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ABSTRACT

In this paper we establish a topological similarity between
two apparently dierent shape constructors from a set of
points. Shape constructors are geometric structures that trans-
form nite point setsinto contin uous shapes. Due to their
immense practical importance in geometric modeling var-
ious shape constructors have been proposed recertly. Un-
derstanding the relations among them often leads to new
insights that are potentially helpful in applications. Here we
discover a top ological equivalenceamong two such geometric
structures, namely -shapesand ow shapes. Both shapes
found applications in surface reconstruction and molecular
modeling

Categories and subject descriptors: F.2.2 (Nonnumer-
ical Algorithms and Problems): Geometrical problems and
computations

1. INTRODUCTION

Sample based shape modeling has gained popularity in re-
cernt years becauseof its wide applicability in scienceand
engineering [1, 2, 3, 4, 7]. For example, it is almost rou-
tine to obtain sample points from the boundary of an ob-
ject with recert scanning devices. Shape modeling reverses
this processof discretization, that is, it createsa contin uous
shape out of these discrete points. The -shapes originally

proposed by Edelsbrunner et al. [8] and later extended by
Edelsbrunner and Mecke [10] provide an e cien t meansfor
creating shapesout of point sets. Recertly, o w shapesdis-
coveredby Giesenand John [11] and alsoby Edelsbrunner [6]
provide another meansof creating shapesout of a point set.
In fact both -shapesand o w shapescan be usedto de ne

a hierarchy of shapesfrom a set of points. This allows multi
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scalemodeling which turns out to be useful in detecting fea-
tures at dierent length scalessuch as detecting pockets in
macromolecules[7].

-shapesput a ball of radius P around ead point and con-
struct a simplicial complex that respects the intersections
among these balls. The underlying space of this simplicial
complex is de ned asthe -shape.As changes,new sim-
plices are added or deleted as intersections among the balls
appear or disappear. This means a hierarchy of shapescan
be de ned using as a scale parameter. Flow shapes, on
the other hand, are de ned as a cell decomposition of the
embedding space of the sample points. The decomposition
is based on the gradient ow of a distance function. The
cells of this decomposition can be ordered by some distance
values giving a hierarchy of shapes.

While both -shapesand ow shapesde ne a hierarchy of
shapes using some scale parameter, they are quite di erent
geometrically. We illustrate this fact later using an exam-
ple data set. Naturally a relevant question is raised whether
the two hierarchy have any kind of similarit y. We show that
indeed the two hierarchies have a certain top ological similar-
ity, namely they are homotopy equivalent. Speci cally , both
-shapesand o w shapeschange their topology only at dis-
crete critical levelsin the hierarchy. Thesecritical levelsturn
out to bethe samein both hierarchies. We show that at any
critical level the two shapes are homotopy equivalent.

The homotopy equivalence between two shapes holds even
between two consecutive critical levels. However, there is a
striking di erence between -shapesand o w shapesin these
intervals betweencritical levels. Many -shapesthat are dif-
ferent assetsbut have the samehomotopy type may appear
in these intervals while dierent ow shapesonly appear at
critical levels. Our result shows that, evenin the presenceof
this di erence one doesnot miss any topological change cap-
tured by the -shape hierarchy when taking the ow shape
hierarchy instead. This sparsenessof the o w shape hierar-
chy should be bene cial for someapplications. Furthermore
the de nition of ow shapes has a strong Morse theoretic
avor which might allow the use of Morse theoretic con-
cepts that are not directly applicable to the -shapes. Also,
many applications of -shapesmay benet from taking the
advantages of o w shapeswhich sometimesseemto capture
geometry better as we will demonstrate later in Figure 11.



2. COMPLEXES

The -shape and the ow shape are the underlying spaces
of cell complexes called the -complex and the ow com-
plex, respectively. These cell complexesare derived more or
lessdirectly from the Voronoi- and Delaunay complexes of
a nite setof pointsin 3. In this section we summarize the
de nitions of Voronoi- and Delaunay complexesand give the
de nition of an -complex and an -shape assaiated with

a nite setof points. The de nition of an -complex is very
similar to the de nition of the Delaunay complex. This is
not the casefor the ow complex. Thus we introduce the
o w complex in a separate section.

Voronoi complex. Let P be a nite set of points in 3.

The Voronoi cell of p2 P is given as
Vp=fx2 2:8q2P pk  kx gk)g:

The sets V, are cornvex polyhedra or empty since the set
of points that have the same distance from two points in
P forms a hyperplane. Closed facets shared by two Voronoi
cells are called Voronoi facets, closed edgesshared by three
or more Voronoi cells are called Voronoi edgesand the points
shared by four or more Voronoi cells are called Voronoi ver-
tices The term Voronoi object denoteseither a Voronoi cell,
facet, edgeor vertex. The Voronoi complexV (P) of P is the
collection of all Voronoi objects. It de nes a cell decompo-
sition of 3.

fpg; kx

Delauna y complex. The Delaunay complex of a set of
points P is dual to the Voronoi complex of P. The con-
vex hull of four or more points in P de nes a Delaunay
cell if the intersection of the corresponding Voronoi cells is
not empty and there exists no superset of points in P with
the same property. Analogously, the convex hull of three or
two points de nes a Delaunay face or Delaunay edge re-
spectively, if the intersection of their corresponding Voronoi
cells is not empty. Every point in P is called Delaunay ver-
tex. The term Delaunay object denote either a Delaunay cell,
face, edgeor vertex. The Delaunay complex D (P) de nes a
decomposition of the convex hull of all points in P. This
decomposition is a triangulation if the points are in general
position.

We always refer to the interior and to the boundary of
Voronoi-/Delaunay objects with respect to their dimension,
e.g.the interior of a Delaunay edgecontains all points in this
edge besidesthe endpoints and the interior of a vertex and
its boundary are the vertex itself. Furthermore, we always
assumegeneral position unless stated di eren tly.

Union of balls. Let P bea nite setof points in 2. The
union of balls cerntered at the points in P with radius =

for 0 is denoted by B (P), i.e.
B (P)=fx2 ®:9p2P suththat kp xk* @

-complex. Given a nite set of points P 2 2 and

0, the -complex of P is the dual complex of the Voronoi

diagram of P restricted to the union of balls B (P). The
restricted Voronoi cell of p2 P is given as

V, = V,\ B (P):

The restricted Voronoi cellsare usedto de ne the -complex
K (P) analogously to the Delaunay complex. The convex
hull of four or more points in P de nes a face in the -
complex if the intersection of the corresponding restricted
Voronoi cells is not empty and there exists no superset of
points in P with the same property. Similarly, the convex
hull of k;1 k 3 denes afacet in the -complex if the
intersection of the corresponding restricted Voronoi cells is
not empty.

By construction the -complex is a sub-complex of the De-
launay complex for every 0. With increasing more and
more cells of the Delaunay complex appearin the -complex,
ie. K (P) K 0(P) for % In fact, we can get a |-
tration of the Delaunay complex from the -complexes,i.e.
a sequenceK 1(P);:::;K "(P) of -complexessudc that

P=K '®(P) K ?(P) K "(P)= D(P):

The i,i > 1aretypically chosento bethe critical -levels.
For conveniencewe extend the de nition of -complexesto
negative valuesof by setting K (P) = K°(P) = P for all

< 0.
Critical -level. Let P bea nite point setin 3. A value
2 (0;1) is called a critical -level if K (P)6& K (P)

for all " > 0.

It is important to note that the homotopy type of the -
shape changesonly at critical -levels, but it is easyto see
that there are critical -levels where the homotopy type of
the corresponding -shape doesnot change, seeFigure 1 for
an example.

The following theorem is due to Edelsbrunner [5]. It can be

proven using the nerve theorem, but Edelsbrunner also gave

a deformation retraction from B (P) to the corresponding
-shape.

Theorem 1. Given a nite set of points P 3. For
every 0 the union of balls B (P) and the -shape cor-
respnding to K (P) are homotopy equivalent. [

In the subsequen sections we are going to assaiate with
every value 2 [0;1 ) for a given point set P another cell
complex F (P), namely the ow complex at level . The
main theorem of this paper then states that the underly-
ing topological spacesof K (P) and F (P) are homotopy
equivalent for every 2 [0;1 ).

3. INDUCED FLOW

The ow that we are going to study is the ow along the
gradient vector eld of the distance function induced by a
nite set of sample points. Extra care hasto be taken since



Figure 1: From the left to the righ t are shown

-complexes for growing values of . Note that the

-complexes

shown as second from the left and in the middle have the same homotop y type though they are dieren t
complexes. The same holds for the two righ tmost complexes.

this distance function is not smooth everywhere, i.e. the gra-
dient is not de ned everywhere.

Distance function. Let P be a nite setof points in 3.

The distance function induced by P is given as

h(x) = minfkx pk® : p2 Pg:

The graph of the distance function h is the lower envelope
of a set of paraboloids certered at the points in P. Thus the
function h is continuous. It is smooth everywhere besides
at points which have the same distance from two or more
points, i.e. at points that lie on the boundary of a Voronoi
cell.

Figure 2: A one dimensional example that shows the
graph (solid line) of the distance function induced
by three points.

The de nitions givenin the critical point theory of distance
functions developedin Riemannian geometry [12] boils down
in our setting to the following:

Regular- and critical points. Let P be a nite set of
points such that Voronoi and their dual Delaunay objects
intersect in their interiors if they intersect at all. Then the
critical points of the distance function h are the intersection
points of Voronoi objects V and their dual Delaunay object

. The index of a critical point is the dimension of . Non
critical points are called regular.

Note that the intuition about critical points that they are
local extrema and saddle points is still valid in this more
general setting.

In the following we always assumethat Voronoi and their
dual Delaunay objects intersect in their interiors if they in-
tersect at all. Other intersections are degeneratein the sense
that they are stable under small perturbations of the point
set.

Critical level. Let P be a nite set of points. A value
2 [0;1 ) is called a critic al level of the distance function
h assaiated with P if h 1( ) contains a critical point of h.

Theorem 2. Let P be a nite set of points in ° and

let h be the correspnding distance function. If the inter-
val[; 9 [0;1) does not contain any critic al level then
h 1([0; ]) is homeomorphic to h ([0; %) and h ([0; 9)
deformation retracts to h 1([0; ]).

Pr oof. This theorem is the specialization of the main
theorem of the critical point theory of distance functions [12]
to the distance function h. O

Note that the union of balls B (P) is just the seth *( ).
Thus we get from Theorem 2 that the homotopy type of the
union of balls B (P) changesonly at the critical levels of
the distance function h. Together with Theorem 1 this im-
plies that the homotopy type of the -shapesonly changes
at the critical levels of h. Hence the critical levels of h are
all critical -levels. Note that the converseis not true, i.e.
not every critical -level is a critical level of h, seeFigure 1
for a counterexample.

The following de nition turns out to be very helpful in the
subsequen discussion. It allows usto characterize the direc-
tion of steepest ascent of the distance function h at every
point x 2



Driv er. Let x 2 2 be any point. Let V be the lowest di-
mensional Voronoi object in the Voronoi complex of P that
contains x and let  be the dual Delaunay object of V. The
driver d(x) of x is the point on closestto x.

It can be shown at every regular point x 2 2 the direction
of steepest ascen of the distance function h is given by the
vector

_ X dix) .

V) = ok

We want to study how the points in * move if they always
follow the direction of steepestascen. The curvethat a point
x 2 2 follows in this motion is called the orbit of x. For
smooth distance functions the computation of a single orbit
results in the solution of an ordinary dieren tial equation.
Since the distance function h is not smooth everywhere, we
cannot apply the theory of ordinary dieren tial equations
here. Neverthelessindividual orbits canalsobe computed for
h. They can be derived from the o w induced by the point
set P. The induced ow is a soluton :[0;1) %1 3
of the following equation:

; (t;x)  (to;x)
lim ——— """ 7 = vy( (to;X
Jim T to ( (to;x))
One can easily ched that the following de nition satis es
the equation above. Note that the de nition is inherently
algorithmic.

Figure 3: The critical points of the distance function
from Figure 2 and the direction of steep est ascent
of the distance function at one point. Note that in
one dimension the only critical points of the distance
function are local minima and local maxima

Induced o w. The ow induced by a nite point set P
is given as follows: For all critical points x of the height
function assciated with P we set:

(tx)=x;t2[0;1)

Otherwise let d(x) be the driver of x and R be the ray
originating at x and shooting in the direction v(x) = x
d(x)=kx d(x)k. Let z bethe rst point on R whosedriver
is di erent from d(x). Note that such a z need not exist in

% if x is contained in an unbounded Voronoi object. In this
caselet z be the point at in nit y in the direction of R. We
set:

(tx)=x+1t v(x);t2][0;kz xk)

Fort kz xkthe ow is given as follows:

(t,x) = (t kz xk+ kz xk;x)
= (t kz xk; (kz xk;x))

It is shown in [11] that the function is well de ned.

3

Orbits and xp oints. Givenx 2 and an induced ow

, the curve
oLyt Etm (6x)

is called the orbit of x. A point x 2 * is called a xp oint of
if x(t)=xforallt O.
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Figure 4: An example that shows four orbits of a o w
induced by seven points in the plane. The plane is
clipp ed with a rectangle. The Voronoi complex of
the point set is also shown (dashed lines).

Observation 1. The xp oints of
of the distance function h.

are the critic al points

Becauseof this obsenation we refer to a xp oint of asa
minimum, saddle or maximum if the corresponding critical
point of the distance function is a minimum, saddle point or
maximum, respectively.

4. FLOW COMPLEX

We are going to group all points together that o w into the
same xp oint of the ow. These in o w regions of critical
points are essetially the cells of the ow complex that we
are also going to de ne in this section.

Stable manifolds. Given an induced ow , the stable
manifold S(x) of a xp oint x 2 2 is the set of all points
that ow into x, i.e.

S(x) = fy2 3 D limy (1) = xg:



Instead of directly working with stable manifolds of criti-
cal points we intro duce a smoothed version which has nicer
properties. Smoothing meansfor all practical purp osestak-
ing the closure of the stable manifold. We will later comment
on why the following de nition is more complicated.

Smoothed stable manifolds. Let x be a xp oint of in-
dex i of an induced ow. That is, the corresponding critical
point of the distance function h hasindex i. Let S be the
set of points in S(x) that have a neighborhood in S(x) that
is homeomorphic to an open subset of S:d=i+1::::3.
Let S° be the boundary of S(x) S in 3. The smoothed
stable manifold of x is the setS (x) = (S(x) S)[ S°

Flow complex. Giventhe ow induced by a nite point
set P % and 0, the ow complex F (P) is de ned
as the collection of all stable manifolds of critical points x
with h(x) . For conveniencewe also extend this de ni-
tion to negative valuesof besetting F (P)= F(P)= P
for < 0. We refer to the underlying topological space of
F (P) as ow shape.

The de nition of ow complexes corresponding to a nite
point set P 3 implies that

F (P) F °(P) for o.

By construction the values 0 such that F "(P) 6
F (P) for all " > 0 are exactly the critical levels of the
distance function h. Thus we have the following obsenation.

Observation 2. Let P 3 nite set of points. The
homotopy type of the ow shape changesonly at the critic al
levels of the distance function h induced by P.

In the following we will show that the ow complex is actu-
ally a cell complex for every 2 [0;1 ). An induced ow in
% hasfour dierent typesof xp oints, local minima, saddle
points of index 1, saddle points of index 2 and local maxima.
In the following we are going to characterize the smoothed
stable manifolds of the four dierent typesof xp oints.

Obser vation 3. The smoothed stable manifold of a local
minimum m contains just the point m itself since no other
point ows into m.

It turns out that the stable manifold of an index 1 saddle
point is always a Gabriel edgeand vice versa.

Gabriel graph. The Gabriel graph of a nite set of points
P in 2 is given as follows: Its vertices are the points in
P and its edgesare given by Delaunay edgesthat intersect
their dual Voronoi facet. The edgesof the Gabriel graph are
called Gabriel edges.The Gabriel graph is always connected,
becauseit contains the Euclidean minim um spanning tree of
P.

Lemma 1. Let s be an index 1 sadde of . The smoothed
stablemanifold S (s) of s is a Gabriel edgeand every Gabriel
edge is the smaothed stable manifold of some index 1 sad-
dle. O

The smoothed stable manifolds of index 2 saddle points have
a more complicated structure. Note that, in general,they are
not composed of Delaunay triangles.

Lemma 2. Let s be an index 2 sadde of . If the sta-
ble manifold S(s) of s does not contain a Voronoi vertex
then S (s) is a piecewise linear surface with boundary. The
boundary of the surface is made up of Gabriel edges.

Pr oof. A constructiv e proof can be found in [11]. Later
we need someideas from the constructions in this proof to
prove the main result of this paper, i.e. the homotopy equiv-
alenceof -shapesand ow shapes. [

Note that we do not claim that the surfaceis homeomorphic
to a disk. In fact, the surface neednot be simply connected,
i.e. it can have holes.Furthermore, the lemma doesno longer
hold if the stable manifold S(s) contains a Voronoi vertex.
In that case S(s) can have three dimensional componerts
which forced us to give the quite complicated de nition of
smoothed stable manifolds. This de nition takescare of the
three dimensional parts. But in the following we want to
assumethat none of the stable manifolds of index 2 saddle
points contains a VVoronoi vertex.

Saddle complex. Givena nite setof pointsin 2, we call
the simplicial complex built by the smoothed stable man-
ifolds of all saddle points, i.e. the Gabriel edgesand the
surfacesfrom Lemma 2 the sadde complex of the point set.

It remains to characterize the stable manifolds of the max-
ima. The proof of the following theorem appearedin [11].

Theorem 3. The smoothed stable manifolds of the max-
ima of are exactly the closures of the bounded regions of
the sadde complex provided no stable manifold of an index
2 sadde contains a Voronoi vertex. []

Especially, this theorem states that the boundary of the
smoothed stable manifold of a maximum is made up of the
smoothed stable manifolds of index 2 saddle points. That is,
under our non-degeneracyassumptions the smoothed stable
manifolds of critical points of di eren t index have a nice re-
cursive structure. The boundary of a smoothed stable man-
ifold of an index d critical point, 1 d 3, is made up of
the smoothed stable manifolds of index d 1 critical points.

Observation 4. Let h be the distance function assciated
with a nite set of points P 3. For every critic al point
y of h in the boundary of the smoothed stable manifold of a
critic al point x it is h(y) < h(x). Thus every cell in the ow
complex appears only at larger values of than the cells in
its boundary.
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Figure 5: This gure illustrates the recursiv e struc-
ture of the smoothed stable manifolds of critical
points of dieren t indices. The shaded region shows
the interior of a smoothed stable manifold of a max-
imum whose boundary is made up of smoothed
stable manifolds of index 2 saddle points. One such
index 2 saddle point is shown along with the inte-
rior of its smoothed stable manifold. Also an index
1 saddle point in the boundary of the latter stable
manifold is shown. The boundary of the smo othed
stable manifold of this saddle points consists of two
minima

5. HOMOTOPY EQUIVALENCE

In this section we are going to show that the underlying
topological spacesof K (P) and F (P) are homotopy equiv-
alent for every nite point set P % and every 0.

Theorem 4. Given a nite set of points P 3. For
every 0 the topological spaces underlying K (P) and
F (P) are homotopy equivalent.

Pr oof. From Theorem 1weknowthat B (P)andK (P)
are homotopy equivalent for every 0. Thus it is enough
to show that B (P) and F (P) are homotopy equivalent for
every 0. We are going to prove this by induction over
the critical levels of the distance function h corresponding
to P. For = 0 we have

B°(P) = F°(P) = P:

Hence we have the stronger statement that for = 0 the
underlying top ological spaceof F°(P) is not only homotopy
equivalent to B°(P) but the two spacescoincide. In the fol-
lowing we will use for conveniencethe notation F (P) for
the complex as well as for its underlying topological space.
From Theorem 2 and Observation 2 we know that the ho-
motopy type of B (P) and F (P) can only change at the
critical levels of the distance function h. That is, we have to
show that when passesthrough a critical level the homo-
topy typesof B (P) and F (P) changein the sameway.

Let 0< 1;:::; n bethe critical levelsof the distance func-
tion h. We now assumethat B (P) and F (P) are homo-

topy equivalent for all i 1+ ", where" > 0is chosen
such that the interval [ i 1 "; i 1+ "] contains no critical
level besides i ; andthe interval[ i "; i+ "]contains no
critical level besides i. We want to show inductiv ely that
B (P) and F (P) also have to be homotopy equivalent for
al 0 P+

Let x 2 h *( ;) be a critical point of h. We can assume
without loss of generality that x is the only critical point in
h 1( i), becauseall operations that we are going to perform
in the following can be localized around ead critical point
in h 1( i) by using a suited partition of unity. Since ; > 0
the point x cannot be a minimum, i.e. it is either a saddle
point or a local maximum. We distinguish three cases.Ei-
ther x is an index 1 saddle point, an index 2 saddle point or
a maximum.

First case. Assumethat x is an index 1 saddle point.
Our characterization of critical points states that x has to
be contained in a Delaunay edge E that intersects its dual
Voronoi facet, i.e. x is contained in a Gabriel edge.For" > 0
su cien tly small the Gabriel edge E is completely covered
by the union of balls B © " (P) besidesa small open line seg-
ment contained in E that contains x. Let E° be the closure
of th(i)s line segment and let v and w be the two endpoints
of E”.

Figure 6: Shown in two dimensions is the Gabriel
edge E that contains the index 1 saddle point x. Also
shown are two balls of the union of balls B i "(P)
(dark shaded) and B i*"(P) (ligh t shaded) and the
line segment E® E with its endp oints v and w.

WehaveB i "(P)\ €’= fv;wg. Thus the map
' :boundary(e = fv;wg! B ' "(P)

that maps v and w to itself can be usedto glue E° into
B i "(P). The topological spacethat results from this glu-
ing operation is denotedby B i "(P)[ - E° Siersmaproves
in [14]that B i*"(P) is homotopy equivalentto B © "(P)[ -
E°by giving an explicit deformation retraction of B i*"(P)
toB i "(P)[: E° Actually, Siersma provides a prove only
for the two dimensional casebut its generalization to three
dimensions is straightforward. From Theorem 2 we know
that B "(P) = h ([0; i "]) is homotopy equivalent
to B *"(P) = h (0; i 1+ "]). The latter union of
balls is by our inductiv e assumption homotopy equivalent
to F i t*"(P) which in turn is the sameasF i *(P) since
i 1 isthe only critical level contained in the interval [ i 1; i
"]. By the de nition of E°wehaveE® F i.That is, wecan

l+



look at F i (P) asthe topological spacewe get by gluing E°
into closure(F 1 (P) E9. The gluing is done by mapping
vandw in E°to vandwin F i "(P). There is a straight-
forward deformation retraction of closure(F i(P) E9 to
F i 1 by just pulling back the endpoints v and w of E° to
the corresponding endpoints of the Gabriel edgeE. Thus we
nd that F i(P) E%and F i 1(P) are homotopy equiva-
lent.This provides us with the following sequenceof homo-
topy equivalences:

Fi(P) E°' F ' Y(P)
= F ' ™(P)
B T(P)
= h 'O i 1+ ")
CohE )
= B! (P)

By gluing the samesegmen E° at the samepoints v and w
into the two homotopy equivalent spacesF ' (P) E° and
B i (P) we get a homotopy equivalence,

Fi(P)' B (P)[+E"

That is, altogether we have the following sequenceof homo-
topy equivalences:

B'*'(P) * B (P E°
R (P)
= F " (P)

Hence the the union of balls B i*"(P) and the ow shape
F i*"(P) have the same homotopy type at level ; + ".
Since we know that the ow shape and the union of balls

can changetheir homotopy typein the interval [ i "; i+"]
only at the critical level ; we havethat B (P) and F (P)
are homotopy equivalent for all 0 P+

We want to usethe sameidea of proof also for the casethat
the critical point x is either an index 2 saddle point or a
local maximum. It turns out that the proof can be copied
almost line by line for the remaining two casesbesidesthe
part that establishesthe homotopy equivalence

Fi(P) E° F ' *(P)

where E° is replaced either by a small surface patch if x
is an index 2 saddle or by a small volume elemert if x is
a local maximum. The proof of this homotopy equivalence
was trivial for the casethat x is an index 1 saddle point. It
turns out that we have to work harder to prove the analo-
gous statements in the remaining cases.

Second case. Now assumethat x is an index 2 saddle
point. Our characterization of critical points states that x
hasto be contained in a Delaunay facet F that is intersected
by its dual Voronoi edge. For " > 0 sucien tly small the
Delaunay facet F is completely covered by the union of balls
B i " besidesa small open subset contained in the interior
of F that contains x. Let F°be the closure of this subsetin
F.

The proof of Lemma 2, see[11] tells us that we have F°
F " (P) if we choose" sucien tly small. The boundary of

Figure 7: Shown in two dimensions is the Delauna y
triangle F that contains the index 2 saddle point
X. Also shown are three balls of the union of balls
B i "(P) (dark shaded) and B *"(P) (ligh t shaded)
and the surface patch F° F (also light shaded).

F°is by de nition contained in closure(F ' (P) F9 but
it is also contained in B i "(P). That is we can glue F°
along its boundary into both spaces.Using again an explicit
deformation retraction similar to one described in [14] we
can establish the homotopy equivalence

B "(P)' B (P)[ F%

where ' maps the boundary of F° onto its copy contained
in B i "(P). If we show that

Fi(P) F° F ' *(P);

then we are done, becausewe can apply a similar proof as
in the rst case.Note that the homotopy equivalenceis not
obvious since the smoothed stable manifold S (x) of x need
not be a topological disc. We are now going to prove the
homotopy equivalenceby giving an explicit deformation re-
traction. This deformation retraction will bealittle bit more
complicated than necessaryhere. The benet of complicat-
ing things is that we can apply the strategy used here also
in the casethat x is a local maximum.

To construct a deformation retraction of F i(P) F°to
F i 1(P) we shortly recall how the smoothed stable man-
ifold S (x) of the index 2 saddle x can be computed. The
details can be found in the proof of Lemma 2, see[11]. We
rst want to identify all points in S (x) that ow into x
on straight line segmerts - more specic we are interested
in all these line segmerts and denote the set of all these
line segmens as L. For every Voronoi cell incident to x the
line segmert connecting the dual Delaunay vertex of this
Voronoi cell with x is a line segmen in L. The remaining
line segmers in L passthrough the Voronoi facets incident
to x. For every of these Voronoi facets we get exactly one
line segmen in L by rst connecting the unique driver d of
the facet with x and then determining the secondintersec-
tion point besidesx of this line segmen with the boundary
of the Voronoi facet. In the proof of Lemma 2, see[11], this
intersection point is denoted as s° For every line segmett in
I 2 L we consider a small cone with apex y around |. Here
y denotes the second endpoint of the line segmen besides
X. The conesare chosensmall enough such that they do not



intersect eacth other. Every point in the interior of the inter-
section of such a cone with S (x) can be pulled back to y
on a straight line. This givesus a deformation retraction of
F i(P) F%°o0 F '(P) F°with the interior of the inter-
section the coneswith S (x) removed. We denote the latter
set as F1. Figure 8 illustrates the deformation retraction of
F i (P) F%o Fy.

%.

Figure 8: A schematic illustration
tion retraction of F '(P)

of the deforma-
F°to F;. The red points
denote Delauna y vertices and the green points de-

note points s°. We show F i(P) F%on the left and

F1 on the righ t.

For every line segmen in L whose secondendpoint y is not
a Delaunay vertex we consider two triangles xyz and xy z°
Here z and z° are the two Delaunay vertices such that all
interior points of the line segmerns that connect y with z
and z° respectively, ow into y. The intersections of F; the
triangles xy z and xy z° can be retracted to the line segmers
yz and yz°in a straightforward manner. We denote the set
that we get after retracting all such triangles asF,. Figure 9
(on the left) illustrates such a set F».

N R

Figure 9: A schematic illustration
and F3 on the righ t.

of F, on the left

We contin ue the construction of the deformation retraction

of F i(P) F°to F i 1(P) iterativ ely at every apex of the
conesthat is not a critical point. If such an apex is a critical

point then it is already contained in the boundary of S (x).

Around every apex y that is not critical we place a small
ball and retract the intersection of F, with this ball to the
intersection of F, the boundary of this ball. We denote the
set that we get from this deformation retraction asFs;. See
Figure 9 (on the right) for an illustration of this straight

forward deformation retraction of F, to Fz. We can now
proceediterativ ely by processingy until there is no further

point to process.Figure 10 shows two more stepsin such an
iteration.

From this procedure we get a sequenceof sets

F i(P) F°=Fo,Fi;:::;Fm=F I 1(P)

Figure 10: Tw o further steps in the deformation re-
traction of F i(P) F%to F i 1(P) starting at Fa.

where eath Fi+1 Fi is a deformation retract of Fi. Thus
the whole sequenceprovides with us with the homotopy
equivalenceof F 1 (P) F%andF i 1(P). That nishes the
casethat x is an index 2 saddle point.

Third case. Finally assumethat x is a local maxi-
mum. Our characterization of critical points states that x is
a Voronoi vertex contained in its dual Delaunay cell T . For
" > 0 sucien tly small the Delaunay cell T is completely
covered by the union of balls B ' " besidesa small open
subsetcontained in the interior of T that contains x. Let T°
be the closure of this subsetin T. Wehave T® F i(P) if
we choose" sucien tly small. Thus the boundary of T?is
by construction contained in closure(F ' (P) T9 but it is
also contained in B i "(P). That is, we can glue T° along
its boundary into both spaces.Using once more an explicit
deformation retraction asdescribed in [14] one can establish
the homotopy equivalence

B *'(P)' B (P T

where ' maps the boundary of TC onto its copy contained
in B ' (P). Again we are done if we show that

Fi(P) T° F ' (P

This can be done by generalizing the technique that we used
for the casethat x is an index 2 saddle point. We leave this
generalization for the full version of this paper. O

6. CONCLUSION

The result in this paper establishesa topological similarit y
between two apparently dierent shape constructors from
a set of points. In Figure 11 we demonstrate that these
shape constructors can be geometrically quite di erent even
though they are topologically similar. The pictures for Fig-
ure 11 were produced with our implementations of e cien t
algorithms to compute the -shape and the ow shape, re-
spectively. Also this gure shows the union of balls at the
corresponding levels. Notice that this union looks almost like
a big ball at large levels. The level here is so large that we
had to zoom out in order to t the union of balls on the
screen.

For biological applications, namely macromolecule structure
exploration, topological multi scale modeling on weighted
points via -shapesseemsto be an interesting tool [9]. The
weighted points represert the positions of the atoms in the
macromolecule weighted with their radii. The ow shape
hierarchy can also be de ned and computed e cien tly for



weighted points and the homotopy equivalencestill holds for
the weighted hierarchies. The exposition in the weighted case
gets more complicated without adding anything substantial

new. Thus we have decidedto restrict ourselveshere only to
the unweighted case.

Another generalization would beto establish the results also
in higher dimensions than three. This seemsto be possible,
but sincethe combinatorial complexity of both -shapesand
o w shapes grows exponentially with the dimension, these
hierarchies seemnot to beinteresting for applications in high
dimensional space.But the casefor four-dimensional space
may turn out to be useful in future.

7. REFERENCES

[1] N. Amenta and M. Bern. Surface reconstruction by
Voronoi ltering. Discr. Comput. Geom., 22 (1999),
481{504.

[2] N. Amenta, M. Bern and D. Eppstein. The crust and
the -skeleton: combinatorial curve reconstruction.
Graphical Models and Image Processing 60 (1998),
125{135.

[3

—_—

N. Amenta, S. Choi, T.K. Dey and N. Leekha. A
simple algorithm for homeomorphic surface
reconstruction. In Proc. 16th. ACM Sympos. Comput.
Geom., (2000), 213{222.

[4] T.K. Dey and J. Giesen. Detecting undersampling in
surface reconstruction. In Proc. 17th. ACM Sympos.
Comput. Geom., (2001) 257{263.

[5] H. Edelsbrunner. The union of balls and its dual
shape. Discr. Comput. Geom., 13 (1995), 415{440.

[6] H. Edelsbrunner. Surface reconstruction by wrapping
nite point setsin space.Ricky Pollack and Eli
Goodman Festschrift, ed. B. Aronov, S. Basu, J. Pach
and M. Sharir, Springer-Verlag, to appear.

[7

—_—

H. Edelsbrunner, M. A. Facello and J. Liang. On the
de nition and the construction of pockets in
macromolecules. Discrete Apl. Math. 88 (1998),
83{102.

8

—_

H. Edelsbrunner, D. G. Kirkpatric k and R. Seidel. On
the shape of a set of points in the plane. IEEE Trans.
Information Theory 29 (1983), 551{559.

H. Edelsbrunner, D. Letscher and A. Zomorodian.
Topological persistenceand simpli cation. In Proc.
IEEE Sympos. Found. Comput. Sci. 2000, 454{463.

[9

—_—

[10] H. Edelsbrunner and E. P. Meucke. Three-dimensional
alpha shapes. ACM Trans. Graphics 13 (1994), 43{72.

[11] J. Giesenand M. John. The Flow Complex: A Data
Structure for Geometric Modeling Proc. 14th Annual
ACM-SIAM Symposium on Discrete Algorithms
(SODA) (2003), 285-294.

[12] K. Grove. Critical Point Theory for Distance
Functions. In Proceedings of Symposia in Pure
Mathematics 54(3) (1993), 357{385.

[13] J.R. Munkres. Elements of Algebraic Topology.
PerseusBook Publishing, L.L.C. (1984).

[14] D. Siersma. Voronoi Diagrams and Morse Theory of
the Distance Function. In Geometry in Present Day
Sciene, O.E. Barndor -Nielsen and E.B.V. Jensen
(eds.), World Sciertic (1999), 187{208.



Figure 11: The union of balls (left), the -shape (middle) and the o w shape (righ t) for increasing values of
(top to bottom). The second row shows a zoom of the pictures in the rst row. Note that the shapes in
each row are homotop y equiv alent.



