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An Adaptive MLS Surfacefor Reconstructionwith
Guarantees

TamalK. Dey andJianSunY

Abstract

Recenwork haveshownthat moving leastsquaes(MLS) surfacescanbe usedeffectivelyto reconstrucsurfaces
frompossiblynoisypoint cloud data. Several variantsof MLS surfaceshavebeensugested someof which have
beenanalyzedtheoetically for guarantees Theseanalysesso far, haveassumediniform samplingdensity We
proposea new variantof the MLSsurfacethat, for the r sttime incorporateslocal featuee sizesn its formulation,
andwe analyzeit for reconstructiorguaranteesusinga non-uniformsamplingdensity The proposedvariant of
theMLS surfacehasseveral computationabdvantaesover existingMLS methods.
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1. Intr oduction

In surfacereconstructionif the input point cloud is noisy,
a surface tting throughthe points can be too bumpy for
practicaluse.A remedyto this problemis to de ne a tar
get smoothsurface and project or generatepoints on this
smoothsurfacefor reconstructionOf coursethemainprob-
lem is to choosea suitablesmoothsurfacethat resembles
theoriginal surfacewhich theinput point cloud presumably
sampledSereralsuchtargetsurfaceshave beenproposede-
centlywith differentalgorithmsfor their computationsThe
radial basisfunction of Carretal. [JCCCM 01], the multi-
level partitionof unity of Ohtaleetal. [OBA 03], thenatural
neighborsurfaceof BoissonnaandCazasl§BCO0Q] andthe
moving leastsquaref Alexaetal. [ABCO 01] areexam-
plesof suchsurfacesto namea few.

Themoving leastsquaresurfacesMLS), originally pro-
posedby Levin [Lev98g] and later adoptedby Alexa et
al.[ABCO 01] for reconstructioave beenwidely usedfor
modelingand rendering[AA03, MVdF03,PKKGO03. The
popularopensourcesoftware PointShom3D [ZPKG02]im-
plementsthe MLS surfacesand shavs the effectivenessof
the MLS surfaceson realworld scannediata.Recently the
work of AmentaandKil [AK04] andKolluri [Kol05] have
broadentheunderstandingf theMLS surfacesKaolluri con-
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sideredanimplicit versionof the MLS surfacesandproved,
for the rst time, theoreticalguaranteesboutthem. Sub-
sequently Dey, Goswami and Sun [DGS05] proved simi-
lar guarantee$or the variantof MLS proposedoy Amenta
and Kil. Thesetheoreticalresultsassumea globally uni-
form samplingdensitywhich is quite restrictive. For exam-
ple, in Figure 1, the globally uniform samplingcondition
needsmore than 10* pointsto samplethe arc ab because
of asmallfeaturesomevhereelse.Ouraimis to prove guar
anteesaboutMLS surfacesunderanadaptve samplingcon-
dition similarto theoneusedoy AmentaandBern[AB99] in
thecontet of noise-fregeconstructionUndersuchadaptve
sampling,oneneedsonly 6 pointsto samplethearcin Fig-
ure 1. To accommodat@n adaptve sampling,we comeup
with anew variantof the MLS surfaceswhich incorporates
thelocal featuresizesof the sampledsurfacein its formula-
tion. Ourresultsshow thatthisnew MLS surfacehasseveral
adwantage®ver otherexisting MLS methods.

Figure 1: Thedash-dotinesrepresenthe medialaxis.
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1.1. MLS surfaces

Moving leastsquaress anextensionof thewell known least
squaresechniqueo t asurfaceto agivensetof datapoints.
The term "'moving' refersto the various weighting of the
pointsin calculatingtheir contritutions to the solution at
differentlocations. This uni ed view of the moving least
squaress nicely explainedby Shenet al. [SOS04].There
aremainly two typesof MLS surfacesconsideredn thelit-

eraturein the contet of surfacereconstructions.

1.1.1. Implicit MLS

Shenet al.[SOS04 de ned a MLS surfaceimplicitly by a
function which they called IMLS surface. This surfaceis
speci ed by the moving least-squaresolutionto a set of
constraintsthat force the function to assumegiven values
at the samplepoints and also force its upward gradientto
matchthe assignedormalsat the samplepoints.Eachcon-
straintis associateavith a weightfunction. In the simplest
casetheimplicit functioncanbetakenas

&p2pl(x  P)Tvplap(¥)
8 p2pdp(X)

whereqp is a weighting function andvy is the normal as-
signedto a samplepoint p. Kolluri [Kol05] consideredhis
surfaceandshavedthatthe IMLS surfaceis indeedisotopic
(strongerthanhomeomorphicjo the sampledsurfaceif the
inputsampleis sufciently dense.

I (X) = (1.1)

1.1.2. Projection MLS

Levin [Lev98] pioneereda MLS surfacethatis de ned asa
setof stationarypointsof a projectionoperatorWe call this
projectionbasedMLS surfacesasPMLS surfaces. Amenta
andKil [AKO4] gave a moreexplicit de nition for PMLS
surfacesas the local minima of an enegy function along
thedirectionsgivenby a vector eld. Basedon this explicit

de nition, they gave animplicit form for PMLS surfaces.
Speci cally, they shavedthatthe PMLS surfacede ned by
Levin [Lev98] is actuallythe implicit surfacegiven by the
zero-level setof theimplicit function

3= n(x)T(wJ‘x)

wheren: R®! R®is agivenvector eld, E: R® RS!
R is anenepy function givenby E(y; n(x)) = %é p2plY
p) "n(x)]2qp(y) with gp asa weightingfunction. If gp is a
Gaussiarwith width h then

-
X n(x
109= A ol (X2, 19)
p2 P

ThePMLS surfacede nition inherentlyleadsto a projection
methodby which points canbe projectedonto the surface.
Dey, Goswami andSun[DGSO0Y] prove theoreticalguaran-
teesfor PMLS surfaces.

1.1.3. Variation of PMLS (VMLS)

If wede ne theenegy functionasE(y; n(x)) = % applly

p)T n(x)]qu(x) wheretheweightingfunctiongp varieswith
x insteadof y, we obtaina variantde nition of PMLS sur
faceswhichwe call VMLS in short.Indeedthisis theMLS
surfaceactuallyimplementedn PointShop3D by Zwicker
etal. [ZPKGO02]. It hasavery simpleimplicit form

G = & [(x P nMXlap(x):
p2 P

(1.3)

An adwantageof this de nition is that, unlike the standard
PMLS surfaces,its inherentprojectionproceduredoesnot
requireary non-linearoptimization,which makesthe algo-
rithm fast,stableandeasyto implement.

1.1.4. Results

We adoptthe IMLS form in equationl.1 and modify it to
be adaptve to the featuresizesof the sampledsurface.This
enableaus to prove guaranteesinderan adaptve sampling
conditionasopposedo the uniform oneof Kolluri [Kol05]

andDey etal. [DGS05]. Themodi cation is in thechoiceof
theweightingfunctionfor de ning theimplicit function| .

Theweightingfunctiongp for de ning | is choserto bea
Gaussiarwhosewidth depend®on thelocal featuresizesas
de ned by AmentaandBern[AB99]. The particularchoice
of this featuredependencés newv andreasonedn section
3.1.We call the MLS surfacegivenby | with thesefeature
dependenciethe adaptiveMLS surfaceor AMLS surface
in short.As animplicit surface,onecanprojecta pointonto
AMLS surfacedy theNewtoniterationmethodwhich strik-
ingly outperformsthe well known projectionprocedureor
PMLS or VMLS surfaces.

We prove guaranteefor AMLS surfacesunderan adap-
tive samplingcondition and note its advantagesover other
MLS surfaces.Speci cally our resultscan be summarized
asfollows.

(i) ThesubsetV of | l(O) ontowhich pointsareprojected
is indeedisotopicto the sampledsurface,i.e.,onecanbe
continuouslydeformedo the otheralwaysmaintaininga
homeomorphisnbetweerthem.

(i) The abore guaranteeequiresthat the assignedvectors
to the samplepointscloselyapproximatehe normalsof
the sampledsurface.We presenta provablealgorithmto
estimatehenormalsatthe samplepointsevenwhenthey
arenoisy.

(iii) Wepresenanimplementatiorio approximatehe AMLS

surface which establishesdts effectivenessand discuss
several of its adwantagesover other MLS surfaces.
Speci cally, our resultsshov that the standardNewton
iterationusedfor projectionon AMLS surfacesis faster
thanthe projectionsusedfor PMLS surfaces.
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2. Preliminaries
2.1. Surfaceand thickening

LetS RS beacompactC? smoothsurfacewithoutbound-
ary. For simplicity assumethat S has a single connected
componentLet W and Wp denotethe boundedand un-
boundedcomponentsof R®nS respectiely. For a point
z2 S, let fi; denotethe orientednormalof S at z wherefi;
pointslocally toward the unboundedccomponent\p. Let a
line througha point z2 S alongthe normalfi; be denoted
zii(2) -

For a point x 2 R% andasetX RS let d(x; X) denote
the distanceof x to X, i.e., d(x;X) = infyaxkx yk. The
medialaxis M of S is the closureof thesetY ~ R® where
for eachy 2 Y thedistancel(y; S) is realizedby two or more
points.In otherwords,M is the locus of the centersof the
maximalballs whoseinteriorsareemptyof ary point from
S. Thelocalfeaturesizeatapointz?2 S, Ifs(2), is de ned as
thedistanced(z M) of zto themedialaxis M. The function
Ifs() is 1-Lipschitz.

Letn:R3! Smapapointx2 R® toits closestpointin
S. It is known thatn is well de ned if its domainavoids M
which will be the casefor our useof n. DenoteX = n(x).
Let f (X) denotethe signeddistanceof a pointxto S, i.e.,
f(x) = (x >"<)Tﬁ>~<. Forareald 0, de ne offsetsurfaces
S;qandS 4where

Siq= Fx2 R%jf(x) = +difs(X)g

S 4= fx2 R3f(x) = difs(R)g:
LetdSbetheregionbetweerS 4andS, gy, i.e.,
dfs(X) f(x) difs(X)g;

Figure2 illustratesthe above concepts.

ds= fx2 R¥j

Figure 2: ThesetdS, medialaxis,normalsandIfs().

2.2. Sampling

An adaptve sampling density basedon the local fea-
ture size called e-sampling has been used for proving
the correctnessof several surface reconstructionalgo-
rithms [AB99, ACDL02,BCO0(Q. For this work we assume
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asimilar samplingconditionbut modify it for possiblenoisy
input. Apartfrom condition(iii) justi cation of all othercon-
ditions canbe foundin [DG04]. We sayP Riisa noisy
(e;a)-sampleof thesurfaceS if thefollowing samplingcon-
ditionshold.

(i) Thedistancefrom eachpointz?2 S to its closestsample
pointis lessthanelfs(z).

(i) Thedistancerom eachsamplepoint p 2 P to its closest
point p on Siis lessthané?lfs(f).

(i) Eachsamplepoint p is equippedwith anormalvp where

theanglebetweerv, andthenormalfi atits closespoint
ponSislessthane.

(iv) The numberof the samplepointsinside B(x; efs(X)) is
lessthana smallnumbera, for any x 2 R3. In this paper
a is setto be5.

Olviously the lessthe e is, the betterS is sampledby P.
UsuallyP is consideredo beagoodsampleof the surfaceif
e 01.

For our proofs we needa resultthat all samplepoints
nearapointzon S lie within a small slabcenteringz. Kol-
luri [Kol0O5] madea similar obsenation assuminguniform
samplingdensity Herewe extendit for adaptve sampling.
A ball with the centerx andradiusr is denotedasB(x;r).
DenoteS(x;r) to be the boundaryof B(x;r). Considerary
pointzon S andaball B(zr Ifs(2)) with asmallradius,i.e.,
r > Oissmall.LetPL+ andPL betwo planesperpendicu-
lar to fi; andata smalldistancenlfs(z) from z. We shaw that
if wis of theorderof € + r 2, all pointsof P within the ball
B(zr Ifs(2)) lie within theslabmadeby PL+ andPL . The
proofis includedin theappendix.

LemmalForr 1lande O0:1, ary samplepointinside
B(zr Ifs(2)) liesinsidethe slabboundedby the planesPL+
andPL where

_(@4n?  (1+r) o
21 2 1 e
In additionwe shaw thata smallball B(x; 5Ifs(X)) centering

ary pointxin R3 containsa smallnumberof pointsfrom P
(proofin theappendix).

Lemma2 Forr 0:4ande 0.1, the numberof sample
pointsinsideB(x; %Ifs(i)) is lessthanl where

| = a ifr 2e
3
75;'3 otherwise.

3. De nition of AMLS
3.1. Weighting functions

Theimplicit functionvaluel (x) ata point x shouldbe pri-
marily decidedby the nearbysamplepoints. Thatis exactly
the reasonwhy differentimplicit MLS functionsproposed
so far weigh the samplepointsdifferently in a suminstead
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of giving them equal weights. We have alreadyseenthat

the samplepointswithin a sufciently small neighborhood
are predictablydistributed within a small slab (Lemmal).

However the surface outsidethe neighborhoodcould vary

arbitrarily without changingits partinside.As a result,the

samplepointsoutsidethe neighborhoodould be arbitrarily

distributed. Hencewe should designa weighting function

suchthat the samplepoints outsidethe neighborhoochave

muchlesseffectontheimplicit functionthanthoseinside.

Figure 3: Thesolid curvesandthe dash-dotinesrepresent
part of the surfaceandits medialaxisrespectively

Gaussiarfunctionsare a good choiceto meetthe above
requirementsincetheir widths cancontrolthein uence of
the samplepoints. To make the implicit surfacesensitve to
featuresof the original sampledsurface,we take the width
of the Gaussiarfunctionto be a fraction of thelocal feature
size.However, one needsto be more careful. If we sin;ply

kx  pk

take a fraction of Ifs(X) asthewidth, i.e., take e ﬁz as
theweightingfunctionwherer < 1, we cannotoundtheef-
fect of the far avay samplepoints.Considerthe left picture
in Figure3. Thelocal featuresizeat the point  canbe arbi-
trarily smallandhencethe numberof samplepointsaround
p needsto be arbitrarily large to meetthe samplingcon-
ditions. Consequentlythe summationof the weightsover
thosesamplepointswhich are outsideB(x; Ifs(X)) becomes
too largeto be dominatedby the contritutionsof thesample
pointsin the neighborhoof x.

An alternatve optionis to take a fraction of Ifs(f) asthe

k x pk2
width, i.e., take e ['s(? asthe weightingfunction. How-
everit alsofails asillustratedin theright picturein Figure3.

1
Thesamplepointssuchasp hasa constaniveighte oo ,
As the summationextendsoutsidethe neighborhoof x,
the contritution of the samplepoints remainsconstantin-
steadof decreasingAs a result,one cannothopeto bound
the outsidecontribution.

We overcomethedif culty by anovel comBinatiomf the
above two options,i.e, by takingafractionof ~ Ifs(X)Ifs(f)
asthewidth of the Gaussiamweightingfunctions.This takes
into accountheeffectsfrom both membersthecontribjti(gn

kx pk

senderp andthe contritution recever x. Unlike e [f‘fsﬁﬁﬂz ,
suchform of weighting function decreasess p goesfar
away from x no matterhow the surfacelookslike. In addi-
tion, suchform of weightingfunctionassignsa smallvalue
to the pointsthat samplesmall featureswhich in turn can-
celsout the effect that small featuresrequiremore sample
points.

There is still one more dif culty. The function Ifs(),
thoughcontinuousis notsmootheverywhereon S. Thenon-
smoothnesappearsvhereS intersectshe medialaxisof its
own medialaxis M. To make the implicit function smooth,
we usea smoothfunction f () arbitrarily closeto Ifs() where

109 Ifs(¥)]

for arbitrarily smallb > 0, say10 %. Thisis doablesince
thefamily of realvaluedsmoothfunctionsover smoothman-
ifolds is densdn thefamily of continuougunctions[Hir88]
andthe minimal featuresizeis strictly positve for ary c?
manifcﬁd [Wol92]. Finally we choosea fraction (given by

blfs(x) (3.4)

re) of  f(X) f(P) asthewidth of the Gaussiarweighting
functions.Speci cally we take
P35 2
2kx  pk
Ingp(¥) = — (3.5)
P HICHE)

The factor P 2 in the exponentis for the corveniencein
proofsaswe will seelater. In generaljt is known thatlarger
valuesof re make the MLS surface smoother To have a
senseof appropriatevaluesof r e, considerthe casewhere
X is onthe surfaceS. The samplepointssuchasp in Figure
4 acrossthe medialaxis to point x shouldhave little effect
on the implicit function valueat x. 'Eakingre 0:4 makes

the weight of p at x lessthane 2° 2 5 10 6 since
kx pk 2max Ifs(X);Ifs(p)g.

Figure 4: Thesolid andthe dash-dotfinesrepresentpart of
the surfaceandits medialaxisrespectively

3.2. AMLS function

De ne
N = & lx P vplap() (3.6)
p2 P
and
| () = vaﬁg 3.7)

whereW (x) = & p pdp(x). Obviously theimplicit functions
N andl have exactly the sameO-level set,i.e., | l(0) =
N %(0). Therefore we could have taken N insteadof |
for AMLS, but we shaw in section8 thatl hasasigni cant
computationabdwantagesinceNewton iterationfor | hasa
much larger corvergentdomainthanthe onefor N . How-
ever, the functionN hasa simplerform to analyze Hence,
we analyzethe O-level setof | viathefunctionN .

¢ TheEurographic#ssociation2005.
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4. Contrib utions of distant samplepoints

Theoreml is one of our main contributionsin this paper
which saysthatthe effect of the distantsamplepointson a
point canbe boundedOncewe prove this, the overall tech-
nique of Kolluri [Kol05] for IMLS surfaceswith uniform
samplingor of Dey etal. [DGS05]for PMLS surfaceswith

uniform samplingcanbe applied.However, the detailsneed
carefulwork.

In variousclaims, the contritution of a samplepoint p
to theimplicit function or its derivative at a point x will be
boundedrom above by anexpressiorthatinvolvestheterm

P 2kx 2 S
|p(x) = e rgl;(ﬁ)fp(;) kaipk:
(5 (B f(RI!

The valuesof s andt will vary between0 to 2 andfrom O
to 1 respectrely in variousequationsvherelp is used.For
instancethe contribution of asamplepoint p to thefunction
N atx canbeboundedy Ip(x) with s= 1andt = 0.

Following Kolluri [Kol05] our strateyy for boundingl p(x)
will be to decomposehe spaceinto sphericalshells cen-
tering x. Theorem1 shows that the total contritution from
all samplepointsin the shellsdecreasess their distances
from x increaselLet Sx(w; r) betheshellregion betweerthe
spheres(x; wifs(X)) andS(x; (w+ r)Ifs(X)). Fori = 0;1;:::
considerthe nestedshells given by Sx(wi;r) wherew; =
r+ ir (Figure5). To prove Theorem1l we needa result
that boundsthe total contritution of the samplepointsly-
ing within theintersectionof a small ball of radius % Ifs(X)
andthe shell Sx(w;;r). Let B% be ary suchball. We would

liketo boundthesuma o g, \ s,w;r) Ip(X). Theball Bré has
2

aradius%lfs()”() thoughits centeris notnecessarilx. There-
fore, onecannotuseLemma2 to boundthe numberof sam-
ple pointsinside B%. We overcomethis dif culty by using
a hierarchicalsubdvision of the boundingbox NC; of Br2 .

Thesubdvision dividesa cubeunlessit canbe coveredwith

aball B(c;r) wherer is afraction of Ifs(€). Then,onecan
call uponLemmaz2 to boundthe numberof samplepoints
in B(c;r) andhencein the cubesof the subdvision. There-
fore, we canboundthe numberof samplepointsin B% using
the numberof the leaf nodesin its correspondingubdii-

siontree.Notice that we do not have an explicit boundfor

thenumberof samplepointsin any B% sinceatdifferentpo-
sitions Br2 may have differentsubdvision treesadaptingto

the local geometryof the surface.However, we do have an
explicit upperboundfor the total weightsfrom the sample
pointsinsideary Br2 asprovedin Lemmas3.

AssumeahierarchicabubdvisiontreeHST of NC; asfol-
lows. Let c; bethecenterof theboundingcubeNC;. Subdi-
vide NC; into 27 subcube®f size%lfs(i) if Ifs(€1) < Ifs(X).
Let NC, be ary suchsubcubelt canbe coveredby a ball
B = B(C2; 5 1fs(X)) wherec; is the centerof NC;. Sub-

divide NC, in the sameway if Ifs(Ep) < %Ifs(i). In gen-

¢ TheEurographic#ssociation2005.

eral, keep subdviding a subcubeNCy at the kth level if
Ifs(€) < zk—lllfs(f() wherecy is the centerof NCy. Obsere

thatNCy is coveredby B_rR = B(cy; %R Ifs(X)) . Figure5 shavs
2!
aHSTin 2D caseWe useNC, alsoto denotdts intersection
with B_rE.
2

30
y

Figure5: Thenestedshellsandthe hierarchical subdivision
tree

Lemma3lfr 04,e O:landr 5r,
o LU ENVY S
&  l le m07 SR 2

p2 B'z\ Sx(wi;r)
where0 s 2,0 t 1l1andl isdenedin Lemma2.

Proof Casel: Ifs(€1) Ifs(X): HST hasonly onenodeNC;.
Let p be ary samplepointin B%. Obserethatkp €1k

2kp cik  2(kp pk+kp k) 2€lfs(P) + rlfs(Gy).
By Lipschitzpropertyof Ifs(),
r

~ 1
=0 T
Frominequality3.4we have

~ 1
"0 v 29

Ifs(X):

f(%)
whereb®= iLg.Similarlyfromconditionkx pk  rlfs(X)
(pliesin Sx(w;;r)) andthefactkX pk  2(kx pk+ kp
pk) 2kx pk+ 2€°lfs(X). we obtain

. 1+ 2r )
f(p) (1+ b)mkx pk:
Hence

P31 2 rkx pk
|p(X) e @+b)(1+2r) r2¢() [

P 2691+ 26%) + kx pk®
1T [r f(R)]2
which is a decreasindunctionof kx  pk whenkx pk

4rlfs(%). Sincekx  pk Wii(kf),weha/e

) w

P
o) e mormar i L 2YLH 2w

@ O by

f()'z)S 2t
e a2 rﬁzitf()z)s 2.

It is not hard to verify the secondinequality under the
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given conditions. The lemma follows from the fact that
B(cy; % f(€1)) covers B% and hencethe numberof sample
pointsinsideB% is lessthanl from Lemma2.
Case2: Ifs(€;1) < Ifs(X): ConsideraleafnodeNCy atthekth
level which is coveredby B_rF in HST. We have Ifs(&)
2

s11fs(R). Let p beary samplepointinsidethe node Since
kp &k 2kp ckk, weobtain
ot 1
b1+ 2e%) 2k 1
On the otherhand, p is alsoinsidethe parentnodeNCy 1
coveredby Bﬁ in HST. Sincekp € 1k 2kp ¢ 1k

2

andlfs(& 1) < z1Ifs(%), we obtain

(D) f(%):

bY1+r) 1

O T2 x2f®:

Hencefor thegivenvalueof r ande, we have

Ip(x) -
P —
o x z‘bzé(luiﬁez)% Sk 2)[2 2b0(1+ 2e'2)]t kx pk®
1r [r f(]2
122535 ik 2 W oooms 2
- (1+2r)r2 _
27° 2 rz (%)

Since B(cy; rz f(&)) covers BrT and hencethe numberof

2
samplepointsinsidethe leaf nodeNCy is lessthanl from
Lemma2, we have

k

° 22 otk D) W s 2t
1+2 —
e 2% 2 LR

1
a lpx = le
bANG. P 27
(4.8)

Theabove equationgivesthe boundfor contritutionsof the
samplepointsinsidea singleleaf nodeNCy atary level k

2. We useinductionto establishthat the boundalso holds
for ary internalnode.Let NCy beaninternalnode.Then,by
inductionwe canassumehateachof the27 childrenof NCy
satisfy equation4.8 with k = k+ 1. Summingover this 27

childrenandreplacingk with k+ 1 in equatior4.8,we get
k W s

é Ip(X) | e 2 1(1+2r)r2 otk 1) ﬁzltf(;(')s 2t
p2 NG r
k 2w A

2_17 le 2 ks Atk 2 rﬁZIIf(X)S 2.

Thelemmafollows from thefactthat27 NCys partition B% .

O

Theorem 1 If r 0:4,e O0Olandr 5r, thenfor ary
x2 R®
2 2 2 s
° +rr+ r
a |p(X) C1| 7[' rrz r e (1 2nr2 th f()N()S 2t
p2B(xr (%) ' '

where0 s 2,0 t 1andC1:180p§p.

Proof ThespaceoutsideB(x; rlfs(X)) canbedecomposedty

(Sx(Wi;r)) L o wherew; = r+ ir . EachSx(wj;r ) canbecov-
v -

eredby Iessthanw ballsof radius}Ifs(%) as

in [Kol05]. FromLemmas3 thecontritution from the sample

pointsinsideeachof theseballsareboundedHence

1
a b®=4a &a 1K
pZB(x;r f()) i=0p2 Sc(wi;r)

1 : . 2 rw g
Cil 5 wWP+wr+r o T ﬁf(@s 2
ra

s
ooz s 2.
Cil ————e @wnr? r—th()?') :

Thelastinequalityholdsbecausehe seriess boundedrom
above by ageometricserieswith commonratiolessthan0:8.
]

5. Isotopy

Althoughwe prove Theroeml with hypothesis  0:4 and
e 0:1whichis plausiblein practice,our proof for isotopy
usesthesettinge 4 10 2 andre= e Therequirement
for suchsmall e is probablyan artifact of our proof tech-
nigue. Thereareroomsto improve theseconstantshough
the proofshecomemore complicated(seethe discussiorat
the end of the section).We focusedmore on demonstrating
the ideasbehindthe proofs ratherthantighteningthe con-
stantsln ourexperimentsthe AMLS surfaceswvork well on
sparsalatasetsaswe shaw in section?.

LetW= N 1(0)' 0:1S, the subsetof N 1(0) inside
0:1S. Lemmab shavsthatW is indeedwithin 0:3eS In addi-
tion, Lemma? impliesthat5N cannotvanishin 0:3eSand
henceQ is aregularvalue.So, by implicit functiontheorem
W isacompactsmoothsurface Recallthatn: R3! Stakes
apointto its closestpointon S. Let njyy betherestrictionof
n toW. We prove thatnjy is ahomeomorphisnSinceW is
includedin atopologicalthickening0:3eSof S andW sep-
arateghe sidesof 0:3eS we alsohave W andS isotopicin
R? dueto a resultof Chazaland Cohen-SteinefCCS04.
So,to prove isotopy we only needto prove thatW andS are
homeomorphic.

Theorem 2 njyy is ahomeomorphism.

Proof The function njyy is continuoussincen is. SinceW
is compactit is sufcient to shav thatnjy is surjectve and
injective which arethestatementsf Lemma6 andLemma8
respectiely. []

Lemmal2 in the appendixsaysthat, for a point closeto
thesurfaces, its nearbysamplepointsarenicely distributed.
Thisfactplaysanimportantrole in thefollowing proofs.We
summarizehis propertyasfollows. As Figure6 shavs, for a
pointxonS, 4orS g, all samplepointsinsideB(x; rlfs(X))
areinside a narrov slab boundedby two planesPL+ and
PL with w(r) distanceo Xif d andr aresmall.Iln addition,
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Figure 6: All markeddistancesare in unit of Ifs(X). h is the
anglebetweertiz andvp.

thedistancébetweerk andf is lessthanR(r) (seeAppendix
for de nitions of R(r) andw(r).

In our proofsfor surjectvity andinjectivity of njy, we
considerthe samplepoints outside B(x; relfs(X)) (in short
Be) asthe distantones.DenoteRe to be R(re) andwe to
bew(re). Sincefuncionvalueslfs() and f() arevery close
to eachother thedifferencebetweerthe valuesof thesetwo
functionswill notaffecttheresultof the proofaswe already
demonstratén the proof of Lemmas3. For the sale of sim-
plicity, we make no differencebetweenthe valuesof these
two functionsfor the proofsin the restof this section.Let

k="

5.1. Surjectivity of njy

Lemmad4Letxbea pﬁ)inton S 4andpbeary samplepoint
insideBe wherere= = 2kd+ 5re. If 0:3e  d O:1then

(0:9d  456%)Ifs(X) if X2 S, 4
( 0:9d+ 456%)Ifs(R) if X2 S 4

x PV

Proof We prove the rst half. Theseconcdalf canbeproved
similarly. Frominequality9.15,we have

(1 RoIfs(x) Ifs(p) (1+ Re)lfs(X):

Under the given valuesfor the parameterswe have Re <
0:18. In Figure 7, Bm is the medialball at § on the side of
S notcontainingx. Let g bethe centerof Bm. We have kg

pk  Ifs(p), difs(R) kx Pk relfs(R)+ €lfs(p) andkx
pk kx pk €lfs(p).

Let x be the anglebetweenxfy andthe normalat p andz
be the anglebetweenxp and xp. Hencethe anglebetween
xp andvp islessthanz+ x+ e. Sincekx pk kx £k
0:3efs(X) andkp pk ezlfs( p), wehavez 4e. In addi-
tion

kx ok=kx pkcosx+kq pk)Z+kx pkZsin’x:

SinceBm is onthesideof S not containingx, we have kx

¢ TheEurographic#ssociation2005.

gk kx xk+kq dk.Hence

2kx  skkq pk+ kx Rk kx  pk?

cosx Jkx  pkkq Pk

Therefore,
(x p)Tvp kx
(kx Pk (1+ Re)elfs(R))(cosx 56€)
kx pkcosx 5ekx pk 2€?Ifs(R)

pkcogx+ 5€)

which shavs the rst half of thelemmaby carefully substi-
tuting theinequalitiesve derived. [

Kolluri [Kol0O5] proved a similar result without restriction
of the upperboundfor d undera global uniform sampling
condition.However, underthe adaptve samplingcondition
assumedn this paper this upperboundis neededo make
surethatthe local featuresize at p is not arbitrarily small
comparedo Ifs(X).

Figure 7: lllustration for Lemma4

To prove that njy is surjectve we use the following
lemmawhich saysthat N crosseszero within 0:3e§ i.e.
W 2 0:3eS

Lemmab5

N(xX) >0 if x2 (0:1Sn0:3e9\ Wo
<0 ifx2 (0:1Sn0:3e9\ W

Proof We prove the rst half of the lemma.The otherhalf
canbepr‘g/gjsimilarly. Assumex2 S, 4for0:3e d 0O:1.
Letre=  2kd+ 5r e. For ary samplepoint p insideBe, from
Lemma4 we have

[(x ) vplap(®) ap(¥) 0:09fs(R)>0:  (5.9)

Fromthe samplingcondition(i), thereexistsa samplepoint
po with a distancdessthanelfs(X) to X andhencefs(fg)
1 Sifs(%). We have

k(d+e)?

& [x pvplap(x>e 2
p2 Be

0:09fs(X):
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Next we considerthe samplepointsoutsideBe. From Theo-
rem1we have

P 2
2kx pk
j 8 [x P'vlap(®i & e TP kx pk
pZBe pZBe
2 2 2
r&+ refe+ r e
Cll Lzeee (1+2re)reZ ref()?)
re
Hence
s o T .
j&pze.(X P Vpap(X)]
dp2e. (X P)Tvpap(x)
2 2 C Far592 |, k(o2
Cil M e (rzgrd + 2 rie
ré 0:0%

which reachesnmaximumwhend attainsits minimum 0:3e

m L _
sincel+ 2re < 2. So % 0:002 which

Ap2 Be
shavsthe rst half of thelemma. [

Lemma 6 njyy is surjective.

Proof Letzbeary pointin S. Thenormalline * .4, , through

z along the normal fiz, intersectsN 1(0) within 0:3eS
thanksto Lemmab. By de nition of W, it intersectsV at
pointx suchthatkx zk  0:3elfs(2). This meansjy maps
apointof W to zor anothempointy on S. We arguethaty 6 z
doesnot exist. For if it doesthedistanceky xk hasto be
lessthan0:3elfs(z). Hencewehavekz yk 0:6€lfs(2). On
the otherhand,ky zk hasto be morethanthe distanceof
z to the medialaxis, which is at leastlfs(z). Therefore for
eachpointz2 S, thereis a pointin W which is mappedby
nwtoz [

5.2. Injectivity of njy

In thefollowing lemmawe prove thatthedirectionalderiva-
tiveof N alongfiz is alwayspositive. This, in turn, helpsus
to prove that njy is injective. We introducea handynota-
tion. Let ux[N ] bethedirectionalderivative of N ata point
x alongtheunit vectoru.

Lemma 7 Let zbeary pointon S, thenfor ary x2 "z, \
0:3eS

(Azx[N]> 0

Proof RecallX = n(x) andhencef(X) = f n(x). Letu be
ary unit vector ux[F ] is the directionalderivative alongu
at point x. Obviously sincex avoids the medial axis of S,
ux[f n]= 0if u= fig. Sincez= X, we have

(A)xINT= & (A)xl(x  P)"vpap(x)]
p2 P

P T Tx
. 2(x Vp (X fig
= & qp(®) ALvp ( r;) b (X _P) fix .
p2p HGHE
q__
Letre=  2k(d+ )2+ 25 3. For ary samplepoint p in-
side Be, we know it is inside the slab boundedby two

planesfrom Lemmal2 asFigure 6 shavs. In additionwe
havelfs(p) (1 Re)lfs(X) from inequation9.15. We ob-
sene from Figure6 thatj(x p)'fj (we+ d)ifs(X) and
j(x p)Tvpj (we + d+ reh)Ifs(X). Underthe given val-
uesfor the parametersye havere < 5:46e, Re < 5:46e and
hencewe < 16¢” andh < 0:028.Hence

(ﬁz)To[(x ) Vpap(¥)]  9p(X) figvp
2(x p)vpj j(x p)' i
r3(1 Re) AR

0:40p(x) > O:
(5.10)

In particular thereexists a samplepoint pg lessthanelfs(X)
distanceaway from X. Hence

K(d+ )2

& (Axl(x  p) vpap(x)] > 0:de 72
P2 Be

Next considerthe samplepointsoutsideBe. From Theorem
1 we have

i & (F)xl(x  p) " vpap(li

pZBe
P 2k x pk2 p A 2
8 e OB 1+ 22kx~ pk
DZBe ref(p)f(R
2 2 12 2
cl TetlefetTe | waarz 14 2'e
ré rg
e e
Therefore,
« 0 ~ T .
J& pze.(fi)x[(x ) vpap(X)]j
& p2 B (A)x[(x  P)TVpap(X)]
0:4 rg r

whichis less0:001.Hence(fi)x[N]> 0. [
Lemma 8 njyy is injective.

Proof To prove the injectivity of njy, assumeor contra-
diction that there are two points w and w® in W so that
njw (W) = an(WO) = z This means’ zp, intersect3V atw

andw® within 0:3eS (Lemmab). Without lossof generality
assumehatw andw® aretwo suchconsecutie intersection
points.Then,” 2z, malesatleastg anglewith oneof thenor-

malstoW atw andw®. But, thatis impossiblesinceLemma7

impliesthat

\ fiz5N () < B
2
for ary pointx2 “z,\ 0:3eS [J

Therequiremenfor smalleis mainly becaus¢hefollow-
ing fact.Our proofrequireghattheinequalitiess.9and5.10
betruefor all thesamplepointsinsideBe. Thismeansll the
samplepointsinsideBe make positive contrikbutionto theim-
plicit functionandits derivative. However, onecanrelaxthis
requiremenby further classifyingthe samplepointsinside
Be andallowing the samplepointscloseto the boundaryof

¢ TheEurographic#ssociation2005.
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Be to make negative contritutions.Sincethesesamplepoints
have small weights, their contritutions do not changethe
positivity of the entire contritution from the samplepoints
insideBe.

6. Normal estimation

The computationof the normalvector eld n requiresas-
signednormalsat the points of P. Theseassignechormals
shouldapproximatethe normalsat the closestpointsof S.

RecentlyDey etal. [ DGS05]proposed Delaunaybasedal-

gorithmfor estimatingnormals.The proofsfor this estima-
tion workswith uniform samplingcondition.We canextend
the proofsto the adaptive samplingcondition.

A Delaunayball is a circumscribingball of atetrahedron
in theDelaunaytriangulationof theinputpointsetP. It is de-
notedB(c;r) if its centeris ¢ andradiusis r. We call B(c;r)
big if r is morethancertaintimesthe averagenearesheigh-
bor distancef the samplepointsincidenton B(c;r). The
vectorsfrom thesamplepointsincidentto suchbig Delaunay
balls towardstheir centersndeedapproximatehe normals
of S. Figure8 shavs animplementatiorof this concept.

~ A =
& ‘xj)/ & '““"mmﬁ?s’g v@?
I i )y
" L 7
-q.'::: X .\\\& » /.
:T;.\ % 3 _!;'/' \"""

Figure 8: Outwad normalsare estimatedrom big Delau-
nay balls at a subsebf samplepoints(middle); pointsafter
projectionwith thesenormals(right).

Lemma 9 Let D and D° be two parallel disks within dis-
tanceof dr in aball B= B(c;r) having the centerc on the
sameside.LettheanglebetweerD andtheboundaryof B be
morethan2q. Furtherfor k< 1,letq2 D beapointwhere
d(q; D)  kr andq®2 9B be a point whereqq® is perpen-
dicularto D. Then,we have (i) kq q‘k > krtang and (ii)

d(a 109 > kr g

tang-

Proof We assumethat D is larger than D and prove the
lemma. The other casewhereD is smallerthanD° canbe
handledsimilarly achiezing even a betterbound. Referto

Figure 6 for all referencef labels.Let p be the closest
pointof g on YD. We aregiventhatkp gk  kr. We have

ka tk> (1 cos2g)r andkp ak < rsin2g. Considetthe
similartrianglespat and pqu We have

_ kp dk ka tk> kr(1 cos2q)r

kg uk kp ak rsin2q

> krtang:
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Sincekq q‘k > kg uk, we have the claim (i). To prove
claim(ii), considetthesimilartrianglespquandwsuanduse
thefactsd(q; D% > ks wk, kq sk < dr andks uk >

kq uk dr>krtang dr. [

N/ |

J
PN -
B"

q

Figure 9: lllustration for Lemma9 (left). lllustration for
Lemmal0 (right).

The following lemmais the basisof our normalestima-
tion.

Lemma 10 Let p2 P beincidentto a Delaunayball B(c;r)
wherer > %Ifs( p) andc 2 Wo. Then,\ pc;fig = O(e) for a
sufciently smalle> 0.

Proof Let B = B(c;r). Assumethat pc makes an angleq
with the normalfis. We claim that, if g > 200e, the ball B
containsa point of P insidecontradictinghefactthatB is a
Delaunayball.

Considerthe slab Lp with width 2 35e2Ifs(|5) for the
point p delimited by two planesPL+ andPL as stated
in Lemmal. The ball B(f; 8elfs(f)) containsS and points
from P only within Lp dueto Lemmal. Sincekp fk
ezlfs(f)), the ball B® = B(p; 7elfs(f)) is containedwithin
B(f; 8elfs(f)) andthuscontainsS and pointsfrom P only
within Lp.

Let Np denotethe plane passingthrough p and with the
normalfis. Without loss of generality assumehe planeof
Np is horizontal. Considerthe disk D in which B inter-
sectsNp. Let g be a point on the diameterof D passing
throughp wherekp gk = 4efs(f) for sufciently small
e. By Lemmag, theverticaldistanceof g from B is atleast
4elfs(p) tand > 300°Ifs(f).

Thedistanceof q from the boundingplanesof L is at most
7Oe2Ifs( p). This meansboth of theseboundingplanesin-
tersectB. Let D® and D®be the disksin which PL+ and
PL intersectB. By Lemma9 the boundarie®f D®andD®

are at least(4e %‘e)lfs(ﬁ) > 3elfs(p) distanceaway
from g when e is sufciently small. This meansthe ball
B%= B(q; 3elfs(f)) intersectsthe slab Lp within B. The
ball B°°cannothave ary samplepoint from Lp asB does
not have ary. Also, B°cannothave ary samplepointsfrom
other slabsas B is containedin B(p;7elfs(fp)) that has
all samplepointswithin Lp. A line passingthroughq and
perpendiculato Np mustintersectthe surfaceS within Lp
sinceS separateshesetwo planeswithin BY. Let this point
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be x. Then,x 2 S doesnot have ary samplepoint within
(3e 7Oe2)lfs( p) > 26fs(p) > efs(X) distanceviolatingthe
sampling condition (i). Therefore,the angle g cannotbe
largerthan200e aswe assumed. []

Lemma10 tells us that normalscan be estimatedfrom
large Delaunayballs. The next lemmais a direct conse-
guenceof Lemmab in [DG04] which saysthat there are
mary big Delaunayballs.

Lemma 11 For eachpointx 2 S, thereis a Delaunayball
containinga medialaxis pointinsideanda samplepoint on
theboundarywithin O(e) f (x) distancerom x.

Lemmal0andLemmall togethersuggesanalgorithm
for estimatingthe normalsof S from P. We computethe
big Delaunayballs by comparingtheir radii with the near
estneighbordistanceof the incidentsamplepoints. For a
pointp 2 P, let| p denotethe averagenearestdistanceso
the ve nearesheighborsof p in P. We determineall De-
launayballs incidentto p whoseradii are larger thancl p
wherec is anuserde ned parameteMetake c= 2:5in our
experiments Notice that somepointsin P may not satisfy
this conditionwhich meansthey do not contribute ary big
Delaunayballs. After obtainingthenormalswe orientthem
usingaconsistentvalk oninnerandouterDelaunayballsas
describedn [DGO04].

7. Algorithm and Implementation

In this sectiorwe summarizalifferentstepsof thealgorithm
for reconstructiorandtheir implementationsln absencef
S onecannotcomputdfs(X) andhencef (X) for apointx ex-
actly. Dueto thisdif culty , ourimplementatiorasdescribed
belov canonly approximatethe AMLS surface.However,
theresultsof ourimplementatiorshow thatthis approxima-
tion is effective in practice.

AMLS(P)
NORMAL ESTIMATION:
ComputeDel(P)
for eachpoint p with big Delaunayball
computethenormalnp
FEATURE ESTIMATION:
for eachp 2 P estimatef ()
PROJECTION:
foreachp2 P
1 projectp to p0 by Newton iteration;
if kp p% >t gotolwith p:= p°
endfor
RECONSTRUCTION:
Let PPbethe projectedpoint set;
reconstructvith P°.

We have alreadydiscussedhe normal estimationstep.
For featureestimationwe usethe approximatiorof the me-
dial axiswith VoronoidiagramslIn noiselesxase Amenta,
ChoiandKolluri [ACKO01] shavedthat,for adensesample,

the Voronoiverticesfurthestfrom their generatingsitesalso
calledpolesapproximatehe medialaxis. Then,by measur

ing the shortestdistanceof a samplepoint p to the poles
onecanapproximatdfs(p). In caseof noise,this doesnot

work as polesdo not necessarilyapproximatethe medial
axis.As aremedywe fall backonanobsenationof Dey and
Goswami [DG04] which saysthateachmedialaxis pointis

coveredwith abig Delaunayball. So,we considereachpoint

p 2 Pthathasabig Delaunayball incidentto it. We take the

centerof thebiggestDelaunayball incidentto p andalsothe

centerof thebiggestDelaunayball incidentto pin theoppo-
sitedirection.Thesecentersactaspolesin thenoisysample.
Let L denotethesesetof poles.We approximatef (X) atary

pointx asd(p; L) wherepis theclosespointto xin P. Actu-

ally, papproximateg andd(p; L) approximateshedistance
of X to themedialaxis.

In projectionwe move p to a new point p0 by Newton
iterationwhich canbe describedasfollows. Projectp along
51 (p) to anew position

51 (p) (7.11)

0_ I (p)
P=P BTk
and iterate until the distancebetweenp and p0 becomes
smallerthana given threshold.To computel and5l , we
only take the samplepoints inside the ball with radius5
timesthewidth of the Gaussiamweightingfunctionsincethe
samplepointsoutsidethis ball have litte effect on the func-
tion. Thecorvergenceof the Newtoniterationcanbe proved
usingstandarchumericalttechniquesDueto the spacdimit,
we skip a formal proof here.However, we shav by exam-
plesthatthe Newton iterationfor AMLS surfacecorverges
quickly andhasa big corvergentdomainin section8.

Finally, the projectedset of points are fed to a recon-
structionalgorithmto producethe output.We usedthe Co-
CONE software[COC] to reconstrucfrom the projectedset
of points.Figure 10 shaws the resultsof our algorithmap-
plied on MAX-PLANCK andBIGHAND pointclouds.

8. Computational aspectsof AMLS

In this sectionwe discussseveral propertiesof AMLS some
of which provide it anedgeover theothers.

8.1. Normalizing weights

Thedifferencebetweenthe functionsN (x) andl (x) is that
the weightsin | (x) is normalized.Although normalizing
weightsdoesnotchangeheimplicit surfaceaswe discussed
in sectionb, it doeschangethe behaior of the Newton pro-
jection (NP). Speci cally it increaseshe domainof corver
gencesigni cantly. Onecanseefrom equation7.11thatNP
movesx alongthedirection51 (x) whenl (x) < 0 andalong
theoppositedirectionwhenl (x) > 0. Newton projectionfor
the funtion N hasa similar behaior. Figure 11 shavs the
gradienteld andtheresultsof NP for | andN appliedon
anoisydata.
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Figure 10: Reconstructiorresults before (left) and after
(right) smoothingwith AMLS.re = 0:75 for both models.
Thereasonwe choosea bigger value for r ¢ than the one
(0:4) wesuggestin section3.1is that our featuie estimation
methodtendsto give a featuse sizeslightly smallerthanthe
exactone

Figure 11: The left and right columnsshowthe result of
NPonl andN respectivelyThetop rowshowshefunction
valuesandthegradient eld. Thevaluesare negativeat cold
color and positiveat warm color. In the bottom,the lines
connectinput gray pointsto their correspondingstationary
greenpointsof NP

8.2. AMLS vs.VMLS

VMLS surfacesasdiscussedn sectionl.1.3have aninher
ent projectionprocedurg(PP) by which the pointsare pro-
jected onto the surfaces.PP can be describedas follows.

¢ TheEurographic#ssociation2005.

Model |P| Method #nb #iter Time

Max- 49137 NP 1000 3.1 94
planck PP 1108 7.2 310

bighand 38214 NP 1392 3.2 109
PP 1527 8.6 400

Table 1: |P| is the numberof pointsin the point cloud. We
computefiter in theaveiage sensei.e., weaddup thenum-
ber of iterationsusedto projectall the input pointsand di-

videit by |P| to get#iter. Similarly#nbis theaverage number
of pointsconsideed as neighbos. e choosethe threshold
t = 10 2. Times(second)are for projectingall the input
points(PCwith a 2.8GHzP4 CPU and1GBRAM).

Projectx alongn(x) to anew position
G(x)
&dp2pdp(¥)

anditerateuntil a stationarypointis reachedWe arguethat
NP usedfor AMLS surfaceis betterthanthe PPin two re-
spectscornvergenceaateandtiming. As Table8.2shows, NP,
in generalusedessiterationsto projecta pointontotheim-
plicit surface.Thisis notsurprisingas5l (x) with x closeto
theimplicit surfacecanestimatehenormalmoreaccurately
at its closestpoint on the implicit surface.In addition,one
hasto computen(x) beforeevaluatingG(x) . Henceto com-
putethe new positionusingPR, onehasto iteratetwice over
its neighboringpointswhich makesPPslowerthanNP even
in eachiteration.

0

X = X n(x) (8.12)

8.3. AMLS vs.PMLS

In the de nition of standardPMLS, the actualPMLS sur
faceis only a subsebf thezerolevel setd  1(0) wherethe
enepy function E reaches minimum alongthe normaldi-
rection.As onecandeducerom equationl.2, therearetwo
otherlayersof zero-level setsof theimplicit functionJ on
both sidesof the PMLS surface,wherethe enegy function
E reacheghe local maximum;seethe left mostpicturein
Figure 12. We refer to thesetwo layersas maximalayers.
Thedistancebetweertheseayerscould be extremelysmall
at placeswhereeitherthe local featuresizeis small or the
noiselevel is high or both.In thatcase computation®n the
PMLS surfacebecomdlif cult.

Firstof all, mary existingimplicit surfacetechniquesuch
asraytracingandpolygonizingbecomehardto applyonthe
standardPMLS surfacesinceone needsto distinguishdif-
ferentzero-level sets.Whenthe maximalayerscomeclose
to the true PMLS surface,the marchingstepin a raytracer
andthe size of the cubesin a polygonizermay becomem-
practically small. Actually, in the leftmost picture of Fig-
ure 12, althoughone edgeof the red cubeonly intersects
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Figure 12: Theleftmostand the middle picturesshowO-level setsof the standad PMLSundertwo differentnoiselevels.The

noiselevel in the middleis higher Bold greencurvesrepresenthe 0-level setJ
curvesare 0-level setswhete the enegy functionreadiesmaxima.Therightmostpicture showsthe 0-level setl

thesamenoiselevel asin the middlepicture.

the curve (bold greenline) once,a polygonizingalgorithm
[Blo94] misjudgedthe edgenotintersectinghe surface.

Second,the inherentprojection procedurefor the stan-
dard PMLS surface requires a non-linear optimization,
speci cally an one-dimensionalminimization. The one-
dimensionaminimizationalgorithmsusuallybegin with an
interval known to containa minimumguessam suchthatthe
functionvalueat m mustbe lessthanthe function valuesat
the endsof the intenval. Finding sucha minimum guessm
couldbehardif thetwo maximalayerscomeclose.

Third, the standard®MLS surfaceis moresensitve to the
noise Whenthenoiselevel for positionor normalor bothin-
creasesthethreelayersof the zero-level sets(onefor min-
ima andtwo for maxima)could easily interferewith each
other In the middle picture of Figure 12, the zero-level set
for minima gets meiged with thosefor maxima.As a re-
sult, the standard®MLS could give animplicit surfacewith
holesor disconnectnesddowever underthe samelevel of
noise,the AMLS still givesthe properimplicit surface,see
therightmostpicturein Figure12.
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9. Appendix
Thefollowing lemmaleadsto Lemmal.

Lemma 12 Ford< 0:5ande< 0:1,letx beapointon S, 4
orS 4andpbeary sara\plepointinsideB(x; rifs(X)) where
(r d+e2+2de?)(r+ d+ e2)

d<r<1 LetR(r) = T a1 &2 . Then, the
following hold.
(i) 1 R(r) < 1 then\ fig;vp < %&M e

(i) p lies insidethe slab boundedby two planesPL+ and
PL which are perpendiculato fix andat a distanceof

w(r)lfs(X) from X wherew(r) = %’2 + 1;%192-

Proof Let B be the ball B(x;rlfs(X)). We have kfj %k
(d+ r)ifs(X) + ezlfs( p). From 1-Lipschitzpropertyof func-
tion Ifs(), we obtain

. l+r+d
Ifs(B) & Ifs(X) (9.13)
andhence
kx  pk mﬁs(@- (9.14)
1 e ' '
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Sincef cannotbeinsideBoy andBj,, two medialballsatX.

Let gbetheradiusof eitherBoy or Bi, andhenceg  Ifs(X).
As Figure13 shawvs, onecanverify
s
o kx pk2  (difs(%))2
kX pk 1 dfs(d=g R(NIfs(X) (9.15)

If R(r) < 3,\ fig; fi < %Q(r) by a resultof Amentaand

Bern[AB99] whichtogethemwith \ fig;vp < eshaows (i).

Furthermorewe have sin% kizgﬁk. The distancefrom p

to thetangenfplaneatX is lessthang(1 cos) = nginzg.
Hencethe distancefrom p to the tangentplaneat X is less
than2@in2% + ezlfs(f)), which shavs (i) by substitutingn-
equalities9.13,9.14and9.15. [

i\
X
P'—\/ Bi,

Figure 13: The marked distanceis in unit Ifs(X). h is the
anglebetweerXg and pqwhete q is the centerof the medial
ball.

Proof of Lemma 1.

Proof This lemmaactuallyis the specialcaseof part(ii) of
Lemmal2withd= 0. []

Proof of Lemma 2.

Proof If r  2e, thelemmafollows from the samplingcon-
dition (iv). So we assumer > 2e. Let B denotethe ball
B(X; %Ifs()”()). If thereis no samplepointin B we aredone.
So,let p beasamplepointin B. We have

kx %k kx pk %Ifs()?)+ lfs(p):

FromkX pk
Ifs(), we obtain

2kx Xk andthe 1-Lipschitz property of

1+

1s(B) {5t

andhence
r 1+r
kx %k (=+
X (Gt

Forary pointyinsideB, wehaveky Xk 2(ky xk+ kx
%k) andhencdfs(y) xlIfs(x) where

2(l+ I’) 2
1 2e2e)

whichis greatethan0:17 underthe givenconditions.There
areat mosta samplepointsinside B(y; exfs(x)) from the

)lfs(%):

x=1 (2r+
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samplingcondition (iv). We know B canbe coveredusing
lessthan(p_ + 1)® suchballs.Onecanverify (Poc* 1)3

3
is lessthan % , whichshovsthelemma. [

The above lemmasenes our proof well thoughwe could
usethepropertyderivedin Lemmal2thatthesamplepoints
insideB(x; %Ifs(i)) arewithin anarrav slabto getatighter
bound.
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