EurographicsSymposiunmon GeometryProcessing2006)
KonradPolthier Alla Shefer (Editors)

De ning and Computing Curve-skeletonswith Medial
Geodesid~unction
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Abstract

Manyapplicationsin geometricnodeling computergraphics visualizationandcomputewisionbene tfromare-
ducedrepresentatiorcalled curve-sleletonsof a shape Theseare curvespossiblywith brancheswhich compactly
representhe shapegeometryandtopolagy. Thelack of a propermathematicatie nition hasbeena bottlene& in
developingand applyingthe the curve-skletons A setof desiable propertiesof theseskeletonshasbeenidenti-
ed andtheexistingalgorithmstry to satisfythesepropertiesmainlythrougha procedual de nition. We de ne a
functioncalledmedialgeodesimnthemedialaxiswhich leadsto a methematicatle nition andanapproximation
algorithm for curve-skletons.Empirical study showsthat the algorithm is robust againstnoise operateswell
with a single user parameter and producescurve-slkeletonswith the desiable properties.Moreover, the curve-
skeletonscan be associatedwvith additional attributesthat follow naturally from the de nition. Theseattributes
captuee shapeeccentricity a local measue of howfar a shapes awayfroma tubular one

Categoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.3 [ComputerGraphics]:Line andCurve Genera-

tion

1. Intr oduction

The problemof representing threedimensionakhapewith
aonedimensionabeometry(curves)appearsn variousap-
plicationsof geometricmodeling,computergraphics visu-
alization and computervision. For example,in animation
andtrackinga “stick- gure' isimmenselyusefulwhichrep-
resentghemaingeometricentitiesof ashapewith theircon-
nectvities. It allows registrations,deformations,matching
and other operationsn a more controlledmannerbecause
of the reduceddimension.The conceptof curve-sleleton
was born from thesevarious needswhich, roughly speak-
ing, shouldbea curve possiblywith branchesn the “center’
of theshapeA relatedandmuchmorewell de ned concept
is themedialaxiswhichis alsoreferredasthe skeleton.The
medialaxis consistsof the centersof the maximalballsin-
scribedinsidethe shapeFor a threedimensionakhapethe
medialaxis,in generalhastwo dimensionatomponentsf-
tenreferredasmedialsurface. Thereforemedialaxiscannot
be a substitutdfor onedimensionakkeletons.

A main problemwith computingcurve-sleletonsis that
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they arenot well de ned. Although desirablepropertiesof
theseskeletonshave beenidenti ed basedon differentap-
plications,no mathematicatle nition hasbeenformulated.
To Il this void different proceduralde nitions leadingto
differentmethodshave beenproposedor computingcurve-
skeletonsThey include,to nameafew, topologicalthinning
[BNB99], distance eld basedmethods[ZT99 [BKSO0]]
[BSTO3 [HFOY, potential eld basedmethodCSYBO0Y,
andothers[OK95] [Cos99 [VL00]. Corneaetal. [CSM0]
give acomprehense suney of thesetechniquesAlthough
mary of thesemethodsproducecurve-sleletonswith a set
of desirablepropertiesthey arenot completelysatishctory
as pointedout in Corneaet al. [CSM0Y. We believe that
this limitation stemsfrom thelack of a propermathematical
de nition of curve-sleletons.

In this paper we give a mathematicalde nition of the
curwe-sleletons.Sincethe curve-sleletonshouldbe in the
‘middle’ of the shapeit is naturalto de ne it assomesub-
setof the medialaxis. Whatwe aim for is to determinethe
‘middle’ of the medial axis. Algorithms to thin the medial
axisbasednthedistance$rom the boundaryhave beende-
signedon this principle. The mainproblemin this approach
is that a large part or the entire medial axis may have the
samedistancdrom theboundaryg.g.,themedialsurfaceof
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Figure1: (a) Femalemodel,(b) approximatedmedialaxis
rendeedwith MGF values|c) extractedcurve-skletonren-
dered with the eccentricity values, Coloring scheme:red
tone : big values,blue tone : small values,greentone :
mediunmvalues.

athin plate.lIt is not clearhow the thinning processshould
proceedin suchcasesOneof our main contributionsis to

de ne afunctiononthemedialaxiswhosesingularitybrings
outits “'middle'. The functionis basedon the geodesidlis-

tanceshetweerpointswherethe maximalballsde ning the

medialaxistouchthe shapeboundaryWe call it the medial
geodesicfunctiofMGF). In a sensethe medial geodesic
function combinesthe intrinsic property of the bounding
surface(by geodesidistancesith its embeddingn three
space(by the medial axis) therebycapturingthe shapein-

formationcomprehensely. Justasthesingularpointsof the

standardlistancgunctiongivesthemedialaxis,thesingular
pointsof this function givesthe curve-sleleton.Figure 1(b)

and (c) shav the medial geodesidunction and the curve-

skeletonof the Femalemodelrespectiely.

Our de nition allows additional shapeinformation to
be associatedwith the curve-sleleton. First, the medial
geodesidunctionvaluesgiven by the shortesgeodesidlis-
tancedetweerthepointswherethemaximalballstouchthe
surfacegive the sizeinformationof the shape Second, the
ratiosbetweerthe geodesiandthe Euclideancircles pass-
ing throughthesetouchingpointstell how far the shapeis
locally away from atubular one.We referto thisratio asec-
centricity. The coloringin Figure 1(c) shaws the eccentric-
ity valuesassociatedvith the curve-sleleton.Furthermore,
Our de nition allows to mapthe curve-skeletonbackto the
surfaceeasily Theseextrafeaturesareusefulfor variousap-
plications.

2. De nition

LetO RS beaspacecalledshapeboundedy aconnected
manifoldsurfaceS. ThemedialaxisM O is thesetof cen-
tersof themaximalballsinscribedin O.

Giblin andKimia [GK04] shaw that,genericallyM con-

sistsof ve typesof pointsgiving it a strati ed structure.
Onetypeformtwo dimensionasheetstwo of thetypesform
curnesandtheresttwo typesremainasisolatedpointsonthe
medialaxis.Figure2(a) shavs four of thesetypes.

(b)

(d)

Figure 2: (a) Thestrati ed structue of the medial axis of
a rectangularblodk. (b) One sheetof the medial axis. Red
pointsx, y, z are on this sheet Greenpointsare their corre-
spondingcontactpointson the surfaceand black pathsare
theshortesgeodesigathsbetweerthesecontactpoints.(c)
Medial axis rendeedwith MGF valuesfollowing the color-
ing schemeof thetitle gure. (d) Redlines, bluelinesand
greenpointsare Sky, Sks andthelimit pointsof their union,
respectively

Firstwe focuson the pointsthatform sheetsshavn with
grey in Figure 2(a). The maximal inscribedballs of such
pointstouchthe surfaceS at exactly two distinct points.Let
My M bethe setof suchpoints.Eachpointin M, hasa
neighborhoodvhich is an opendisk and henceM is a 2-
manifold. SinceM nM, hasmeasurezeroin M, in general,
M, coversmostof M.

2.1. Medial Geodesid-unction (MGF)

Forapointx 2 My, let By bethemaximalinscribedball cen-
teredat x and ay and by be the two points of S whereBy
meetsS De ne f(x) to bethelengthof theshortesgeodesic
pathon Sbetweenay andby. We call f the medialgeodesic
function MGF, of O. Figure 2(b) shavs the corresponding
shortestgeodesigathsfor several pointson M. If a point
x 2 M» have morethanoneshortesgeodesigpathsbetween
ay and by, their lengthsare equal.HenceMGF is well de-
ned on M,. Figure 2(c) shows the renderingof M, based
onthe MGF value.We will de ne the curve-skeletonin M,
asthesingularsetof f. Severalpropertieof thissingularset
(someobsenedandsomeproved) motivatesthis de nition.

¢ TheEurographic#ssociation2006.
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By our assumptiorthe surfaceS is connectedcompact,

andwithout boundary Further we assumehat S is smooth
(C¥). The function f is de ned on My. De ne f: My !
S S x 7! (ax;by). Using a techniquesimilar to Attali et
al. [AJDL03], it canbeshawvn thatM, is a smoothmanifold
andf is differentiableprovided S is smooth.We denotethe
lengthsof the shortesgeodesidetweenwo pointsx andy
in S My, andR2 by dg(x;y), dw(Xx;y), andd(x;y) respec-
tively. Consideringdg asafunctionfromS Sto R we have
f=dg f.Leta: My! R2? bethelocal coordinatefunc-
tion for x 2 M. Themapa is a diffeomorphismsince M,
is a smoothmanifold. We usea to de ne f: R2! R so
that f(a(x)) = f(x). Fromstandardie nition in differential
geometryf is called differentiableat x if andonly if f is
differentiableata(x).

We aguethatthe singularitiesof f, i.e., the pointsin M,
wheref is not differentiablehasa Lebesguameasue zero.
Thiswould meanthatthesingularitiesof f constitutecurves
or isolated points on M, which we de ne as the curve-
skeletonin M.

Property 1 Thesingularityof f hasmeasureeroin M.

To prove that the singularity of f hasmeasurezero,we
shaw that f is locally k-Lipschitz (de ned below) for some
k > 0. For thenthe singularsetof f hasmeasurezeroby
Rademaches'theorem[Fed98§. It follows thatthe singular
setof f hasmeasurezeroby local coordinatemaps.

A functiong: R"! Ris calledlocally k-Lipschitzneara
pointx 2 R" if for somee> 0

gx) o(y) kkx yk
forary y2 R"wherekx yk e

Obsenation 1 The function f: R2 !
Lipschitzfor somek > 0.

R is locally k-

Proof For somee> 0 andapointx2 My, lety beary point
whered(a(x);a(y)) e Considertheshortesgeodesicsi
betweenax andby, andg, betweenay andby. The lengths

j%i andjgyj satisfy
jod  igi+ ds(ax;ay) + dg(by; by):
Sincef isdifferentiablethereis somek; > 0 sothatwe have
maxf ds(ax; ay); ds(bx; by)g  kidm(x;y) whenx andy are
sufciently close.Also sincethe local coordinatefunction
a is differentiable we have dy(x;y) kod(a(x);a(y)) for
somek, > 0. Therefore,
flatn =igi  igi+ 2kiked(a(¥;a(y))
= f(a(y)) + Zkikod(a(x);a(y))

proving that f is locally 2k;ko-Lipschitz. [

We do not have rigorousmathematicaproofsfor the next

two propertiesthoughwe conjecturethemto be true. We
have obsenedthe propertiesfrom experimentsaswell.

Property 2 Thereis nolocal minimumof f in Ma.
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This propertycanbearguedroughlyasfollows. SinceM,
isamanifold,ary pointxin M, hasaneighborhoodN Mo,
which is a disk. Let g be the geodesigathbetweenay and
bx. In ary smallenoughneighborhoodf x, thereis a point
y suchthatay isong If by is alsoongthenf(x) > f(y) and
we aredone.However, in general by may notbeon g But
we obsere that by is closeto g and henceit is likely that
f(x) > f(y) still holds.

Property 3 At eachsingularpointx of f therearemorethan
oneshortesgeodesigathsbetweeray andby.

A rough argumentwhy the above propertyis true may
proceedasfollows. We have f = dg f andf is differen-
tiableon M. Thereforef is differentiableata pointx2 M,
if ds is differentiableat f (x). Supposehat thereis only a
single shortestgeodesigath g betweenay andby. Thenin
asufciently smallneighborhooN of (ax;by) inS S all
geodesi@athshetweera andb for (a;b) 2 N smoothlycon-
vergeto gas(a;b) approacheso (ay;bx). This meandds is
smoothat (ax;bx) andsois f at x contradictingthat f is
singularatx.

2.2. Skeletonde nition

We obsenre that the behaior of the medialgeodesidunc-
tionis like adistancegunction.First, MGF is continuousand
differentiableaverywhereon M, exceptatameasureeroset
in M,. Secondwe have obsenedthatproperty2 and3 hold
in practice.This meanaMIGF hasno local minimumon M»
which is openin M andthe singularityof f occursroughly
in the 'middle' of M.

We de ne the curve-sleletonin M,, denotedby Sky, as
thesetof singularpointsof MGF on M. To extendthede -
nition beyond M», we usea differentcharacterizationf the
singularpointsby meansof divergence.t is reminisceniof
the useof divergencefor de ning medialaxis by Siddigi et
al. [SBTZ99. The gradientof MGF, Nf, de nes a vector
eld on M, exceptat the singularpoints.The divergenceof
thevector eld atpointx, div(x), is thenetoutward ux per
unit areaon M5 taken over a neighborhood shrinkingto
zero,i.e.,

R .

c<Nf;n>dC
A

whereA is the areaof D, C is the boundaryof D andn is
the outward normalata pointon C asshavn in Figure 3(a).
Thedivergences negative atthesingularpointsbut O every-
whereelse.In otherwords, Sk, consistof the pointswhere
thegradient o w of MGF sinksinto.

div(x) := lima o

Next we considethesetof pointsM3 M whereM3 con-
stitutescurveslying attheintersectiorof theclosureof three
sheetdn My. Thethick blacklinesin Figure 2(a) aresuch
cunes.Themaximalinscribedball of sucha pointtouchesS
atthreepoints.AlthoughMGF is not well de ned for these
points, we considerMGF de ned on their neighborhoods.
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Figure 3: (a) Neighborhoodf a pointin M». (b) Neighbor
hoodof a pointin M3.

Let x be sucha point. The neighborhoodf x in M, con-
sistsof threetopologicalhalf disks. Considerone of them,
sayHD. We de ne thedivergencewith respecto HD for X,
div(X)jup, asfollows.

RHC< Nf;n> dHC
HA

whereHA is theareaof the half disk HD, HC is the bound-
ary of HD on M, asin Figure 3(b). The point x is on the
cure-sleletonif div(x)jup is negative for all three half
disksin the neighborhoodf x. Basically x is on the curve-
skeletonif the gradient ow of MGF from all threelocal
neighboringsheetssink into it. Let Sk denotesuchsetof
points.

div(X)jnp = limya o

Now considerthe restof the typesof pointsin M. One
type of pointsform the boundarycurves of M wheretwo
contactpointsof themaximalinscribedball with the surface
coincide.In caseof the rectangulablock shavn in Figure
2(a),thesecurvesarethetwelve edgesf theblock. Therest
two typesof pointsaretheisolatedpointson the medialaxis
whereat leasttwo curvesmeet.We do not explicitly de ne
the curve-sleletonfor thesethreetypesof pointssincethey
areeitherthe boundaryor the isolatedpointson the medial
axis. A point of one of thesethreetypesis on the curve-
skeletonif it is thelimit pointof Sk or Sks.

Finally, we de ne thecurve-skletonof O, Sk astheclo-
sureof Sky [ Sks. Figure2(d) shows the cune-sleletonfor
arectangulablock.

3. Algorithm Overview

In generalt is extremelyhardto computethe curve-sleleton
exactly aswe de ned. It is well known that exact medial
axis computationis harddueto numericalinstability asso-
ciatedwith the computationsPerformingan exact compu-
tation basedon the analysisof a function de ned on the
medialaxis would be even harder We bypasghis dif culty
by computingan approximationof the curve-sleleton.Ex-
tensive experimentsshow that the algorithmis effective in
practice.

Assumethattheinputis ashapeaepresentedy a polygo-
nal surface.ldeally, the approximatioralgorithmcanbe de-
scribedin thefollowing threesteps First, computea polyg-
onalapproximatiorof the medialaxis. Secondcomputethe
gradientof MGF for the centerof eachmedial axis facet

T
=,
T T

@) (b) © (d)

Figure 4: (a) and (b) two different polygonalapproxima-
tion of the medialaxis. The small bladk lines starting from
the centes of the polygonsrepresentthe gradientvectorof
MGF at thesecentes. Redline sggmentsare the marked
skeletonedgeswhere thedivergenceof the gradientof MGF
is negative (c) erodedmedialaxis,(d) bluesggmentsare the
skeletonedgescollectedduring erosion.

(polygon),which approximateshe gradientfor all pointsin
that facet. Third, mark the edgesof the medial axis facets
with negative divergenceasskeletonedge Theoutputcurve-
skeletonconsistsof all marked skeletonedges Figure 4(a)
illustratesa curve-skeletoncomputedwith this strateyy. This
result,however, is anaccidentln practice thepolygonalap-
proximationof themedialaxiswill mostlikely beworseand
hencethe computationof the gradientof MGF will beless
accurate As a result, the curve-sleleton computedby the
above threestepswill mostlikely bedisconnectedsFigure
4(b) illustrates.To overcomethis problem causedby dis-
cretizationand approximationerror, we introducean addi-
tional stepof medialaxiserosionto recoverthemissingpart.
The medial geodesidunction guidesthe erosion,which is
the reasonwhy the curve-sleletonis roughly in the middle
of the medial axis. Speci cally, the erosiononly removes
piecesof the medial axis from the boundaryof the subset
thathasyet not beeneroded Also, amongall erodableele-
ments,the onewith the smallestMGF valueis eroded rst.
At thesamdimetheedgesnarkedin thethird steparenever
allowedto beerodedFigure4(c) shavs a stagewherethree
facetsstill needto beerodedFigure4(d) shavstheextracted
curve-sleleton.

ExtractionAlgorithm:

stepl: (MA approximation)Computea polygonalapproxi-
mationof themedialaxis usingtheinput polygonalsurface.

step 2: (MGF approximation) Approximate the medial
geodesidunctionandits gradientfor the pointsinsideeach
medialaxisfacet.

step3: (Marking) Mark the edgesof the medial axis facets
with negative divergenceasskeletonedges.

step4: (Erosion)Erodethe medialaxisin theincreasingor-

¢ TheEurographic#ssociation2006.
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T-shape Dolphin

Protein

Genus3

RockerArm
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Figure 5: The r st row showsthe extractedcurve-skletonsfor surfaceswith genus0O. The secondrow showsthe extracted
curve-skletonsfor surfaceswith genusmore than 1. Theskeletonedgesare coloredbasedon their eccentricityvalues.

der of its MGF valuefrom the boundarywhile keepingthe
edgesmarkedin the step(3) intact. Outputthe edgesof the
medialaxisthatsurvive the erosionasthe curve-sleleton.

Figure5 shavs the curve-sleletonextractedby theabore
algorithmfor a numberof shapes.

Before we detail eachstep of the extraction algorithm
in section5, we illustrate several propertiesof the curve-
skeletonextractedby our algorithm.

4. Properties

In anicesuney, N.D. Corneaetal. [CSM03 compiledalist
of desirablepropertiesfor the curve-sleletonsbasedon nu-
merousapplicationsIn general,it is desirablefor a curve-
skeletonto be homotopy equialentto the shape nvariant
underisometrictransformationsthin, centeredjunctionde-
tective, stable (robust) and connected Our curve-sleleton
enjoys all of theseproperties.

It is obvious that our algorithm guaranteeshat the ex-
tractedcurve-sleletonis invariant under isometric transfor-
mation, connected andthin.

Thehomotopy equivalence follows from thefollowing ob-
senation.Firstof all themedialaxisis a deformatiorretract
of theshape Secondthe erosionis implementedvith acol-
lapseoperatiorthatgivesa deformatiorretractof themedial
axis (seethe detaileddescriptionin section5.4). Hencethe
curve-sleletonis actuallya deformatiorretractof theshape.
Figure5 shaws thatthe curve-sleletonshave the samenum-
berof loopsasthe numberof tunnelsin their corresponding
shapes.

¢ TheEurographic#ssociation2006.

The extractedcurve-sleletonis centered becauseof the
following two reasonsFirst of all, the curve-sleletonis a
subsetf theapproximatednedialaxisandhenceds centered
with respecto thedistanceeld de ned by thesurface.Sec-
ond, by property3, a pointx in M2 is on the curve-sleleton
only if thereare multiple shortestgeodesicpathsbetween
two touchingpoints, ay and bx. This meansthat the point
x is in the middle of M. Differentexamplesgiven in this
paperalsoshawv the centerednessf the curve-sleleton.

A curwe-sleleton should remain stable against small
changesin the shape.In particular small changesintro-
ducedby noiseshouldnot affect the curve-sleletonsignif-
icantly. Although the medial axis basedon which we ex-
tract the curve-sleletonis not stableundershapeperturba-
tions[Wol92, ACK02, AJDEO4, thecurve-sleletonremains
stable Thereasornis thattheunstablgartsof themedialaxis
do not contritute to our curve-skeleton.Figure 6(a) and(b)
shav a noisy Hand (we generatet by perturbingthe points
of a smoothHand shavn in Figure 13) andits medial axis
respectiely. As we canseethe medialaxishasa numberof
spikesbecausef noise.However, thesespikesare closeto
the boundaryand hencehave small MGF value asthe col-
oring of the medialaxis shavs. The erosionprocessrodes
thesespikesbeforereachinghe“middle” of themedialaxis,
wherethe curve-sleletonis. Figure 6(c) shows the curve-
skeletonof noisyHand,whichis almostthe sameasthe one
of smoothHandin Figure8 thoughit hasmorewiggles.

The curve-sleletoncomputedby our algorithm remains
stableundercertaindeformationsvherethe topologyof the
shapedoesnot changeand the geodesiadistancebetween
ary two pointson the surfacedoesnot changemuch.Defor-
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(a) (b) ©

Figure 6: (a) NoisyHand, (b) the medialaxis of the noisy
Hand coloredwith MGF values,(c) thecurve-skleton.

mationsin animatedcharactersnostly belongto this cate-
gory. Figure7 shavs the cune-sleletonsfor a seriesof de-
formedhorsegeneratethy SumnemandPopwic [SP04. As
we cansee,the structureof the curve-sleletonremainsun-
changedasthe horsesurfacedeforms.Although the curve-
skeletonsare deformed the length of eachcomponenand
its eccentricityvalue (the coloring of the curve-sleletons)
almostremainthesame.

Figure 7: Thecurve-skletonsfor theanimatechorses.

A curve-sleletonis junction detective if it encodeshedif-
ferentlogical component®of the shape Although the def-
inition of the logical componentf a 3D shapeis vague
in general,it is often obvious for someclassesf shapes.
We obsene from variousexamplesthat the curve-sleleton
as computedby our algorithmis junction detectve. Since
the cune-sleletonis a 1D curwe, there are threetypes of
curve-sleletonpoints:boundarypointsthathave ahalfinter
val neighborhoodn the curve-sleleton,regular pointsthat
have aninterval neighborhoodandthe restcalled junction
points. The junction points attachdifferentbrancheof the
curve-sleleton.As shavn in Figure 8, the logical compo-
nentsof Armadillo, including torso, arms, legs, tail, ears,
mouth, ngers andtoes,have a one-to-onecorrespondence
with thebranchegcoloreddifferently)of thecurve-sleleton.

Thecure-sleletonsof othermodelsin this papersuchasFe-
male,Boy, HandandHorsealsoshaw their ability to detect
thejunctions.Junctiondetections akey propertyof acurve-
skeletonwhich mary applicationsdependon suchasmesh
decompositiorandshapematching.

4.1. Shapeeccentricity

In addition to those mentionedin [CSMO0], the cure-
skeletonextractedby our algorithm canbe associatedvith
two otherattributes,which make themencodeshapeinfor-
mationmorecomprehensily. Our de nition andalgorithm
allow easycomputationof thesetwo quantitiesfor each
skeletonedge.Considerthe handin Figure 8. We approx-
imatethe medialaxisusinga subsebf the Voronoidiagram
and henceeachskeletonedgeE is a Voronoi edge,whose
dual Delaunaytrianglet hasthreeverticeson the surface
(red points). The geodesigathsbetweereachpair of them
togetheiform a “circle' (redcircles),calledthegeodesicir-
cleof E. Thelengthof thiscircle,denotedy(E), captureshe
localsizeof O O whereOg corresponds$o the skeleton
edgek. Let ¢(E) denotethelengthof thecircumcircleof the
dualtrianglet (bluecircles).Theratio % essentiallytells
howv much Og deviatesfrom a tubular shape We call this
ratio the eccentricityof E, denotedby e(E). In Figure8, the
ngers have small eccentricityvalueandare closeto tubu-
lar shapewhile the palm hasa big eccentricityvalueandis
more at. In Section5.6 we detail the algorithmfor identi-
fying tubular/ at regionsof a shapeusingeccentricity

Armadillo Hand

Figure 8: Armadillo: the branches of the curve-skleton
correspondto logical componentsof the shape Hand:
geodesicircles,colors of thecurve-skeletonindicatetheec-
centricityvalues.

5. Algorithm details

In thissectionwe give thedetaileddescriptiorof eachstepof
the extractionalgorithmdescribedn section3. We assume
thattheinputsurfaceis a connectedriangulatedsurface de-
notedby T.

¢ TheEurographic#ssociation2006.
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5.1. Medial axis approximation

In thiswork we follow theVoronoidiagram Itration of Dey

andZhao [DZ03] to approximatehe medialaxis. This ap-
proach lters the Voronoi diagramof a setof verticeson

the surfaceand retainsa set of Voronoi facetsto approxi-
matethe medial axis. The main problemwith this medial
axiscomputations thatthe Itration, oftenguidedby some
input parametersleave someunwantedspikes or holesin

the approximatanedialaxis. However our algorithmis not
affectedby this shortcomingaswe avoid the lItration and
insteadtake all the Voronoifacetsinsidethe spacebounded
by T asapreliminaryapproximatiorof the medialaxis,de-
noted by My. Eventually this supersef the medial axis
getserodedvy ouralgorithm.Figure6(b) andFigure9(a),(b)
showv theapproximatednedialaxesof HandandT-shapere-

spectvely.

Note that the medial axis of a trianguledsurfacecanbe
computedexactly [CKMO04]. However, this exact computa-
tion is expensve. Fortunatelythe medialaxisapproximated
by the Voronoi diagramsenes our purposeas long asthe
verticesof the trianguledsurfaceform a densesamplingof
the original object.

5.2. MGF Approximation

For a VoronoifacetF on the approximatednedialaxis, let
ar andbr betwo endpointof thedualDelaunayedgeof F,
asin Figure9(c). We computetheshortesgeodesidistance
f(F) betweenag andbg by usingthe algorithmpresented
by V. Surazhsk et. al [SSK 05]. Theblackcurve in Figure
9(a) shaws the shortestgeodesigath betweenar and bg
computedby their algorithm. We approximatethe medial
geodesidunctionfor ary pointinside F with this quantity
f(F). Themedialaxisin Figure9(b) is renderedvith differ-
entcolorsfor differentrangesof MGF values.

We approximatethe gradientof the MGF for ary point
inside a Voronoi facetF asfollows. First, we computethe
tangentdirectionsv, andvy, of the shortesgeodesigathat
thetwo endpointsag andbg respectiely. Next, we project
thesetwo vectorsontothe VoronoifacetF andapproximate
thegradientNf for ary pointinsideF usingthe normalized
summationv(F) of thesetwo projectedvectors.The white
arravs in Figure 9(e) show the vectorv(F) for the Voronoi
facetsnsidethewhite circle markedin Figure9(b).

5.3. Marking

Becauseof the erosionprocesswe do not needto markall
skeletonedgesn this step.In fact,the actualpurposeof the
markingstepis to nd thoseskeletonedgeswhich form the
boundaryof the curve-sleleton.Considera VoronoiedgeE
andlet F be ary Voronoi facetincidenton it asshavn in
Figure9(d). Thedot productdg (F) of v(F) andtheinward
normaln of the edgeE towardsF, approximateshe ux
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(a) (b)

() (d)

(e)

Figure9: (a) T-shapethemedialaxis,markingstepmarked
theredskeletonedges,(b) the medialaxisrendeedwith the
MGF values,cyanskeletonedgescollectedduring erosion,
(c) illustration for the MGF gradientcomputationfor each
\oronoifacet,(d)illustrationfor thedivergencecomputation
for eac Voronoiedge, () zoomedareaof thewhitecirclein

(b).

o wing into ary pointon E from theneighborhoodn F. We
marktheVoronoiedgeE asaskeletonedgeif dg(F) < g for
ary incidentVoronoifacetF whereq is aninput parameter
Actually q is the only input parametefor the entirecurve-
skeletonextractionalgorithm.We will shaw its effectlaterin
this section.In addition,to avoid smallbranchesn the nal
cune-sleleton,atmostoneedgeis allowedto bemarkedas
skeletonedgefor aVoronoifacetin this step.Also we donot
mark edgeson the boundaryof Mt. Notice that, wheneer
anedgeis marked,its two endpointarealsomarked.Figure
9(a) shaws the skeletonedges(red) marked after this step.
As we canseethey arein the middle’ of themedialaxisbut
aredisconnectedSinceMGF hasno local minimumin M»
asProperty2 claims,the skeletonedgesmarkedin this step
cannotform aloop.

5.4. Erosion

The erosionproceeddy collapsingfacets,edgesand ver
tices from Mt gradually ConsiderMt as a cell comple
consistingof threetypesof cells: Voronoi facets,Voronoi
edgesandVoronoivertices A cellt is afaceof anothercell
s if t is ontheboundaryof s. We alsosays is a cofaceof
t. A pair(t;s) is aface-cohcepairif t isafaceof s. In our
casetherearethreetypesof suchpairs: (edge facet),(ver
tex,facet)and (vertex,edge).The erosionactually proceeds
by collapsingface-cocepairs.Onewayto think of collaps-
ing a pair (t;s) is to pushevery pointons andt ontothe
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Model #V MA | MGF | Erosion| Total

Genus3 6652 | 0:03 | 1:13 0:0 1:17

Female 8904 | 0:.08 | 4:44 0:0 4:52
Horse 15563 | 0:18 | 8:31 0:0 8:51
Armadillo 25001 | 0:18 | 10:04 0:01 10:25
RoclkerArm | 40171 | 0:34 | 36:19 0:01 36:56

Table 1: Computatiortimes(minutes:second®na2.8GHz
PC with 1lGHzRAM.

otherboundaryof s, seeFigure 10. It is the sameass and
t beingeroded A face-coficepair (t;s) is collapsible if s
is the only cofaceof t thathasnot beencollapsedsofar. If
we only collapsethe collapsiblepairs,the spacedeforeand
afterthe collapseremainhomotoly equialent.

The MGF value guidesthe erosion.The assignmenbf
MGF valueto every facetin My is describedn section5.2.
An edgeand a vertex is assignedan MGF value equalto
the maximalof the MGF valuesof the facetsincidentto it.
The erosionremovesa pair (t;s) wheret is not a marked
skeletonedgeor a vertex in the markingphaseand f(t) is
theleastamongall suchcollapsiblepairs.

step 1: Initialize a priority queueQ with all the initial col-
lapsiblepairs,the onehaving the smallestf (t) beingatthe
top. Thesepairsarethe edgeson the boundaryof Mt and
their cofaces.

step 2: Popthetopelement(t;s) outof Q anderodes andt.

Theerosionof thesewo cellsmaymake someadjacenpairs
collapsible.If neitherof the two cellsin a new collapsible
pairhasbeenmarkedin the markingstep,pushthepairinto

Q. Repeastep2 until Q is empty

Rt

collapse
(b)
Figure 10: (a) Collapsing(t;s), (b) a seriesof collapses,
rededgesandverticesare markedin the markingstep.

Table 5.4 shaws the timing of the algorithm for some
models.

5.5. Effect of q

Finally we describethe effect of the only user parameter
g, which is usedin the marking stepto identify the points
with certain negative divergenceof the gradient eld of
MGF. As q decreasegshe conditionfor pointsbeingon the
curve-sleletonbecomesnorestrict andthe resultingcurve-
skeleton becomesdess detailed.Formally, let SKY be the
curve-sleletonof a shapeO extractedwith parameteq. We

have SK&  SKZ if g1 < gp. Figure 11 shaws a seriesof
curwe-sleletonsof Proteinwith differentq values.As g de-
creasesthe curnve-sleletoncorrespondingo the lesspromi-
nentfeaturesgo awvay. Whenq reachesa valuea little less
than 1, no edgeand point is marked in the marking step
sincetheconditiondg (F) < qis notsatis edfor any edgeE
andary of itsincidentfacetF andthecurve-sleletonreaches
its simplestform consistingof loopsonly. Differentq canbe
choserfor differentapplicationsof the curve-sleleton.

9=-05 g=-0.8 gq=-0.99 0=-1.01

Figure 11: A seriesof curve-skletonsof Protein with dif-
ferentgs.

5.6. Computing tubular regions

Marny shape$ave pronouncedeatureswvhich areperceved
to betubularand at. Thisshapeénformationshouldberead-
able from the medial axis which encodeshe shapecom-
pactly A recentwork of Goswami et.al [GDBOf points
toward this direction. As a subsetof the medial axis, the
cune-sleletontogethemwith the eccentricityvaluecanindi-
catehow muchthe shapedifferslocally from atubular one.

First, all skeletonedgesareclassi edinto two types,ones
with eccentricityvalueslessthana“threshold”andthe rest.
Secondwe computethe geodesiccircle for eachskeleton
edgeE and attachthe meshtrianglesintersectedwith the
geodesicircle with anid number(sayl) if e(E) is lessthan
thethresholdandanotherid number(say0) otherwise Fig-
ure 12(a) shavs theresultafterthis stepwherethe meshitri-
angleswith only oneid numberarerenderedvith blueif id
numberis 1 or white if it is 0, thosewith no id numberare
renderedvith grey color, andthosewith two id numbersare
renderedwith red color. To computea componentve carry
out a depth rst searchstartingfrom a meshtriangle with
only oneid numberandwalk to theadjacentrianglesuntil a
trianglewith a differentid numberis reachedFigure 12(b)
shavs thetubular part(in blue)for Genus3with athreshold
1:41.

Figure13 shawvstheidenti cation of tubular partsfor two
othermodels.

6. Comparisons

In this sectionwe make a brief comparisorbetweerour al-
gorithmandsomeexisting ones.Our algorithmextractsthe

¢ TheEurographic#ssociation2006.



T. K. Dey & J. Sun/ De ning and ComputingCurve-skletonswith Medial Geodesid=unction

Figure 12: Genus3theupperthreelegsare at.

Hand Mechpart

Figure 13: Thetubular part (in blue)of HandandMedpart
with threshold1.:3.

curve-sleletonby erodingthe medialaxis.Unlike otherme-
dial axis basedalgorithms,the extractedcurve-sleletonby
our algorithmremainsstableagainstthe noiseeventhough
themedialaxismaynot.Distanceeld basednethodsvorks
nicely andef ciently for thetubular objects,see[HF05 for
recentresults Sincethe pointswith the samedistancegrom
the boundaryof some shapesmay form surface patches,
the distanceeld basedmethodsmay facedif culty in ex-
tractingcurve-sleletonsfor thoseshapesThepotential eld
basedmethodis proposedo x this problemby takinginto
accountthe surfacearea,seefor example[CSYB0S. How-
ever, in practice,the potential eld basedmethodstill may
fail for the shapesontainingthin at parts.Imagineavery
thin at plate.Thevariationof thepotential eld canbevery
subtlein the middle of this shapesincethe surfaceareaon
the sides(the only placeproducingdifferentpotentials)are
relatively small and far away from the middle. Figure 14
shavs the comparisorresultsbetweenour methodandthe
potential eld basedmethodof [CSYBO0Y. Notice thatthe
earsof Dog arethin and at. The surfacesshavn in Figure
14(a),(c)aretheextractedsosurbicef thevolumedata We
choosethe parametetPotential eld strength'to be8 and6
andthe parametethighestdivergencepoints' to be 65 and
20 for (a) and (c) respectiely, which give the bestresults.
The cune-sleletonextractedusing potential eld may not
be connecteda) or may not be centeredearsin (c)). One
more adwvantageof our methodis that our algorithm needs
only one usersuppliedparameteas opposedio mary for
theexisting algorithms.

¢ TheEurographic#ssociation2006.

7. Discussionsand Futur e work

In this paper we introduce a mathematicalde nition of

cune-sleletonsfor 3D shapeswith connectedmanifold
boundary We presentan algorithm to approximatethese
cune-sleletons.Extensve experimentsshav that the ap-
proximationalgorithmis effective in practice We alsoshov

that the extractedcurve-sleletonsenjoy mary nice proper

ties. It is appropriateto mention that our de nition only
works for shapeswith connectedboundary For otherwise
the geodesidistanceareunde nedbetweerpointson dif-

ferentconnectedcomponent®f theboundary

Therearepathologicalcasesvhereour algorithmfails to
extracta curve-sleletonthoughour de nition providesa 1D
cune. In thesecasesalthoughthe boundaryof the shapes
connectedits medialaxiscontainsa closedsurfaceprevent-
ing theerosionprocesgo proceedOnesuchexamplecanbe
derived from the famous*housewith two rooms” [Hat03,
which is a contractibletwo dimensionakubspacef R3. A
small thickening of this “housewith two rooms” createsa
shapevhosemedialaxiscontainsa closedsurface.

It would be interestingto apply the curve-sleletonsex-
tracted by our algorithm in various applicationssuch as
shapematching, meshdecompositionand animation.We
planto addresshisissuein futurework.
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