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Abstract
Recentworkhaveshownthatmoving leastsquares(MLS)surfacescanbeusedeffectivelyto reconstructsurfaces
frompossiblynoisypoint clouddata.Several variantsof MLSsurfaceshavebeensuggested,someof which have
beenanalyzedtheoretically for guarantees.Theseanalyses,so far, haveassumeduniform samplingdensity. We
proposea new variantof theMLSsurfacethat,for the�r st time, incorporateslocal featuresizesin its formulation,
andweanalyzeit for reconstructionguaranteesusinga non-uniformsamplingdensity. Theproposedvariant of
theMLSsurfacehasseveral computationaladvantagesoverexistingMLSmethods.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Line andCurve Genera-
tion

1. Intr oduction

In surfacereconstruction,if the input point cloud is noisy,
a surface �tting throughthe points can be too bumpy for
practicaluse.A remedyto this problemis to de�ne a tar-
get smoothsurfaceand project or generatepoints on this
smoothsurfacefor reconstruction.Of course,themainprob-
lem is to choosea suitablesmoothsurfacethat resembles
theoriginal surfacewhich theinput point cloudpresumably
sampled.Severalsuchtargetsurfaceshavebeenproposedre-
centlywith differentalgorithmsfor their computations.The
radialbasisfunctionof Carret al. [JCCCM� 01], themulti-
levelpartitionof unityof Ohtakeetal. [OBA � 03], thenatural
neighborsurfaceof BoissonnatandCazasls[BC00] andthe
moving leastsquaresof Alexa et al. [ABCO� 01] areexam-
plesof suchsurfaces,to namea few.

Themoving leastsquaressurfaces(MLS), originally pro-
posedby Levin [Lev98] and later adoptedby Alexa et
al. [ABCO� 01] for reconstructionhavebeenwidely usedfor
modelingand rendering[AA03, MVdF03,PKKG03]. The
popularopensourcesoftwarePointShop3D [ZPKG02] im-
plementsthe MLS surfacesandshows the effectivenessof
theMLS surfaceson realworld scanneddata.Recently, the
work of AmentaandKil [AK04] andKolluri [Kol05] have
broadentheunderstandingof theMLS surfaces.Kolluri con-
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sideredanimplicit versionof theMLS surfacesandproved,
for the �rst time, theoreticalguaranteesabout them. Sub-
sequently, Dey, Goswami and Sun [DGS05] proved simi-
lar guaranteesfor the variantof MLS proposedby Amenta
and Kil. Thesetheoreticalresultsassumea globally uni-
form samplingdensitywhich is quite restrictive. For exam-
ple, in Figure 1, the globally uniform samplingcondition
needsmore than 104 points to samplethe arc ab because
of asmallfeaturesomewhereelse.Ouraim is to proveguar-
anteesaboutMLS surfacesunderanadaptivesamplingcon-
dition similarto theoneusedby AmentaandBern[AB99] in
thecontext of noise-freereconstruction.Undersuchadaptive
sampling,oneneedsonly 6 pointsto samplethearc in Fig-
ure 1. To accommodatean adaptive sampling,we comeup
with a new variantof theMLS surfaces,which incorporates
thelocal featuresizesof thesampledsurfacein its formula-
tion. Ourresultsshow thatthisnew MLS surfacehasseveral
advantagesoverotherexistingMLS methods.
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Figure1: Thedash-dotlinesrepresentthemedialaxis.
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1.1. MLS surfaces

Moving leastsquaresis anextensionof thewell known least
squarestechniqueto �t asurfaceto agivensetof datapoints.
The term `moving' refers to the variousweighting of the
points in calculatingtheir contributions to the solution at
different locations.This uni�ed view of the moving least
squaresis nicely explainedby Shenet al. [SOS04].There
aremainly two typesof MLS surfacesconsideredin thelit-
eraturein thecontext of surfacereconstructions.

1.1.1. Implicit MLS

Shenet al.[SOS04] de�ned a MLS surfaceimplicitly by a
function which they called IMLS surface.This surface is
speci�ed by the moving least-squaressolution to a set of
constraintsthat force the function to assumegiven values
at the samplepoints and also force its upward gradientto
matchtheassignednormalsat thesamplepoints.Eachcon-
straintis associatedwith a weight function. In the simplest
case,theimplicit functioncanbetakenas

I (x) =
å p2 P[(x� p)Tvp]qp(x)

å p2 P qp(x)
(1.1)

whereqp is a weighting function andvp is the normalas-
signedto a samplepoint p. Kolluri [Kol05] consideredthis
surfaceandshowedthattheIMLS surfaceis indeedisotopic
(strongerthanhomeomorphic)to thesampledsurfaceif the
inputsampleis suf�ciently dense.

1.1.2. Projection MLS

Levin [Lev98] pioneereda MLS surfacethat is de�ned asa
setof stationarypointsof a projectionoperator. We call this
projectionbasedMLS surfacesasPMLS surfaces.Amenta
andKil [AK04] gave a moreexplicit de�nition for PMLS
surfacesas the local minima of an energy function along
thedirectionsgivenby a vector�eld. Basedon this explicit
de�nition, they gave an implicit form for PMLS surfaces.
Speci�cally, they showedthat thePMLS surfacede�ned by
Levin [Lev98] is actually the implicit surfacegiven by the
zero-level setof theimplicit function

J (x) = n(x)T (
¶E(y;n(x))

¶y
jx)

wheren: R3 ! R3 is a given vector �eld, E: R3 � R3 !
R is anenergy functiongivenby E(y;n(x)) = 1

2 å p2 P[(y �

p)Tn(x)]2qp(y) with qp asa weightingfunction. If qp is a
Gaussianwith width h then

J (x) = å
p2 P

(x� p)Tn(x)[1� (
(x� p)Tn(x)

h
)2]qp(x): (1.2)

ThePMLSsurfacede�nition inherentlyleadsto aprojection
methodby which pointscanbe projectedonto the surface.
Dey, Goswami andSun[DGS05] prove theoreticalguaran-
teesfor PMLSsurfaces.

1.1.3. Variation of PMLS (VMLS)

If wede�ne theenergy functionasE(y;n(x)) = 1
2 å p2 P[(y�

p)Tn(x)]2qp(x) wheretheweightingfunctionqp varieswith
x insteadof y, we obtaina variantde�nition of PMLS sur-
faces,whichwecall VMLS in short.Indeed,this is theMLS
surfaceactuallyimplementedin PointShop3D by Zwicker
etal. [ZPKG02]. It hasaverysimpleimplicit form

G(x) = å
p2 P

[(x� p)Tn(x)]qp(x): (1.3)

An advantageof this de�nition is that, unlike the standard
PMLS surfaces,its inherentprojectionproceduredoesnot
requireany non-linearoptimization,which makesthealgo-
rithm fast,stableandeasyto implement.

1.1.4. Results

We adoptthe IMLS form in equation1.1 andmodify it to
beadaptive to thefeaturesizesof thesampledsurface.This
enablesus to prove guaranteesunderan adaptive sampling
conditionasopposedto theuniform oneof Kolluri [Kol05]
andDey etal. [DGS05].Themodi�cation is in thechoiceof
theweightingfunctionfor de�ning theimplicit functionI .

Theweightingfunctionqp for de�ning I is chosento bea
Gaussianwhosewidth dependson thelocal featuresizesas
de�ned by AmentaandBern[AB99]. Theparticularchoice
of this featuredependenceis new and reasonedin section
3.1.We call theMLS surfacegivenby I with thesefeature
dependenciesthe adaptiveMLS surfaceor AMLS surface
in short.As animplicit surface,onecanprojecta pointonto
AMLS surfacesby theNewtoniterationmethodwhichstrik-
ingly outperformsthe well known projectionprocedurefor
PMLSor VMLS surfaces.

We prove guaranteesfor AMLS surfacesunderanadap-
tive samplingconditionandnote its advantagesover other
MLS surfaces.Speci�cally our resultscanbe summarized
asfollows.

(i) ThesubsetW of I � 1(0) ontowhichpointsareprojected
is indeedisotopicto thesampledsurface,i.e.,onecanbe
continuouslydeformedto theotheralwaysmaintaininga
homeomorphismbetweenthem.

(ii) The above guaranteerequiresthat the assignedvectors
to thesamplepointscloselyapproximatethenormalsof
thesampledsurface.We presenta provablealgorithmto
estimatethenormalsat thesamplepointsevenwhenthey
arenoisy.

(iii) Wepresentanimplementationto approximatetheAMLS
surface which establishesits effectivenessand discuss
several of its advantagesover other MLS surfaces.
Speci�cally, our resultsshow that the standardNewton
iterationusedfor projectionon AMLS surfacesis faster
thantheprojectionsusedfor PMLSsurfaces.
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2. Preliminaries

2.1. Surfaceand thickening

Let S � R3 beacompactC2 smoothsurfacewithoutbound-
ary. For simplicity assumethat S has a single connected
component.Let WI and WO denotethe boundedand un-
boundedcomponentsof R3 n S respectively. For a point
z 2 S, let ñz denotethe orientednormalof S at z whereñz
pointslocally toward the unboundedcomponentWO. Let a
line througha point z 2 S alongthe normal ñz be denoted
`z;ñ(z) .

For a point x 2 R3 anda setX � R3, let d(x;X) denote
the distanceof x to X, i.e., d(x;X) = infy2 X kx � yk. The
medialaxis M of S is the closureof the setY � R3 where
for eachy 2 Y thedistanced(y;S) is realizedby two or more
points.In otherwords,M is the locusof the centersof the
maximalballswhoseinteriorsareemptyof any point from
S. Thelocal featuresizeatapointz2 S, lfs(z), is de�ned as
thedistanced(z;M) of z to themedialaxisM. Thefunction
lfs() is 1-Lipschitz.

Let n : R3 ! S mapa point x 2 R3 to its closestpoint in
S. It is known thatn is well de�ned if its domainavoidsM
which will be the casefor our useof n. Denotex̃ = n(x).
Let f (x) denotethe signeddistanceof a point x to S, i.e.,
f (x) = (x � x̃)T ñx̃. For a real d � 0, de�ne offset surfaces
S+ d andS� d where

S+ d = f x 2 R3 j f (x) = + dlfs(x̃)g

S� d = f x 2 R3 j f (x) = � dlfs(x̃)g:

Let dSbetheregionbetweenS� d andS+ d, i.e.,

dS= f x 2 R3 j � dlfs(x̃) � f (x) � dlfs(x̃)g;

Figure2 illustratestheaboveconcepts.

lfs z( )

n~z

x~n~

x~
M

M

x
-- dS

z

Figure2: ThesetdS, medialaxis,normalsandlfs() .

2.2. Sampling

An adaptive sampling density based on the local fea-
ture size called e-sampling has been used for proving
the correctnessof several surface reconstructionalgo-
rithms [AB99, ACDL02,BC00]. For this work we assume

asimilarsamplingconditionbut modify it for possiblenoisy
input.Apartfrom condition(iii) justi�cation of all othercon-
ditions canbe found in [DG04]. We sayP � R3 is a noisy
(e;a)-sampleof thesurfaceS if thefollowing samplingcon-
ditionshold.

(i) Thedistancefrom eachpoint z 2 S to its closestsample
point is lessthanelfs(z).

(ii) Thedistancefrom eachsamplepoint p 2 P to its closest
point p̃ onS is lessthane2lfs( p̃).

(iii) Eachsamplepoint p is equippedwith anormalvp where
theanglebetweenvp andthenormalñp̃ atits closestpoint
p̃ onS is lessthane.

(iv) The numberof the samplepoints insideB(x;elfs(x̃)) is
lessthana smallnumbera, for any x 2 R3. In this paper
a is setto be5.

Obviously the lessthe e is, the betterS is sampledby P.
UsuallyP is consideredto beagoodsampleof thesurfaceif
e � 0:1.

For our proofs we needa result that all samplepoints
neara point z on S lie within a small slabcenteringz. Kol-
luri [Kol05] madea similar observation assuminguniform
samplingdensity. Herewe extendit for adaptive sampling.
A ball with the centerx andradiusr is denotedasB(x; r).
DenoteS(x; r) to be the boundaryof B(x; r). Considerany
point z on S anda ball B(z; r lfs(z)) with a smallradius,i.e.,
r > 0 is small.Let PL+ andPL� betwo planesperpendicu-
lar to ñz andatasmalldistancewlfs(z) from z. Weshow that
if w is of theorderof e2 + r 2, all pointsof P within theball
B(z; r lfs(z)) lie within theslabmadeby PL+ andPL� . The
proof is includedin theappendix.

Lemma 1 For r � 1 ande � 0:1, any samplepoint inside
B(z; r lfs(z)) lies insidetheslabboundedby theplanesPL+
andPL� where

w =
(e2 + r )2

2(1� e2)2 +
(1+ r )
1� e2 e2:

In additionweshow thatasmallball B(x; r
2 lfs(x̃)) centering

any point x in R3 containsa smallnumberof pointsfrom P
(proof in theappendix).

Lemma 2 For r � 0:4 ande � 0:1, the numberof sample
pointsinsideB(x; r

2 lfs(x̃)) is lessthanl where

l = a if r � 2e

=
75r 3a

e3 otherwise.

3. De�nition of AMLS

3.1. Weighting functions

The implicit functionvalueI (x) at a point x shouldbepri-
marily decidedby thenearbysamplepoints.That is exactly
the reasonwhy different implicit MLS functionsproposed
so far weigh the samplepointsdifferently in a suminstead

c
 TheEurographicsAssociation2005.



T. K. Dey andJ. Sun/ AnAdaptiveMLSSurfacefor Reconstructionwith Guarantees

of giving them equalweights.We have alreadyseenthat
the samplepointswithin a suf�ciently small neighborhood
arepredictablydistributedwithin a small slab(Lemma1).
However the surfaceoutsidethe neighborhoodcould vary
arbitrarily without changingits part inside.As a result,the
samplepointsoutsidetheneighborhoodcouldbearbitrarily
distributed.Hencewe shoulddesigna weighting function
suchthat the samplepointsoutsidethe neighborhoodhave
muchlesseffecton theimplicit functionthanthoseinside.

x~~x

p~
p~=p

xb

x
(  )~lfs x

(  )~lfs p

Figure 3: Thesolid curvesandthedash-dotlinesrepresent
part of thesurfaceandits medialaxisrespectively.

Gaussianfunctionsarea goodchoiceto meetthe above
requirementssincetheir widthscancontrol the in�uence of
thesamplepoints.To make the implicit surfacesensitive to
featuresof the original sampledsurface,we take the width
of theGaussianfunctionto bea fractionof thelocal feature
size.However, oneneedsto be morecareful.If we simply

take a fractionof lfs(x̃) asthe width, i.e., take e
� k x� pk 2

[r lfs(x̃)]2 as
theweightingfunctionwherer < 1,wecannotboundtheef-
fect of thefar away samplepoints.Considerthe left picture
in Figure3. Thelocal featuresizeat thepoint p̃ canbearbi-
trarily smallandhencethenumberof samplepointsaround
p̃ needsto be arbitrarily large to meet the samplingcon-
ditions. Consequently, the summationof the weightsover
thosesamplepointswhich areoutsideB(x; lfs(x̃)) becomes
too largeto bedominatedby thecontributionsof thesample
pointsin theneighborhoodof x.

An alternative option is to take a fractionof lfs( p̃) asthe

width, i.e., take e
� k x� pk 2

[r lfs( p̃)]2 asthe weightingfunction.How-
ever it alsofailsasillustratedin theright picturein Figure3.

Thesamplepointssuchasp hasaconstantweighte
� 1

[r cosb]2 .
As the summationextendsoutsidethe neighborhoodof x,
the contribution of the samplepoints remainsconstantin-
steadof decreasing.As a result,onecannothopeto bound
theoutsidecontribution.

Weovercomethedif�culty by anovel combinationof the
above two options,i.e, by takinga fractionof

p
lfs(x̃)lfs( p̃)

asthewidth of theGaussianweightingfunctions.This takes
into accounttheeffectsfrom bothmembers,thecontribution

senderp andthe contribution receiver x. Unlike e
� k x� pk 2

[r l f s( p̃)]2 ,
such form of weighting function decreasesas p goesfar
away from x no matterhow thesurfacelooks like. In addi-
tion, suchform of weightingfunctionassignsa smallvalue
to thepointsthat samplesmall features,which in turn can-
celsout the effect that small featuresrequiremoresample
points.

There is still one more dif�culty . The function lfs() ,
thoughcontinuous,is notsmootheverywhereonS. Thenon-
smoothnessappearswhereS intersectsthemedialaxisof its
own medialaxis M. To make the implicit functionsmooth,
weuseasmoothfunction f () arbitrarilycloseto lfs() where

j f (x) � lfs(x)j � blfs(x) (3.4)

for arbitrarily smallb > 0, say10� 100. This is doablesince
thefamily of realvaluedsmoothfunctionsoversmoothman-
ifolds is densein thefamily of continuousfunctions[Hir88]
andthe minimal featuresize is strictly positive for any C2

manifold [Wol92]. Finally we choosea fraction (given by
r e) of

p
f (x̃)) f ( p̃) asthewidth of theGaussianweighting

functions.Speci�cally we take

lnqp(x) = �

p
2kx� pk2

r 2
e f ( p̃) f (x̃)

: (3.5)

The factor
p

2 in the exponentis for the conveniencein
proofsaswewill seelater. In general,it is known thatlarger
valuesof r e make the MLS surfacesmoother. To have a
senseof appropriatevaluesof r e, considerthe casewhere
x is on thesurfaceS. Thesamplepointssuchasp in Figure
4 acrossthe medialaxis to point x shouldhave little effect
on the implicit function valueat x. Taking r e � 0:4 makes

the weight of p at x lessthan e� 25
p

2 � 5 � 10� 16 since
kx� pk � 2maxf lfs(x̃); lfs( p̃)g.

x~=x

p~=p

Figure 4: Thesolid andthedash-dotlinesrepresentpart of
thesurfaceandits medialaxisrespectively.

3.2. AMLS function

De�ne

N (x) = å
p2 P

[(x� p)Tvp]qp(x) (3.6)

and

I (x) =
N (x)
W (x)

(3.7)

whereW (x) = å p2 P qp(x). Obviouslytheimplicit functions

N andI have exactly the same0-level set,i.e., I � 1(0) =
N � 1(0). Therefore,we could have taken N insteadof I
for AMLS, but we show in section8 thatI hasa signi�cant
computationaladvantagesinceNewton iterationfor I hasa
muchlarger convergentdomainthanthe onefor N . How-
ever, the functionN hasa simplerform to analyze.Hence,
weanalyzethe0-level setof I via thefunctionN .
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4. Contrib utions of distant samplepoints

Theorem1 is one of our main contributions in this paper,
which saysthat the effect of the distantsamplepointson a
point canbebounded.Oncewe prove this, theoverall tech-
nique of Kolluri [Kol05] for IMLS surfaceswith uniform
samplingor of Dey et al. [DGS05] for PMLS surfaceswith
uniform samplingcanbeapplied.However, thedetailsneed
carefulwork.

In variousclaims, the contribution of a samplepoint p
to the implicit functionor its derivative at a point x will be
boundedfrom aboveby anexpressionthatinvolvestheterm

Ip(x) = e
�

p
2k x� pk 2

r 2 f ( p̃) f (x̃) �
kx� pks

[ r 2
p

2
f ( p̃) f (x̃)]t

:

The valuesof s andt will vary between0 to 2 andfrom 0
to 1 respectively in variousequationswhereIp is used.For
instance,thecontributionof asamplepoint p to thefunction
N atx canbeboundedby Ip(x) with s= 1 andt = 0.

Following Kolluri [Kol05] ourstrategy for boundingIp(x)
will be to decomposethe spaceinto sphericalshellscen-
tering x. Theorem1 shows that the total contribution from
all samplepoints in the shellsdecreasesas their distances
from x increase.Let Sx(w; r ) betheshellregionbetweenthe
spheresS(x;wlfs(x̃)) andS(x; (w+ r )lfs(x̃)) . For i = 0;1; :::
considerthe nestedshellsgiven by Sx(wi ; r ) wherewi =
r + ir (Figure 5). To prove Theorem1 we needa result
that boundsthe total contribution of the samplepoints ly-
ing within the intersectionof a small ball of radius r

2 lfs(x̃)
andtheshellSx(wi ; r ). Let B r

2
beany suchball. We would

like to boundthesumå p2 B r
2

\ Sx(wi ;r ) Ip(x). Theball B r
2

has

aradius r
2 lfs(x̃) thoughits centeris notnecessarilyx. There-

fore,onecannotuseLemma2 to boundthenumberof sam-
ple points insideB r

2
. We overcomethis dif�culty by using

a hierarchicalsubdivision of the boundingbox NC1 of B r
2
.

Thesubdivisiondividesacubeunlessit canbecoveredwith
a ball B(c; r) wherer is a fraction of lfs(c̃). Then,onecan
call uponLemma2 to boundthe numberof samplepoints
in B(c; r) andhencein thecubesof thesubdivision. There-
fore,wecanboundthenumberof samplepointsin B r

2
using

the numberof the leaf nodesin its correspondingsubdivi-
sion tree.Notice that we do not have an explicit boundfor
thenumberof samplepointsin any B r

2
sinceatdifferentpo-

sitionsB r
2

mayhave differentsubdivision treesadaptingto
the local geometryof the surface.However, we do have an
explicit upperboundfor the total weightsfrom the sample
pointsinsideany B r

2
asprovedin Lemma3.

AssumeahierarchicalsubdivisiontreeHSTof NC1 asfol-
lows.Let c1 bethecenterof theboundingcubeNC1. Subdi-
videNC1 into 27subcubesof size r

3 lfs(x̃) if lfs(c̃1) < lfs(x̃).
Let NC2 be any suchsubcube.It canbe coveredby a ball
B r

22
= B(c2; r

22 lfs(x̃)) wherec2 is the centerof NC2. Sub-

divide NC2 in the sameway if lfs(c̃2) < 1
2 lfs(x̃). In gen-

eral, keep subdividing a subcubeNCk at the kth level if
lfs(c̃k) < 1

2k� 1 lfs(x̃) whereck is thecenterof NCk. Observe
thatNCk is coveredby B r

2k
= B(ck; r

2k lfs(x̃)) . Figure5 shows

aHSTin 2D case.WeuseNCk alsoto denoteits intersection
with B r

2k
.

1c

3c
2cr

2
B_

r
2

B_

B_r
22

iw ~(  )f x

i
~(  )w+r f x(        )

B_r
23

w,i r(        )xS

�������

�������

�������

�������

�������

�������

�������

�������

x

Figure5: Thenestedshellsandthehierarchical subdivision
tree.

Lemma 3 If r � 0:4, e � 0:1 andr � 5r ,

å
p2 B r

2
\ Sx(wi ;r )

Ip(x) � l e
� rwi

(1+ 2r)r 2 �
ws

i
r 2t f (x̃)s� 2t

where0 � s � 2, 0 � t � 1 andl is de�ned in Lemma2.

Proof Case1: lfs(c̃1) � lfs(x̃): HSThasonly onenodeNC1.
Let p beany samplepoint in B r

2
. Observe that kp̃ � c̃1k �

2kp̃� c1k � 2(kp̃� pk + kp� c1k) � 2e2lfs( p̃) + r lfs(c̃1).
By Lipschitzpropertyof lfs() ,

lfs( p̃) �
1� r

1+ 2e2 lfs(x̃):

Frominequality3.4wehave

f ( p̃) �
1� r

b0(1+ 2e2)
f (x̃)

whereb0= 1+ b
1� b . Similarly from conditionkx� pk � rlfs(x̃)

(p lies in Sx(wi ; r )) andthefactkx̃� p̃k � 2(kx� pk+ kp�
p̃k) � 2kx� pk + 2e2lfs(x̃). weobtain

f ( p̃) � (1+ b)
1+ 2r

r(1� 2e2)
kx� pk:

Hence

Ip(x) � e
�

p
2(1� 2e2)

(1+ b)(1+ 2r)
rk x� pk
r 2 f (x̃) � [

p
2b0(1+ 2e2)

1� r
]t �

kx� pks

[r f (x̃)]2t

which is a decreasingfunctionof kx� pk whenkx� pk �

4r lfs(x̃). Sincekx� pk � wi f (x̃)
1+ b , wehave

Ip(x) � e
�

p
2(1� 2e2)

(1+ b)2(1+ 2r)

rwi
r 2 �

[
p

2b0(1+ 2e2)]t

(1� r )t (1+ b)s �
ws

i
r 2t f (x̃)s� 2t

� e
� rwi

(1+ 2r)r 2 �
ws

i
r 2t f (x̃)s� 2t :

It is not hard to verify the secondinequality under the
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given conditions.The lemma follows from the fact that
B(c1; r

2 f (c̃1)) coversB r
2

andhencethe numberof sample
pointsinsideB r

2
is lessthanl from Lemma2.

Case2: lfs(c̃1) < lfs(x̃): Considera leafnodeNCk at thekth
level which is coveredby B r

2k
in HST. We have lfs(c̃k) �

1
2k� 1 lfs(x̃). Let p beany samplepoint insidethenode.Since
kp̃� c̃kk � 2kp̃� ckk, weobtain

f ( p̃) �
1� r

b0(1+ 2e2)
�

1
2k� 1 f (x̃):

On the otherhand,p is alsoinsidethe parentnodeNCk� 1
coveredby B r

2k� 1
in HST. Sincekp̃� c̃k� 1k � 2kp̃� ck� 1k

andlfs(c̃k� 1) < 1
2k� 2 lfs(x̃), weobtain

f ( p̃) �
b0(1+ r )
1� 2e2 �

1
2k� 2 f (x̃):

Hencefor thegivenvalueof r ande, wehave

Ip(x)

� e
� 2k� 2

p
2(1� 2e2)
b0(1+ r )

k x� pk 2

[r f (x̃)]2 � 2t(k� 2) [
2
p

2b0(1+ 2e2)
1� r

]t �
kx� pks

[r f (x̃)]2t

�
1
27

e
� 2k� 2 rwi

(1+ 2r)r 2 � 2t(k� 2) �
ws

i
r 2t f (x̃)s� 2t

SinceB(ck; r
2 f (c̃k)) covers B r

2k
and hencethe numberof

samplepointsinsidethe leaf nodeNCk is lessthanl from
Lemma2, wehave

å
p2 NCk

Ip(x) �
1
27

� l e
� 2k� 2 rwi

(1+ 2r)r 2 � 2t(k� 2) �
ws

i
r 2t f (x̃)s� 2t

(4.8)
Theabove equationgivestheboundfor contributionsof the
samplepointsinsidea singleleafnodeNCk at any level k �
2. We useinduction to establishthat the boundalsoholds
for any internalnode.Let NCk beaninternalnode.Then,by
inductionwecanassumethateachof the27childrenof NCk
satisfyequation4.8 with k = k+ 1. Summingover this 27
childrenandreplacingk with k+ 1 in equation4.8,weget

å
p2 NCk

Ip(x) � l e
� 2k� 1 rwi

(1+ 2r)r 2 � 2t(k� 1) �
ws

i
r 2t f (x̃)s� 2t

�
1
27

� l e
� 2k� 2 rwi

(1+ 2r)r 2 � 2t(k� 2) �
ws

i
r 2t f (x̃)s� 2t :

Thelemmafollows from thefactthat27 NC2s partitionB r
2
.

Theorem 1 If r � 0:4, e � 0:1 and r � 5r , then for any
x 2 R3

å
p=2 B(x;r f (x̃))

Ip(x) � C1l �
r2 + rr + r 2

r 2 e
� r2

(1+ 2r)r 2 �
rs

r 2t f (x̃)s� 2t

where0 � s � 2, 0 � t � 1 andC1 = 180
p

3p.

Proof ThespaceoutsideB(x; rlfs(x̃)) canbedecomposedby

(Sx(wi ; r ))1
i= 0 wherewi = r + ir . EachSx(wi ; r ) canbecov-

eredby lessthan 36
p

3p(w2
i + wi r + r 2)
r 2 ballsof radiusr

2 lfs(x̃) as
in [Kol05].FromLemma3 thecontributionfrom thesample
pointsinsideeachof theseballsarebounded.Hence

å
p=2 B(x;r f (x̃))

Ip(x) =
1

å
i= 0

å
p2 Sx(wi ;r )

Ip(x)

�
C1l

5

1

å
i= 0

w2
i + wir + r 2

r 2 e
� rwi

(1+ 2r)r 2 �
ws

i
r 2t f (x̃)s� 2t

� C1l �
r2 + rr + r 2

r 2 e
� r2

(1+ 2r)r 2 �
rs

r 2t f (x̃)s� 2t :

Thelastinequalityholdsbecausetheseriesis boundedfrom
aboveby ageometricserieswith commonratiolessthan0:8.

5. Isotopy

Althoughwe prove Theroem1 with hypothesisr � 0:4 and
e � 0:1 which is plausiblein practice,our proof for isotopy
usesthesettinge � 4� 10� 3 andr e = e. Therequirement
for suchsmall e is probablyan artifact of our proof tech-
nique.Thereare roomsto improve theseconstantsthough
theproofsbecomemorecomplicated(seethediscussionat
theendof thesection).We focusedmoreon demonstrating
the ideasbehindthe proofs ratherthantighteningthe con-
stants.In ourexperiments,theAMLS surfaceswork well on
sparsedatasetsasweshow in section7.

Let W = N � 1(0)
T

0:1S, the subsetof N � 1(0) inside
0:1S. Lemma5showsthatW is indeedwithin 0:3eS. In addi-
tion, Lemma7 impliesthat5N cannotvanishin 0:3eSand
hence0 is a regularvalue.So,by implicit functiontheorem
W is acompact,smoothsurface.Recallthatn: R3 ! S takes
apoint to its closestpointonS. Let njW betherestrictionof
n to W. Weprove thatnjW is ahomeomorphism.SinceW is
includedin a topologicalthickening0:3eSof S andW sep-
aratesthesidesof 0:3eS, we alsohaveW andS isotopicin
R3 due to a result of Chazaland Cohen-Steiner[CCS04].
So,to prove isotopy weonly needto prove thatW andS are
homeomorphic.

Theorem2 njW is ahomeomorphism.

Proof The function njW is continuoussincen is. SinceW
is compact,it is suf�cient to show thatnjW is surjective and
injectivewhicharethestatementsof Lemma6 andLemma8
respectively.

Lemma12 in theappendixsaysthat, for a point closeto
thesurfaceS, its nearbysamplepointsarenicelydistributed.
This factplaysanimportantrole in thefollowing proofs.We
summarizethispropertyasfollows.As Figure6 shows,for a
point x onS+ d or S� d, all samplepointsinsideB(x; rlfs(x̃))
are inside a narrow slab boundedby two planesPL+ and
PL� with w(r) distanceto x̃ if d andr aresmall.In addition,
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w(r)
w(r) ~x

PL+ 

PL�

n~x~

vp

~

x
r

h

<R(r) p
p

Figure 6: All markeddistancesare in unit of lfs(x̃). h is the
anglebetweeñnx̃ andvp.

thedistancebetweeñx andp̃ is lessthanR(r) (seeAppendix
for de�nitions of R(r) andw(r).

In our proofs for surjectivity and injectivity of njW, we
considerthe samplepoints outsideB(x; relfs(x̃)) (in short
Be) as the distantones.DenoteRe to be R(re) and we to
be w(re). Sincefuncion valueslfs() and f () arevery close
to eachother, thedifferencebetweenthevaluesof thesetwo
functionswill notaffect theresultof theproofaswealready
demonstratein theproof of Lemma3. For thesake of sim-
plicity, we make no differencebetweenthe valuesof these
two functionsfor the proofs in the restof this section.Let
k =

p
21+ e2

1� e .

5.1. Surjectivity of njW

Lemma 4 Let x beapointonS� d andp beany samplepoint
insideBe wherere =

p
2kd+ 5r e. If 0:3e� d � 0:1 then

(x� p)Tvp � (0:9d� 45e2)lfs(x̃) if x 2 S+ d

� (� 0:9d+ 45e2)lfs(x̃) if x 2 S� d

Proof Weprovethe�rst half. Thesecondhalf canbeproved
similarly. Frominequality9.15,wehave

(1� Re)lfs(x̃) � lfs( p̃) � (1+ Re)lfs(x̃):

Under the given valuesfor the parameters,we have Re <
0:18. In Figure7, Bm is the medialball at p̃ on the sideof
S not containingx. Let q bethecenterof Bm. We have kq�
p̃k � lfs( p̃), dlfs(x̃) � kx� p̃k � relfs(x̃) + e2lfs( p̃) andkx�
pk � kx� p̃k � e2lfs( p̃).
Let x be the anglebetweenxp̃ and the normalat p̃ and z
be the anglebetweenxp andxp̃. Hencethe anglebetween
xp andvp is lessthanz + x + e. Sincekx� p̃k � kx� x̃k �
0:3elfs(x̃) andkp� p̃k � e2lfs( p̃), wehave z � 4e. In addi-
tion

kx� qk = kx� p̃kcosx+ kq� p̃k)2 + kx� p̃k2 sin2 x:

SinceBm is on thesideof S not containingx, we have kx�

qk � kx� x̃k + kq� q̃k. Hence

cosx �
2kx� x̃kkq� p̃k + kx� x̃k2 � kx� p̃k2

2kx� p̃kkq� p̃k
:

Therefore,

(x� p)Tvp � kx� pkcos(x+ 5e)

� (kx� p̃k � (1+ Re)e
2lfs(x̃))( cosx � 5e)

� kx� p̃kcosx � 5ekx� p̃k � 2e2lfs(x̃)

which shows the�rst half of thelemmaby carefullysubsti-
tuting theinequalitieswederived.

Kolluri [Kol05] proved a similar result without restriction
of the upperboundfor d undera global uniform sampling
condition.However, underthe adaptive samplingcondition
assumedin this paper, this upperboundis neededto make
surethat the local featuresizeat p̃ is not arbitrarily small
comparedto lfs(x̃).

~x

x
x

z

p~

Be

vp

Bm

p

q

Figure7: Illustration for Lemma4

To prove that njW is surjective we use the following
lemmawhich saysthat N crosseszero within 0:3eS, i.e.
W 2 0:3eS.

Lemma 5

N (x) > 0 if x 2 (0:1Sn0:3eS) \ WO

< 0 if x 2 (0:1Sn0:3eS) \ WI

Proof We prove the �rst half of the lemma.The otherhalf
canbeprovedsimilarly. Assumex 2 S+ d for 0:3e� d � 0:1.
Let re =

p
2kd+ 5r e. For any samplepoint p insideBe, from

Lemma4 wehave

[(x� p)Tvp]qp(x) � qp(x) � 0:09elfs(x̃) > 0: (5.9)

Fromthesamplingcondition(i), thereexistsa samplepoint
p0 with a distancelessthanelfs(x̃) to x̃ andhencelfs( p̃0) �
1� e
1+ e2 lfs(x̃). Wehave

å
p2 Be

[(x� p)Tvp]qp(x) > e
� k(d+ e)2

r 2
e � 0:09elfs(x̃):
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Next we considerthesamplepointsoutsideBe. FromTheo-
rem1 wehave

j å
p=2 Be

[(x� p)Tvp]qp(x)j � å
p=2 Be

e
�

p
2k x� pk 2

r 2
e f ( p̃) f (x̃) kx� pk

� C1l
r2
e + rer e+ r 2

e

r 2
e

e
�

r2e
(1+ 2re)r 2

e � re f (x̃)

Hence

j å p=2 Be
(x� p)Tvpqp(x)j

å p2 Be
(x� p)Tvpqp(x)

� C1l
r2
e + rer e+ r 2

e

r 2
e

� e
� (

p
2kd+ 5e)2

(1+ 2re)r 2
e

+ k(d+ e)2

r 2
e �

re

0:09e

which reachesmaximumwhend attainsits minimum 0:3e

since1 + 2re < 2. So
j å p =2 Be(x� p)T vpqp(x)j
å p2 Be(x� p)T vpqp(x) � 0:002 which

shows the�rst half of thelemma.

Lemma 6 njW is surjective.

Proof Let zbeany pointin S. Thenormalline `z;ñ(z) , through

z along the normal ñz, intersectsN � 1(0) within 0:3eS,
thanksto Lemma5. By de�nition of W, it intersectsW at
pointx suchthatkx� zk � 0:3elfs(z). ThismeansnjW maps
apointof W to zor anotherpointy onS. Wearguethaty 6= z
doesnot exist. For if it does,thedistanceky� xk hasto be
lessthan0:3elfs(z). Hencewehavekz� yk � 0:6elfs(z). On
theotherhand,ky� zk hasto bemorethanthedistanceof
z to the medialaxis,which is at leastlfs(z). Therefore,for
eachpoint z 2 S, thereis a point in W which is mappedby
njW to z.

5.2. Injecti vity of njW

In thefollowing lemmaweprove thatthedirectionalderiva-
tive of N alongñx̃ is alwayspositive.This, in turn,helpsus
to prove that njW is injective. We introducea handynota-
tion. Let ux[N ] bethedirectionalderivative of N at a point
x alongtheunit vectoru.

Lemma 7 Let z be any point on S, thenfor any x 2 `z;ñz \
0:3eS

(ñz)x[N ] > 0

Proof Recall x̃ = n(x) andhencef (x̃) = f � n(x). Let u be
any unit vector. ux[F ] is the directionalderivative alongu
at point x. Obviously sincex avoids the medial axis of S,
ux[ f � n] = 0 if u = ñx̃. Sincez= x̃, wehave

(ñz)x[N ] = å
p2 P

(ñz)x[(x� p)Tvpqp(x)]

= å
p2 P

qp(x)
�
ñT

x̃ vp � 2

p
2(x� p)Tvp � (x� p)T ñx̃

r 2
e f ( p̃) f (x̃)

�
:

Let re =
q

2k(d+ e)2 + 25r 2
e. For any samplepoint p in-

side Be, we know it is inside the slab boundedby two

planesfrom Lemma12 asFigure6 shows. In additionwe
have lfs( p̃) � (1 � Re)lfs(x̃) from inequation9.15.We ob-
serve from Figure6 that j(x � p)T ñzj � (we + d)lfs(x̃) and
j(x � p)Tvpj � (we + d+ reh)lfs(x̃). Under the given val-
uesfor theparameters,we have re < 5:46e, Re < 5:46e and
hencewe < 16e2 andh < 0:028.Hence

(ñz)x[(x� p)Tvpqp(x)] � qp(x)
�
ñT

x̃ vp

� 2

p
2j(x� p)Tvpj � j(x� p)T ñx̃j

r 2
e(1� Re) f 2(x̃)

�
� 0:4qp(x) > 0:

(5.10)

In particular, thereexistsa samplepoint p0 lessthanelfs(x̃)
distanceaway from x̃. Hence

å
p2 Be

(ñz)x[(x� p)Tvpqp(x)] > 0:4e
� k(d+ e)2

r 2
e :

Next considerthesamplepointsoutsideBe. FromTheorem
1 wehave

j å
p=2 Be

(ñz)x[(x� p)Tvpqp(x)]j

� å
p=2 Be

e
�

p
2k x� pk 2

r 2
e f ( p̃) f (x̃)

�
1+ 2

p
2kx� pk2

r 2
e f ( p̃) f (x̃)

�

� C1l
r2
e + rer e+ r 2

e

r 2
e

� e
�

r2e
(1+ 2re)r 2

e
�
1+ 2

r2
e

r 2
e

�

Therefore,

j å p=2 Be
(ñz)x[(x� p)Tvpqp(x)]j

å p2 Be
(ñz)x[(x� p)Tvpqp(x)]

<
C1l
0:4

r2
e + rer e+ r 2

e

r 2
e

� e� 25
1+ 2re

�
1+ 2

r2
e

r 2
e

�

which is less0:001.Hence(ñz)x[N ] > 0.

Lemma 8 njW is injective.

Proof To prove the injectivity of njW, assumefor contra-
diction that there are two points w and w0 in W so that
njW(w) = njW(w0) = z. This means̀ z;ñz intersectsW at w
andw0 within 0:3eS(Lemma5). Without lossof generality
assumethatw andw0 aretwo suchconsecutive intersection
points.Then,̀ z;ñz makesatleastp

2 anglewith oneof thenor-
malstoW atw andw0. But, thatis impossiblesinceLemma7
impliesthat

\ ñz;5N (x) <
p
2

for any point x 2 `z;ñz \ 0:3eS.

Therequirementfor smalle is mainlybecausethefollow-
ing fact.Ourproofrequiresthattheinequalities5.9and5.10
betruefor all thesamplepointsinsideBe. Thismeansall the
samplepointsinsideBe makepositivecontributionto theim-
plicit functionandits derivative.However, onecanrelaxthis
requirementby further classifyingthe samplepointsinside
Be andallowing thesamplepointscloseto theboundaryof
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Be to makenegativecontributions.Sincethesesamplepoints
have small weights,their contributions do not changethe
positivity of the entirecontribution from the samplepoints
insideBe.

6. Normal estimation

The computationof the normal vector �eld n requiresas-
signednormalsat the pointsof P. Theseassignednormals
shouldapproximatethe normalsat the closestpointsof S.
RecentlyDey etal. [DGS05]proposedaDelaunaybasedal-
gorithmfor estimatingnormals.Theproofsfor this estima-
tion workswith uniformsamplingcondition.Wecanextend
theproofsto theadaptivesamplingcondition.

A Delaunayball is a circumscribingball of a tetrahedron
in theDelaunaytriangulationof theinputpointsetP. It is de-
notedB(c; r) if its centeris c andradiusis r. We call B(c; r)
big if r is morethancertaintimestheaveragenearestneigh-
bor distancesof the samplepoints incidenton B(c; r). The
vectorsfromthesamplepointsincidenttosuchbigDelaunay
balls towardstheir centersindeedapproximatethe normals
of S. Figure8 showsanimplementationof this concept.

c
p

pv

Figure 8: Outward normalsare estimatedfrom big Delau-
nayballs at a subsetof samplepoints(middle);pointsafter
projectionwith thesenormals(right).

Lemma 9 Let D and D0 be two parallel disks within dis-
tanceof dr in a ball B = B(c; r) having the centerc on the
sameside.Let theanglebetweenD andtheboundaryof B be
morethan2q. Further, for k < 1, let q 2 D bea point where
d(q;¶D) � kr andq0 2 ¶B be a point whereqq0 is perpen-
dicular to D. Then,we have (i) kq � q0k > kr tanq and(ii)
d(q;¶D0) > kr � dr

tanq .

Proof We assumethat D is larger than D0 and prove the
lemma.The othercasewhereD is smallerthanD0 canbe
handledsimilarly achieving even a betterbound.Refer to
Figure 6 for all referencesof labels.Let p be the closest
point of q on ¶D. We aregiventhatkp� qk � kr. We have
ka� tk > (1� cos2q)r andkp� ak < r sin2q. Considerthe
similar trianglespat andpqu. Wehave

kq� uk =
kp� qk � ka� tk

kp� ak
>

kr(1� cos2q)r
r sin2q

> kr tanq:

Sincekq� q0k > kq� uk, we have the claim (i). To prove
claim(ii), considerthesimilar trianglespquandwsuanduse
the factsd(q;¶D0) > ks� wk, kq� sk < dr andks� uk >
kq� uk � dr > kr tanq� dr.

B

t

w
s

a
b

D
D'

q
p

q'

r

>2qc

u q

q
p

B'

B

B''

Figure 9: Illustration for Lemma9 (left). Illustration for
Lemma10(right).

The following lemmais the basisof our normalestima-
tion.

Lemma 10 Let p 2 P beincidentto a Delaunayball B(c; r)
wherer > 1

5 lfs( p̃) andc 2 WO. Then,\ ~pc; ñp̃ = O(e) for a
suf�ciently smalle> 0.

Proof Let B = B(c; r). Assumethat ~pc makes an angleq
with the normal ñp̃. We claim that, if q > 200e, the ball B
containsa point of P insidecontradictingthefactthatB is a
Delaunayball.
Consider the slab Lp with width 2 � 35e2lfs( p̃) for the
point p̃ delimited by two planesPL+ and PL� as stated
in Lemma1. The ball B( p̃;8elfs( p̃)) containsS andpoints
from P only within Lp dueto Lemma1. Sincekp � p̃k �
e2lfs( p̃), the ball B0 = B(p;7elfs( p̃)) is containedwithin
B( p̃;8elfs( p̃)) andthuscontainsS andpoints from P only
within Lp.
Let Np denotethe plane passingthrough p and with the
normalñp̃. Without lossof generality, assumethe planeof
Np is horizontal. Considerthe disk D in which B inter-
sectsNp. Let q be a point on the diameterof D passing
through p wherekp � qk = 4elfs( p̃) for suf�ciently small
e. By Lemma9, theverticaldistanceof q from ¶B is at least
4elfs( p̃) tanq

2 > 300e2lfs( p̃).
Thedistanceof q from theboundingplanesof Lp is at most
70e2lfs( p̃). This meansboth of theseboundingplanesin-
tersectB. Let D0 and D00be the disks in which PL+ and
PL� intersectB. By Lemma9 theboundariesof D0 andD00

are at least (4e� 70e2

tan100e)lfs( p̃) > 3elfs( p̃) distanceaway
from q when e is suf�ciently small. This meansthe ball
B00= B(q;3elfs( p̃)) intersectsthe slab Lp within B. The
ball B00cannothave any samplepoint from Lp as B does
not have any. Also, B00cannothave any samplepointsfrom
other slabsas B00 is containedin B(p;7elfs( p̃)) that has
all samplepointswithin Lp. A line passingthroughq and
perpendicularto Np must intersectthe surfaceS within Lp
sinceS separatesthesetwo planeswithin B0. Let this point
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be x. Then,x 2 S doesnot have any samplepoint within
(3e� 70e2)lfs( p̃) > 2elfs( p̃) > elfs(x̃) distanceviolatingthe
samplingcondition (i). Therefore,the angle q cannotbe
largerthan200easweassumed.

Lemma10 tells us that normalscan be estimatedfrom
large Delaunayballs. The next lemma is a direct conse-
quenceof Lemma5 in [DG04] which saysthat thereare
many big Delaunayballs.

Lemma 11 For eachpoint x 2 S, thereis a Delaunayball
containinga medialaxispoint insideanda samplepoint on
theboundarywithin O(e) f (x) distancefrom x.

Lemma10 andLemma11 togethersuggestanalgorithm
for estimatingthe normalsof S from P. We computethe
big Delaunayballs by comparingtheir radii with the near-
estneighbordistancesof the incidentsamplepoints.For a
point p 2 P, let l p denotethe averagenearestdistancesto
the � ve nearestneighborsof p in P. We determineall De-
launayballs incident to p whoseradii are larger than cl p
wherec is anuserde�ned parameter. We takec = 2:5 in our
experiments.Notice that somepoints in P may not satisfy
this conditionwhich meansthey do not contribute any big
Delaunayballs.After obtainingthenormals,weorientthem
usingaconsistentwalk on innerandouterDelaunayballsas
describedin [DG04].

7. Algorithm and Implementation

In thissectionwesummarizedifferentstepsof thealgorithm
for reconstructionandtheir implementations.In absenceof
S onecannotcomputelfs(x̃) andhencef (x̃) for apointx ex-
actly. Dueto thisdif�culty , our implementationasdescribed
below canonly approximatethe AMLS surface.However,
theresultsof our implementationshow thatthis approxima-
tion is effective in practice.

AMLS(P)
NORMAL ESTIMATION:

ComputeDel(P)
for eachpoint p with big Delaunayball

computethenormalnp
FEATURE ESTIMATION:

for eachp 2 P estimatef ( p̃)
PROJECTION:

for eachp 2 P
1 projectp to p0 by Newton iteration;

if kp� p0k > t go to 1 with p := p0

endfor
RECONSTRUCTION:

Let P0 betheprojectedpoint set;
reconstructwith P0.

We have alreadydiscussedthe normal estimationstep.
For featureestimation,weusetheapproximationof theme-
dial axiswith Voronoidiagrams.In noiselesscase,Amenta,
ChoiandKolluri [ACK01] showedthat,for a densesample,

theVoronoiverticesfurthestfrom their generatingsitesalso
calledpolesapproximatethemedialaxis.Then,by measur-
ing the shortestdistanceof a samplepoint p to the poles
onecanapproximatelfs(p). In caseof noise,this doesnot
work as polesdo not necessarilyapproximatethe medial
axis.As aremedywefall backonanobservationof Dey and
Goswami [DG04] which saysthateachmedialaxispoint is
coveredwith abig Delaunayball.So,weconsidereachpoint
p 2 P thathasabig Delaunayball incidentto it. Wetake the
centerof thebiggestDelaunayball incidentto p andalsothe
centerof thebiggestDelaunayball incidentto p in theoppo-
sitedirection.Thesecentersactaspolesin thenoisysample.
Let L denotethesesetof poles.We approximatef (x̃) at any
pointx asd(p;L) wherep is theclosestpoint to x in P. Actu-
ally, p approximates̃x andd(p;L) approximatesthedistance
of x̃ to themedialaxis.

In projectionwe move p to a new point p0 by Newton
iterationwhich canbedescribedasfollows.Projectp along
5I (p) to anew position

p0= p�
I (p)

k 5 I (p)k2 5 I (p) (7.11)

and iterate until the distancebetweenp and p0 becomes
smallerthana given threshold.To computeI and5I , we
only take the samplepoints inside the ball with radius 5
timesthewidth of theGaussianweightingfunctionsincethe
samplepointsoutsidethis ball have litte effect on the func-
tion. Theconvergenceof theNewton iterationcanbeproved
usingstandardnumericaltechniques.Dueto thespacelimit,
we skip a formal proof here.However, we show by exam-
plesthat theNewton iterationfor AMLS surfaceconverges
quickly andhasabig convergentdomainin section8.

Finally, the projectedset of points are fed to a recon-
structionalgorithmto producetheoutput.We usedtheCO-
CONE software[COC] to reconstructfrom theprojectedset
of points.Figure10 shows the resultsof our algorithmap-
pliedon MAX-PLANCK andBIGHAND point clouds.

8. Computational aspectsof AMLS

In this sectionwe discussseveralpropertiesof AMLS some
of whichprovide it anedgeover theothers.

8.1. Normalizing weights

ThedifferencebetweenthefunctionsN (x) andI (x) is that
the weights in I (x) is normalized.Although normalizing
weightsdoesnotchangetheimplicit surfaceaswediscussed
in section5, it doeschangethebehavior of theNewton pro-
jection(NP).Speci�cally it increasesthedomainof conver-
gencesigni�cantly. Onecanseefrom equation7.11thatNP
movesx alongthedirection5I (x) whenI (x) < 0 andalong
theoppositedirectionwhenI (x) > 0.Newtonprojectionfor
the funtion N hasa similar behavior. Figure11 shows the
gradient�eld andtheresultsof NP for I andN appliedon
anoisydata.
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Figure 10: Reconstructionresultsbefore (left) and after
(right) smoothingwith AMLS. r e = 0:75 for both models.
The reasonwe choosea bigger value for r e than the one
(0:4) wesuggestin section3.1 is thatour feature estimation
methodtendsto givea feature sizeslightly smallerthanthe
exactone.

Figure 11: The left and right columnsshowthe result of
NPonI andN respectively. Thetoprowshowsthefunction
valuesandthegradient�eld. Thevaluesarenegativeat cold
color and positiveat warm color. In the bottom,the lines
connectinput gray pointsto their correspondingstationary
greenpointsof NP.

8.2. AMLS vs.VMLS

VMLS surfacesasdiscussedin section1.1.3have aninher-
ent projectionprocedure(PP)by which the pointsarepro-
jectedonto the surfaces.PP can be describedas follows.

Model |P| Method #nb #iter Time

Max- 49137 NP 1000 3.1 94
planck PP 1108 7.2 310

bighand 38214 NP 1392 3.2 109
PP 1527 8.6 400

Table 1: |P| is the numberof pointsin the point cloud.We
compute#iter in theaverage sense, i.e., weaddup thenum-
ber of iterationsusedto projectall the input pointsanddi-
videit by|P| to get#iter. Similarly#nbis theaveragenumber
of pointsconsideredasneighbors. We choosethe threshold
t = 10� 25. Times(second)are for projectingall the input
points(PCwith a 2.8GHzP4CPUand1GBRAM).

Projectx alongn(x) to anew position

x0= x�
G(x)

å p2 P qp(x)
n(x) (8.12)

anditerateuntil a stationarypoint is reached.We arguethat
NP usedfor AMLS surfaceis betterthanthePPin two re-
spects:convergencerateandtiming.As Table8.2shows,NP,
in general,useslessiterationsto projectapointontotheim-
plicit surface.This is notsurprisingas5I (x) with x closeto
theimplicit surfacecanestimatethenormalmoreaccurately
at its closestpoint on the implicit surface.In addition,one
hasto computen(x) beforeevaluatingG(x) . Henceto com-
putethenew positionusingPP, onehasto iteratetwice over
its neighboringpointswhichmakesPPslower thanNPeven
in eachiteration.

8.3. AMLS vs.PMLS

In the de�nition of standardPMLS, the actualPMLS sur-
faceis only a subsetof thezerolevel setJ � 1(0) wherethe
energy functionE reachesa minimumalongthenormaldi-
rection.As onecandeducefrom equation1.2,therearetwo
otherlayersof zero-level setsof the implicit functionJ on
bothsidesof thePMLS surface,wheretheenergy function
E reachesthe local maximum;seethe left mostpicture in
Figure12. We refer to thesetwo layersasmaximalayers.
Thedistancebetweentheselayerscouldbeextremelysmall
at placeswhereeither the local featuresize is small or the
noiselevel is highor both.In thatcase,computationson the
PMLSsurfacebecomedif�cult.

Firstof all, many existingimplicit surfacetechniquessuch
asraytracingandpolygonizingbecomehardto applyon the
standardPMLS surfacesinceoneneedsto distinguishdif-
ferentzero-level sets.Whenthe maximalayerscomeclose
to the true PMLS surface,the marchingstepin a raytracer
andthesizeof thecubesin a polygonizermaybecomeim-
practically small. Actually, in the leftmost picture of Fig-
ure 12, althoughone edgeof the red cubeonly intersects
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Figure 12: Theleftmostandthemiddlepicturesshow0-level setsof thestandard PMLSundertwo differentnoiselevels.The
noiselevel in themiddleis higher. Bold greencurvesrepresentthe0-level setJ � 1(0) where E reachesminimawhile theblue
curvesare 0-level setswhere theenergy functionreachesmaxima.Therightmostpicture showsthe0-level setI � 1(0) under
thesamenoiselevelasin themiddlepicture.

the curve (bold greenline) once,a polygonizingalgorithm
[Blo94] misjudgedtheedgenot intersectingthesurface.

Second,the inherentprojectionprocedurefor the stan-
dard PMLS surface requires a non-linear optimization,
speci�cally an one-dimensionalminimization. The one-
dimensionalminimizationalgorithmsusuallybegin with an
interval known to containa minimumguessm suchthat the
functionvalueat m mustbe lessthanthefunctionvaluesat
the endsof the interval. Finding sucha minimum guessm
couldbehardif thetwo maximalayerscomeclose.

Third, thestandardPMLSsurfaceis moresensitive to the
noise.Whenthenoiselevel for positionor normalor bothin-
creases,the threelayersof thezero-level sets(onefor min-
ima and two for maxima)could easily interferewith each
other. In the middle pictureof Figure12, the zero-level set
for minima getsmerged with thosefor maxima.As a re-
sult, thestandardPMLS couldgive animplicit surfacewith
holesor disconnectness.However underthe samelevel of
noise,theAMLS still givestheproperimplicit surface,see
therightmostpicturein Figure12.
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9. Appendix

Thefollowing lemmaleadsto Lemma1.

Lemma 12 For d < 0:5 ande< 0:1, let x bea point on S+ d
or S� d andp beany samplepoint insideB(x; rlfs(x̃)) where

d < r < 1. Let R(r) =
q

(r� d+ e2+ 2de2)( r+ d+ e2)
(1� d)(1� e2)2 . Then, the

following hold.

(i) If R(r) < 1
3 then\ ñx̃;vp < R(r)

1� 3R(r) + e.
(ii) p lies inside the slab boundedby two planesPL+ and

PL� which areperpendicularto ñx̃ andat a distanceof

w(r)lfs(x̃) from x̃ wherew(r) = R(r)2

2 + 1+ r+ d
1� e2 e2.

Proof Let B be the ball B(x; rlfs(x̃)) . We have kp̃ � x̃k �
(d+ r)lfs(x̃) + e2lfs( p̃). From1-Lipschitzpropertyof func-
tion lfs() , weobtain

lfs( p̃) �
1+ r + d
1� e2 lfs(x̃) (9.13)

andhence

kx� p̃k �
r + e2(1+ d)

1� e2 lfs(x̃): (9.14)

Sincep̃ cannotbeinsideBout andBin, two medialballsat x̃.
Let gbetheradiusof eitherBout or Bin andhenceg� lfs(x̃).
As Figure13shows,onecanverify

kx̃� p̃k �

s
kx� p̃k2 � (dlfs(x̃))2

1� dlfs(x̃)=g
� R(r)lfs(x̃) (9.15)

If R(r) < 1
3 , \ ñx̃; ñp̃ < R(r)

1� 3R(r) by a resultof Amentaand
Bern[AB99] which togetherwith \ ñp̃;vp < eshows (i).

Furthermorewe have sinh
2 � kx̃� p̃k

2g . The distancefrom p̃

to thetangentplaneat x̃ is lessthang(1� cosh) = 2gsin2 h
2 .

Hencethe distancefrom p to the tangentplaneat x̃ is less
than2gsin2 h

2 + e2lfs( p̃), whichshows(ii) by substitutingin-
equalities9.13,9.14and9.15.

~x
PL�

PL+

g

x
r

p~

outB

inB

B

h

Figure 13: The marked distanceis in unit lfs(x̃). h is the
anglebetweeñxq and p̃qwhereq is thecenterof themedial
ball.

Proof of Lemma 1.

Proof This lemmaactuallyis thespecialcaseof part (ii) of
Lemma12with d = 0.

Proof of Lemma 2.

Proof If r � 2e, thelemmafollows from thesamplingcon-
dition (iv). So we assumer > 2e. Let B denotethe ball
B(x; r

2 lfs(x̃)) . If thereis no samplepoint in B we aredone.
So,let p beasamplepoint in B. Wehave

kx� x̃k � kx� p̃k �
r
2

lfs(x̃) + e2lfs( p̃):

From kx̃ � p̃k � 2kx � x̃k and the 1-Lipschitzpropertyof
lfs() , weobtain

lfs( p̃) �
1+ r

1� 2e2 lfs(x̃)

andhence

kx� x̃k � (
r
2

+
1+ r

1� 2e2 e2)lfs(x̃):

For any pointy insideB, wehavekỹ� x̃k � 2(ky� xk+ kx�
x̃k) andhencelfs(y) � xlfs(x) where

x = 1� (2r +
2(1+ r )
1� 2e2 e2)

which is greaterthan0:17underthegivenconditions.There
are at most a samplepoints inside B(y;exlfs(x)) from the
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samplingcondition(iv). We know B canbe coveredusing
lessthan( rp

2ex
+ 1)3 suchballs.Onecanverify ( rp

2xe
+ 1)3

is lessthan 75r 3

e3 , whichshows thelemma.

The above lemmaserves our proof well thoughwe could
usethepropertyderivedin Lemma12thatthesamplepoints
insideB(x; r

2 lfs(x̃)) arewithin a narrow slabto geta tighter
bound.
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