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Abstract

Many applicationsseekto identify featureslike “handles'and "tunnels'in a shapeborderedby a
surfaceembeddedh threedimensionsTo this endwe de ne handleandtunnelloopson surfaceswhich
canhelpidentifying thesefeatures We shaw thata closedsurfaceof genusg alwayshasg handleandg
tunnelloopsinducedby theembeddingFor aclassof shapeshatretractto graphswe characteriz¢hese
loopsby alinking conditionwith thesegraphs.Thesecharacterizationkadto algorithmsfor detection
andgeneratiorof thesdoops. We provide animplementatiorwith applicationgo featuredetectionand
topologysimpli cation to show the effectivenesof the method.

1 Intr oduction

Many applicationsneedto identify featuressuchas "handles'and “tunnels' inducedby the embedding
of a connectecclosedsurfacein threedimensions. Quantitaely, their numberscan be computedfrom

Betti numbersfor which ef cient algorithmsareknown [3]. However, thesenumberscannotprovide ary

gualitatve information aboutthesefeatures. To this endwe de ne a classof loopson M, called handle
andtunnelloops, that help identifying thesefeaturesin the shapeboundedby M. Intuitively, aloopis a

handleif it spansa disk (surface)in the boundedspaceborderedby M. If onecutsM alongsucha loop

and lls theboundarywith thatdisk, oneeliminatesa handle.Similarly, atunnelloop spansa disk (surface)
in the unboundedspaceborderedby M andits removal eliminatesa tunnel. Figure1 shawvs threehandle
andthreetunnelloopsona CAD surface.In this paperwe provide aformal de nition of handleandtunnel
loopsin termsof homologygroupsand provide topologicalanalyseghat leadto the algorithmsfor their

detectionand generation.Our algorithm canbe a basisfor applicationghat requireto recognizefeatures
suchashandlesn ashapeandtunnelsin its complemenbr to simplify ashapeopologicallyby eliminating
insigni cant handlesandtunnels[1, 7, 12, 18, 20.

Researcherkave looked into the problemof computingnontriial loopson surfaceswith variouscon-
ditions. VegterandYap[17] andDey and Schipperf4] gave lineartime algorithmsto computepolygonal
schemasvhoseremoval cutsthe surfaceinto a disk. EricksonandHar-Peled[9] shaved that computing
graphsof shortesiengthwhoseremoval cut the surfaceinto a disk is NP-hard. Verdiere and Lazarug[8]
gave analgorithmfor computinga systenof loopsonasurfacewhichis shortesamongthehomotopy class
of a givensystem.Yin, Jin, and Gu useduniversalcovering spaceg19]. to computeshortestcyclesin a
homotopy class. EricksonandWhittlesegy [10] gave a greedyalgorithmto computethe shortessystemof
loops,amongall systemsf loops,relaxingthehomotogy condition.

The above works were mainly concernedvith computinga setof non trivial loopswhile optimizing
somemetricon the surface. Our goalis different. We seekto computeonly speci ¢ loopsthatarehandles
and/ortunnels. One fundamentaldifferenceis that the aforementionedvorks do not take into account
theembeddingM ! R3 whereashandleandtunnelloopsbecomemeaningfulonly for embeddedurfaces
M RS3. Moreover, aloop may changsits classi cationif theembeddinghanges.

Weformalizetheideasof handleandtunnelloopsandprovide anexistenceprooffor them.We arguethat
thenotionof handleandtunnelloopsloosests intuitive meaningf thesurfacehasaknottedembeddingWe
de ne graphretractablesurfacesthatavoid theseknottedembeddingsTheseare surfaceswhoseinteriors
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Figurel: Cadgadgetitheredloopsrepresentunnelsandthe greenonesrepresenhandles.

andexteriorsdeformatiorretractto graphscalledcore graphs We presentlgorithmsto detectandgenerate
handleandtunnelloopson suchsurfaces.Speci cally, the main contritutionsof this paperare:
DEFINITION AND EXISTENCE. We provide aformal de nition of handleandtunnelloopsandprove their
existence.

DEeTECTION. We characterizédandleandtunnelloopson graphretractablesurfacesn termsof theirlinking
with the coregraphs.This leadsto analgorithmfor detectinghandleandtunnelloops.

GENERATION. We shaw thatthereexistsa specialclassof handleandtunnelloopsthatlink minimally with
the coregraphsandpresentanalgorithmto computethem.

IMPLEMENTATION. We presenainimplementatiorof ouralgorithmwhichincorporateshegeometryof the
surfacemoreintimately Theresultsof ourimplementatiorshav thatthe methodis effective in practice.
APPLICATION. We apply our algorithmto the problemof computing handle'and ‘tunnel’ featuresin
shapesvhich canfurtherbe usedfor topologysimpli cation. Again, the resultsshav the effectivenessof
themethod.

2 Preliminaries

We statesomestandardconceptdrom topology For a more detailedintroduction,the interestedreaders
may consultMunkres[15] or Hatcher{13].

Let X beary topologicalspace A singulark-simplex is de ned asa continuougnaps : DX! X where
DX is the standarck-simplex which is the corvex hull of feig" L. Eache is avectorin R ! andits jth
components dj whered; = 1if i = j andO otherwise A k-chainis a nite linearcombinationof singular
k-simplices.In this paperwe assumehe coefcient ring to be Z, the setof integers. The setof all k-chains
formsa chaingroupCy(X) underaddition. The boundaryoperatorf of a singulark-simplex s takess to
a collectionof mapsthataretherestrictionof s on the boundaryfacetsof DX, whichforma (k ~ 1)-chain.
A boundaryoperatorf : Ci(X) ! Cy 1(X) canbe de ned by the linear extension. A k-chainis calleda
k-cycle if its boundaryis emptyanda k-boundaryif it is the boundaryof a (k+ 1)-chain. A k-boundary
mustbeak-cycle. Let Zx andBy denotethe setof all k-cyclesandk-boundariesespecirely. Both Z, andBy
aresubgroup®f Cy(X). Thek-th homolay group of X, denotedHy(X), is thequotientgroupZy=Bx. Since
Ck (X) is abeliansois Hi(X). If X is asimplicial comple, onecouldde ne thesimplicialhomologygroup
for X whereeachk-simplex playsrole of a singulark-simplex. It turnsout thatthesetwo homologygroups
arethesameup to isomorphism.

In this paper we areinterestedn the rst homologygroupH;(X) which is a setof equvalentclasses
of loopsde ned as continuousmapsfrom circlesinto X. Eachsuchclasscalledhomol@y classcanbe
representedby a loop in X if X is pathconnected.We let [I] denotethe homologyclassrepresentedby
aloop|. The topologicalspacesve considerin this paperareall compactsubspacesf R3. Their rst
homologygroupsarefree abeliangroupsandhencehave a basiswhereevery elementof the groupcanbe
written uniquelyasa nite linear combinationof elementsn the basis. The elementsn a basisare also



referredasgeneators.
A topologicalspaceX deformatiorretractsto its subspac@ if thereis acontinuousnapF : X [0;1]!
X satisfyingthefollowing conditions

F(x;0) = xforany x2 X
F(x;1) 2 Aforary x2 X
F(ait) = aforarny a2 Aandary t 2 [0;1].

X andA areof the samehomotopy typeif X deformationretractsto A. We alsousethe conceptf coho-
mology MayerVietoris sequencegndotherswhoseexcellentexpositionscanbefoundin Hatcher{13].

3 De nition and existence

Let M be a connectedclosed(compactand without boundary),and orientablesurface. The genusg of
M is the maximumnumberof disjoint simple loopswhoseremoval doesnot disconnectM. Two closed,
connectedndorientablesurfacesarehomeomorphiéf andonly if they have the samegenus.To make our
amgumentsimple,let M sit insidea threesphereS®, which is the compacti cationof R3. Beingembedded
in S8, the surfaceM hasto be orientable.It separate$§? into two parts.Givenanorientationof M, we may
designate connectedcomponentsayl, of S3nM asinsideandtheother sayO, asoutside Let

= I[ MandO = O[ M:

Notice thatboth | andO have M on their boundary As a compactorientablesurfacein S3, M admitsan
opentubular neighborhoodn S3, denotedsS.

De nition 1 AlooponM is a tunnel loop if the homolay classcarried by it is trivial in H1(O) andnon
trivial in Hy(1).

De nition 2 Aloopon M is a handleloop if the homolay classcarried by it is trivial in H1(I) andnon
trivial in H1(O).

By de nition, setof tunnelloopsaredisjointfrom setof handleloops,namelynoloop on M canbeboth
handleandtunnel.In addition,atunnelloop or a handleloop mustbe nontrivial in H1(M). Thisis because
theinclusionmapfrom M to | inducesahomomorphisnirom H1(M) to H1(l). Similarly theinclusionmap
from M to O inducesahomomorphisnirom H1(M) to H1(O). HencealooponM thatrepresentghetrivial
elementin H1(M) remainsrepresentinghe trivial elementbothin H1(I) andH;(O). However, not every
nontrivial loop on M is eitherhandleor tunnel.For example theloop shavn in Figure2 is neithera handle
nor atunnelsinceit is nontrivial in bothHy(1) andH;(0).

It is notimmediatelyobviousif aconnectealosedsurfaceof genugy admitsg handleandg tunnelloops.
In particular “knotted' embeddingof surfacesmalesit a nontrivial factasstandardsurfaceclassi cation
theoremcannotbe appliedto deriveit.

Theorem 1 For anyconnectedlosedsurfaceM  S® of genusg, there existg handleloopsf hig?. ; forming
a basisfor H1(O) andg tunnelloopsf t; gig: , forminga basisfor Hy(1). Furthermoe, f [hi]g?: , andf [ti]gig: 1
form a basisfor H1(M).



Figure2: Theloop onthetorusis neithera handlenoratunnel.

Proof 1 Thetubular neighborhoods of M in S° satis es

s?
S

(1] 9 (O[ S)and
(Il 9\ (O] 9):

Sincebothl [ SandO[ Sareopen,wehavethefollowing MayerVietors sequencewnhich is exact.

I Ho(SY) P Hy(S)” Hy(I[ S) Hy(O[ 9)
19 Hy(S% !

Sinceboth Hy(S®) and Hy(S®) are trivial, b is an isomorphisminducedby the inclusion map. SincesS,
I[ S,andO[ S deformationretractto M, I, and O respectivelythere is anisomorphisrmfrom H1(M) to
Hi(1) H1(O), whichis alsoinducedby inclusion. It followsthat

rank(Hy(l)) + rankH1(0)) = rankH1(M)) = 2g: 1)
Also,it is knownthat (Theoem19in [14] p. 172)
rankHi(1)) gandrankH;(0)) g (2)

Equationsl and2 forceboththeranksof H1(l) andH1(O) equalg. Nowonecanchooseg elementgc;; 0),

i = 1;:5;0,fromabasisin Hi(1) H1(O) whosepreimage by theinclusionisomorphisnprovidesg elements
in Hi(M). Thesegg elementsby de nition, are classesf g tunnelloopsforminga basisof Hy(1). Similar
argumentshowexistenceof g handleloops.

4 Graph retractable surface

Although Theoreml assureghe existenceof g handleloopsandg tunnelloopson all connectedclosed
surfacesin S2, they do not bearintuitive meaningof handlesandtunnelsin “knotted' surfaces. Figure 3
shawvs sucha surface. It is obtainedby thickeninga trefoil knot, namelyM is the boundaryof the product,
K D, of atrefoil K anda 2-diskD. Theredloop in Figure3(a)is obtainedby projectingthe trefoil knot
onthesuriaceM. In contraryto the naturalintuition this loop is notatunnelloop. It is nottrivial in H1(O)
thoughit generatesi;(1). Actually onecanderwe thatits homologyclassin H;(O) is 3 timesthegenerator
(the greenloop in Figure 3(a)), which explainswhy the tunnelloop shavn in Figure 3(b) containsthree
windings.
We wantto avoid such”knotted” surfacesby consideringhe propertythat at leastone of the spaced

andO doesnot deformationretractto a graph. For example,take the above thickenedtrefoil which canbe
consideredsaknottedtorus. Thefundamentatjroupof thecomplemenof K D in S® hasthe presentation
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Figure3: A thickenedtrefoil: (a) Theredloop obtainedby projectingthetrefoil knotonthe surfaceis nota
tunnel.(b) Theredloop with threewindingsis atunnel.

ha;b j a® = b%i. Ontheotherhand,the fundamentafroupof ary graphis of the form of free productof
Z's. Thesetwo cannot be the same.So O cannot be homotoly equivalentto a graphandhencecannot
deformatiorretractto agraph.Thereis anotherembeddingf the knottedtoruswherethetunnelis knotted,
e.g.,asolid with a knottedtunnelasshavn in Figure4a. In this casel doesnot have the samehomotogy
typeasagraph.Figure4bis acombinatiorof thesewo casesvherebothl andO donotdeformatiorretract
to agraph.

(@) (b)

Figure4: Surfacesthatarenot graphretractable (a) a solid with a knottedtunnel; it doesnot have the
homotoyy typeof arny graph.(b) aknotty cup; bothinsideandoutsidearenot homotoly equialentto ary
graph.

We considerconnectedlosedsurfacesin S for which | andO deformationretractto graphs.We calll
themgraph retractablesurfaces.Sincetunnelandhandleloopson non graphretractablesurfacesmay not
have naturalmeaningaswe explained,this is not a seriousrestrictionin practice.A large classof suriaces
in practicearegraphretractable.

LetP and® denotethetwo coregraphsto which| andO deformatiorretractrespectiely. Both P and®
areconnectedSincel andO deformatiorretractto (I nS) and(OnS) respeciiely, we canassumd and®
lie inside(l nS) and(O nS) respectiely.

We statetwo relatedlemmasherewhich areusedlaterin the proofs.

Lemmal Letf" jg?:l be a setof loops on a topolaical spaceX sud that f[ j]g?:l form a basisfor
H1(X). Let A bea pathconnectedsubspacef X andi : A! X betheinclusionmap. If theinducedmap
i tHi(A)! H1(X) is anisomorphismthere existsa setof loopsf hjg?:1 in Asud thati ([h;]) = [*;] for
1 | n.Hencef [hj]g'j‘: , formabasisfor H;(A) andif weconsideread hj asaloopin X, f [hj]g'j‘: ; form
a basisfor H1(X) too.



Proof2 Sincei isanisomorphismthere existsan elemenin Hy(A), sayt, sudthat[ ;]= i (t) for eath
j»1 j n.SinceAis pathconnectediher existsa loop, sayhj, sud thatt = [h;]. Thelemmafollows.

Lemma?2 Let X S® beclosed. If X deformationretractsto anotherclosedsubsetA S8, thenthe
inclusionmapi : SnX! S®nAinducesanisomorphism :Hy(S?nX)! Hi(SnA).

Proof 3 We have
H1(S3nX) w HY(X) w H1(A) w H1(S®nA)

whee H1(X) and H1(A) are the r st cohomolgy groupsof X and A respectively Theleft and the right
isomorphisméollow fromthe Alexanderduality ThemiddleonefollowsasX deformatiorretractsto A. In
addition, all threeisomorphismsre natural with respecto inclusion. Thelemmafollows.

5 Graph complementbasisthr oughlinking

Sincewe assuméboth| andO deformationretractto coregraphs,we studythe rst homologygroupsof

graphsandtheircomplementén S3. Consideraknot! K S°. SinceK is homeomorphicto acircle St, one
canassigranorientationto it. It is known thatH1(K) = Z and[K] is thegeneratofor H1(K). We alsoknow

thatH1(S®nK) = Z. Let J beanotherknotin S2 thatis disjointfrom K. TheunionJ[ K is alink. Consider
aregularprojectionof link J[ K to aplane.Eachpointatwhich J crossesinderK locally projectsto one
of thecrossingsn Figure5. We count+ 1 for the crossingontheleft and 1 for the oneon theright. The
linking numbey denotedoy Ik(K; J), is de ned to bethe sumof thesecrossingcountedas+ 1 or 1.

Figure5: Thetwo typesof crossings.

Lemma 3 (Rolfsen[16]) Thehomolay classcarried by J equalsnr for somegeneator r of H{(S® nK) if
andonlyif Ik(K;J) = n.

It follows from theabove lemmathatif Ik(K;J) = 1, then[J] is ageneratofor H1(S®nK).

Let G bea nite, possiblydisconnectedgraphin S°. Let T be a spanningforestof G. Letfegyl, be
thesetof edgesf G thatarenotin T. Addingary edgee; to T form asimpleloop, K, seeFigure6a. Each
loop K; is free of selfintersectionsindhencecanbe consideredsaknot. Thesetof knotsf K;giL ; maynot
bedisjointbut generate$i;(G).

Let d; denotetheKronecler delta,thatis, djj = 1if i = j and0 otherwise Let J; beaknotdisjointfrom
all Ki'sandlk(Kj;J) = d;, seeFigure6h. It follows from Lemmag3 that[J] is a generatomof H1(S*nkK;)
andis trivial in H1(S®nK;) for j 6 i.

Theorem 2 f[J]gL ; forma basisfor H.(S*nG).

Proof4 LetL; = Ki[ T. By Lemma2, theinclusionmapfrom S®nL; to S®nkK; inducesan isomorphism
betweerH;(S®nL;) andHi(S®nK;). SinceJ; avoidsG, [J] is thegeneator for S*nL; butis trivial in S*nL;
forany| 6 i.

1We only considettameknots
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Figure6: A graphwith two componentsThebold edgesandthe blacknodesform the spanningorest.

We provethetheoembyinductiononn. LetGy = [ L 11Li. ConsiderG and T asunionandintersection
of G; andL,, respectivelyThen,

S$°nG
SnT

(S$3nGy)\ (S°nL,) and
(SnGy) [ (S’nLy):

By inductionhypothesisf [Ji]g{‘:ll form a basisfor H1(S3nG,) andare all trivial in H1(S®nL,). Clearly,
[Jn] is the geneator for H1(S®nLy) andis trivial in H1(S*nGy). Hencef [J]gL, form a basisfor H1(S®n
G1) Hi(S®nL,). Considerthefollowing MayerVietoris sequence

I Hy(S3nT) ¥ Hi(S*nG)
® HY(SPNG1)  Hi(SPnLn) 19 Hy(S3nT) !

SinceH{(S*nT) = 0andHy(S*nT) = 0, b is anisomorphismwhich is inducedby theinclusionmap. The
theoemfollowsasf [J]gL , formabasisfor H1(S$nG;) Hi(S2nLy).

The proof of Theorem2 impliesthatH1(S3nG) \'/v i 1H1(S3 nK;), whichwith Lemma3 leadsto the
following corollary

Corollary 4 Let” bealoopin S*nG. Onehas[']= &L, a[J]if andonlyif Ik(; K;) = & for eadh i whee
a is aninteger.

6 Minimally linkedloops

In this section,we give more constructie statementaboutthe handleand tunnelloopsfor a graphre-
tractablesurface. Thesestatementselatethe linking numbersof the loopswith the core graphsto their
characterizatiorand existence. Theorem3 characterizeshe handleand tunnelloopsin termsof linking
numbers.Theorem4 pravidesthe existenceof a specialclassof handleandtunnelloopswhich link min-
imally with the coregraphs.This leadsto analgorithmto computea setof 2g loopsforming a minimally
linked basisfor H1(M) whereg of themarehandleandthe otherg aretunnel.

Considerthe union of two coregraphslp[ O asa singlegraphwith two connecteccomponentsFrom
the previous discussionwe cancomputea setof knots, denotedf Kigizfl, which generateH;(P[ ©). Let

fK|gf_, denotetheloopsfrom P andf K gl ; denotetheloopsfrom 6.

Theorem 3 A loop * on a graphretractablesurfaceM is a handleif andonly if Ik("; K!') 6 0 for at least
oneof K!'sandlk(*; K°) = 0for all theK's. Aloop" onM is a tunnelif andonlyif Ik(*; K°) & 0for at
leastoneof K 'sandIk("; K!) = 0for all theK!"s.



Proof5 RecallthatS denotesa tubular neighborhoodf M in S, We have

H1(0) W Hy(S3n(I nS)) w Hy(S*nb): 3)

The r stisomorphismrholdssinceS®n(l nS) deformationretractsto O. Thesecondsomorphisnfollows
fromLemma2 as(l nS) deformatiorretractsto P In addition,bothisomorphismsre inducedby inclusion
maps.Symmetricallyve have

Ha(1) W Hy(S*n(0NnS)) w Hy(S*n®): @)

Byde nition, aloop™ onM is a handleoneif andonlyif [']is trivial in H1(l) andnontrivial in H1(O),
which meanspy Equation3 and4, it is trivial in H1(S3n©) andnontrivial in Hy(S® nb). ¢FomCorollary
4, the homolay classof " in Hl(S3n©) is trivial if andonly if Ik("; Kio) =Q0foreachl 1 g¢,andthe
homolay classof ~ in S3nk is nontrivial if and only if at leastoneof Ik("; K!) is nonzeo. A similar
argumentappliesto tunnelloops.

Next, we prove the existenceof a setof 2g loopson M which link the coregraphsin a minimal sense.
We will prove thatthesdoopsgeneratall the handlesandtunnelsin theoremy.

De nition 3 Aloop " onsurfaceM is minimally linked if éjggljlk(‘; Kjj= 1

Intuitively, minimallinking forbidstheloopsto wind aroundthe surfacemultiple timestherebyproduc-
ing moremeaningfulhandleandtunnelloops.

Lemma5 Thele existsa minimally linked set of Ioopstigizf’1 on a graph retractable surfaceM whee
f [3]9%, forma basisfor Hy(M).

Proof 6 It isobviousthatthere existsa setofloopsin S3n(|P[ @),denoted‘igizzgl,sumthatjlk(‘i;Kj)j = dj
foranyl i;j 2g.Forexample ; canbechoserarbitrarily closeto K; to loop aroundit onceandavoid
linking anyotherKj, j 6 i. FromTheoem2,f[ i]gL , forma basisfor Hl(S3n(|P[ @)). We have

Hy(M) W Hy(S) W Hy(S*n(P[ B)): (5)

The r stisomorphisnholdssinceS is a tubular neighborhoodf M. Thesecondsomorphisnfollowsfrom
Lemma2 as(I nS)[ (OnS) deformatiorretractsto lP[ ©. In addition bothisomorphismsare inducedby
inclusionmaps.FromLemmal, there existsaloopJ;onM for 1 i nsudithat[J]= [i]. Hencewehave
ITk(3; Kyj = jIk(i;K;j)j = dj. Furthermoef [J]gL ; forma basisfor Hi(M).

We obsere that the abore lemmaholdsevenif we requireJ; to passthrougha speci ¢ point, say p.
This is becausave assumesurfaceM is connectecandhencepathconnectedLet J; be aloop guaranteed
by Lemmab. Let h bethe pathfrom p to apointon J; andh bethereverseof h. Thentheloop ™ formedby
concatenatindy, J; andh canbetakenasnew J; thatpasseshroughp. FurthermorewhenM is apolygonal
mesh,one canrestricteachJ; to the edgesof M. This is becausave canperforma nite sequencef
deformatioreachof whichis within apolygonto deformaJ; in agenerapositionto theonealongtheedges
without changingts homologyclass.

Thesetof loopsf J; gjzg 1 de nedin Lemmas canbeclassi edinto two groups:f Jj g?: L With jIk(3}; K})j =
1for1 j g, andfJPgl,; with jIkJ ;K )j= 1for 1 j g The homologyclasses [K|]g®.,
f[31g5- 1, FIK{1gl- ; andf [371g%. , form abasisfor Hy(P), Hy(S*nP), H1(8) andH,(S*n®), respectiely.
Furthermoregdueto Corollary 4 each[J}] is trivial in H1(S3n©) andsois each[JjO] in H1(83nb). Next
theoremformally establisheghatthereexist minimally linked handleandtunnelloopsforming a basisfor |
andO respeciiely.



Theorem4 Thee exista setof minimally linked handleloopson a graphretractablesurfacewhich forma
basisfor H1(O). Similarly, there is a setof minimallylinked tunnelloopswhich form a basisfor Hy(1).

Proof 7 Considerthe loopsf [J]]g]_, andf Jjog?: 1~ By Equation3, f[J{]g7_, form a basisfor Hy(S* np)
andhencefor H1(O) whilef [Jjo]gﬁ-’:l aretrivial in Hy(S® nb) andhencearetrivial in H1(O). Symmetrically

by Equation4, we havethatf[\l}]gﬁ-]:l are trivial in Hy(l) while f [JJQ]g?:l form a basisfor Hy(l). The
theoemfollowsfromthede nitions of tunnelloop andhandleloop.

7 Topologicalalgorithms

In this sectionwe presentlgorithmsto detectandgenerte handleandtunnelloopsfor agraphretractable
surface.

Assumé and® aregiven. In apreprocessingtepwe computeasetof knotsf K;g??, fromP and® using
their spanningreesasindicatedin section5. Assumingthatb and® havet edgesaltogethercomputation
of Kistake O(t) time.

DETECTION: Let " beary givenloopwith sedgesonM. By Theoren, if links P andnot®, it is ahandle
loop. If " links © andnot®, it is atunnelloop. If noneof theseconditionsholds,” is neitherahandlenora
tunnel. Thetime compleity of this detectionis dominatedoy thelinking numbercomputation.Thelinking

numbersanbedeterminedy computingtheintersectionbetweeredgesf ™ andK;s projecteconaplane.
It canbedonein time O(t + s+ X) log(t + s+ X) wherex is the numberof total intersections.

GENERATION: Herewe computea setof minimally linked g handleand tunnelloops whosehomology
classegorm abasisfor H1(O) andH4(l) respectiely. Becausef minimallinking property the handleand
tunnelloopscannotwind aroundthe surfacearbitrarily, a propertythat goeswith the intuitive meaningof
handlesandtunnels. AssumethatM hasn edges.We useary of the O(n) algorithms[4, 17] to compute
a systemof 2g loopson M, f~ igizzgl, througha x edpoint p. Thehomologyclassesarriedby theseloops
form abasisfor H;(M). Foreachloop ", we computethelinking number k(" i;K;) for eachK;. Letf Jjgjzg 1
betheloopsguaranteethy Theoremd. It follows from Corollary4 that

%9
[il= a kCi; KDIjI:
=1
Let A bethe matrix f Ik("i;Kj)g, L™ bethevector[ ['1]; ;[ 2] I' andJ~ bethevector[ [11]; ;[Jag] I'-
We have

L =A":
Sincebothf[‘i]gizzg1 andf[Ji]giz:g1 arebasedor H(M), Ais invertible. Let A 1= fajg. Forl i 29,
canbeuniquelyexpresseds
29
[31= a &l jl:

j=1

Obserethat[J] is somelinearcombinatiorof [* ;]'s with integercoefcients. Sotheentriesin A L mustbe
integers.

Sinceall " ;'s have the samebasepoint, we canconcatenatary two of them,say"; and" j, into a new

loop, denoted'; + "j. For anintegerz let z'; denotethe loop formedby concatenatingz copiesof “; if

z> 0orjZz copiesof thereverseof *; if z< 0. Thenwe cantake J; aséjzgla;j‘j foreachl i 2g. From

TheorenB, we know J; is ahandleloopif K; isin P oris atunnelloopif K; isin 6.

9



Thetime compleity of the generatioralgorithmis dominatedby the linking numbercomputatiorand
the matrix inversionwhich take O((gn+ t + x) log(gn+ t + X) + g°) time sinceeach’; hasO(n) edges.

8 Incorporating geometry

In this section,we give animplementatiorof the algorithmassuminghat M is presentedisa piecavise
linearsurface. Thealgorithmdescribedn section7 computegopologicallycorrecthandleandtunnelloops
without consideringary geometridnformation. Hencethe computedoopsmay not be very goodgeomet-
rically. Theimplementatiorpresentedn this sectionincorporateggeometryinto the algorithm, namelyit

computedwo setsof loopswith smallsize. Althoughit doesnot guarante¢hatthe computedsetof handle
or tunnelloopsis the shortestthe experimentsshav thatthey aregeometricallymeaningful.

8.1 Computing core graphsand f K; gizzg1

We useVoronoidiagramsfor computingliJ and®. LetV bethesetof verticesin M andVorV denotethe
Voronoidiagramof V. Let | andO denotethe boundedandunboundedpacesespectiely borderecoy M
asde ned earlier Considerthe2-comple nj formedby the Voronoifacetsandits lower dimensionafaces
thatlie completelyin I. Similarly de ne np correspondingo O. It is known thatif V sampledV densely
m andnp aregeometricallycloseandhomotopy equvalentto | andO respecirely [2, 6, 11].

Thebasicideato computéP and® is to collapsem and np respectrely from their boundariesA basic
collapseoperationdeletesa pair of facespreservinga homotopy equivalencebetweerthe spacedeforeand
afterthe collapse.At theendof all possiblecollapsesye obtaintwo graphsthatarehomotoy equivalent
to | andO. Thesetwo graphscanbetakenasP and®.

Althoughary collapseorderis permissiblewe useaspeci c oneproposedn Dey andSun[5] for com-
puting the so called cune-sleletons. Thesecune-sleletonsare graphsthatresideroughly in the "middle’
of I andO therebycapturingshapegeometrybetter A realvaluedfunctioncalledmedialgeodesiale ned
onthefacesof m andnp guidesthe collapse.For eachVoronoifacetf, the valueis the shortesigeodesic
distanceon M betweenthe endpointsof the Delaunayedgedualto f. The Voronoiedgesandverticesget
avaluewnhich is maximalamongall valuesof the Voronoifacetsincidentto them. After collapsingm and
np orderedwith increasingnedialgeodesivalues,oneobtainstheedgesf the curve-sleletons.Eachsuch
edgegetsassociateavith anadditionalvalue calledgeodesicizewhich indicatesthe local sizeof M. We
usethe curve-sleletonsandthis additionalvalueto computehandleandtunnelloopsof smallsize.

In ourimplementationthegeodesidistancebetweertwo pointson M is approximatedby theDijkstra's
shortespathoverthegraphconsistingof theedgef M. Eachskeletonedgeontheresultingcurve skeletons
is aVoronoiedgewhosedualDelaunaytrianglehasthreeverticeson surfaceM. Thegeodesigpathshetween
eachpairof themtogetheformacircle', calledthegeodesicircle. Its lengthis thegeodesisizeassociated
with the correspondingkeletonedge which indicateshow big theshapds locally.

We obtainP and® by imposinga graphstructureon both curve-sleletons,namely taking the vertices
of degreemorethantwo asthe graphnodesandforming a graphedgeby a sequencef connectedkeleton
edgedn betweenwo suchnodes.

Therearesurfacesfor which onecannot computegraph§ and® by collapsingm and ng respectrely
evenwhenboth | and O deformationretractto graphs. As mentionedin [5], one suchexamplecanbe
derved from the famous*housewith two rooms” [13]. Computinglp and® for such pathologicalcases
remainsanopenquestion.

De ne the geodesicsizefor a graphedgeE 2 IP[ O asthe smallestgeodesicsize amongthe skeleton
edgescontainedn thatgraphedge,i.e.,

9(E) = minfg(e) : eis askeletonedgein Eg

10



whereg(e) is thegeodesisizeassociatewvith the skeletonedgee. We obtainmaximalspanningreesfor )
and®, which form aspanningorestfor |P[ 0. We have g edgedeftin bandg edgedeftin 0. Letf Eigizfl

8.2 Computing handle and tunnel loopsf Jigizzg1

All J's computedby the algorithmin Section7 passthroughan arbitrarily chosencommonpoint. Hence
theirsizesareusuallynotsmall. Of coursepnecanusethealgorithmof LazarusandVerdiere[8] to compute
a setof shortestoopswith the samehomotopy type of the loopscomputedoy the algorithmin Section?.
However, the restrictionthat they have to passthrougha single basepoint make them usuallylong. In
ourimplementationye computeeachJ; at differentplacescorrespondingo the skeletonedgeswith small
geodesicize.As aresultthesdoopstendto besmall. To compute;, we considelE;. Let e betheskeleton
edgein E; having the smallestgeodesicsize. The edgee is a Voronoiedge. Let p be oneof the vertices
of the dual Delaunaytriangleof e. Usethe methodproposeddy EricksonandWhittlesey [10] to compute
a systemof loopsthrough p andfollow the algorithmstatedin Section7 to obtainJ;. Hencefor eachi,
1 i 29, wecomputeaJ; with Ik(J;;K;) = dj. By Theorem¥, we computea setof g handleloopsandg
tunnelloops.

Ericksonand Whittlesey compute2g loops one by onein the following way. It runsthe Dijkstra's
shortest-pathalgorithmwith startingpoint p. Wheneer the wave front of equi-distantverticestouches
itself asit sweepsacrosshe surface,aloop is formedby the two pathsfrom p to thetouchingpoint. The
algorithmcheckswhetherthis loop is contractible.If not, it continuegto propagatehe wave front until a
noncontractibldoopis found. This loop, denoted 1, is actuallythe shortesnon contractibleloop through
p. Thesurfaceis cutalong ;1 andthenthe algorithmcomputesanothemon contractibleloop, denoted »,
from onecopy of p to theotheronM n™ ;. This procesof nding andcuttingis repeatedo nd 2g loops,
which form a systemof loopsthrough p. In our implementationwe computelk(" ;Kj) for 1 i 29
immediatelyafterwe obtain” j. In mostpracticalcasessome | itself satis estheconditionto be J;, namely
Ik("j;Ki) = 1andlk("j;Km) = O with m6 i. In suchcase,we do not needto continueto computethe
remaining’j's.

8.3 Algorithm

We summarizethe algorithmthatincorporateghe geometryto computethe handleand tunnelloopswith
smallsize.

1. (Approximatingmedialaxes) Approximatethe medialaxesin | andO usingthe subsetof Voronoi
facets.

2: (Obtaining core graphs)Obtain the core graphsby collapsingmedial axes using medial geodesic
values.

3: (ComputinggeneratorsWeighthe graphedgesy geodesisizeandcomputethe maximalspanning
treesto obtainsetof generatindoops.

4: (Computinghandleandtunnelloops)For eachgeneratingoop in the coregraphs,computea handle
or tunnelloop atthe placeindicatedby the edgewith smallgeodesicize.

The way we choosethe startingpoint p makes surethatthe computed ;'s are of small size. Associ-
ating surfaceverticeswith the geodesicsize of the skeletonedgeshelpidentifying thesepoints. This is an
importantfeatureof our algorithmfrom practicalviewpoint sinceit cutsdown the searchfor identifying
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appropriatglaceswherethe handleandtunnelloopsof smallsizeshouldbe computed Figure7 shavs the
tunnelloopsandthe handleloopstogethemwith P and® computecby the abave algorithm.

Cadgadget Vase

DoubleTrus1 DoubleTrus?2

Figure7: The handleloops (green)and the tunnelloops (red) togetherwith P and®. Thoseedgesin &
connectedo thein nite pointareroutedto a pointoutsidethe boundingboxesof the objects.

Figure8 andFigure10 shav only the tunnelandthe handleloopsfor somemorecomplicatedmodels.
As we cansee thereconstructe@uddhamodelcontainsghreeextra smallholes.

Casting(g=9) Hub (g=33)

Figure8: Thehandleloops(green)andthetunnelloops(red).

9 Application

In this sectionwe apply handleand tunnelloopsto computeactualhandleor tunnelfeaturesfor shapes
which canfurtherbeusedfor remaoving insigni cant topologies.

Feature detection. The basicideais to sweepthe handleor tunnelloopsover the surfaceappropriately To
computeatunnelfeature we startwith atunnelloop. We run Dijkstra’s shortespathalgorithmfor multiple
sourcesvherethestartingpointsaretheverticesonthetunnelloop. At ary genericstepDijkstra's algorithm
maintainsa wave front of shortestistanton eachside of the tunnelloop. We keeppropagatinghesetwo
wave frontsuntil oneof thefollowing conditionsdoesnot hold.
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Casting Fusee Vase

Figure9: Toprow: thetunnelfeaturedor CastingandFuseeandthe handlefeaturedor Vase.Bottomrow:
smalltunnelsare lled for CastingandFusee bothhandlesn Vaseareremaoved.

Thewave front links the coregraphexactly the sameway astheinitial tunnelloop does,.e.,if * and
t denotethewave front andthe tunnelrespectiely, thenlk("; K;) = 1k(t; K;) for eachkK;.

Theratio betweenthe length of the wave front andthat of the initial tunnelloop doesnot exceeda
giventhreshold.

We take the region sweptby thesetwo frontsasthe tunnelfeaturecorrespondingo theinitial tunnelloop.
Similarly one cancomputea handlefeatureby startingfrom a handleloop. Figure9 shaws the resulting
tunnelandhandlefeatures Theratio thresholds setto be 1.2 for all theexamples.

Topology simpli cation. We obsere that our methodcan be extendedfurther to remove (insigni cant)
topologiesfrom a shape[l, 7, 12, 18, 20]. We rst identify handleor tunnel featuresthat needto be
removed. For example,one may considerthe lengthsof the handleandtunnelloopsto determinewhich
featuresto be removed. We assumethat the surfaceis a Delaunaysubcomplg madeout of Delaunay
triangles. Many algorithmsin surfacereconstructiorand meshgenerationproducesuchsurfaces. Even
non Delaunaysurfacescanbe corvertedto a Delaunayoneby resamplingandremeshingechniques.The
Delaunaytetrahedransidethe shaperepresent#ts volume. To Il asmalltunnel,we addthosetetrahedra
backto the volumethathave all four verticeson the correspondingunnelfeature. Figure9 andFigure 10
shaw thatholesget lled by this methodfor Casting,FuseeandBuddha.Similarly we cancut a handleby
deletingthosetetrahedravith all four verticesonthathandlefeaturefrom thevolumerepresentatiorfigure
9 shaws sucharemoval of handledrom Vase.

13



Buddha(g =9)
Figure10: Threecloseupviews of smalltunnelsin Buddhawhichare lled up.

10 Conclusionsand futur e work

In thiswork we de ne andprove theexistenceof loopson surfaceswhich represenhandlesandtunnelsfor
the shapeborderedoy the surface. We characterizeéheseloopson graphretractablesurfacesusinglinking
with coregraphs.Thesecharacterizationkeadto algorithmsfor detectingandgeneratindghandleandtunnel
loops.

Severalopenguestionsariseasaresultof this researchOurimplementatiordoesnot guarante¢hatthe
computedunnelor handleloopsarethe shortestin length. Computinga setof shortesthandleandtunnel
loopsamongall possiblesuchloopsremainsan openchallenge. Another naturalquestionis to compute
handleandtunnelloopsonnongraphretractablesurfaces.Ourde nition of handleandtunnelloopsdepend
onthefactthatthe surfacehasno boundary Is it possibleto extendtheideasof this paperto surfaceswith
boundariesncludingthe non-orientablenes?
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