..., ck} is contiguous with respect to sample setP iff all balls in B lie on the same ridgeγ ∈ D1

and, for every pair of ballsbi, bj ∈ B, int (γ(ci, cj)) ∩ (P \ C) = ∅.

COVER. Given a ridgeγ and two disjoint adjacent ballsb0 andbk centered onγ, we would like to cover the
subridge betweenx andz with protecting balls, wherex andz are the endpoints of segγ(b0) and segγ(bk)
(respectively) delimiting the shortest subridge that can be made from the four combinations of endpoints.
The method COVER from [8] accomplishes this and can be found in Appendix A, page 13.

REFINEBALL and PROTECT. During our refinement, we may find that a protecting ballb is too large to
allow our meshing criteria to be satisfied. When this occurs, we call REFINEBALL to replaceb (or possibly
a contiguous set of balls containingb) with smaller balls. Note thatreplacementof a set of balls entails
removalof them from the sample; the new set of replacement balls is generated by COVER. It is also
possible that we remove some zero-weighted points from our sample during this process. In our algorithm,
REFINEBALL is always performed with regards only to a local point set. These methods are taken from [8],
and their pseudo-code is provided in Appendix A, page 15.

Given the input domainD, we use PROTECT to initialize our sample set with balls that protect the
vertices and ridges ofD≤ 1 using an user-input parameterλ2. See the psuedocode in Appendix A, page 15,
for a more detailed description. We use the termsD0-ball andD1-ball to denote a protecting ball with its
center inD0 andint (γ ∈ D1) respectively.

3 Refinement

3.1 Node Processing

The nodes of the octree to be processed are maintained in a queue Q, and each node is processed when it
reaches the head of Q. A node may be processed by one of two actions: split or refine. Each nodeν of
the octree maintains a set of pointsPν = P ∩ ν. When the number of points inν exceeds a user-defined
parameterκ, that is,|Pν | > κ, we invoke a split; if|Pν | ≤ κ whenν reaches the head of Q, we invoke a
refine.

In a split,ν is divided into eight children of equal size, each of which is a scaled downversion ofν.
The points ofPν are then divided among these children, with each child taking the points that lie within its
volume, and then these children are enqueued in Q.
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When a nodeν is refined, we begin by computing its local triangulation DelRν , whereRν is asuperset
of Pν . Specifically, we initializeRν := Nν

⋃

Pν , whereNν ⊆ P contains the points ofP that lie within an
unweighted distance2ωmax+2

√

(λ2+ω2
max) of the boundary ofν, whereωmax is the weight of the largest

protecting ball generated by PROTECTandλ is a user-defined parameter. While violations of our refinement
criteria persist, we refine the local triangulation ofν. If |Pν | > κ at any point during the refinement of the
local triangulation, we invoke a split ofν.

When a nodeν is not being processed we clear its local Delaunay triangulation (along with all the data
structures associated with it) in order to save memory, maintaining only itsPν ⊆ P and a list of restricted
triangles insideν.

3.2 Localized Refinement

F (p) = {f : f ∈ DelRν |D is a triangle incident top

or a sub-simplex of such a triangle}
Fσ(p) = {f : f ∈ DelRν |σ is a triangle incident top

or a sub-simplex of such a triangle}
smax(p) = max{size(f) : f ∈ F (p) is a triangle}
rmin(p) = min{ωq : q ∈ F (p) is a vertex withωq > 0}
dmin(p) = min{d(q, s), : q, s ∈ F (p) are vertices with

ωq, ωs = 0}.

For each pointp in a nodeν, we
want the local triangulation aroundp to
be nice, that is, surface triangles around
p form a topological disk. Our ultimate
goal is to fit all these individual local tri-
angulations seamlessly into a global one.
Toward that goal, we define thesurface
star F (p) (Fσ(p)) of a pointp ∈ Pν as
the set of triangles incident top that are
restricted toD (respectively,σ ∈ D2)
in the local triangulation, and the sub-
simplices of all such triangles. We also define thesmax, rmin, anddmin, which are used in handling
violations of the refinement criteria, C1-C7 giving priority to CI over CJ if I<J:

1. (C1) NoD0-ball centered onp ∈ Pν contains the center of aD1-ball;

2. (C2)∀p ∈ Pν andl ∈ Rν , if bp ∈ γi andbl ∈ γj givenγi, γj ∈ D1 andi 6= j, thenbp ∩ bl = ∅;

3. (C3)∀p ∈ Pν , if ps is an edge inF (p) andωp, ωs > 0, thenbp andbs are adjacent in someγ ∈ D1;

4. (C4)∀p ∈ Pν , σ ∈ D2 contains all vertices ofFσ(p);

5. (C5)∀p ∈ Pν , Fσ(p) is a topological disk∀σ ∈ D2 containingp;

6. (C6)∀p ∈ Pν , ∀σ ∈ D2 containingp, p ∈ intσ iff p ∈ intFσ(p);

7. (C7)∀f ∈ F (p), wheref is a triangle andp ∈ Pν , size(f) < λ.

In the event of a violation, either a point is to be inserted, or a ball is to be refined. In both cases, a pair(p, q)
is returned. In the first caseq is a zero-weighted candidate for insertion andp is the closest point (by distance
dw) to q in Rν . In the second caseq is the center of the protecting ball to be refined andp is anull pointer.
Let x be the farthest point fromp where the Voronoi edge dual to argmax{size(f) | f ∈ F (p) is a triangle}
intersects|D|. If C1 is violated, we call REFINEBALL on the violatingD0-ball bp. If C2 is violated, we
call REFINEBALL on the larger ofbp andbl. In the event C3 is violated, ifsmax(p) ≥ 0.03min{ωp, ωs}
thenq is set tox; if smax(p) < 0.03min{rmin(p), rmin(s)} then REFINEBALL is called on the larger of the
two balls violating this criterion. If C4 is violated, then lett be the errant vertex ofFσ(p), that ist /∈ σ. If
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smax(p) < 0.03ωt then we call REFINEBALL onbt; otherwiseq is set tox. In the event C5 or C6 is violated,
if smax(p) ≥ min{0.03rmin(p), dmin(p)} thenq is set tox; if smax(p) < min{0.03rmin(p), dmin(p)} then
REFINEBALL is called on the largest of the balls inF (p). If C7 is violated,q is set tox.

3.3 Point Insertion and reprocessing

Algorithm 1 LOCPSC(∂O,D, κ, λ, λ2)
P ←PROTECT(D, λ2); ωmax ←argmaxp∈Pωp

Compute a bounding box to initializeQ;
while Q is not emptydo
ν :=DEQUEUE(Q);
while (p, q) :=V IOLATION (∂O, ν, λ) is not null
do
S :=INSERTREFINE(ν, p, q, λ)
for all s ∈ S do

NODEENQUEUE(ν, s, λ, ωmax)
end for
if |Pν | ≥ κ then

Split ν and enqueue its eight children toQ
end if

end while
end while
ReturnP and∪pFp.

Let (p, q) be a pair returned by some violation
during refinement. Thenq may be a candidate for
insertion, but it may lie arbitrarily close to some
point in P despite being locally far inRν . In or-
der to disallow arbitrarily close insertions, we find
the closest point inP to q. If this existing point
is not p (recall thatp is the nearest point toq in
Rν) and lies sufficiently close toq, then we insert
the existing point instead ofq. Specifically, if q
lies within weighted distanceλ of a protecting ball
b ∈ P \Rν , then we addb toRν ; if no suchb exists
ands ∈ P \ Rν lies within distanceλ of q, then
we throw awayq and inserts into Rν ; if there is no
suchb and we do not inserts, we insertq into Rν

and add it toP . Note thatRν is augmented in all
cases, andP is augmented in only the last case.

Furthermore, when a new point is added to or
deleted fromP it is possible that some nodes are
enqueued for reprocessing.

The local mesh of a nodeν in the octree is com-
prised of triangles having at least one vertex inν. As we show in Lemma 4.4, all vertices of such triangles lie
either insideν or within unweighted distance2

√

(λ2+ω2
max) of its boundary when the algorithm LOCPSC

terminates. Call this set of pointsKν . It is possible that when a pointq /∈ P is inserted during the refinement
of nodeν, it modifies the content of someKν′ , ν ′ 6= ν, through insertion or deletion, and so may affect the
part of the final output generated byν ′. Then in order to maintain consistency between the meshes ofν and
ν ′ we must reprocessν ′. Therefore, whenever someq /∈ P is inserted by nodeν or someq ∈ P is removed
from P by nodeν, we enqueue all nodesν ′ 6= ν within distance2

√

(λ2 + ω2
max) of q.

3.4 Algorithm LocPSC

Our algorithm LocPSC first encloses the input surfaceD in a bounding box which becomes the root of the
octree subdivision. PROTECT is then used to generate a set of balls (positive-weighted points) that protect
theD1 ridges andD0 vertices, and these balls are used to initializeP .

When a nodeν is not being processed, we maintain its sample setPν = P
⋂

ν ⊆ P and a list of
triangles

⋃

p∈Pν
F (p). This list is maintained to avoid recomputing the mesh in a node while finalizing the

output mesh. Whenν is extracted fromQ for processing, we compute DelRν which is also updated with
each insertion and deletion of point(s). To check violations C1-C7, we compute and maintain the restricted
surface triangulationDel|D Rν . Note that REFINEBALL is performed locally, removing only those zero-
and positive-weighted points inRν . At termination we output

⋃

p∈P F (p).
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4 Guarantees

Figure 1: Depiction of complications due to local ball refine-
ment. Top: complication (1) – we refine the emboldened blue
ball, but don’t see the dashed red ball because it’s inP \Rν , and
so place new balls arbitrarily close to and inside of this ball. Bot-
tom: complication (2) – we remove both emboldened balls, and
one of the new balls placed contains the red point inP \Rν , and
so this point is not removed fromP .

The guarantee that the output is a
manifold Delaunay mesh respecting the
input stratification hinges on the fact that
the algorithm terminate because the re-
finement conditions C3-C6 would oth-
erwise make the algorithm continue to
run. We prove that our algorithm inserts
and deletes only finitely many points
and thus terminates. We argue that
the protecting balls and triangles cannot
get refined below a threshold and thus
cannot afford insertions/deletions inces-
santly. On this high level it is similar to
the argument in [8]. However, the proofs
differ significantly at the detailed level
since we have to deal with ball and tri-
angle refinements in a local setting.

Local Ball Refinement

(T:4.1, L:B.1-B.6)

Condition Bounds (L:C.1-C.13)

Size Bounds (L:4.2, L:D.1-D.3)

Termination(T:4.3)

Topology(L:4.4, T:4.5)

Figure 2: Dependencies of results in-
cluding the ones in the Appendix [L:
Lemma; T: Theorem].

A major hurdle to be overcome is to ensure that a ball refine-
ment that considers only the localRν is still good globally. We
achieve this by selecting the additional points carefully when con-
structingRν from Pν . Due to space shortage, we only include the
main line of argument in the proof and defer other details to Ap-
pendix B, page 19. The lower bounds on distances among adjacent
balls help to prove the lower bounds for ball sizes and triangle sizes,
see Figure 2. These proofs are also deferred to Appendix C.

Consider the complications that could arise with regards to ball
refinement when using only a local point set, see also Figure 1: (1)
By nature of a locally performed REFINEBALL , the set of removed
balls is contiguous with respect toRν , but not necessarily contigu-
ous with respect toP . If this set is not contiguous with respect to
P , then the new set of balls placed by COVER may be placed on
top of and without regards to some balls inP \ Rν , thus making
it impossible to place lower bounds on the geodesic distance along

the ridge between adjacent pairs of balls, and such lower bounds are requisite for our proof of termination
(specifically, the C3 Bound Lemma C.3 and C5 and C6 Bound Lemmas C.13, see Figure 2) (2) There may
exist zero-weighted points inP \ Rν that lie inside newly placed protecting balls, and it is necessary that
this not be the case for our proof of termination (specifically, C5 and C6 Bound Lemma). In the proof of
Theorem 4.1, we mention three supporting lemmas that appear in Appendix B, two of which (B.1 and B.3)
handle (1) and the last of which (B.5) handles (2).

Theorem 4.1 (Local Ball Refinement)WhenREFINEBALL is called on a pointp during the refinement of
some local sample setRν , there is a set of points added to and a set removed fromRν . The constituent
points of these two sets would remain the same ifRν were augmented with any subset ofP \Rν .

Proof: Exposed Ridge Segment Lemma (B.1) shows that the center of the ballbp to be refined must lie very
close toν because it must be in the star of some vertex inν and must lie in sufficiently close proximity to
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this vertex inν in order to incur a violation that will call REFINEBALL . This lemma goes on to show that
all points on the ridge segment that is exposed by removing balls at the beginning of REFINEBALL must lie
close top – specifically, the entirety of this segment must lie within3.52ωmax of ν. In the Endball Distance
Lemma (B.3), we show that the centers ofb0 andbk (the endballs for COVER) must lie within4ωmax of ν,
and so these along with all the balls centered on the exposed segment are inPν ∪ Nν ; thus, adding more
points toRν from P \ Rν would not yield a differentb0, bk, or exposed ridge segment, implying that the
set of positive-weighted points deleted fromP andRν cannot be altered by augmentingRν with any subset
of P \ Rν . Note that this also implies that the set of inserted points cannot be altered by augmentingRν

with a subset ofP \ Rν , because for a givenb0, bk, and set of removed balls, COVER by nature of being
deterministic must generate a fixed set of new balls. We then show in the Point Removal Lemma (B.5)
that all zero-weighted points in the union of newly placed balls lie within4ωmax of ν, implying that all
zero-weighted sample points that are removed must lie close enough toν that they are inPν ∪Nν , so there
are no points inP \Rν that lie close enough to be removed.

The following result is an integral part of our proof for termination.

Lemma 4.2 D0-balls with radii less than some surface dependent constant will not be refined.

Proof Sketch:

1. C1. ForD0-ball bv to satisfy C1, we require that it not contain the center of anyD1-ball. A violation
of this implies that eitherbv intersects a ridge disjoint fromv or bv intersects a ridge containingv
in multiple disjoint segments. The former is impossible whenωv is less than the distance to a ridge
disjoint fromv; the latter is impossible whenωv is small with respect to the local feature size of the
ridges containingv as an endpoint.

2. C2. A violation of C2 involvingD0-ball bv implies thatbv intersects some ballbq centered on a ridge
γ disjoint fromv. As the distance fromv to γ must be strictly positive, C2 must be satisfied whenbv
and all balls centered onγ have radii less than half the distance fromv to γ.

3. C3. A violation of C3 involvingD0-ball bv implies thatbv and some non-adjacent ballbq are both
vertices of the same restricted Delaunay trianglet. Let bq lie on a ridgeγ disjoint fromv. Whenωv

andωq are less thand(v, γ)/3, bv will not be refined because size(t) ≥ 0.03ωv. So letγ containv as
one of its endpoints. In Lemma A.4 on page 16, we show that there is a minimum geodesic distance
alongγ (as a function ofωq andωv) betweenq andv, and so whenωq andωv are small enough with
respect to local feature size, the Euclidean distance between them implies that any trianglet having
bothq andv as vertices must have size(t) > 0.03min{ωq, ωv}, and so a triangle must be refined.

4. C4. A violation of C4 involvingD0-ball bv implies thatv is a vertex ofFσ(p) for someσ disjoint
from v. Satisfaction of C3 precludes a positive-weightedp. Then whenωv is less thand(σ, v)/2,
size(t) > ωv/2 for anyt containing bothp andv as vertices, so a triangle must be refined.

5. C5 and C6. Letbv be aD0-ball andσ be a patch inD2 such thatv ∈ bdσ, and letbv be adjacent
to bp on γ1 ∈ D1 andbq on γ2 ∈ D2 alongbd (σ). We proceed by showing thatγ1(p, v) intersects
the Voronoi facetFpv = Vp ∩ Vv exactly once whenωv andωq are less than0.06lfsmin(γ1), and that
γ1(p, v) can intersect no other Voronoi facets whenωv andωq are this small. These follow from the
observations thatγ1(p, v) ⊂ bp ∪ bq and that multiple intersections of the segment with the Voronoi
facet imply the existence of a medial axis point within distance less than0.5lfsmin(γ) (a contradiction
of the definition of lfsmin). We also show that the circumradius of a restricted triangle is bounded
with respect to its size and the weights of its vertices. Bounding the circumradius allows us to employ
some of the lemmas of [9], which, with the knowledge of how ridge segments mustintersect Voronoi
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facets, enable us to show thatVv ∩ σ is a half disk withv on its boundary. This implies satisfaction of
C5 and C6 almost immediately.

Specific bounds for Lemma 4.2 are in the proof of Lemma D.1, which employs results of the Condition
Bound Lemmas (C.1, C.2, C.3, C.7, C.13) on page 20. The reader may note that a proof sketch showing
thatD1-balls with radii less than some surface dependent constant will not be refined (Lemma D.2) is
very similar to the previous lemma forD0-balls. We provide detailed proofs of these as well as proofs of
minimum triangle size (Lemma D.3) in Appendix D.

Theorem 4.3 LOCPSCterminates.

Proof: The lemmas D.1 (alternatively, 4.2), D.2, and D.3 on page 31, showing that theball and triangle
sizes necessary to satisfy all criteria depend solely on surface geometryimply that the processing of a given
node terminates when these size conditions are satisfied. Furthermore, ourpoint-insertion strategy prevents
any new points from being inserted within weighted distanceλ of its nearest-neighbor pointp in the global
point set unless the local triangulation already includesp. This implies that there is a minimum inter-point
distance for the global point set: it is the minimum ofλ and the inter-point distance necessary to satisfy all
criteria. A minimum ball size implies a finite number of calls to REFINEBALL and therefore a finite number
of point removals. Since our domain is bounded, this implies thatP consists of a finite number of points,
the number of which is ultimately dependent on surface geometry andλ, and once|P | reaches this number
there can be no more violations in any node, so the algorithm terminates.

Lemma 4.4 (Consistency)At termination, triangletpqs with verticesp, q, s is in Fσ(p) iff it is in Fσ(q).

Proof: Assume thattpqs is in Fσ(p) but is not inFσ(q). This implies thattpqs is either not Delaunay
or is not restricted w.r.t.σ when we considerFσ(q). This further implies thatFσ(p) is defined w.r.t. a
different sample setRν than that by whichFσ(q) is defined, which requiresp and q to lie in different
nodes – call themν andν ′ respectively. By C7, we know that size(tpqs) ≤ λ, sod(p, q), d(q, s), d(p, q) ≤
2λ + 2ωmax < 2ωmax + 2

√

(ω2
max + λ2), and thereforep ands must be inR′

ν by the gathering ofN ′
ν .

So there must be some sample pointu such thatu ∈ R′
ν , u /∈ Rν , anddw(u, x) < dw(p, x), wherex

is the point at which the Voronoi edgeex dual totpqs piercesσ. We knowdw(p, x) ≤ λ by satisfaction
of C7, andd(p, x) =

√

(dw(p, x)
2 + ω2

p). This impliesd(u, x) <
√

(dw(p, x)
2 + ω2

p), and therefore

d(p, u) < 2
√

(dw(p, x)
2 + ω2

p) ≤ 2
√

(λ2 + ω2
max). Then ifu had been added toP before the last time

we processedν, it would have been inRν by the gathering ofNν , and sotpqs would not be inFσ(p), a
contradiction. But ifu had been added toP after the last time we processedν it would have been inKν and
ν would have been reprocessed, a contradiction. The only other alternative is foru to have been added to
P during the last time we processedν, in which case it would have been added toRν as well, and sotpqs
would not be inFσ(p), a contradiction.

Theorem 4.5 (Topology)The output meshT = ∪pF (p) of LOCPSCsatisfies the following:

1. T is a subcomplex of the restricted Delaunay complexDel|D P ;

2. Each point inT is at most distanceλ fromD;

3. The underlying space of the set of edgesEσ in T between positive-weighted points inσ (givenσ ∈
D2) is homeomorphic tobd (σ), with every vertex ofEσ lying onbd (σ), and∪p∈σ∩PFσ(p) is a 2-
manifold with boundary; Furthermore,∃λ∗ > 0 such that ifλ < λ∗ thenbd (∪p∈σ∩PFσ(p)) = Eσ

and∃h, a homeomorphism from|D| to |T | such thath(p) = p ∀p ∈ P , h(|bd (σ)|) = |Eσ|, and
h(σ) = | ∪p∈σ∩P Fσ(p)|.
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Proof: (1) follows from Lemma 4.4, and (2) follows immediately from satisfaction of refinement condition
C7. Given consistency, (3) follows from chapter 15 of [8].

5 Experimental Results

In experiments, we ran several examples with different values ofκ, see Figure 3. This helped us to find
a value ofκ which performs well in terms of CPU time and memory footprint. We then compared our
implementation to a state of the art CGAL meshing tool using this value ofκ which is1000. The experiments
were conducted on a PC with 2GB 667MHz RAM and a 2.8GHz processor running Ubuntu 11.10.
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Figure 3: CPU times and memory footprints for varying mesh size andκ, performed onSaturnandPart.
These results revealκ = 1000 to be a good choice for CPU time for meshes larger than 350,000 vertices,
and for memory footprint. Experiments withκ = 2, 000, 000 have only a single node, and therefore are
equivalent to running Delaunay refinement without taking advantage of localization.

CGAL Comparison. In Table 1, we show results of experiments on several models that allow comparison
of our implementation to a state of the art CGAL meshing tool. The CGAL meshing toolwas chosen
for comparison because it also employs Delaunay refinement in its meshing algorithm. Therefore, the
resultant meshes are similar in both size and quality for a given set of input parameters. Observe that our
localized implementation significantly outperforms CGAL in terms of both CPU time and memory footprint
for large meshes. Also observe that our localized method is capable of comfortably producing meshes of
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approximately 8 million vertices on our machine, while CGAL cannot generate meshes much larger than
1.4 million vertices due to memory constraints (and exhibits memory thrashing when generating meshes
larger than 1 million vertices). The values ofλ here are expressed as a factor of the smallest dimension of
the bounding box of the input surface. More results appear in AppendixE on page 33. Times listed were
acquired using the CGAL::Timer class and vary from those listed in the CGAL manual due to differences in
processor and in experimental parameters.

model λ Version #Vertices #Simplices mem (MB) CPU Time
(thousand) (thousand) (sec.)

3Holes 0.0011 LocPSC:κ = 1k 8272 49632 1530 20302
0.0011 CGAL NA NA NA NA

Fandisk 0.0035 LocPSC:κ = 1k 469 2816 96 802
0.0035 CGAL 456 2736 695 2550

Rocker 0.0045 LocPSC:κ = 1k 469 2814 98 1028
0.0045 CGAL 459 2756 745 2038

Table 1: Time and memory usage for different models for CGAL (CGAL 3.8, release mode, -O3 opti-
mization) and LocPSC results forκ = 1000. Number of vertices and simplices expressed in thousand
unit(×1000); NA indicates that an experiment could not be completed due to memory constraints.

Figure 4: Output meshes of LOCPSC. Local meshes from different nodes have different colors.

6 Conclusion

In summary, we have given a localized Delaunay refinement algorithm for PSCs with guarantees for topol-
ogy, geometry, and termination, the implementation of which outperforms a state ofthe art CGAL meshing
tool in terms of both CPU time and memory footprint for large meshes.

It is possible that localized Delaunay refinement may be the basis for an efficient parallel or distributed
Delaunay refinement algorithm for myriad domains with guarantees for topology and geometry, as well as

10



the guarantee that the output is a subcomplex of the restricted Delaunay triangulation of the global point set.
Such a result would significantly reduce generation time for Delaunay meshes.
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A Methods

In this section, we provide pseudocode for methods from [8], along with related lemmas that are used to
support our main results.
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Figure 5: Various cases for ball generation in
COVER, depicted in the same order as they
are listed in the text. The placed ball is em-
boldened

We begin by describing the method COVER. Given a
ridge γ and two disjoint adjacent ballsb0 and bk centered
on γ, we would like to cover the subridge betweenx and
z with protecting balls, wherex andz are the endpoints of
segγ(b0) andsegγ(bk) (respectively) delimiting the shortest
subridge that can be made from the four combinations of
endpoints. Let the protecting balls generated by this proce-
dure beb1, ..., bk−1. Assume the ballbi has just been gener-
ated, and letyi,j+1 be the endpoint ofsegγ(B(yi,j , α/12))
closest toz alongγ, with yi,0 being the endpoint ofsegγ(bi)
closest toz alongγ, andα being a constant. Then COVER

proceeds as follows:

• If z /∈ γ(yi,0, yi,5) andz /∈ segγ(B(yi,4, α)),
thenbi+1 = B(yi,4, α);

• Otherwise, construct the last ball as follows,
and returnb1, ..., bk−1:

– If z /∈ γ(yi,0, yi,5) andz ∈ segγ(B(yi,4, α)),
thenbi+1 = B(yi,4, 5α/4);

– If z ∈ γ(yi,2, yi,5), thenbi+1 = B(yi,1, α);

– If z ∈ γ(yi,0, yi,2), then replacebi with
B(ci, 5α/4).

These cases are depicted in Figure 5. COVER(α, x, z) then
returns the set of balls generated by this process.

In the lemmas and proofs that follow, we use the following notations:

• dγ(p, q) denotes the geodesic distance alongγ betweenp andq.

• lfsσ(x) is local feature size atx with respect toσ ∈ D1 ∪ D2.

Lemma A.1 (Ball Segment)For sufficiently small protecting balls,bp ∩ γ =segγ(bp).

Proof: Assume otherwise: thatωp < 0.06lfsmin(γ) (where lfsmin(γ) =minx∈γ{lfsγ(x)}) andbp∩γ consists
of multiple disjoint segments. Then by Lemma 1.1 of Dey06,bp must contain a medial axis point ofγ, and
so this medial axis point lies within distance0.06lfsmin(γ) of p, but this is contradictory, as all medial axis
points ofγ must lie at least distance lfsmin(γ) from p.

Lemma A.2 (Subridge Covering) γ(x, z) is a subset of the union of balls placed byCOVER(α, x, z).
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Proof: Let p andq be a pair of consecutive points alongγ placed by a given call to COVER such thatq
was placed afterp. Then by construction all points inγ(p, q)−segγ(bp) lie within the union of a set of
four balls with radiusα/12, with the center of the farthest of these balls being no farther than distanceα/3
from q. This implies that all points inγ(p, q)−segγ(bp) lie within 5α/12 of q, and therefore lie withinbq
sincebq is constructed with radius at leastα. Since segγ(bp) ⊂ bp, this meansγ(p, q) ⊂ bp ∪ bq, so for
a set of ballsb1, ..., bk−1 placed by a call to COVER γ(c1, ck−1) ⊂ b1 ∪ ... ∪ bk−1. γ(x, c1) follows this
same trend by construction ofb1, soγ(x, ck−1) ⊂ b1 ∪ ... ∪ bk−1. In the placement of the final ball, either
γ(ck−1, z) ∈segγ(B(ck−1, α)) andbk−1 has radius5α/4; or γ(ck−1, z) lies in the union of a set of three
balls of radiusα/12, with the farthest center being at most distanceα/4 from ck−1, and radiusbk−1 isα; or
γ(ck−1, z) lies in the union of three balls, one with radiusα centered onck−1 and the other two of radius
α/12 with centers no farther than13α/12 from ck−1, and radiusbk−1 = 5α/4. In each of these three cases,
we find thatγ(ck−1, z) lies in bk−1, and soγ(x, z) ⊂ b1 ∪ ... ∪ bk−1.

Lemma A.3 (Euclidean-Geodesic Distance)For a pair of intersecting ballsbp, bq centered onγ ∈ D1,
d(p, q)/dγ(p, q) ≥ 0.99939 whenωp, ωq ≤ 0.06lfsmin(γ).

Proof: For any two pointsx andy on curveγ, their Euclidean distance can be related to their geodesic
distance alongγ by

d(x, y) ≥
{

2η sin(dγ(x, y)/(2η)) if dγ(x, y) ≤ πη
2η if dγ(x, y) ≥ πη

,

whereη = lfsmin(γ). Since the two balls intersect, we see thatd(p, q) ≤ ωp + ωq ≤ 0.12η. Because
d(p, q) ≤ 2η, d(p, q) ≤ dγ(p, q) ≤ 2η arcsin(d(p, q)/(2η)) ≤ 2η arcsin(0.06). So1 = d(p, q)/d(p, q) ≥
d(p, q)/dγ(p, q) ≥ 0.12η/(2η arcsin(0.06)) > 0.99939.

Algorithm 4 INSERTREFINE(P, ν, p, q, λ,D)
1: if p = null then
2: S :=REFINEBALL (P,D, q)
3: updateRν ; returnS
4: end if
5: s← argminu∈P dw(q, u)
6: if dw(q, s) ≤ λ ands 6= p then
7: Rν := Rν ∪ {s}; return{}
8: end if
9: P := P ∪ {q}; updateRν ; return{q}

Algorithm 5 NODEENQUEUE(ν, s, λ, ωmax)

1: ComputeW := {ν ′ 6= ν|d(s, ν ′) ≤ 2
√

(λ2 + ω2
max)}

2: for eachν ′ ∈W do
3: enqueue(ν ′, Q)
4: end for

Lemma A.4 (Distance-Weight Relation)A call to COVER made fromREFINEBALL or PROTECT termi-
nates, with each pair of adjacent ballsbp andbq satisfying one of the following distance-weight relations:

i) ωp = ωq anddγ(p, q) ≥ 13ωp/12

ii) ωp = 5ωq/4 anddγ(p, q) ≥ 16ωp/15
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Algorithm 2 REFINEBALL (P,D, q)
1: S := ∅,
2: if q ∈ P ∩ D0 then
3: Cut radius ofbq in half.
4: S = S ∪ {q}
5: for all bp adjacent tobq do
6: S :=REFINEBALL (P,D, q)∪S
7: end for
8: else ifq ∈ P ∩ D1 then
9: B = ∅

10: Let γ ∋ q, γ ∈ D1

11: Let b′, b′′ be the balls adjacent tobq onγ
12: α :=min{radius(bq),radius(b′),radius(b′′)}/4
13: S := S ∪ {q}; P := P\{q}
14: if d(b′, b′′) < 2α then
15: Let b′ be a non-D0-ball.
16: bq := b′; Goto line 9
17: end if
18: Let x andz be the endpoints of segγ(b′) and segγ(b′′) delimiting the shortest subridge of the possible

combinations of endpoints.B :=COVER(α, x, z).
19: LetP be the weighted points ofB.
20: S := S ∪ P; P := P ∪ P
21: for all p with ωp = 0 lying in ∪b∈Bb do
22: S = S ∪ {p}
23: P = P \ {p}
24: end for
25: end if
26: returnS

Algorithm 3 PROTECT(λ2,D)
1: B := ∅

2: for all v ∈ D0 do
3: rv :=minu∈D0,u 6=v{d(u, v)}/3
4: bv := B(v,min{rv, λ2})
5: B := B ∪ bv
6: end for
7: for all γ ∈ D1 do
8: Let u, v be endpoints ofγ
9: α :=min{λ2,radius(bu),radius(bv)}/4

10: Let x andz be the endpoints of segγ(b′) and segγ(b′′) delimiting the shortest subridge of the possible
combinations of endpoints.

11: B := B∪COVER(α, x, z)
12: end for
13: returnB

iii) 5ωp/4 = ωq anddγ(p, q) ≥ 4ωp/3
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iv) 3ωp ≤ ωq anddγ(p, q) ≥ ωp/12 + ωq > 13ωp/12

v) ωp ≥ 3ωq anddγ(p, q) ≥ ωp + ωq/12,

where at least one ofbp andbq was placed by this call toCOVER.

Proof:

Claim A.5 Distance-weight relations are satisfied.

Proof: Let b1, ..., bk−1 be the sequence of balls placed by a call to COVER(α, x, z) such thatbi is placed
immediately afterbi−1 for 1 < i < k − 1, and letb0 and bk be the balls immediately beforeb1 and
immediately followingbk−1 alongγ respectively.

• Consider the first ballb1 placed by COVER. It will satisfy ω1 = α anddγ(segγ(b0), c1) ≥ α/3 =
ω1/3; otherwise it is the last ball placed, but this would imply thatb0 and bk satisfyd(b0, bk) ≤
4α/3, and this cannot be the case because we ensure thatd(b0, bk) ≥ 2α before calling COVER from
REFINEBALL , and thatd(b0, bk) ≥ 4α before calling COVER from PROTECT. Also, becauseω1 = α
andω0 ≥ 4α by the selection ofα in REFINEBALL (or PROTECT), we seeω0 ≥ 3ω1. Furthermore,
dγ(c0, c1) ≥ ω0 + dγ(segγ(b0), c1) ≥ ω0 + ω1/3, thereby satisfying relation (v). Swapping the roles
of p andq, it also satisfies (iv).

• Now consider each pair of adjacent ballsbi andbi−1 after that fori < k − 1. Each of these will
have radiusα, and will satisfydγ(segγ(bi−1), ci) ≥ α/3 = ωi−1/3; otherwise, eitherbi−1 or bi must
be the last ball placed, but this cannot be becausebk−1 is the last ball placed andi < k − 1. So
dγ(ci−1, ci) ≥ ωi−1 + dγ(segγ(bi−1), ci) ≥ 4ωi−1/3 = 4ωi/3, which satisfies relation (i) for both
p = ci andp = ci−1.

• Now consider the placement and size ofbk−1. This is the last ball placed, and so must be constructed
as such.

– If z /∈ γ(yi,0, yi,5) and z ∈ segγ(B(yi,4, α)), then bi+1 = B(yi,4, 5α/4). This implies
5ωk−2/4 = ωk−1 becauseωk−2 = α, anddγ(ck−2, ck−1) ≥ 4α/3 = 4ωk−2/3 = 16ωk−1/15,
sobk−2 andbk−1 satisfy (ii) for p = ck−1, and by swappingp andq they also satisfy (iii). We
also have3ωk−1 = 15α/4 < 4α ≤ ωk, yielding ωk ≥ 3ωk−1. dγ(ck, ck−1) = dγ(ck, z) +
dγ(ck−1, z), anddγ(ck, z) ≥ ωk anddγ(ck−1, z) = dγ(ck−2, z) − dγ(ck−1, ck−2) ≥ α/12, so
dγ(ck, ck−1) ≥ ωk + ωk−1/12. This satisfies (v) forp = ck and (iv) forq = ck.

– If z ∈ γ(yi,2, yi,5), thenbi+1 = B(yi,1, α). By the same reasoning as above,dγ(ck, ck−1) ≥
ωk + ωk−1/12. Furthermore,ωk ≥ 4ωk−1, sobk andbk−1 satisfy (v) forp = ck and (iv) for
q = ck. ωk−2 = ωk−1 = α, anddγ(ck−1, ck−2) ≥ ωk−2 + α/12 = 13ωk−2/12 = 13ωk−1/12.
Sobk−2 andbk−1 satisfy (i).

– If z ∈ γ(yi,0, yi,2), then replacebi with B(ci, 5α/4). Since z /∈ B(ck−1, α), we have
dγ(ck, ck−1) ≥ 4ωk−1/5 + ωk, and again3ωk−1 = 15α/4 < 4α ≤ ωk, yieldingωk ≥ 3ωk−1.
This satisfies (v) forp = ck and (iv) for q = ck. 5ωk−2/4 = ωk−1 becauseωk−2 = α, and
dγ(ck−2, ck−1) ≥ ωk−2 + 4α/12 = 4ωk−2/3 = 16ωk−1/15. Sobk−1 andbk−2 satisfy (ii) for
p = ck−1, and by swappingp andq they also satisfy (iii).

Claim A.6 COVER terminates.
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Proof: Every pair of consecutive balls alongγ satisfies at least one of the above size-distance relations, and
bothωp ≥ α andωq ≥ α, whereα is a strictly positive constant for a given call to COVER. This implies that
we move at least some fixed positive distance alongγ with each new ball that we place, at least16α/15.
Sincedγ(x, z) must be finite (closure ofγ(x, z) is compact and embedded in Euclidean space, and so must
be totally bounded), this implies that a finite number of balls are placed.

Lemma A.7 (Positive Power Distance)No zero-weighted point lies inside a protecting ball.

Proof: There are only two ways in which we could have a zero-weighted pointp inside a protecting ball
bq: either (1)p is inserted within distanceωq of q, or (2) q is inserted within distanceωq of p andp is not
removed. In the event thatq ∈ Rν , the former case cannot occur because it would imply that a Voronoi edge
e intersectsD insidebq, which further implies that the power distance of this intersection point to eachvertex
of t =dual(e) is negative, and this can only be the case when all three vertices oft are positive-weighted.
This implies a violation of C3, so we cannot insertp into bq when C3 is satisfied. We insert no zero-weighted
points in handling violations of C1 and C2, so ifp is ever inserted intobq then it is inserted in response to a
violation of C3, but this cannot be the case, because the weights of the vertices oft are all strictly positive
and size(t) must be negative, sosmax(q) < 0.03rmin(q), and a ball is refined rather thant. In the event that
q ∈ P \Rν , then we findq in INSERTREFINE, anddw(q, p) < 0 < λ, so we addq toRν instead of addingp
to P andRν . Sop is not inserted within distanceωq of q. In the event thatp ∈ Rν , the latter case, in which
q is inserted within distanceωq of p andp is not removed, is precluded by the final step of REFINEBALL ,
which removes all zero-weighted points within distanceωq of q immediately afterq is inserted. Note that
p /∈ P \ Rν , as we incorporate all points within distance2ωmax + 2

√

(λ2 + ω2
max) of ν into Rν , and the

greatest distance fromν at which REFINEBALL removes points is4ωmax (Lemma B.5).

Lemma A.8 (Ridge-Facet Intersection)Let p, q ∈ γ ∩ Rν , γ ∈ D1, p ∈ ν, and letF be a Voronoi
facet. For protecting ballsbp andbq with radii less than0.06lfs(p) and0.06lfs(q) respectively, we have the
following:

i) When C1, C2, and C3 are satisfied,γ(p, q) ∩ F 6= ∅ iff F = Vp ∩ Vq andint (γ(p, q)) ∩Rν = ∅;

ii) If γ(p, q) ∩ F 6= ∅ thenγ(p, q) ∩ F is a single point.

Proof: Assume∃s ∈ P such thatVs ∩ γ(p, q) 6= ∅. In the proof of the Subridge Covering Lemma,
we show that for any two protecting ballsbi and bj adjacent along some ridgeγ, γ(ci, cj) ⊂ bi ∪ bj ,
where at least one ofbi, bj was placed by COVER(α, x, z), and the other was either placed by the same
call to COVER or satisfiesz ∈ bd (segγ(bj)). We proceed by first showingγ(p, q) ⊆ bp ∪ bq. Assume
the contrary, thatγ(p, q) \ bp ∪ bq 6= ∅. Then one of the following must be true: (1)p and q are not
adjacent onγ; (2) in some call to COVER(α, x, z), eitherx /∈seg(b0) or z /∈seg(bk); (3) ∃t ∈ P \ Rν such
t ∈ γ(p, q). (1) is false by assumption. (2) is false because we only call COVER from REFINEBALL and
PROTECT, and both of these satisfyx ∈seg(b0) andz ∈seg(bk) when making a call to COVER(α, x, z).
(3) also cannot be true because a pointt ∈ γ(p, q) satisfyingt ∈ P \ Rν impliesd(t, p) > 4ωmax, but as
pointed out in the proof of the Near Ball Refinement Lemma (LemmaB.3) if there issuch at in P \ Rν

then∃t′ ∈ P ∩ γ(p, q) such thatd(t′, p) ≤ 5ωmax/4 < 4ωmax, and so thist′ would have been found in
the initialization ofRν , thus precluding the conditionint (γ(p, q)) ∩ Rν = ∅, and soγ(p, q) ⊂ bp ∪ bq
whenp ∈ ν. So every point inγ(p, q) has a strictly negative weighted distance to at least one ofp, q. This
implies minx∈γ(p,q){dw(x, p), dw(x, q)} < dw(x, s) ∀x ∈ γ(p, q), wheres ∈ P is a zero-weighted point,
so x /∈ Vs if ωs = 0. This further implies that ifVs ∩ γ(p, q) 6= ∅ thenωs > 0. If s does not lie on
γ thenbs does not intersect any ball onγ by satisfaction of C2, and therefore does not intersectγ, again
yielding min{dw(x, p), dw(x, q)} < dw(x, s). Thens ∈ γ. By the Ball Segment Lemma, if protecting balls
are sufficiently small thenbs ∩ γ =segγ(bs), and this implies that eithers ∈ γ(p, q) or p ∈segγ(bs). The
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former is precluded by the conditions of this Lemma (int (γ(p, q)) ∩Rν), and the latter is precluded by the
Size-Distance Relation Lemma (these implydγ(s, p) > ωs anddγ(s, p) > ωp). Then no suchs can exist,
andγ(p, q) ⊂ Vp ∪ Vq. Sinceγ(p, q) ⊂ Vp ∪ Vq andγ(p, q) ∩ Vs = ∅ for all others ∈ P , γ(p, q) can
traverse only the Voronoi facetF = Vp ∩ Vq, and it must traverse this facet because it is connected and
contains points in bothVp andVq. This concludes the proof of (i).

Let Fpq = Vp ∩ Vq. Consider (ii) and assume the contrary: thatFpq ∩ γ(p, q) contains multiple points,
x1, ..., xn−1. Let x1, ..., xn−1 be ordered such that in moving fromp to q alongγ one encounters them in
order (x1 first, x2 second, etc.), and letx0 = p andxn = q. Then eitherγ(xi, xi+1) ⊂ Vp (specifically,
when i is even) orγ(xi, xi+1) ⊂ Vq (when i is odd) for all0 ≤ i < n. Sinceγ(p, q) begins inVp and
terminates inVq, andFpq is the only Voronoi facet traversed by it, then there must be an odd numberof
points inFpq ∩γ(p, q). This impliesn > 3, so let us consider the smallest ballB2,3 containingx2 andx3 on
its boundary, and grow it intoB′

2,3 by moving its center intoVp along the normal toFpq while maintaining
{x2, x3} ⊂ bd (B′

2,3) until B′
2,3∩γ(x0, x1) 6= ∅. Notice that no matter how much we growB′

2,3,Fpq∩B′
2,3

is always a circle of diameterd(x2, x3). So ifx1 does not lie in this circle thenγ∩B′
2,3 contains at least two

disjoint connected components and therefore contains a medial axis point of γ. This is depicted in Figure
1. Letωp, ωq ≤ 0.06lfsmin(γ). From here, we see thatR2 = d21 + (R − d2)

2, andd21 = r2 + d22, where

Figure 6: Ridge-Facet Figure.

r = ωp andd2 = d(p, Fpq). Sincebp andbq intersect,Fpq must contain at least one point inbq, so from
our Distance-Weight Relations and Euclidean-Geodesic Distance we obtaind2/ωp ≥ (d(p, q) − ωq)/ωp >
(0.99939∗13/12−1) in the worst case. Then the radiusR of B′

2,3 when it is fully grown (meaning, when that
it is large enough to containp) can be no greater thanR ≤ ω2

p/(2d2) ≤ 6.06∗0.06lfsmin(γ) < 0.4lfsmin(γ),
and therefore cannot contain a medial axis point ofγ, a contradiction. Thenx1 must lie inFpq ∩ B′

2,3. But
then we can constructB1,2 as the smallest ball containingx1 andx2 on its boundary, and grow it into
B′

1,2 by moving its center intoVq along the normal toFpq while maintaining{x1, x2} ⊂ bd (B′
1,2) until

B′
1,2 ∩ γ(xn−1, xn) 6= ∅. Notice that no matter how much we growB′

1,2, Fpq ∩ B′
1,2 is always a circle of

diameterd(x1, x2) < d(x2, x3). Sox3 cannot lie in this circle, andγ ∩ B′
1,2 contains at least two disjoint

connected components and therefore contains a medial axis point ofγ. Again, the radius ofB′
1,2 when it is

fully grown can be no greater than6.06 ∗ 0.06lfsmin(γ), and therefore cannot contain a medial axis point of
γ, a contradiction. SoFpq ∩ γ(p, q) cannot contain multiple points,x1, ..., xn−1, and (ii) must be true for
ωp, ωq ≤ 0.06lfsmin(γ).

Lemma A.9 (Domain Sample)P ⊆ D.

Proof: Consider all the ways in which we insert new points intoP . Positive-weighted points are inserted
via COVER or PROTECT, which insert points only inD0 ∪D1 ⊂ D. All zero-weighted points that are added
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toP lie in E(Vor (P ))∩D ⊂ D at the moment before their insertion, whereE(Vor (P )) is the set of edges
in the Voronoi diagram ofP . There are no negative-weighted points, so all points inP must lie inD.

B REFINEBALL Operates Locally

Lemma B.1 (Exposed Ridge Segment)WhenREFINEBALL is called from a nodeν, all points in the ridge
segment exposed by the removal of existing protecting balls lie either insideν or within distance3.52ωmax

of its boundary.

Proof: For this proof, we consider a violation of each criterion.

1. C1. Here, we refine aD0-ball bv with center insideν. By definition ofωmax, its radius is initially
at mostωmax, and this ball’s radius is decreased by a factor of two in the refinement – call the
shrunken ballb′v. In the worst case, this leads us to refine aD1-ball bq of radius at most5ωmax/16
that is adjacent (with respect toRν) to bv. By nature of COVER, the center of every ball adjacent
to bv with respect to the global point set must lie within distance21ωmax/16 of v, implying that
they are inNν and therefore also inRν . This implies thatd(v, q) ≤ 21ωmax/16. By nature of
REFINEBALL , the farthest ball removedbp must either bebq or must satisfyd(bp, b′v) < ωmax/8 (if
bq is not the only ball removed from this ridge, then at least one ball of radiusωmax/4 or smaller must
be removed, and any ball removedbp must then satisfyd(bp, b′v) < 2α ≤ ωmax/8). So forp 6= q,
d(p, v) ≤ ωv/2+2α+ωp ≤ (1/2+1/8+5/16)ωmax = 15/16ωmax. This implies thatbp = bq, and
the farthest point fromν exposed by ball removal is at most distanceωv + 2ωq ≤ 13ωmax/8 from ν.

2. C2. Here, we could refine aD0-ball or aD1-ball. First we consider the case of refining aD0-ball bv.
To violate C2,bv must intersect some ballbs having its center inν, andbs must be aD1-ball because
PROTECTprecludes non-empty intersections of all pairs ofD0-balls. Sod(s, v) ≤ (1 + 5/16)ωmax,
and we may refine aD1-ball bq adjacent tobv that lies farther fromν thanbv does. By the same
argument used for C1, we see that the center of the farthest ballbp from bv removed by this refinement
must satisfyd(v, p) ≤ ωv + ωq ≤ 21ωmax/16, so the farthest point exposed by ball removal lies
at most distanced(s, v) + d(v, p) + ωp ≤ (21/16 + 21/16 + 5/16)ωmax = 47ωmax/16 from ν,
concluding our analysis ofD0-ball refinement for C2. If we instead refine aD1-ball bq, q /∈ ν, in
response to a violation of C2, then it intersects some smaller ballbs, s ∈ ν. If bq is the only ball
removed during REFINEBALL , then the bound on the distance to the farthest exposed point is small
and trivially computed, so assume that the farthest ball removed isbp 6= bq. In the worst case,bq was
adjacent to aD0-ball bv of radiusωmax, and the ridgeγ containingq wraps aroundbv such that the
farthest ballbp from ν satisfyingd(p, v) ≤ ωv +2α+ωp lies on the opposite side ofbv from ν. Then
the distance to the farthest exposed point fromν is at mostd(s, q) + d(q, v) + ωv + 2α + 2ωp ≤
(9/16 + 21/16 + 1 + 1/8 + 1/2)ωmax = 3.5ωmax.

3. C3. The proof for this is identical to that for C2 with the sole exception of the distance between balls
necessary to violate the criterion. For C2, this distance had to be less than zero; for C3 it must be less
than0.06 ∗ 5ωmax/16, so the worst case bound here is the worst case bound for C2 plus this distance,
yielding a bound of(3.5 + 0.06 ∗ 5/16)ωmax < 3.52ωmax.

4. C4,C5,C6. The refined ball here must either be adjacent to a ball with center in ν, in which case the
maximal bound is better than that for C2, or it must share an edge with a zero-weighted point inν, in
which case the maximal bound is better than that for C3.
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Corollary B.2 Every ball inP centered on the exposed ridge segment is added toRν either when it is
initialized or during the current refinement ofν.

Lemma B.3 (Endball Distance) WhenCOVER is called fromREFINEBALL while refining nodeν, then the
centers of the protecting ballsb0 andbk bounding the exposed ridge segment lie insideν or within distance
4ωmax of its boundary.

Proof: Let ck =argmaxp∈{c0,ck}{d(ν, p)}. We first consider the case in whichbk is aD1-ball. If bk is aD1-
ball thenωk ≤ 5ωmax/16. As the farthest point on the exposed ridge segment fromν is at most3.52ωmax

from ν and seg(bk) bounds this exposed segment,ck must lie within distance(3.52 + 5/16)ωmax < 4ωmax

of ν.
Now we consider the case in whichbk is aD0-ball. We begin by assumingd(ν, ck) > 4ωmax, and

show this cannot be the case.ωk ≤ ωmax, which implies a point on the exposed ridge at least distance
3ωmax from ν. Such a distance betweenν and the farthest exposed point implies that aD1-ball adjacent to a
D0-ball has been refined in response to the violation. The distance fromck to the nearestD0-ball centeru is
at leastd(u, ck) ≥ 3max{ωk, ωu}, sod(bk, bu) ≥ max{ωk, ωu}, but then the farthest pointx from ν on the
exposed ridge segment must satisfyd(x, bu) ≤ 2α+2ωp, wherebp is the farthest ball fromν removed during
REFINEBALL . Sincep lies on a ridge interior, it cannot be aD0-ball, sod(x, bu) ≤ (1/8+5/8)ωk, implying
d(bk, bu) ≤ (1/8+5/8)max{ωu, ωk}, but this contradictsd(bk, bu) ≥ max{ωk, ωu}. Sod(ν, ck) ≤ 4ωmax.

Corollary B.4 Endballsb0 andbk used to bound the segment to be covered by a call toCOVER issued by
REFINEBALL are added toRν either when it is initialized or during the current refinement ofν. Further-
more, there is no ball inP centered on the ridge segment to be covered that is not removed byREFINEBALL ,
as the contiguous ball set with respect toP beginning withb0 and ending withbk must be a subset ofRν by
the previous two lemmas.

Lemma B.5 (Point Removal) Any zero-weighted point removed whenREFINEBALL is called from a node
ν lies either insideν or within 4ωmax of its boundary.

Proof: Consider newD0-balls that are placed: they space occupied by them is a subset of the space occupied
by theD0-balls they have replaced because each newD0-ball has the same center as its predecessor and a
smaller radius. Consider newD1-balls that are placed: their centers must lie within3.52ωmax of ν, and
their radii can be no greater than25ωmax/256, so they cannot occupy any space farther than4ωmax from ν.
Since we only remove zero-weighted points that lie in the space occupied by newly placed balls, all of these
points must lie within distance4ωmax of ν.

Corollary B.6 All zero-weighted points removed byREFINEBALL are added toRν either when it is initial-
ized or during the current refinement ofν. Furthermore there is no zero-weighted point inP \Rν that could
be removed by this process, as no such point lies within4ωmax of ν.

We refer the interested reader back to Theorem 4.1 to see how these lemmas are assimilated into the
proof that REFINEBALL can operate locally.

C Condition Bound Lemmas

Here we argue termination via a packing argument, showing that each criterion implies lower-bounds on
inter-point distances and protecting ball sizes. Throughout our arguments, we use the following definitions:

• γ∗ = |γ| − (bu ∪ bv), wherebu andbv are the protecting balls centered on the endpoints of ridgeγ;
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• σ∗ = |σ| − Bσ, whereBσ is the set of protecting balls centered on the boundary of patchσ;

• Dmin,0,1 = minv∈D0
{minγ∈D1

{d(v, γ)|v /∈ cls (γ)}} (the smallest distance between anyD0 vertex
and a non-adjacentD1 ridge);

• Dmin,0,2 = minv∈D0
{minσ∈D2

{d(v, σ)|v /∈ cls (σ)}} (the smallest distance between anyD0 vertex
and a non-adjacentD2 patch);

• Dmin,1,2 = minσ∈D2
{minγ∈D1

{d(σ, γ)|γ 6⊂ cls (σ)}} (the smallest distance between anyD1 ridge
and a non-adjacentD2 patch);

• Dmin,1,1 = minγ1∈D1
{minγ2∈D1

{d(γ∗1 , γ∗2)}} (the smallest distance between any pair ofD1 ridges
excluding portions of those ridges contained in the protecting balls centeredon their endpoints);

• Dmin,2,2 = minσ1∈D2
{minσ2∈D2

{d(σ∗
1, σ

∗
2)}} (the smallest distance between any pair ofD2 patches

excluding portions of those patches contained in the protecting balls centered on their boundaries).

The reader should take notice thatDmin,0,1, Dmin,0,2, andDmin,1,2 are all surface dependent constants,
whileDmin,1,1 is dependent onD0-ball size andDmin,2,2 is dependent onD0 andD1-ball sizes.

Lemma C.1 (C1 Bound) When the radii of allD0-balls are less thanmin{0.06lfsmin(γ), Dmin,0,1}, C1
must be satisfied.

Proof: Considerbv andbq, wherebv is aD0-ball andbq is a non-D0-ball. We claim thatbv andbq cannot
violate C1 when their radii are less than min{0.06lfsmin(γ), Dmin,0,1}. Assume otherwise. Letbv andbq
lie on the same ridgeγ. Then by the Ball Segment Lemmaq ∈segγ(bv). This cannot be the case by the
construction of new balls in COVER(x, z, α) when called by PROTECT or REFINEBALL , as the center of
each new ball lies inγ(x, z), the shortest subridge delimited by the endpoints of segγ(b0) and segγ(bk), and
γ(x, z) ∩ P = ∅, by the Empty Subridge Lemma. So letbv andbq lie on distinct ridges. Thend(v, q) ≥
Dmin,0,1 by the definition ofDmin,0,1, but then in order forbv to containq it must be thatωv ≥ Dmin,0,1,
contradicting the assumption that the radii ofbv andbq are less than min{0.06lfsmin(γ), Dmin,0,1}, so when
all D0-balls have small radii, C1 must be satisfied.

Lemma C.2 (C2 Bound) When protecting balls are sufficiently small, C2 must be satisfied. Specifically,
C2 must be satisfied whenD0-balls have radii less thanDmin,0,1/2 andD1-balls have radii less than
min{Dmin,0,1, Dmin,1,1}/2.

Proof: D0-ball size.For aD0-ball centered onp and some other weighted pointq to incur a violation of C2,
p must lie on aD0 vertex disjoint from the ridge containingq, and so we haveDmin,0,1 ≤ d(p, q). Also for
violation we required(p, q) ≤ ωp + ωq. So whenωp + ωq < Dmin,0,1 no violation can occur, implying that
when bothωp andωq are less thanDmin,0,1/2 no violation can occur.
D1-ball size.For pointsp andq to lie on the interiors of distinct ridges, we requireDmin,1,1 ≤ d(p, q).

For a violation to occur, we required(p, q) ≤ ωp+ωq. So whenωp+ωq < Dmin,1,1 no violation can occur,
implying that when bothωp andωq are less thanDmin,1,1/2 no violation can occur.

Lemma C.3 (C3 Bound) WhenD0-balls are smaller thanmin{0.06lfsmin(γ), Dmin,0,1/4}, D1-balls
are smaller than min{0.06lfsmin(γ), Dmin,0,1, Dmin,1,1}/4, and triangles have size less than
0.03minp∈D≤ 1

{ωp}, C3 must be satisfied.

Proof: We will consider two main cases here: (1) the two ballsbp andbq in violation of C3 lie on different
ridges, and (2)bp andbq lie on the same ridge.

For the former case, we may havep ∈ D0 or we may have bothp andq on the interiors of distinct ridges
of D1.
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Claim C.4 If smax(p), smax(q), ωp, ωq < Dmin,0,1/4 givenp ∈ D0 and q is another positive-weighted
point on a ridge distinct from all those ridges containingp as an endpoint, thenp andq cannot violate C3.

Proof: By assumption regarding the relationship betweenp andq given in the claim, we haveDmin,0,1 ≤
d(p, q). For these vertices to violate C3, it must be thatd(p, q) ≤

√

(smax(p)
2+ω2

p)+
√

(smax(q)
2+ω2

q ) ≤
smax(p) + ωp + smax(q) + ωq. By assumption,smax(p) + ωp + smax(q) + ωq < Dmin,0,1. Combining
these equations, we arrive at the contradictionDmin,0,1 < Dmin,0,1, sop andq cannot violate C3 given the
assumptions in our claim.

Claim C.5 If smax(p), smax(q), ωp, ωq < Dmin,1,1/4 givenp andq lie on the interiors of distinct ridgesγ1
andγ2, thenp andq cannot violate C3.

Proof: By assumption regarding the relationship betweenp andq given in the claim, we haveDmin,1,1 ≤
d(p, q). For these vertices to violate C3, it must be thatd(p, q) ≤

√

(smax(p)
2+ω2

p)+
√

(smax(q)
2+ω2

q ) ≤
smax(p) + ωp + smax(q) + ωq. By assumption,smax(p) + ωp + smax(q) + ωq < Dmin,1,1. Combining
these equations, we arrive at the contradictionDmin,1,1 < Dmin,1,1, sop andq cannot violate C3 given the
assumptions in our claim.

The previous two claims show that for sufficiently small triangles and protecting balls, verticesp and
q on distinct ridges cannot violate C3. It also shows that theD0-ball size required to ensure no violations
depends solely on surface-dependent constantDmin,0,1. TheD1-ball size and triangle size required to ensure
no violations depend onDmin,1,1, which depends on both surface geometry andD0-ball size.

Now let us consider the case wherep andq lie on the same ridgeγ.

Claim C.6 If ωp, ωq < 0.06lfsmin(γ) andsmax(p), smax(q) ≤ 0.03min{ωp, ωq} givenp andq lie on the
same ridgeγ, thenp andq cannot violate C3.

Proof: For violation to occur, we haved(p, q) ≤
√

(smax(p)
2 + ω2

p) +
√

(smax(q)
2 + ω2

q ) ≤ smax(p) +
ωp + smax(q) + ωq. Then by assumptiond(p, q) < 0.1236lfsmin(γ), implying dγ(p, q)/d(p, q) ≤ 1.00064
andd(p, q)/dγ(p, q) ≥ 0.99936 by the equation in the Euclidean-Geodesic Distance Lemma. Also, forp
andq to violate there must be some other points ∈ γ(p, q) ∩ P . For what follows, lets, v ∈ int (γ(p, q))
such thats is adjacent toq andv is adjacent top, and note thats andv may or may not be the same point.

(Case 1) Consider the case in which both pairs(p, s) and(v, q) satisfy one of the first three Distance-
Weight Relations. Thendγ(p, q) ≥ dγ(p, s) + dγ(v, q) ≥ 16(ωq + ωp)/15 > 1.00064 ∗ 1.03(ωp + ωq) ≥
1.00064(ωq + ωp + 2 ∗ 0.03min{ωp, ωq}) ≥ 1.00064d(p, q) ≥ dγ(p, q), but this equation contradicts itself
(dγ(p, q) > dγ(p, q)) and sop andq cannot violate C3 when both pairs(p, s) and(v, q) satisfy one of the
first three Distance-Weight Relations.

(Case 2) Consider the case in which pair(p, s) satisfies one of the last two Distance-Weight Relations
such thatωs > ωp and pair(v, q) satisfies one of the first three relations. Thendγ(p, q) ≥ 16ωq/15 +
37ωp/12 ≥ 16(ωq + ωp)/15. As we know from the previous case, this again results indγ(p, q) > dγ(p, q),
and sop andq cannot violate C3 when pair(p, v) satisfies one of the last two relations such thatωs > ωp

and pair(v, q) satisfies one of the first three relations.
(Case 3) Consider the case in which both pairs(p, s) and(v, q) satisfy one of the last two Distance-

Weight Relations such thatωs > ωp andωv > ωq. Thendγ(p, q) ≥ 37ωq/12+37ωp/12 ≥ 16(ωq+ωp)/15.
As we know from a previous case, this again results indγ(p, q) > dγ(p, q), and sop andq cannot violate C3
when both pairs(p, s) and(v, q) satisfy one of the last two Distance-Weight Relations such thatωs > ωp

andωv > ωq.
(Case 4) Consider the case in which pair(p, s) satisfies one of the last two Distance-Weight Relations

such thatωs < ωp and pair(v, q) satisfies one of the first three relations. Then we know thatdγ(q, v) ≥
16ωp/15 anddγ(v, bp) ≥ ωv/12 ≥ ωq/15, implying dγ(q, bp) ≥ 17ωq/15. Let x = γ(q, p) ∩ bd (bp).
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The Ball Segment Lemma implies thatx is a single point for balls of the sizes we consider here. Let
Πxp be the plane tangent tobp at x, and letLxq be a line passing throughx andq. If we can show that
d(q,Πxp) ≥ 1.06ωq ≥ ωq + 0.06min{ωp, ωq} then we knowd(p, q) > ωp + ωq + 0.06min{ωp, ωq},
which contradicts the requirements for violation. We proceed by lower-bounding the angle∠aLxq,Πxp and
thereby lower-boundingd(q,Πxp) in terms ofωq. To bound∠aLxq,Πxp, we adapt [9] Lemma 2.3 to curves.
The Sandwich Property [5], which is the basis for [9] Lemma 2.3, can be adapted to curves; however, for
curves it may be more aptly named the Doughnut Property. For any pointz ∈ γ there exists a set of balls
Bz = {b : γ is tangent tob atz, and radius ofb is lfsγ(z)} the union of which is empty of points inγ. The
centers of the balls inBz form a circle that lies in the planeΠz normal to the tangent ofγ at z. This yields
∠Lyz, tz ≤ π/2 − arccos(d(y, z)/(2lfsγ(z))), whereLyz is a line passing throughy ∈ γ andz, andtz
is the tangent vector toγ at z. SinceLxp, the line passing throughx andp, is perpendicular toΠxp, we
find ∠aΠxp, tx ≥ π/2 − ∠Lxp, tx, and∠aΠxp,Lxq ≥ ∠aΠxp, tx − ∠Lxq, tx ≥ 1.5067. Now consider
the nearest pointu ∈ Πxp to q. Luq must be perpendicular toΠxp, and soLuq, Lux, andLxq form a right
triangle with∠Lux,Lxq ≥ 1.5067. This implies thatd(p, q) ≥ ωp+d(q,Πxp) = ωp+sin(1.5067)d(x, q) ≥
ωp + 0.99936 sin(1.5067)dγ(x, q) ≥ 1.128ωq > ωp + ωq + 0.06min{ωp, ωq} ≥ d(p, q), a contradiction.

Figure 7:d(p,Πxq).

(Case 5) Consider the case in which both pairs(p, s) and(v, q) satisfy one of the last two Distance-
Weight Relations such thatωs < ωp andωv < ωq. Assume thatωp ≥ ωq. We claim that either (1)
at some point afterp andq came into existence but beforev ands came into existence there must have
existed a ballbz such thatz ∈ int (γ(p, q)) andωz ≥ 4ωq/5, or (2) bothbp andbq areD0-balls. In the
latter case,dγ(p, q) ≥ d(p, q) ≥ 3ωp ≥ 1.5(ωp + ωq), which we know from a previous case results in
dγ(p, q) > dγ(p, q), a contradiction. The former case reduces to Case 4 above by the observation that the
existence of such abz impliesd(p, bq) ≥ 17ωq/15, and this case also ends in contradiction.

Existence ofbz: Consider the moment immediately after the call to COVER that generatedbp terminated,
and in particular consider the two balls adjacent tobp. By nature of COVER, these were either placed by the
same call to COVER that generatedbp or they are the endballs delimiting the subridge that was covered. in
either case, the radii of both balls adjacent tobp are greater than or equal to4ωp/5 ≥ 4ωq/5. A similar proof
can be made showing that immediately afterbq is generated both balls adjacent to it have radii greater than
or equal to4ωq/5. So independent of the order in whichbp andbq are generated there must have existed a
ball matching the description ofbz at some point in time afterbp andbq came into existence.

(Case 6) Consider the case in which both pairs(p, s) and(v, q) satisfy one of the last two Distance-
Weight Relations such thatωs < ωp andωv > ωq. Here we make the observation thatdγ(q, bp) ≥
dγ(q, v) ≥ 37ωq/12 ≥ 17ωq/15, and so this case also reduces to Case 4 above.

Lemma C.7 (C4 Bound) When allD0-balls have radii less thanDmin,0,2/3 and allD1-balls have radii
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less thanDmin,1,2/3 and all triangles have size less thanmin{Dmin,0,2/3, Dmin,1,2/3, Dmin,2,2/2} and
smax(p) ≤ rmax(p)∀p C4 must be satisfied.

Proof: There are two main cases of violation that we may encounter here: (1) a positive-weighted vertexq
of Fσ(p) lies outsideσ, and (2) a zero-weighted vertex ofFσ(p) lies outsideσ. In the former case, we refine
the errant vertexq if its weight is greater than the size of the largest triangle inF (p); In all other cases,
we refine the largest triangle ofF (p). Assume the aforementioned radius and size conditions are met, and
Fσ(p) violates C4.

Assume vertexq in Fσ(p) is the errant vertex. By satisfaction of C3, we know that at most one of
p and q can be positive-weighted. Assume then thatq ∈ D0. ThenDmin,0,2 ≤ d(p, q) ≤ smax(p) +
√

(smax(p)
2 + rmax(p)

2). Assumingsmax(p) ≤ rmax(p), this implies that no violations occur when
rmax(p) +

√

(2rmax(p)
2) < Dmin,0,2, or whenrmax < Dmin,0,2/(1 +

√
2).

Now assume thatq ∈ D1. ThenDmin,1,2 ≤ d(p, q) ≤ smax(p) +
√

(smax(p)
2 + rmax(p)

2). Assuming
smax(p) ≤ rmax(p), this implies that no violations occur whenrmax(p) +

√

(2rmax(p)
2) < Dmin,1,2, or

whenrmax < Dmin,1,2/(1 +
√
2).

Now assume thatp, q ∈ D2. ThenDmin,2,2 ≤ d(p, q) ≤ 2smax(p). This implies that no violations
occur when2smax(p) < Dmin,2,2, or whensmax < Dmin,2,2/2.

Before proceeding to the proof of lower bounds implied by C5 and C6, we must first establish a few
preliminaries. We employ Lemmas 2.1-4.7 of [9] extensively in the proof of bounds for C5 and C6; however,
[9] deals with unweighted Delaunay triangulations, and it is not immediately apparent how – or even whether
– these lemmas can be applied to weighted triangulations. In the following lemmas, wedevelop theory that
allows us to make use of these lemmas from [9] with some caveats.

Lemma C.8 (Bounded Circumradius) When a ball would be refined in response to a violation of C5 or
C6 by pointp, the circumradius of each triangle inF (p) is less thansmax(p) + rmax(p).

Proof: The case in which all angles are acute is trivial, as the circumradius must be less than the unweighted
distance from a positive-weighted vertex to the orthocenter, which in turn must be less thansmax(p) +
rmax(p). The rest proof proceeds via a case-by-case analysis of triangles inF (p) with respect to how vertex
weights are arranged about the triangle’s obtuse angle.

The case in which all three vertices of a trianglet in F (p) are protecting balls is precluded by satisfaction
of C3. The case in which all three vertices oft are zero-weighted trivially satisfies circumradius(t) ≤
smax(p). The case in which exactly one vertex has positive weight can be dividedinto two subcases: (1)
the protecting ball lies on the obtuse angle, and (2) the protecting ball lies on one of the acute angles. In the
former case, the circumcenter oft is closer to the positive-weighted vertex than the orthocenter is, and so
the circumradius must be less thansmax(p) + rmax(p). The latter case requires a more rigorous analysis, as
the circumradius lies farther from all vertices than the orthocenter. For thiscase, we proceed by bounding
the angle between edgesu and the plane bisecting the edgeqs, whereq is the positive weighted point and
∠qsu is obtuse. This angle bound can then be used to bound the distance betweenthe circumcenter and the
orthocenter with respect tormax(p).

Claim C.9 The circumradius of obtuse trianglet in F (p) with exactly one positive weighted vertex lying on
one of its acute angles is at mostsmax(p) + rmax(p).

Proof: Let the vertices oft be q (the positive-weighted vertex),s (the vertex on the obtuse angle), andu;
let xsu be point where the bisecting plane of edgesu intersects edgesu; and leto andc be the ortho- and
circumcenter oft respectively. Then∠sxsuo = π/2. d(s, xsu) ≥ dmin(p)/2 becaused(s, u) ≥ dmin(p) by
the definition ofdmin(p). d(s, o) ≤ smax(p) by the definition ofsmax(p), andsmax(p) < dmin(p) because
we would only refine a ball in such a case. This yields∠osxsu ≤ arccos(0.5). Let xsq be the point where
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the affine hull ofsu intersects the plane supporting the Voronoi facetVs ∩ Vq. Then∠xsqxsuo = π/2 and
∠oxsqxsu ≤ ∠osxsu ≤ arccos(0.5) (otherwise either∠qsu is acute, contradicting assumption, or the plane
supportingVs ∩ Vq does not intersect edgesq, which is precluded by the Positive Power Distance Lemma).
Now consider a line segmentoy parallel to edgeqs, with y lying in the plane bisecting edgeqs. Triangle
yoc is similar to trianglexsuxsqo, and sod(c, o) = d(y, o) sec(∠oxsqxsu) ≤ 2d(y, o). d(y, o) is merely
the distance between the bisecting planeΠb and the plane supporting the Voronoi facetΠqs of qs. So,
d(y, o) = d(q,Πqs)−d(q,Πb). d(q,Πb) = d(q, s)/2 = (ωq +d(bq, s))/2 andd(q,Πqs) ≤ ωq +d(bq, s)/2.
This yieldsd(y, o) ≤ ωq/2 ≤ rmax(p)/2 and sod(c, o) ≤ rmax(p). The circumradius oft is thend(s, c) ≤
d(s, o) + d(o, c) ≤ smax(p) + rmax(p).

The case in which two vertices have strictly positive weights can be divided into three subcases: (1) the
larger ball lies on the obtuse angle, (2) the smaller ball lies on the obtuse angle, and (3) the zero-weighted
point lies on the obtuse angle. In the first case, the circumcenter is closer tothe vertex of the obtuse angle
than the orthocenter is, and so the circumradius must be less thansmax(p)+ rmax(p) trivially. In the second
case we again bound the angle between edgesq and the plane bisecting the edgesu, whereq is zero-
weighted and∠qsu is obtuse. For the last case, we can show that the circumcenter of such a triangle must
necessarily lie inside the larger of the two protecting balls, thus yielding a circumradius less thanrmax(p)
trivially.

Claim C.10 The circumradius of obtuse trianglet in F (p) with two positive weighted vertices is at most
smax(p) + rmax(p) when the smaller protecting ball lies on the obtuse angle.

Proof: Let trianglet with orthocentero and circumcenterc have verticesq, s, andu such that0 = ωq <
ωs ≤ ωu, and letΠsq andΠsu be the planes supporting the Voronoi facetsVq ∩ Vs andVu ∩ Vs respectively.
Let xsq = Πsq ∩ sq andxsu = Πsu ∩ aff (sq). Then∠xsuxsqo = π/2. d(xsu, xsq) > rmin(p) and
d(o, xsq) ≤ smax(p) ≤ 0.03rmin(p), implying ∠xsqxsuo ≤ arctan(0.03) = β. Consider a line segment
parallel to edgesu with one endpoint ato and the othery1 ∈ Πbsu whereΠbsu is the plane bisecting edgesu.
Let us construct pointc∗ as the intersectionaff (t)∩Πsq∩Πbsu . Then the triangleoc∗y1 is similar toxsuoxsq
andd(o, c∗) = d(Πsu,Πbsu) sec(∠xsqxsuo) ≤ rmax(p) sec(arctan(0.03))/2. Now consider a line segment
parallel to edgeqs with endpointsc andy2, wherey2 lies on the segment betweeno andc∗. Then triangle
cy2c

∗ is similar toxsuxsqo andd(o, c) ≤ d(o, c∗)−d(c∗, y2)+d(y2, c) ≤ rmax(p)(sec(β)−tan(β)+1)/2 ≤
0.986rmax(p). So the circumradius oft is d(q, c) ≤ d(q, o) + d(o, c) ≤ smax(p) + rmax(p).

Claim C.11 The circumradius of obtuse trianglet in F (p) with two positive weighted vertices is at most
rmax(p) when the zero-weighted vertex lies on the obtuse angle.

Proof: Let q, s, andu be the vertices oft such thatωq > 0 andωu > 0. Then by satisfaction of C3q andu
must be adjacent along some ridgeγ ∈ D1. In the proof of the Subridge Covering Lemma, we see that this
yields an upper bound ond(q, u) (in terms ofωq andωu) that is dependent on the relationship betweenbq and
bu with respect to how and when they were constructed. Given this upper bound, the circumradius oft with
edgequ is maximized whens lies as close toqu as possible, and by the Positive Power Distance Lemma
this necessarily occurs ass approachesbd (bq) ∩ bd (bu), giving ωq andωu as the other two edge lengths
in the worst case. Below are a list of these relationships and the upper bounds on triangle circumradius that
each implies based on the well-known formula for circumradius for a triangle with given edge lengths.

• ωq ≥ 4ωu, d(q, u) ≤ ωq(1 + 0.25 ∗ 5/12). circumradius(t) ≤ 0.582ωq.

• ωq = ωu, d(q, u) ≤ 17ωq/12. circumradius(t) ≤ 0.707ωq.

• ωq = 4ωu/5, d(q, u) ≤ 17ωq/12. circumradius(t) ≤ 0.727ωq.

• ωq = ωu, d(q, u) ≤ 13ωq/12. circumradius(t) ≤ 0.595ωq.

25



• ωq ≥ 16ωu/5, d(q, u) ≤ ωq(1 + 5/16 ∗ 1/12). circumradius(t) ≤ 0.515ωq.

• ωq ≥ 4ωu, d(q, u) ≤ 49ωq/48. circumradius(t) ≤ 0.511ωq.

Each of the above cases has circumradius(t) ≤ ωq ≤ rmax(p), thus proving the claim.

Lemma C.12 Whenrmax(p) ≤ 0.01lfsσ(p) and a ball would be refined in response to a violation of C5 or
C6 by pointp, the circumradius of each triangle inFσ(p) is less than0.0103lfsσ(p).

Proof: This follows somewhat trivially from the conjunction of the previous lemma with theprotocol for
handling violations of C5 and C6. When a ball would be refined in responseto a violation of C5 or C6,
smax(p) < 0.03rmin(p) ≤ 0.03rmax(p), and at such a time the circumradius of triangles inF (p) is less than
smax(p) + rmax(p) by the Bounded Circumradius Lemma.smax(p) + rmax(p) ≤ rmax(p) + 0.03rmax(p),
which by assumption is less than0.01lfsσ(p) + 0.03 ∗ 0.01lfsσ(p).

This has certain implications with regards to applying the [9] lemmas mentioned above. In what follows,
we will argue that when each protecting ballp has radius less than0.01lfsσ(p) (p ∈ bd (σ)) and each triangle
pqs has size less thanminu∈{p,q,s}{0.03ω(u)} (pqs ∈ Fσ(p)), C5 and C6 cannot be violated. Notice that
by the above lemmas this implies triangle circumradii are less thanmaxu∈{p,q,s}{0.0103lfsσ(u)}, and by
the definition of weighted distance their orthoradii are also less than this value. For Lemmas 2.1-4.2 of
[9], the weighted triangulation implies no change because these lemmas do not involve the Voronoi and
Delaunay constructs. We find that Lemmas 4.2-4.7 of [9] require some analysis, as they assume that the
circumcenter is the orthocenter. These lemmas all rely on the assumption that thedistance between a sample
pointp and the intersection of a Voronoi facet/edge on the boundary ofVp being less thanαlfs(p). Using this
assumption and the assumptions that (1) the distance betweenp and the circumcenter of an incident triangle
is less thanαlfsσ(p), and (2) the length of a Delaunay edge incident onp is no more than twice this distance –
these two assumptions are direct consequences of the conjunction of the unweighted Delaunay and Voronoi
constructs with the previously mentioned assumption. Choosingα = 0.02 and adding the assumptions that
all protecting balls inF (p) have radii less than0.01lfsσ(p) and that we are about to refine a ball inF (p), we
find that the aforementioned assumptions (1) and (2) will both hold becausethe circumradius of any triangle
in F (p) must be less than0.0103lfsσ(p) and no Delaunay edge can be longer than twice this distance. This
allows us to employ [9] Lemmas 2.1-4.7 as they are.

Lemma C.13 (C5 and C6 Bound)When each protecting ballbp has radius less than0.01lfsσ(p) and each
triangle tpqs satisfies size(tpqs) ≤ 0.03minu∈p,q,s{ωu}, C5 and C6 must be satisfied.

Proof: Satisfaction of C5 and C6 forp impliesFσ(p) is a topological disk, andp ∈ int (Fσ(p)) iff p ∈
int (σ). Consider howFσ(p) could violate these criteria forp ∈ int (σ), σ ∈ D2: either a Delaunay edge
havingp as an endpoint is not incident on exactly two triangles inFσ(p), orFσ(p)− p consists of multiple
connected components. In the latter case,σ ∩ Vp must consist of multiple connected components. In the
former case, the errant Delaunay edge is dual to a Voronoi facetF that either has only one Voronoi edge on
its boundary intersectingσ, or has more than two Voronoi edges on its boundary intersectingσ. If only one
Voronoi edge boundingF intersectsσ, then eitherbd (σ)∩F 6= ∅ (and thereforebd (σ)∩ Vp 6= ∅), or the
Voronoi edge intersectsσ in multiple points or tangentially. We can invoke Lemma 4.7 of [9] to contradict a
Voronoi edge intersectingσ in multiple points or tangentially when all such intersections lie within distance
0.02lfsσ(p) of p, and this must be the case when all protecting balls satisfyωp < 0.01lfsσ(p) and restricted
triangles satisfy size(tpqs) < 0.03ωp. Now we show thatBd(σ) ∩ Vp = ∅ whenp ∈ int (σ), contradicting
the possibility ofbd (σ) intersecting a facet boundingVp, and allowing us to invoke Lemmas 4.10 (the proof
of which requires each connected component ofF ∩σ to have its two endpoints in distinct edges ofVp, thus
implying the requirementbd (σ)∩ bd (Vp) = ∅) and 4.12 (which requires the boundary cycles ofVp ∩ σ to
lie in bd (Vp), thus implying the requirementbd (σ)∩Vp = ∅) of [9] to contradictσ intersecting more than
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two edges bounding a Voronoi facet andσ ∩ Vp having multiple connected components respectively, thus
proving that when triangles and protecting balls satisfy the size and radius criteria above C5 and C6 must be
satisfied forp ∈ int (σ).

Claim C.14 If p ∈ int (σ), thenBd(σ) ∩ Vp = ∅.

Proof: Considerp violating C5 or C6 such thatp ∈ intσ. We know thatωp = 0 because positive-
weighted points are only inserted by COVER and PROTECT, which insert points only inD≤ 1, which is
the union of boundaries of the elements ofD2. We claim thatVp ∩ bd (σ) = ∅. Assume the con-
trary: thatVp ∩ bd (σ) 6= ∅. Thenp =argminy∈P {dw(y, x)} for somex ∈ bd (σ). If x ∈ P andx is
positive-weighted, thendw(p, x)2 = d(p, x)2 − ω2

x > d(x, x)2 − 2ω2
x = −2ω2

x = dw(x, x)
2, contradicting

p =argminy∈P {dw(y, x)}; if x ∈ P andx is zero-weighted, thendw(p, x) = d(p, x) > 0 = d(x, x) =
dw(x, x), again contradictingp =argminy∈P {dw(y, x)}. The only other possibility isx /∈ P . We know that
the ridgeγ ∋ x is covered by protecting balls by the Subridge Covering Lemma, and so∃q ∈ P ∩ γ such
that bq ∋ x, but thendw(q, x) < 0 < d(p, x) = dw(p, x), contradictingp =argminy∈P {dw(y, x)}, so it
must be thatVp ∩ bd (σ) = ∅, proving the claim.

We can now apply Lemma 4.10 from [9], which says that if a smooth surface without boundary intersects
a Voronoi facet on the boundary ofVp in multiple disjoint segments then a Voronoi edge on the boundary
of the facet must intersectσ at a distance greater than0.02lfsσ(p) from p, and Lemma 4.12 from [9], which
says that when there are multiple boundary cycles ofσ ∩ Vp such that each cycle lies inbd (Vp) and does
not lie fully in a single facet ofVp then there must be an edge ofVp intersectingσ at a distance greater than
0.02lfsσ(p) from p. So when triangles and protecting balls satisfy the size and radius criteria above C5 and
C6 must be satisfied forp ∈ int (σ), because under these conditions an edge ofVp cannot intersectσ at a
distance greater than0.02lfsσ(p) from p.

Considerp violating C5 or C6 such thatp /∈ intσ. We again employ Lemmas 2.1-4.7 of [9] in proving
that C5 and C6 must be satisfied when protecting balls and triangles are sufficiently small. Here, satisfaction
of C5 and C6 forp implies Fσ(p) is a topological disk withp on its boundary. In order for this to be
violated, either more than two triangles inFσ(p) must be incident on the same edge or there exist multiple
connected components ofFσ(p) − p or p lies on the interior ofFσ(p). In the case where multiple triangles
are incident on the same Delaunay edgee, consider howσ must intersect the Voronoi facetF dual toe. At
least three Voronoi edges boundingF must intersectσ, and this implies that there are at least two disjoint
curve segmentsI andI ′ in F ∩ σ. When at least two such segments exist such that neither is bounded by
a point inbd (σ), then we can again employ Lemma 4.10 from [9]. We then have only to show thatF ∩ σ
cannot contain multiple disjoint segments when one or more of these segments is bounded bybd (σ) ∩ F .

Claim C.15 F∩σ cannot contain multiple disjoint segments when one or more of these segments is bounded
bybd (σ) ∩ F .

Proof: Let q = bd (σ)∩F . We know that this is a single point when the protecting balls are small enough by
the Ridge-Facet Lemma, so let us assumeq is a single point. Let us also assume that all points inbd (F )∩σ
lie within 0.02lfs(p) distance ofp. Let q be an endpoint ofI, let z be the other endpoint ofI, and letx
andy be the endpoints ofI ′. By assumption,q is the only point inbd (σ) ∩ F , sox, y, z must all lie in
bd (F ) ∩ σ and must therefore lie within 0.02lfs(p) of p. By Dey06 Lemma 1.3, the feature sizes lfs(x),
lfs(y), lfs(z) ≥ 0.98lfs(p). We know that the open ball whose boundary lies tangent toσ atx (or y or z) with
radius lfs(x) (lfs(y), lfs(z), respectively) must be empty of points inσ, so let us construct two such balls
(one on each side of the surfaceσ) Bx, B′

x for x and twoBy, B′
y for y. LetCx = Bx ∩ F , C ′

x = B′
x ∩ F ,

Cy = By ∩ F , andC ′
y = B′

y ∩ F . By [9] Lemma 4.4(ii) we know that the acute angle between the plane

Π containingF andnx (or ny or nz) ∠aF, nx ≤arcsin(0.02), so radius(Cx) ≥ 0.98lfs(p)
√

(1 − 0.022) >
0.9798lfs(p), and similarly radius(C ′

x), radius(Cy), and radius(C ′
y) > 0.9798lfs(p). Let Bx andBy lie
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on the same side ofσ, and letB′
x andB′

y lie on the opposite side. Becaused(x, p), d(y, p) ≤ 0.02lfs(p),
we haved(x, y) ≤ 0.04lfs(p) ≤ 0.0409lfs(x), which implies∠nx, ny ≤ 0.0466 by [9] Lemma 2.1. The
normalized vectorvx pointing fromx to the center ofCx is merely the normalized projection ofnx onto
F along the direction normal toF , and similarly forvy andny, so ∠vx, vy ≤ ∠aF, nx + ∠nx, ny +
∠aF, ny ≤ 0.0466+ 2(arcsin 0.02+ 0.0213) ≤ 0.13. This implies that the centers ofCx andCy lie within
(0.04 + 2 ∗ 1.02 sin(0.13/2))lfsσ(p) < 0.173lfsσ(p) of one another, and soCx ∩ Cy 6= ∅. By the same
argument,C ′

x∩C ′
y 6= ∅, and so we see thatx∪Cx∪C ′

x∪C ′
y∪Cy∪y dividesΠ into two disjoint connected

components: one boundedΠb and one unboundedΠu. Becauseσ has no self-intersections by definition
andCx, Cy, C

′
x, C

′
y must be empty of points inσ by construction, the entirety ofI must lie inΠb or Πu,

as must the entirety ofI ′. First considerI ′. If I ′ lies inΠu then the Voronoi edgeex containingx must be
perpendicular tovx, and sincevx is nothing more thannx projected along the normal toΠ it follows that
∠nx, ex = π/2 as well, but this contradicts [9] Lemma 4.3, soI ′ must lie inΠb. Now considerz. Letz lie in

Figure 8: IfI ′ lies inΠu thenex is perpendicular tonx.

Πb. For every locationu ∈ Πb\I ′, ∃w ∈ I ′ such that∠Luw, vw = 0, whereLuw is the line containing bothu
andw, andvw is the projection ofnw ontoΠ. This implies that for somew ∈ I ′,∠Lzw, vw = 0 contradicting
Lemma 2.3 of [9] (because we know∠nw, vw is small) and thereby implyingz /∈ Πb. Then letz lie in Πu.
Let us assume thatz lies closer tox than toy, and now consider the angle that must be formed byex and

Figure 9: Ifz lies inΠb then∠Lzw, vw = 0 for somew ∈ I ′.

nx. The line supportingex dividesΠ into two half-planes, andx, y, andz must all lie in the closure of one
of these half-planes. Sinced(x, y), d(x, z) ≤ 0.0409lfsσ(x), ∠Lxy, nx,∠Lxz, nx ≥ 1.55, and for all three
of these points to lie on one side of the supporting line ofex, ∠ex, nx ≥ min{∠Lxy, nx,∠Lxz, nx} ≥ 1.55.
This contradicts [9] Lemma 4.3, which states∠ex, nx ≤ π/3. So z /∈ Π and thereforeI 6⊆ F . This
contradicts the assumption that bothI andI ′ lie in F , and so we see that if all points where a Voronoi edge
of Vp intersectsσ lie within distance0.02lfsσ(p) of p then there is at most one connected component of
F ∩ σ which also intersectsbd (F ).

One corollary of the above claim is this: an edge ofFσ(p) dual to a Voronoi facet intersectingbd (σ) will
be incident on exactly one triangle inFσ(p), and an edge ofFσ(p) dual to a Voronoi facet not intersecting
bd (σ) will be incident on exactly two triangles inFσ(p). This in conjunction with the Ridge-Facet Lemma
imply that, unless there are multiple connected components ofFσ(p) − p, Fσ(p) must be a half disk about
p whenp ∈ bd (σ) and must be a full disk aboutp whenp ∈ int (σ) – essentially, if C5 is satisfied then C6
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must be satisfied. So if we can show that there cannot be multiple connected components ofFσ(p)− p, then
we are done.

Now we must consider the case where there exist multiple connected components ofFσ(p) − p. This
implies that there are multiple connected components ofσ ∩ Vp having non-empty intersections with the
edges ofVp. We have already shown results that preclude this possibility whenp ∈ int (σ), so we now
consider the case whenp ∈ bd (σ). LetD andD′ be two connected components ofVp ∩ σ and letp ∈ D.
This implies thatD ∩ bd (σ) 6= ∅. Then letγD ∋ p, whereγD is a connected component ofbd (σ) ∩ Vp.
If γD were a cycle, then PROTECTwould have added multiple weighted points onγD, and the centers of all
of these balls would lie insideVp, implying that they also lie inbp. If bp is centered on a point inD0, then it
cannot contain the centers of any other protecting balls by satisfaction of C1 and C2. Ifbp is not centered on
a point inD0, then it must contain the centers of at least twoD0-balls inγD, but this is not possible because
we know that, forp ∈ γ(u, v) andu, v ∈ D0 ∩ γD, radius(bp) ≤ 5min{radius0(bu),radius0(bv)}/16 ≤
5d(u, v)/48, where radius0(∗) is the initial radius of aD0-ball, and sobp can contain at most only one
such center. So thenγD is a curve segment bounded by two points inσ ∩ bd (Vp). Then by the Ridge-Facet
Lemma these two endpoints ofγD can be the only points inbd (σ)∩bd (Vp) for sufficiently small protecting
balls. This implies that ifD′∩bd (σ) 6= ∅, thenD′∩bd (σ) is a cycle or a set of cycles, but then PROTECT

would have added multiple weighted points on a given connected componentγ′D of D′ ∩ bd (σ) and this
violates satisfaction of C2, so it must be thatD′ ∩ bd (σ) = ∅.

So now we must show thatD′ cannot exist whenD ∋ p, p ∈ bd (σ), andD′ ∩ bd (σ) = ∅. In this
case,bd (D′) = D′ ∩ bd (Vp). Because all intersections ofσ with the edges ofVp lie within distance
0.02lfsσ(p) of p, we can apply Lemma 4.11 of [9] here to show all points inbd (D′) lie within distance
0.02lfsσ(p) of p (sinceD′ ∩ bd (σ) = ∅, no adaptation of the proof of Lemma 4.11 is necessary). Letx
be the point inbd (D′) closest top, and let us construct a planeΠxp containingp and the lineLx, where
Lx is the line throughx in the direction ofnx, the normal vector atx. Note thatp ∩ Lx = ∅; otherwise,
∠nx,Lxp = 0, whereLxp is the line containing bothx andp, and this contradicts Lemma 2.3 of [9]. Note
thatΠxp ∩ bd (D′) cannot contain a curve segment, as this implies thatΠxp contains a facet ofVp, and this
further implies thatp lies onbd (Vp) or outside ofVp, both of which are impossible when no sample point
lies inside the protecting ball about another sample point. The proof below can be summarized as follows:
we show that ifx is not an endpoint bounding a curve segment ofint (D′) ∩ Πxp, thenx must lie on a
Voronoi edge, but then there must be some curve segment ofint (D′) ∩ Πxp bounded byx and one other
point, a contradiction; if, on the other hand,x is on the boundary of some curve segment ofint (D′) ∩Πxp,
then eitherx is not the closest point inbd (D′) to p, contradicting the selection ofx, or ∠np,Lyp is very
small for somey in this curve segment, contradicting Lemma 2.3 of [9].

Claim C.16 x cannot be isolated inΠxp ∩D′.

Proof: Assume thatx is isolated inΠxp ∩D′, meaning that it does not bound any curve inΠxp ∩ int (D′).
This implies thatbd (D′) intersectsΠxp tangentially. Assumex ∈ int (Fx), whereFx is a facet ofVp,
and letΠFx be the plane containingFx. ∠aΠFx, nx ≤ 0.0412 by Lemma 4.4 of [9], so the projection
PΠFx

(Lx) of Lx ontoΠFx along the normal toΠFx satisfies∠PΠFx
(Lx), nx ≤ 0.0412. We proceed by

showing that∠ΠFx ∩ Πxp, PΠFx
(Lx) is small. Sincebd (D′) intersectsΠxp tangentially, there exist two

pointsy, y′ ∈ bd (D′)∩Fx such thatx lies on the path fromy to y′ in bd (D′)∩Fx, d(x, y) ≤ 0.01d(x, p),
d(x, y′) ≤ 0.01d(x, p), andy andy′ lie on a line parallel toΠFx ∩ Πxp. This will imply that∠Lyy′ , ny is
small, which is contradicted by [9] Lemma 2.3. We first find the minimal∠ΠFx ∩ Πxp,Lxy, and then find
the maximal∠Lxy, PΠFx

(Lx); becauseLxy, PΠFx
(Lx), andΠFx∩Πxp all lie in ΠFx, we can conclude that

∠ΠFx ∩ Πxp, PΠFx
(Lx) is the difference between these two angles. Before proceeding, we mustestablish

some angle bounds between certain lines of interest:Lxp,Lxy,Lx. lfsσ(x) ≥ 0.98lfsσ(p) becaused(x, p) ≤
0.02lfsσ(p), so by [9] Lemma 2.3 we have∠Lx,Lxp ≥ arccos(0.02/(2 ∗ 0.98)). Fromd(y, p) ≥ d(x, p)
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andd(x, y) ≤ 0.01d(x, p), we have∠Lxp,Lxy ≥ arccos(0.01/2). Again, using [9] Lemma 2.3, we find
∠Lx,Lxy ≥ arccos(0.01 ∗ 0.02/(2 ∗ 0.98)). To find∠ΠFx ∩Πxp,Lxy, we compute the angle betweenLxy
and the normal to the planeΠxp: ∠aLxy,Πxp = π/2 − ∠max ~xy, ~nx × ~xp ≥ 1.559, where ~xy, ~nx, and ~xp
are unit vectors in the directions ofLxy,Lx, andLxp respectively, found using the angle constraints between
these lines discussed above. The obtuse angle,∠Lxy, PΠFx

(Lx) ≥ (π − ∠Lxy,Lx) + ∠aLx,ΠFx ≤ 1.62,
yields∠ΠFx ∩ Πxp, PΠFx

(Lx) ≤ 1.62 − 1.559 = 0.061. By [9] Lemma 2.1,∠nx, ny ≤ 0.015, implying
∠ny,Lyy′ = ∠ny,ΠFx∩Πxp ≤ ∠nx, ny+∠PΠFx

(Lx), nx+∠PΠFx
(Lx),ΠFx∩Πxp ≤ 0.12, whereLyy′

is the line passing throughy andy′, but this contradicts [9] Lemma 2.3. So ifx ∈ int (Fx) thenbd (D′)
intersectsΠxp transversely, but this contradicts assumption, sox /∈ int (Fx), implying that it lies on some
Voronoi edgeex, and by [9] Lemma 4.7bd (D′) cannot meetex tangentially. Then the only way forx to be
isolated is forx to lie on a Voronoi edgeex such thatbd (D′) meetsΠxp tangentially atx, but traversesex at
x (meaning that there are two facetsFz, Fz′ incident onex such that for any segment ofbd (D′) containing
x on its interior, some part of that segment must lie inFz and another part must lie inF ′

z, and the union of
these two ”subsegments” forms a single connected component containingx). The remainder of the proof of
this claim shows that this cannot happen.

Now consider the two facetsFz, Fz′ of Vp incident onex such thatx ∈ bd (D′ ∩ Fz) andx ∈ bd (D′ ∩
Fz′). Also, let us choosez ∈ Fz ∩ D′ andz′ ∈ Fz′ ∩ D′ such thatd(x, z) = d(x, z′) ≤ 0.01d(x, p).
z, z′ ∈ bd (D′), and so by constructiond(p, x) ≤ d(p, z) andd(p, x) ≤ d(p, z′). This yields∠Lxz,Lxp ≥
arccos(0.5d(x, z)/d(x, p)) = arccos(0.005) > 1.57 and∠Lxz,Lx ≥ arccos(0.01 ∗ 0.02/(2 ∗ 0.98)) >
1.57, which further implies∠ΠFz,Πxp > 1.57 becauseLxz ⊂ ΠFz. We now want to constrain the angle
betweenLx and the intersection lineΠFz ∩ Πxp. ΠFz containsLex , and∠Lex ,Lx < 0.133, implying
∠Lex ,Πxp < 0.133. This yields∠Lx,ΠFz ∩ Πxp < 0.1542. The same will be true of∠Lx,ΠFz′ ∩
Πxp. These two intersection lines,ΠFz ∩ Πxp andΠFz′ ∩ Πxp, divideΠxp unevenly into four quadrants
Q1, Q2, Q3, Q4, as shown in Figure 10. Ifz andz′ lie on the same side ofΠxp, thenint (Vp) ∩ Πxp lies
in Q1 ∪ Q3. ∠Lxp,Lx > 1.56 by Lemma 2.3 of [9], but all pointsy ∈ Vp ∩ Πxp ⊆ Q1 ∪ Q3 have
∠Lxy,Lx < 0.1542, soVp must be a subset ofQ2 ∪Q4, but thenz andz′ lie on opposite sides ofΠxp and
sobd (D′) intersectsΠxp transversely atx, a contradiction. Sox cannot be isolated inΠxp ∩D′.

Claim C.17 x cannot bound a curve segment inΠxp ∩ int (D′).

Proof: Assumex is on the boundary of curve segmentsx ⊂ Πxp ∩ int (D′). Then we must have one
of the following: sx is a non-degenerate cycle,sx has another endpointz 6= x. If sx is a cycle, then
∃y, y′ ∈ sx such thatd(x, y) ≤ 0.01lfsσ(x), d(x, y′) ≤ 0.01lfsσ(x), andy andy′ lie on a line parallel
to Lx. Then, as previously, we see that this cannot satisfy both Lemma 2.3 and Lemma 2.1 of [9], so
sx cannot be a cycle. Consider then the case whensx has another pointz in its boundary. Thenz ∈
bd (D′) and sod(x, z) ≤ 0.04lfsσ(p) < 0.042lfsσ(x). By Lemma 2.3 of [9],∠Lx,Lxz > 1.54; the region
whose constituent points meet this angle requirement (so, the region containing all candidate points forz)
is depicted in Figure ?? asTL ∪ TR. As above, we can show that any Voronoi facetFx of Vp containing
x satisfies∠Lx,ΠFx ∩ Πxp < 0.1542, and the region containing all such lines of intersection is labeled
asTF . One may now observe that any line inTF dividesΠxp into two half-spaces, one of which contains
TR and the other of which containsTL. This implies that only one ofTR andTL can lie inVp. Assume
TL ⊂ Vp. Thenp, z ∈ TL. Let us now make a smaller triangleT ′

L ⊂ TL by cutting offTL at a line passing
throughp and parallel toLx. Any point in T ′

L is closer top thanx, contradicting our choice ofx if we
allow z ∈ T ′

L, so letz ∈ TL \ T ′
L. Thensx traverses the line throughp parallel toLx. Let us call the

point at which this traversal occursy. Then we have∠Lpy, np = ∠Lx, np = ∠nx, np ≤ 0.022. On the
other hand,d(p, y) < 0.0lfsσ(p), so by Lemma 2.3 of [9] we have∠np,Lpy > 1.54, but this contradicts
∠Lpy, np ≤ 0.022 that we just found. Sox does not bound a curve segment inΠxp ∩ int (D′).
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Figure 10: Depiction of the four quadrants dividingΠxp in Claim C.16.

Claims C.17 and C.16 together imply thatx cannot exist, meaning that there is no closest pointx ∈ D′

to p ∈ D and therefore that there is noD′. This further implies thatFσ(p)−p consists of only one connected
component, forcingFσ(p) to be a disk.

Note that although all of the above claims rely on the circumradius of each triangle tpqs being less than
size(tpqs) + maxu∈p,q,s{ωu}, this condition is necessarily satisfied before any of the protecting balls on
tpqs can be refined (as discussed in the Bounded Circumradius Lemma). Since size(tpqs) < 0.03ωp is also
necessarily satisfied at this same time, then for any triangle with incident protecting ballp of radius less than
0.01lfsσ(p), all of the above claims must be satisfied beforebp can be refined and sobp is not refined because
C5 and C6 are satisfied. It follows thattpqs is not refined because size(tpqs) < 0.03ωp. This completes the
proof that C5 and C6 must be satisfied for sufficiently small triangles and protecting balls.

Lemma C.18 When all triangles have size less thanλ, C7 must be satisfied.

Proof: Trivially, one may observe that a triangle with size less thanλ will not be refined by C7.

D Ball and Triangle Size Bounds

Lemma D.1 D0-ball size depends only on surface geometry.

Proof: In the C1 Bound proof, we find that aD0-ball with radius less thanmin{0.06lfsmin(γ), Dmin,0,1}
will not be refined, as they cannot violate C1. In the C2 Bound proof, wefind thatD0-balls with radii less
thanDmin,0,1/2 will not be refined, as they cannot violate C2.
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In the C3 Bound proof, we find aD0-ball bp with radiusωp less thanmin{0.06lfsmin(γ), Dmin,0,1/4}
will not be refined, as it cannot violate C3 when incident triangles have orthoradii less than0.03ωp, and this
point must be reached before we refinebp.

In the C4 Bound proof, we find aD0-ball bp with radiusωp less thanDmin,0,2/3 will not be refined, as
it cannot violate C4 when its incident triangles have orthoradii less thanωp, and this must necessarily be the
case forbp to be refined.

In the C5 and C6 Bound proof, we find aD0-ball bp with radius less than0.01lfsσ(p), σ ∋ p, will not
be refined, as it cannot violate C5 or C6 when incident triangles have orthoradii less than0.03ωp, and this
point must be reached before we refinebp.

The reader should note that each of the terms above is a constant dependent only on surface geometry;
thus,D0-ball size depends only on surface geometry.

Lemma D.2 D1-ball size depends only on surface geometry.

Proof: In the C1 Bound Lemma, we observe that there is no relationship between C1 satisfaction andD1-
ball size. In the C2 Bound Lemma, we find thatD1-balls with radii less thanmin{Dmin,0,1, Dmin,1,1}/2
will not be refined, as they cannot violate C2.

In the C3 Bound Lemma, we find a D1-ball bp with
radiusωp less thanmin{0.06lfsmin(γ), Dmin,0,1, Dmin,1,1}/4 will not be refined, as it cannot violate C3
when incident triangles have orthoradii less than0.03ωp, and this point must be reached before we refinebp.

In the C4 Bound Lemma, we find aD1-ball bp with radiusωp less thanDmin,1,2/3 will not be refined,
as it cannot violate C4 when its incident triangles have orthoradii less thanωp, and this must necessarily be
the case forbp to be refined.

In the C5 and C6 Bound Lemma, we find aD1-ball bp with radius less than0.01lfsσ(p), σ ∋ p, will not
be refined, as it cannot violate C5 or C6 when incident triangles have orthoradii less than0.03ωp, and this
point must be reached before we refinebp.

The reader should note that each of the terms above is dependent on either surface geometry orD0-
ball size, and recall that minimumD0-ball size is dependent on only surface geometry; ergo,D1-ball size
depends only on surface geometry.

Lemma D.3 Triangle size depends only on surface geometry.

Proof: In the C1 Bound and C2 Bound Lemmas, we observe that there is no relationship between C1/C2
satisfaction and triangle size.

By our violation handling protocol for C3, we find a trianglet with size less than0.03ωp (wheret is
incident toD≤ 1 pointp) will not be refined. By our violation handling protocol for C4, we find a trianglet
with size less than0.03ωp (wheret is incident toD≤ 1 pointp) will not be refined.

By our violation handling protocol for C6, we find that a trianglet with size less than
min{0.03ωp, dmin(p)} (wheret is incident onD≤ 1 pointp) will not be refined. As the minimumωp depends
only on surface geometry, it is only necessary to show that at some point size(t) < dmin(p). Assume oth-
erwise; then the refinement of triangles inF (p) always yields new triangles with size greater thandmin(p).
The moment after a triangle refinement, it must be that the newdmin(p) = min{d′min(p),size(tp)}, where
d′min(p) is the value ofdmin(p) just before the refinement andtp is the triangle inF (p) that was just refined.
This implies that every triangle inF (p) that we refine has size greater than or equal to a constant value
d′min(p), and this value is not diminished by any number of iterations of refinement. Then we can insert an
infinite number of points into our sample set by this method, each of which is at least distanced′min(p) from
all other points, but this is impossible for a bounded domain such asD, and so we have a contradiction. So
at some point it must be that size(t) < dmin(p), and we will not refinet in response to a violation of C5 or
C6.
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The reader should note that the minimumωp is dependent on only surface geometry. Furthermore, the
point at which size(t) < dmin(p) is also dependent on surface geometry. So triangle size depends only on
surface geometry.

E Extra Results

model λ Version #Vertices mem (MB) Time (sec.)
(thousand)

Lucy 0.004 LocPSC:κ = 1k 371 114 776
0.004 CGAL 366 712 1383

Bimba 0.0025 LocPSC:κ = 1k 438 211 894
0.0025 CGAL 433 910 994

Fertility 0.005 LocPSC:κ = 1k 302 215 712
0.005 CGAL 296 673 725

Fertility 0.0035 LocPSC:κ = 1k 611 276 1340
0.0035 CGAL 604 1253 1496

3Holes 0.005 LocPSC:κ = 1k 400 86 633
0.005 CGAL 389 714 1408

3Holes 0.003 LocPSC:κ = 1k 1106 246 1973
0.003 CGAL 1080∗ 1922∗ 4369∗

3Holes 0.0012 LocPSC:κ = 1k 6935 1335 16495
0.0012 CGAL NA NA NA

Table 2: Time and memory usage for different models for CGAL (CGAL 3.8, release mode, -O3 opti-
mization) and LocPSC results forκ = 1000. Number of vertices expressed in thousand unit(×1000); NA
indicates that an experiment could not be completed due to memory constraints;starred results indicate
significant memory thrashing.
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