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Abstract

Many applicationsseekto identify featureslike `handles'and `tunnels' in a shapeborderedby a
surfaceembeddedin threedimensions.To thisendwede�ne handleandtunnelloopsonsurfaceswhich
canhelpidentifying thesefeatures.We show thata closedsurfaceof genusg alwayshasg handleandg
tunnelloopsinducedby theembedding.For aclassof shapesthatretractto graphs,wecharacterizethese
loopsby a linking conditionwith thesegraphs.Thesecharacterizationsleadto algorithmsfor detection
andgenerationof theseloops.We provideanimplementationwith applicationsto featuredetectionand
topologysimpli�cation to show theeffectivenessof themethod.

1 Intr oduction

Many applicationsneedto identify featuressuchas `handles'and `tunnels' inducedby the embedding
of a connectedclosedsurface in threedimensions. Quantitavely, their numberscan be computedfrom
Betti numbersfor which ef�cient algorithmsareknown [3]. However, thesenumberscannotprovide any
qualitative informationaboutthesefeatures.To this endwe de�ne a classof loopson M, calledhandle
andtunnel loops,that help identifying thesefeaturesin the shapeboundedby M. Intuitively, a loop is a
handleif it spansa disk (surface)in the boundedspaceborderedby M. If onecutsM alongsucha loop
and�lls theboundarywith thatdisk,oneeliminatesahandle.Similarly, a tunnelloopspansadisk (surface)
in the unboundedspaceborderedby M andits removal eliminatesa tunnel. Figure1 shows threehandle
andthreetunnelloopson a CAD surface.In this paperweprovide a formal de�nition of handleandtunnel
loopsin termsof homologygroupsandprovide topologicalanalysesthat leadto the algorithmsfor their
detectionandgeneration.Our algorithmcanbe a basisfor applicationsthat requireto recognizefeatures
suchashandlesin ashapeandtunnelsin its complementor to simplify ashapetopologicallyby eliminating
insigni�cant handlesandtunnels[1, 7, 12, 18,20].

Researchershave looked into theproblemof computingnontrivial loopson surfaceswith variouscon-
ditions. VegterandYap[17] andDey andSchipper[4] gave linear time algorithmsto computepolygonal
schemaswhoseremoval cutsthe surfaceinto a disk. EricksonandHar-Peled[9] showed that computing
graphsof shortestlengthwhoseremoval cut the surfaceinto a disk is NP-hard.Verdi�ereandLazarus[8]
gaveanalgorithmfor computingasystemof loopsonasurfacewhich is shortestamongthehomotopy class
of a given system.Yin, Jin, andGu useduniversalcovering spaces[19]. to computeshortestcyclesin a
homotopy class.EricksonandWhittlesey [10] gave a greedyalgorithmto computetheshortestsystemof
loops,amongall systemsof loops,relaxingthehomotopy condition.

The above works weremainly concernedwith computinga setof non trivial loopswhile optimizing
somemetricon thesurface.Our goal is different.We seekto computeonly speci�c loopsthatarehandles
and/or tunnels. One fundamentaldifferenceis that the aforementionedworks do not take into account
theembeddingM ! R3 whereashandleandtunnelloopsbecomemeaningfulonly for embeddedsurfaces
M � R3. Moreover, a loopmaychangeits classi�cationif theembeddingchanges.

Weformalizetheideasof handleandtunnelloopsandprovideanexistenceprooffor them.Wearguethat
thenotionof handleandtunnelloopsloosesits intuitivemeaningif thesurfacehasaknottedembedding.We
de�ne graphretractablesurfacesthatavoid theseknottedembeddings.Thesearesurfaceswhoseinteriors
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Figure1: Cadgadget:theredloopsrepresenttunnelsandthegreenonesrepresenthandles.

andexteriorsdeformationretractto graphscalledcoregraphs. Wepresentalgorithmsto detectandgenerate
handleandtunnelloopsonsuchsurfaces.Speci�cally, themaincontributionsof thispaperare:
DEFINITION AND EXISTENCE. We provide a formal de�nition of handleandtunnelloopsandprove their
existence.
DETECTION. Wecharacterizehandleandtunnelloopsongraphretractablesurfacesin termsof their linking
with thecoregraphs.This leadsto analgorithmfor detectinghandleandtunnelloops.
GENERATION. Weshow thatthereexistsaspecialclassof handleandtunnelloopsthatlink minimally with
thecoregraphsandpresentanalgorithmto computethem.
IMPLEMENTATION. Wepresentanimplementationof ouralgorithmwhichincorporatesthegeometryof the
surfacemoreintimately. Theresultsof our implementationshow thatthemethodis effective in practice.
APPLICATION. We apply our algorithm to the problemof computing`handle' and `tunnel' featuresin
shapeswhich canfurtherbeusedfor topologysimpli�cation. Again, the resultsshow theeffectivenessof
themethod.

2 Preliminaries

We statesomestandardconceptsfrom topology. For a moredetailedintroduction,the interestedreaders
mayconsultMunkres[15] or Hatcher[13].

Let X beany topologicalspace.A singulark-simplex is de�ned asacontinuousmaps : Dk ! X where
Dk is the standardk-simplex which is the convex hull of f eigk+ 1

i= 1 . Eachei is a vector in Rk+ 1 andits jth
componentis di j wheredi j = 1 if i = j and0 otherwise.A k-chain is a �nite linearcombinationof singular
k-simplices.In this paperwe assumethecoef�cient ring to beZ, thesetof integers.Thesetof all k-chains
formsa chaingroupCk(X) underaddition. Theboundaryoperator¶ of a singulark-simplex s takess to
a collectionof mapsthataretherestrictionof s on theboundaryfacetsof Dk, which form a (k� 1)-chain.
A boundaryoperator¶ : Ck(X) ! Ck� 1(X) canbe de�ned by the linear extension. A k-chainis calleda
k-cycle if its boundaryis emptyanda k-boundaryif it is the boundaryof a (k+ 1)-chain. A k-boundary
mustbeak-cycle. Let Zk andBk denotethesetof all k-cyclesandk-boundariesrespectively. BothZk andBk

aresubgroupsof Ck(X). Thek-th homology groupof X, denotedHk(X), is thequotientgroupZk=Bk. Since
CK(X) is abelian,sois Hk(X). If X is asimplicialcomplex, onecouldde�ne thesimplicialhomologygroup
for X whereeachk-simplex playsrole of a singulark-simplex. It turnsout thatthesetwo homologygroups
arethesameup to isomorphism.

In this paper, we areinterestedin the �rst homologygroupH1(X) which is a setof equivalentclasses
of loopsde�ned ascontinuousmapsfrom circles into X. Eachsuchclasscalledhomology classcanbe
representedby a loop in X if X is pathconnected.We let [l ] denotethe homologyclassrepresentedby
a loop l . The topologicalspaceswe considerin this paperareall compactsubspacesof R3. Their �rst
homologygroupsarefreeabeliangroupsandhencehave a basiswhereevery elementof thegroupcanbe
written uniquelyasa �nite linear combinationof elementsin the basis. The elementsin a basisarealso
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referredasgenerators.
A topologicalspaceX deformationretractsto its subspaceA if thereis acontinuousmapF : X � [0;1] !

X satisfyingthefollowing conditions

� F(x;0) = x for any x 2 X

� F(x;1) 2 A for any x 2 X

� F(a;t) = a for any a 2 A andany t 2 [0;1].

X andA areof thesamehomotopy type if X deformationretractsto A. We alsousetheconceptsof coho-
mology, Mayer-Vietorissequences,andotherswhoseexcellentexpositionscanbefoundin Hatcher[13].

3 De�nition and existence

Let M be a connected,closed(compactandwithout boundary),andorientablesurface. The genusg of
M is the maximumnumberof disjoint simple loopswhoseremoval doesnot disconnectM. Two closed,
connectedandorientablesurfacesarehomeomorphicif andonly if they have thesamegenus.To make our
argumentsimple,let M sit insidea threesphereS3, which is thecompacti�cationof R3. Beingembedded
in S3, thesurfaceM hasto beorientable.It separatesS3 into two parts.Givenanorientationof M, we may
designateaconnectedcomponent,sayI , of S3 nM asinsideandtheother, sayO, asoutside. Let

I = I [ M andO = O[ M:

Notice that both I andO have M on their boundary. As a compactorientablesurfacein S3, M admitsan
opentubular neighborhoodin S3, denotedS.

De�nition 1 A loop on M is a tunnel loop if thehomology classcarried by it is trivial in H1(O) andnon
trivial in H1(I ).

De�nition 2 A loop on M is a handle loop if thehomology classcarried by it is trivial in H1(I ) andnon
trivial in H1(O).

By de�nition, setof tunnelloopsaredisjoint from setof handleloops,namelynolooponM canbeboth
handleandtunnel.In addition,a tunnelloop or ahandleloopmustbenontrivial in H1(M). This is because
theinclusionmapfrom M to I inducesahomomorphismfrom H1(M) to H1(I ). Similarly theinclusionmap
from M to O inducesahomomorphismfrom H1(M) to H1(O). Hencea looponM thatrepresentsthetrivial
elementin H1(M) remainsrepresentingthe trivial elementboth in H1(I ) andH1(O). However, not every
nontrivial looponM is eitherhandleor tunnel.For example,theloopshown in Figure2 is neitherahandle
nora tunnelsinceit is nontrivial in bothH1(I ) andH1(O).

It isnotimmediatelyobviousif aconnectedclosedsurfaceof genusg admitsghandleandg tunnelloops.
In particular, `knotted' embeddingof surfacesmakesit a non trivial factasstandardsurfaceclassi�cation
theoremcannotbeappliedto derive it.

Theorem 1 For anyconnectedclosedsurfaceM � S3 of genusg, thereexistg handleloopsf hig
g
i= 1 forming

a basisfor H1(O) andg tunnelloopsf tig
g
i= 1 forminga basisfor H1(I ). Furthermore, f [hi ]g

g
i= 1 andf [ti ]g

g
i= 1

forma basisfor H1(M).
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Figure2: Theloop on thetorusis neitherahandlenora tunnel.

Proof 1 Thetubular neighborhoodS of M in S3 satis�es

S3 = (I [ S) [ (O [ S) and

S = (I [ S) \ (O [ S):

SincebothI [ S andO [ S areopen,wehavethefollowingMayer-Vietors sequence, which is exact.

� � � ! H2(S3) a! H1(S)
b
! H1(I [ S) � H1(O [ S)

g
! H1(S3) ! � � �

Sinceboth H2(S3) and H1(S3) are trivial, b is an isomorphisminducedby the inclusionmap. SinceS,
I [ S, andO [ S deformationretract to M, I , andO respectively, there is an isomorphismfrom H1(M) to
H1(I ) � H1(O), which is alsoinducedby inclusion.It followsthat

rank(H1(I )) + rank(H1(O)) = rank(H1(M)) = 2g: (1)

Also,it is knownthat (Theorem19 in [14] p. 172)

rank(H1(I )) � g andrank(H1(O)) � g: (2)

Equations1 and2 forceboththeranksof H1(I ) andH1(O) equalg. Nowonecanchooseg elements(ci ;0),
i = 1; ::;g, froma basisin H1(I ) � H1(O) whosepreimagebytheinclusionisomorphismprovidesg elements
in H1(M). Theseg elements,by de�nition, are classesof g tunnelloopsforminga basisof H1(I ). Similar
argumentsshowexistenceof g handleloops.

4 Graph retractablesurface

Although Theorem1 assuresthe existenceof g handleloopsandg tunnel loopson all connectedclosed
surfacesin S3, they do not bearintuitive meaningof handlesandtunnelsin `knotted' surfaces. Figure3
shows sucha surface.It is obtainedby thickeninga trefoil knot, namelyM is theboundaryof theproduct,
K � D, of a trefoil K anda 2-diskD. Thered loop in Figure3(a) is obtainedby projectingthetrefoil knot
on thesurfaceM. In contraryto thenaturalintuition this loop is not a tunnelloop. It is not trivial in H1(O)
thoughit generatesH1(I ). Actually onecanderive thatits homologyclassin H1(O) is 3 timesthegenerator
(the greenloop in Figure3(a)), which explainswhy the tunnel loop shown in Figure3(b) containsthree
windings.

We want to avoid such”knotted” surfacesby consideringthepropertythatat leastoneof thespacesI
andO doesnot deformationretractto a graph.For example,take theabove thickenedtrefoil which canbe
consideredasaknottedtorus.Thefundamentalgroupof thecomplementof K � D in S3 hasthepresentation
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(a) (b)

Figure3: A thickenedtrefoil: (a)Theredloopobtainedby projectingthetrefoil knoton thesurfaceis nota
tunnel.(b) Theredloopwith threewindingsis a tunnel.

ha;b j a2 = b3i . On theotherhand,the fundamentalgroupof any graphis of the form of freeproductof
Z's. Thesetwo cannot be thesame.So O cannot behomotopy equivalentto a graphandhencecannot
deformationretractto agraph.Thereis anotherembeddingof theknottedtoruswherethetunnelis knotted,
e.g.,a solid with a knottedtunnelasshown in Figure4a. In this caseI doesnot have thesamehomotopy
typeasagraph.Figure4bis acombinationof thesetwo caseswherebothI andO donotdeformationretract
to a graph.

(a) (b)

Figure4: Surfacesthat arenot graphretractable: (a) a solid with a knottedtunnel; it doesnot have the
homotopy typeof any graph.(b) a knotty cup;both insideandoutsidearenot homotopy equivalentto any
graph.

We considerconnectedclosedsurfacesin S3 for which I andO deformationretractto graphs.We call
themgraphretractablesurfaces.Sincetunnelandhandleloopson nongraphretractablesurfacesmaynot
have naturalmeaningaswe explained,this is not a seriousrestrictionin practice.A largeclassof surfaces
in practicearegraphretractable.

LetbI andbO denotethetwo coregraphsto whichI andO deformationretractrespectively. BothbI andbO
areconnected.SinceI andO deformationretractto (I nS) and(OnS) respectively, wecanassumebI andbO
lie inside(I nS) and(O nS) respectively.

Westatetwo relatedlemmasherewhichareusedlaterin theproofs.

Lemma 1 Let f ` jgn
j= 1 be a set of loops on a topological spaceX such that f [` j ]gn

j= 1 form a basisfor
H1(X). Let A bea pathconnectedsubspaceof X and i : A ! X bethe inclusionmap. If the inducedmap
i� : H1(A) ! H1(X) is an isomorphism,there existsa setof loopsf h jgn

j= 1 in A such that i � ([h j ]) = [` j ] for
1 � j � n. Hencef [h j ]gn

j= 1 forma basisfor H1(A) andif weconsidereach h j asa loopin X, f [h j ]gn
j= 1 form

a basisfor H1(X) too.
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Proof 2 Sincei � is an isomorphism,there existsan elementin H1(A), sayt , such that [` j ] = i � (t ) for each
j, 1 � j � n. SinceA is pathconnected,there existsa loop,sayh j , such that t = [h j ]. Thelemmafollows.

Lemma 2 Let X � S3 be closed. If X deformationretracts to anotherclosedsubsetA � S3, then the
inclusionmapi : S3 nX ! S3 nA inducesan isomorphismi � : H1(S3 nX) ! H1(S3 nA).

Proof 3 Wehave
H1(S3 nX) w H1(X) w H1(A) w H1(S3 nA)

where H1(X) and H1(A) are the �r st cohomology groupsof X and A respectively. Theleft and the right
isomorphismsfollow fromtheAlexanderduality. ThemiddleonefollowsasX deformationretractsto A. In
addition,all threeisomorphismsare natural with respectto inclusion.Thelemmafollows.

5 Graph complementbasisthr ough linking

Sincewe assumeboth I andO deformationretractto coregraphs,we studythe �rst homologygroupsof
graphsandtheircomplementsin S3. Consideraknot 1 K � S3. SinceK is homeomorphicto acircleS1, one
canassignanorientationto it. It is known thatH1(K) = Z and[K] is thegeneratorfor H1(K). Wealsoknow
thatH1(S3 nK) = Z. Let J beanotherknot in S3 thatis disjoint from K. TheunionJ [ K is a link. Consider
a regularprojectionof link J [ K to a plane.Eachpoint at which J crossesunderK locally projectsto one
of thecrossingsin Figure5. We count+ 1 for thecrossingon theleft and� 1 for theoneon theright. The
linking number, denotedby lk(K;J), is de�ned to bethesumof thesecrossingscountedas+ 1 or � 1.

K K

JJ

+ -

Figure5: Thetwo typesof crossings.

Lemma 3 (Rolfsen[16]) Thehomology classcarried by J equalsnr for somegenerator r of H1(S3 nK) if
andonly if lk(K;J) = n.

It follows from theabove lemmathatif lk(K;J) = � 1, then[J] is ageneratorfor H1(S3 nK).
Let G bea �nite, possiblydisconnected,graphin S3. Let T bea spanningforestof G. Let f eign

i= 1 be
thesetof edgesof G thatarenot in T. Addingany edgeei to T form a simpleloop,Ki, seeFigure6a.Each
loopKi is freeof self intersectionsandhencecanbeconsideredasaknot. Thesetof knotsf K ign

i= 1 maynot
bedisjointbut generatesH1(G).

Let di j denotetheKronecker delta,thatis, di j = 1 if i = j and0 otherwise.Let Ji beaknotdisjoint from
all Ki 's andlk(K j ;Ji) = di j , seeFigure6b. It follows from Lemma3 that [Ji ] is a generatorof H1(S3 nKi)
andis trivial in H1(S3 nK j ) for j 6= i.

Theorem 2 f [Ji ]gn
i= 1 forma basisfor H1(S3 nG).

Proof 4 Let Li = Ki [ T. By Lemma2, the inclusionmapfrom S3 nLi to S3 nKi inducesan isomorphism
betweenH1(S3 nLi) andH1(S3 nKi). SinceJi avoidsG, [Ji ] is thegenerator for S3 nLi but is trivial in S3nL j

for any j 6= i.

1We only considertameknots
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e3

K1 K2

K3

J1
e2 J2e1

J3
K4 e4

T

J4

Figure6: A graphwith two components.Theboldedgesandtheblacknodesform thespanningforest.

Weprovethetheoremby inductiononn. LetG1 = [ n� 1
i= 1 Li. ConsiderG andT asunionandintersection

of G1 andLn respectively. Then,

S3 nG = (S3 nG1) \ (S3 nLn) and

S3 nT = (S3 nG1) [ (S3 nLn):

By inductionhypothesis,f [Ji ]gn� 1
i= 1 form a basisfor H1(S3 nG1) andare all trivial in H1(S3 nLn). Clearly,

[Jn] is thegenerator for H1(S3 nLn) andis trivial in H1(S3 nG1). Hencef [Ji ]gn
i= 1 form a basisfor H1(S3 n

G1) � H1(S3 nLn). ConsiderthefollowingMayer-Vietoris sequence.

� � � ! H2(S3 nT) a! H1(S3 nG)
b
! H1(S3 nG1) � H1(S3 nLn)

g
! H1(S3 nT) ! � � �

SinceH1(S3 nT) = 0 andH2(S3 nT) = 0, b is an isomorphism,which is inducedby theinclusionmap.The
theoremfollowsasf [Ji ]gn

i= 1 form a basisfor H1(S3 nG1) � H1(S3 nLn).

Theproof of Theorem2 implies thatH1(S3 nG)
i�
w � n

i= 1H1(S3 nKi), which with Lemma3 leadsto the
following corollary.

Corollary 4 Let ` bea loop in S3 nG. Onehas[`] = å n
i= 1 ai [Ji ] if andonly if lk(`; Ki) = ai for each i where

ai is an integer.

6 Minimally link ed loops

In this section,we give more constructive statementsaboutthe handleand tunnel loops for a graphre-
tractablesurface. Thesestatementsrelatethe linking numbersof the loopswith the coregraphsto their
characterizationandexistence. Theorem3 characterizesthe handleandtunnel loops in termsof linking
numbers.Theorem4 providestheexistenceof a specialclassof handleandtunnelloopswhich link min-
imally with thecoregraphs.This leadsto analgorithmto computea setof 2g loopsforming a minimally
linkedbasisfor H1(M) whereg of themarehandleandtheotherg aretunnel.

Considertheunionof two coregraphsbI [ bO asa singlegraphwith two connectedcomponents.From
the previous discussion,we cancomputea setof knots,denotedf Kig

2g
i= 1, which generateH1(bI [ bO). Let

f KI
j g

g
j= 1 denotetheloopsfrombI andf KO

j gg
j= 1 denotetheloopsfrom bO.

Theorem 3 A loop ` on a graph retractablesurfaceM is a handleif andonly if lk(`; K I
i ) 6= 0 for at least

oneof K I
i 's andlk(`; KO

i ) = 0 for all theKO
i 's. A loop ` on M is a tunnelif andonly if lk(`; KO

i ) 6= 0 for at
leastoneof KO

i 's andlk(`; K I
i ) = 0 for all theK I

i 's.
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Proof 5 RecallthatS denotesa tubular neighborhoodof M in S3. Wehave

H1(O)
i�w H1(S3 n(I nS))

i�w H1(S3 nbI): (3)

The�r st isomorphismholdssinceS3 n(I nS) deformationretractsto O. Thesecondisomorphismfollows
fromLemma2 as(I nS) deformationretractstobI . In addition,bothisomorphismsare inducedby inclusion
maps.Symmetricallywehave

H1(I )
i�
w H1(S3 n(O nS))

i�
w H1(S3 n bO): (4)

Byde�nition, a loop ` onM is a handleoneif andonly if [`] is trivial in H1(I ) andnontrivial in H1(O),
which means,byEquation3 and4, it is trivial in H1(S3 n bO) andnontrivial in H1(S3 nbI ). ¿FromCorollary
4, thehomology classof ` in H1(S3 n bO) is trivial if andonly if lk(`; KO

i ) = 0 for each 1 � i � g, and the
homology classof ` in S3 nbI is non trivial if and only if at leastoneof lk(`; K I

i ) is non zero. A similar
argumentappliesto tunnelloops.

Next, we prove theexistenceof a setof 2g loopson M which link thecoregraphsin a minimal sense.
Wewill prove thattheseloopsgenerateall thehandlesandtunnelsin theorem4.

De�nition 3 A loop` onsurfaceM is minimally linkedif å 2g
j= 1 jlk(`; K j )j = 1.

Intuitively, minimal linking forbidstheloopsto wind aroundthesurfacemultiple timestherebyproduc-
ing moremeaningfulhandleandtunnelloops.

Lemma 5 There exists a minimally linked setof loops f Jig
2g
i= 1 on a graph retractablesurfaceM where

f [Ji ]g
2g
i= 1 form a basisfor H1(M).

Proof 6 It isobviousthatthereexistsasetof loopsin S3n(bI [ bO), denotedf ` ig
2g
i= 1, such thatjlk(` i ;K j )j = di j

for any1 � i; j � 2g. For example, ` i canbechosenarbitrarily closeto Ki to looparoundit onceandavoid
linking anyotherK j , j 6= i. FromTheorem2, f [` i ]gn

i= 1 form a basisfor H1(S3 n(bI [ bO)). Wehave

H1(M)
i�w H1(S)

i�w H1(S3 n(bI [ bO)): (5)

The�r st isomorphismholdssinceS is a tubular neighborhoodof M. Thesecondisomorphismfollowsfrom
Lemma2 as(I nS) [ (O nS) deformationretractsto bI [ bO. In additionboth isomorphismsare inducedby
inclusionmaps.FromLemma1, thereexistsa loopJi onM for 1 � i � n such that[Ji ] = [` i ]. Hencewehave
jlk(Ji ;K j )j = jlk(` i ;K j )j = di j . Furthermore f [Ji ]gn

i= 1 form a basisfor H1(M).

We observe that the above lemmaholdseven if we requireJi to passthrougha speci�c point, say p.
This is becausewe assumesurfaceM is connectedandhencepathconnected.Let Ji bea loop guaranteed
by Lemma5. Let h bethepathfrom p to a pointon Ji andh̄ bethereverseof h. Thentheloop ` formedby
concatenatingh, Ji andh̄ canbetakenasnew Ji thatpassesthroughp. Furthermore,whenM is apolygonal
mesh,one can restrict eachJi to the edgesof M. This is becausewe can perform a �nite sequenceof
deformationeachof whichis within apolygonto deformaJi in ageneralpositionto theonealongtheedges
without changingits homologyclass.

Thesetof loopsf Jjg
2g
j= 1 de�nedin Lemma5canbeclassi�edinto twogroups:f JI

j g
g
j= 1 with jlk(JI

j ;K
I
j )j =

1 for 1 � j � g, and f JO
j gg

j= 1 with jlk(JO
j ;KO

j )j = 1 for 1 � j � g. The homologyclassesf [K I
j ]g

g
j= 1,

f [JI
j ]g

g
j= 1, f [KO

j ]gg
j= 1 andf [JO

j ]gg
j= 1 form a basisfor H1(bI ), H1(S3 nbI), H1( bO) andH1(S3 n bO), respectively.

Furthermore,dueto Corollary 4 each[JI
j ] is trivial in H1(S3 n bO) andso is each[JO

j ] in H1(S3 nbI ). Next
theoremformally establishesthatthereexist minimally linkedhandleandtunnelloopsformingabasisfor I
andO respectively.
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Theorem 4 There exista setof minimallylinkedhandleloopson a graphretractablesurfacewhich form a
basisfor H1(O). Similarly, there is a setof minimallylinkedtunnelloopswhich forma basisfor H1(I ).

Proof 7 Considerthe loopsf [JI
j ]g

g
j= 1 and f JO

j gg
j= 1. By Equation3, f [JI

j ]g
g
j= 1 form a basisfor H1(S3 nbI )

andhencefor H1(O) whilef [JO
j ]gg

j= 1 aretrivial in H1(S3nbI ) andhencearetrivial in H1(O). Symmetrically

by Equation4, we havethat f [JI
j ]g

g
j= 1 are trivial in H1(I ) while f [JO

j ]gg
j= 1 form a basisfor H1(I ). The

theoremfollowsfromthede�nitions of tunnelloopandhandleloop.

7 Topologicalalgorithms

In thissection,we presentalgorithmsto detectandgeneratehandleandtunnelloopsfor agraphretractable
surface.

AssumebI andbO aregiven. In apreprocessingstepwecomputeasetof knotsf Kig
2g
i= 1 frombI andbO using

their spanningtreesasindicatedin section5. AssumingthatbI and bO have t edgesaltogether, computation
of Kis take O(t) time.

DETECTION: Let ` beany givenloopwith sedgesonM. By Theorem3, if ` linksbI andnot bO, it is ahandle
loop. If ` links bO andnotbI , it is a tunnelloop. If noneof theseconditionsholds,` is neithera handlenor a
tunnel.Thetimecomplexity of thisdetectionis dominatedby thelinking numbercomputation.Thelinking
numberscanbedeterminedby computingtheintersectionsbetweenedgesof ` andK isprojectedonaplane.
It canbedonein timeO(t + s+ x) log(t + s+ x) wherex is thenumberof total intersections.

GENERATION: Herewe computea setof minimally linked g handleand tunnel loopswhosehomology
classesform abasisfor H1(O) andH1(I ) respectively. Becauseof minimal linking property, thehandleand
tunnelloopscannotwind aroundthesurfacearbitrarily, a propertythatgoeswith the intuitive meaningof
handlesandtunnels.AssumethatM hasn edges.We useany of the O(n) algorithms[4, 17] to compute
a systemof 2g loopson M, f ` ig

2g
i= 1, througha �x edpoint p. Thehomologyclassescarriedby theseloops

form abasisfor H1(M). For eachloop` i, wecomputethelinking numberlk(` i ;K j) for eachK j . Let f Jjg
2g
j= 1

betheloopsguaranteedby Theorem4. It follows from Corollary4 that

[` i ] =
2g

å
j= 1

lk(` i ;K j )[Jj ]:

Let A be thematrix f lk(` i ;K j )g, ~L be thevector[ [`1]; � � � ; [`2g] ]t and ~J be thevector[ [J1]; � � � ; [J2g] ]t .
Wehave

~L = A ~J :

Sincebothf [` i ]g
2g
i= 1 andf [Ji ]g

2g
i= 1 arebasesfor H1(M), A is invertible. Let A� 1 = f ai j g. For 1 � i � 2g, Ji

canbeuniquelyexpressedas

[Ji] =
2g

å
j= 1

ai j [` j ]:

Observe that[Ji] is somelinearcombinationof [` j ]'swith integercoef�cients. Sotheentriesin A� 1 mustbe
integers.

Sinceall ` j 's have thesamebasepoint, we canconcatenateany two of them,say` i and` j , into a new
loop, denoted̀ i + ` j . For an integer z, let z̀ i denotethe loop formedby concatenatingjzj copiesof ` i if
z> 0 or jzj copiesof thereverseof ` i if z< 0. Thenwe cantake Ji aså 2g

j= 1 ai j ` j for each1 � i � 2g. From

Theorem3, we know Ji is ahandleloop if Ki is in bI or is a tunnelloop if Ki is in bO.

9



Thetime complexity of thegenerationalgorithmis dominatedby thelinking numbercomputationand
thematrix inversionwhich take O((gn+ t + x) log(gn+ t + x) + g3) time sinceeach̀ i hasO(n) edges.

8 Incorporating geometry

In this section,we give an implementationof the algorithmassumingthat M is presentedasa piecewise
linearsurface.Thealgorithmdescribedin section7 computestopologicallycorrecthandleandtunnelloops
without consideringany geometricinformation.Hencethecomputedloopsmaynot bevery goodgeomet-
rically. The implementationpresentedin this sectionincorporatesgeometryinto the algorithm,namelyit
computestwo setsof loopswith smallsize.Althoughit doesnot guaranteethatthecomputedsetof handle
or tunnelloopsis theshortest,theexperimentsshow thatthey aregeometricallymeaningful.

8.1 Computing coregraphs and f Kig
2g
i= 1

We useVoronoidiagramsfor computingbI and bO. Let V be thesetof verticesin M andVorV denotethe
Voronoidiagramof V. Let I andO denotetheboundedandunboundedspacesrespectively borderedby M
asde�ned earlier. Considerthe2-complex mI formedby theVoronoifacetsandits lower dimensionalfaces
that lie completelyin I . Similarly de�ne mO correspondingto O. It is known that if V samplesM densely,
mI andmO aregeometricallycloseandhomotopy equivalentto I andO respectively [2, 6, 11].

Thebasicideato computebI andbO is to collapsemI andmO respectively from their boundaries.A basic
collapseoperationdeletesapairof facespreservingahomotopy equivalencebetweenthespacesbeforeand
after thecollapse.At theendof all possiblecollapses,we obtaintwo graphsthatarehomotopy equivalent
to I andO. Thesetwo graphscanbetakenasbI andbO.

Althoughany collapseorderis permissible,weuseaspeci�c oneproposedin Dey andSun[5] for com-
puting thesocalledcurve-skeletons.Thesecurve-skeletonsaregraphsthat resideroughly in the `middle'
of I andO therebycapturingshapegeometrybetter. A realvaluedfunctioncalledmedialgeodesicde�ned
on thefacesof mI andmO guidesthecollapse.For eachVoronoi facet f , thevalueis theshortestgeodesic
distanceon M betweentheendpointsof theDelaunayedgedual to f . TheVoronoiedgesandverticesget
a valuewhich is maximalamongall valuesof theVoronoifacetsincidentto them.After collapsingmI and
mO orderedwith increasingmedialgeodesicvalues,oneobtainstheedgesof thecurve-skeletons.Eachsuch
edgegetsassociatedwith anadditionalvaluecalledgeodesicsizewhich indicatesthe local sizeof M. We
usethecurve-skeletonsandthisadditionalvalueto computehandleandtunnelloopsof smallsize.

In our implementation,thegeodesicdistancebetweentwo pointsonM is approximatedby theDijkstra's
shortestpathoverthegraphconsistingof theedgesof M. Eachskeletonedgeontheresultingcurveskeletons
is aVoronoiedgewhosedualDelaunaytrianglehasthreeverticesonsurfaceM. Thegeodesicpathsbetween
eachpairof themtogetherform a`circle', calledthegeodesiccircle. Its lengthis thegeodesicsizeassociated
with thecorrespondingskeletonedge,which indicateshow big theshapeis locally.

We obtainbI and bO by imposinga graphstructureon bothcurve-skeletons,namely, taking thevertices
of degreemorethantwo asthegraphnodesandforminga graphedgeby a sequenceof connectedskeleton
edgesin betweentwo suchnodes.

Therearesurfacesfor whichonecannot computegraphsbI and bO by collapsingmI andmO respectively
even whenboth I andO deformationretractto graphs. As mentionedin [5], one suchexamplecanbe
derived from the famous“housewith two rooms” [13]. ComputingbI and bO for suchpathologicalcases
remainsanopenquestion.

De�ne thegeodesicsizefor a graphedgeE 2 bI [ bO asthesmallestgeodesicsizeamongtheskeleton
edgescontainedin thatgraphedge,i.e.,

g(E) = minf g(e) : e is askeletonedgein Eg
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whereg(e) is thegeodesicsizeassociatedwith theskeletonedgee. Weobtainmaximalspanningtreesfor bI
and bO, which form a spanningforestfor bI [ bO. Wehave g edgesleft in bI andg edgesleft in bO. Let f Eig

2g
i= 1

denotetheseedges.As discussedin Section5, addingEi, i = 1; :::;2g, backto thespanningforestform aset
of knotsKi, i = 1; :::;2g.

8.2 Computing handleand tunnel loopsf Jig
2g
i= 1

All Ji 's computedby thealgorithmin Section7 passthroughan arbitrarily chosencommonpoint. Hence
theirsizesareusuallynotsmall.Of course,onecanusethealgorithmof LazarusandVerdi�ere[8] to compute
a setof shortestloopswith thesamehomotopy typeof the loopscomputedby thealgorithmin Section7.
However, the restrictionthat they have to passthrougha single basepoint make them usually long. In
our implementation,we computeeachJi at differentplacescorrespondingto theskeletonedgeswith small
geodesicsize.As a resulttheseloopstendto besmall.To computeJi , weconsiderEi. Let ebetheskeleton
edgein Ei having the smallestgeodesicsize. The edgee is a Voronoi edge. Let p be oneof the vertices
of thedualDelaunaytriangleof e. Usethemethodproposedby EricksonandWhittlesey [10] to compute
a systemof loopsthroughp andfollow the algorithmstatedin Section7 to obtainJi . Hencefor eachi,
1 � i � 2g, we computea Ji with lk(Ji;K j ) = di j . By Theorem4, we computeasetof g handleloopsandg
tunnelloops.

Ericksonand Whittlesey compute2g loops one by one in the following way. It runs the Dijkstra's
shortest-pathalgorithmwith startingpoint p. Whenever the wave front of equi-distantverticestouches
itself asit sweepsacrossthesurface,a loop is formedby the two pathsfrom p to the touchingpoint. The
algorithmcheckswhetherthis loop is contractible.If not, it continuesto propagatethewave front until a
noncontractibleloop is found. This loop,denoted̀ 1, is actuallytheshortestnoncontractibleloop through
p. Thesurfaceis cut along`1 andthenthealgorithmcomputesanothernoncontractibleloop, denoted̀ 2,
from onecopy of p to theotheron M n`1. This processof �nding andcuttingis repeatedto �nd 2g loops,
which form a systemof loops through p. In our implementation,we computelk(` j ;Ki) for 1 � i � 2g
immediatelyafterweobtain` j . In mostpracticalcases,somè j itself satis�estheconditionto beJi , namely
lk(` j ;Ki) = � 1 andlk(` j ;Km) = 0 with m 6= i. In suchcase,we do not needto continueto computethe
remaining̀ j 's.

8.3 Algorithm

We summarizethealgorithmthat incorporatesthe geometryto computethe handleandtunnelloopswith
smallsize.

1: (Approximatingmedialaxes)Approximatethemedialaxesin I andO usingthesubsetsof Voronoi
facets.

2: (Obtainingcore graphs)Obtain the core graphsby collapsingmedial axes using medial geodesic
values.

3: (Computinggenerators)Weighthegraphedgesby geodesicsizeandcomputethemaximalspanning
treesto obtainsetof generatingloops.

4: (Computinghandleandtunnelloops)For eachgeneratingloop in thecoregraphs,computea handle
or tunnelloopat theplaceindicatedby theedgewith smallgeodesicsize.

The way we choosethe startingpoint p makessurethat the computed̀ j 's areof small size. Associ-
atingsurfaceverticeswith thegeodesicsizeof theskeletonedgeshelp identifying thesepoints. This is an
importantfeatureof our algorithmfrom practicalviewpoint sinceit cutsdown the searchfor identifying
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appropriateplaceswherethehandleandtunnelloopsof smallsizeshouldbecomputed.Figure7 shows the
tunnelloopsandthehandleloopstogetherwith bI and bO computedby theabove algorithm.

Cadgadget Vase

DoubleTorus1 DoubleTorus2

Figure7: The handleloops(green)andthe tunnel loops(red) togetherwith bI and bO. Thoseedgesin bO
connectedto thein�nite pointareroutedto apointoutsidetheboundingboxesof theobjects.

Figure8 andFigure10 show only thetunnelandthehandleloopsfor somemorecomplicatedmodels.
As wecansee,thereconstructedBuddhamodelcontainsthreeextrasmallholes.

Casting(g=9) Hub(g=33)

Figure8: Thehandleloops(green)andthetunnelloops(red).

9 Application

In this sectionwe apply handleand tunnel loops to computeactualhandleor tunnel featuresfor shapes
whichcanfurtherbeusedfor removing insigni�cant topologies.

Featuredetection.Thebasicideais to sweepthehandleor tunnelloopsover thesurfaceappropriately. To
computeatunnelfeature,westartwith a tunnelloop. WerunDijkstra's shortestpathalgorithmfor multiple
sourceswherethestartingpointsaretheverticesonthetunnelloop. At any genericstepDijkstra'salgorithm
maintainsa wave front of shortestdistanton eachsideof the tunnelloop. We keeppropagatingthesetwo
wave frontsuntil oneof thefollowing conditionsdoesnothold.
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Casting Fusee Vase

Figure9: Toprow: thetunnelfeaturesfor CastingandFuseeandthehandlefeaturesfor Vase.Bottomrow:
smalltunnelsare�lled for CastingandFusee; bothhandlesin Vaseareremoved.

� Thewave front links thecoregraphexactly thesameway astheinitial tunnelloop does,i.e., if ` and
t denotethewave front andthetunnelrespectively, thenlk(`; Ki) = lk(t;Ki) for eachKi.

� The ratio betweenthe lengthof thewave front andthat of the initial tunnelloop doesnot exceeda
giventhreshold.

We take theregion sweptby thesetwo frontsasthetunnelfeaturecorrespondingto theinitial tunnelloop.
Similarly onecancomputea handlefeatureby startingfrom a handleloop. Figure9 shows the resulting
tunnelandhandlefeatures.Theratio thresholdis setto be1:2 for all theexamples.

Topology simpli�cation. We observe that our methodcanbe extendedfurther to remove (insigni�cant)
topologiesfrom a shape[1, 7, 12, 18, 20]. We �rst identify handleor tunnel featuresthat needto be
removed. For example,onemay considerthe lengthsof the handleandtunnel loopsto determinewhich
featuresto be removed. We assumethat the surface is a Delaunaysubcomplex madeout of Delaunay
triangles. Many algorithmsin surfacereconstructionandmeshgenerationproducesuchsurfaces. Even
nonDelaunaysurfacescanbeconvertedto a Delaunayoneby resamplingandremeshingtechniques.The
Delaunaytetrahedrainsidetheshaperepresentsits volume. To �ll a small tunnel,we addthosetetrahedra
backto thevolumethathave all four verticeson thecorrespondingtunnelfeature.Figure9 andFigure10
show thatholesget �lled by this methodfor Casting,FuseeandBuddha.Similarly we cancut a handleby
deletingthosetetrahedrawith all four verticesonthathandlefeaturefrom thevolumerepresentation.Figure
9 shows sucha removal of handlesfrom Vase.
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Buddha(g = 9)

Figure10: Threecloseupviews of smalltunnelsin Buddhawhichare�lled up.

10 Conclusionsand futur e work

In thiswork wede�ne andprove theexistenceof loopsonsurfaceswhich representhandlesandtunnelsfor
theshapeborderedby thesurface.We characterizetheseloopson graphretractablesurfacesusinglinking
with coregraphs.Thesecharacterizationsleadto algorithmsfor detectingandgeneratinghandleandtunnel
loops.

Severalopenquestionsariseasaresultof this research.Our implementationdoesnotguaranteethatthe
computedtunnelor handleloopsaretheshortestin length. Computinga setof shortesthandleandtunnel
loopsamongall possiblesuchloopsremainsan openchallenge.Anothernaturalquestionis to compute
handleandtunnelloopsonnongraphretractablesurfaces.Ourde�nition of handleandtunnelloopsdepend
on thefactthatthesurfacehasno boundary. Is it possibleto extendtheideasof this paperto surfaceswith
boundariesincludingthenon-orientableones?

References

[1] S.Bischoff andL. Kobbelt.Structurepreservingcadmodelrepair. Comput.GraphicsForum, 24:527–536,2005.
[2] F. ChazalandA. Lieutier. Stability andhomotopy of a subsetof themedialaxis. In Proc.ACM Sympos.Solid

ModelingandApplications, pages243–248,2004.
[3] C. J.A. Del�nado andH. Edelsbrunner. An incrementalalgorithmfor betti numbersof simplicialcomplexeson

the3-sphere.Comput.AidedGeom.Design, 12:771–784,1995.
[4] T. K. Dey andH. Schipper. A new techniqueto computepolygonalschemafor 2-manifoldswith applicationto

null-homotopy detection.DiscreteComput.Geom., 14:93–110,1995.
[5] T. K. Dey andJ.Sun.De�ning andcomputingcurve-skeletonswith medialgeodesicfunction. In Proc.Sympos.

Geom.Processing, pages143–152,2006.
[6] T. K. Dey andW. Zhao.Apporximatingthemedialaxisfrom thevoronoidiagramwith aconvergenceguarantee.

Algorithmica, 38:179–200,2004.
[7] J.El-SanaandA. Varshney. Controlledsimpli�cation of genusfor polygonalmodels.In Proc. IEEE Visualiza-

tion'97, pages403–412,1997.

14
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