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Reconstruction

SurfaceReconstruction
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Topology Background

BasicTopology

d-ball Bd f x 2 Rd j jj xjj � 1g

d-sphereSd f x 2 Rd j jj xjj = 1g

Homeomorphismh : T1 ! T2

whereh is continuous,bijective
andhascontinuousinverse

k-manifold:neighborhoods homeomorphic to open k-ball
2-sphere,torus, doubletorus are 2-manifolds

k-manifoldwith boundary: interior points, boundary points
Bd is a d-manifold with boundary wherebd(Bd ) = Sd� 1
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Topology Background

BasicTopology

Smooth Manifolds

Triangulation
k-simplex

SimplicialcomplexK :
(i) t 2 K if t is a faceof t 0 2 K
(ii) t1; t2 2 K ) t1 \ t2 is a faceof both

K is a triangulation of a topological
spaceT if T � jK j
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Sampling

Sampling
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Sampling

MedialAxis
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Sampling

LocalFeatureSize

f (x) is the distance
to medialaxis
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Sampling

"-sample(Amenta-Bern-Eppstein98)

Eachx hasa sample
within " f (x) distance
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Sampling

VoronoiDiagram& Delaunay Triangulation

De�nition
Voronoi diagramVor P: collectionof Voronoi cellsf Vpg and its faces
Vp = f x 2 R3 j jj x � pjj � jj x � qjj for all q 2 Pg

De�nition
Delaunay triangulationDelP: dual of Vor P, a simplicialcomplex
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Curve Reconstruction

CurvesamplesandVoronoi
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Curve Reconstruction

CurveReconstructionAlgorithms

Crustalgorithm
(Amenta-Bern-Eppstein98)
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Curve Reconstruction

CurveReconstructionAlgorithms

Crustalgorithm
(Amenta-Bern-Eppstein98)

Nearest neighbor algorithm
(Dey-Kumar 99)

manyvariations
(DMR99,Gie00,GS00,FR01,AM02..)
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Surface Reconstruction

Di�culties in 3D

Voronoi verticescancome
closeto the surface. . .
sliversare nasty

Thereis no unique`correct'
surfacefor reference
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Surface Reconstruction

RestrictedVoronoi/Delaunay

De�nition
RestrictedVoronoi: Vor Pj � = f fP j � = f \ � j f 2 Vor Pg

De�nition
RestrictedDelaunay: DelPj � = f � j V� \ � 6= ;g
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Surface Reconstruction

Topology

ClosedBall property (Edelsbrunner,Shah94)

If restrictedVoronoi cell is a closedball in eachdimension,then
DelPj � is homeomorphic to � .
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Surface Reconstruction

Topology

ClosedBall property (Edelsbrunner,Shah94)

If restrictedVoronoi cell is a closedball in eachdimension,then
DelPj � is homeomorphic to � .

Theorem
For a su�ciently small" if P is an
"-sampleof � , then (P, � ) satis�es
the closedball property, andhence
DelPj � � � .
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Surface Reconstruction

NormalsandVoronoiCells3D (Amenta-Bern98)
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Surface Reconstruction

LongVoronoicellsandPoles
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Surface Reconstruction

NormalApproximation

Lemma(Pole Vector)

\ ((p+ � p); np) = 2arcsin "
1� "
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Surface Reconstruction

Crustin 3D (Amenta-Bern98)

ComputeVoronoi diagramVor P

Recomputethe Voronoi diagram
after introducingpoles

Filter crust trianglesfrom Delaunay

Filter by normals

Extract manifold
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Surface Reconstruction

Cocone

vp = p+ � p is the pole vector

Spacespannedby vectors within the
Voronoi cell makingangle> 3�

8 with
vp or � vp
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Surface Reconstruction

CoconeAlgorithm

Cocone (P)
1 computeVor P;
2 T = ; ;
3 for eachp 2 P do
4 Tp = Candid ateTriangles (Vp);
5 T := T [ Tp;
6 end for
7 M := Extra ctManif old (T );
8 output M
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Surface Reconstruction

CandidateTriangleProperties

The following propertieshold for su�ciently small" (" < 0:06)

Candidatetrianglesincludethe restrictedDelaunay triangles

Their circumradiiare smallO(")f (p)

Their normalsmake only O(") anglewith the surfacenormalsat
the vertices

CandidatetrianglesincluderestrictedDelaunay triangles
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Surface Reconstruction

ManifoldExtraction:PruneandWalk

RemoveSharp edgeswith their triangles

Walk outsideor insidethe remainingtriangles
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Surface Reconstruction

Homeomorphism

Let M be the triangulatedsurfaceobtainedafter the manifold
extraction.

De�ne h : R3 ! � whereh(q) is the closestpoint on �. h is well
de�ned exceptat the medialaxispoints.

Lemma(Homeomorphism)

The restrictionof h to M, h : M ! � , is a homeomorphism.
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Surface Reconstruction

CoconeGuarantees

Theorem
Any point x 2 � is within O(")f (x) distancefrom a point in the
output. Conversely, anypoint of the output surfacehasa point
x 2 � within O(")f (x) distancefor " < 0:06.

Theorem (Amenta-Choi-Dey-Leekha)

The output surfacecomputedby Cocone from an " � sampleis
homeomorphic to the sampledsurfacefor " < 0:06.
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Input Variations

Boundaries
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Boundaries

Ambiguity in reconstruction
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Input Variations

Boundaries

Non-homeomorphic RestrictedDelaunay [DLRW09]
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Input Variations

Boundaries

Non-orientabilty
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Input Variations

Boundaries

Theorem (Dey-Li-Ramos-Wenger2009)

Let P be a sampleof a smooth compact� with boundary where
d(x; P) � "� , � = infx lfs(x). For su�ciently small" > 0 and
6"� � � � 6"� + O("� ), Peel (P; � ) computesa Delaunay mesh
isotopicto � .
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Input Variations

NoisyData: RamHead

Hausdor� distancedH (P; �) is " f (p)
Theoretical guarantees[Dey-Goswami04,Amentaet al.05]
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Input Variations

Nonsmoothness

Guaranteeof homeomorphismis open
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High Dimensions

HighDimensionalPCD

Curseof dimensionality (intrinsic vs. extrinsic)
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High Dimensions

HighDimensionalPCD
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Reconstructionof submanifoldsbringsambiguity

Use("; � )-sampling
RestrictedDelaunay doesnot capturetopology

Sliversare arbitrarily oriented [CDR05]) Del Pj � 6� � no
matter how denseP is.
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High Dimensions

HighDimensionalPCD

Curseof dimensionality (intrinsic vs. extrinsic)
Reconstructionof submanifoldsbringsambiguity

Use("; � )-sampling
RestrictedDelaunay doesnot capturetopology

Sliversare arbitrarily oriented [CDR05]) Del Pj � 6� � no
matter how denseP is.

Delaunay triangulationbecomesharder
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High Dimensions

Reconstruction

Theorem (Cheng-Dey-Ramos2005)

Givenan ("; � )-sampleP of a smooth manifold� � Rd for
appropriate "; � > 0, thereis a weight assignmentof P so that
Del P̂j � � � whichcanbe computede�ciently .
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High Dimensions

Reconstruction

Theorem (Cheng-Dey-Ramos2005)

Givenan ("; � )-sampleP of a smooth manifold� � Rd for
appropriate "; � > 0, thereis a weight assignmentof P so that
Del P̂j � � � whichcanbe computede�ciently .

Theorem (Chazal-Lieutier2006)

Givenan "-noisysampleP of manifold� � Rd , thereexists
rp � � (�) for eachp 2 P so that the unionof ballsB(p; rp) is
homotopy equivalentto � .
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High Dimensions

ReconstructingCompacts
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High Dimensions
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High Dimensions

ReconstructingCompacts

lfs vanishes,introduce� -reachandde�ne ("; � )-samples.

Theorem (Chazal-Cohen-S.-Lieutier2006)

Givenan ("; � )-sampleP of a compactK � Rd for appropriate
"; � > 0, thereis an � so that unionof ballsB(p; � ) is homotopy
equivalentto K � for arbitrarily small� .
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Homology

HomologyfromPCD

Point cloud

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 32 / 51



Homology

HomologyfromPCD

Point cloud Loops
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Homology

PCD! complex! homology

Point cloud
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Homology

PCD! complex! homology

Point cloud Ripscomplex Loops
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Homology De�nitions

Boundary

De�nition
A p-boundary @p+1 c of a (p + 1)-chainc is de�ned asthe sumof
boundariesof its simplices
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De�nition
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a

b
c

d

e
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Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 34 / 51



Homology De�nitions

Boundary

De�nition
A p-boundary @p+1 c of a (p + 1)-chainc is de�ned asthe sumof
boundariesof its simplices

a

b
c

d

e

2-chainbcd + bde (under Z2)
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Homology De�nitions

Boundary

De�nition
A p-boundary @p+1 c of a (p + 1)-chainc is de�ned asthe sumof
boundariesof its simplices

a

b
c

d

e

1-boundary bc+ cd+ db+ bd+ de+ eb = bc+ cd+ de+ eb = @2(bcd+ bde)
(under Z2)
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Homology De�nitions

Cycles

De�nition
A p-cycleis a p-chainthat hasan empty boundary
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Homology De�nitions

Cycles

De�nition
A p-cycleis a p-chainthat hasan empty boundary

a

b
c

d

e

1-cycleab+ bc + cd + de+ ea (under Z2)

Eachp-boundary is a p-cycle:@p � @p+1 = 0
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Homology De�nitions

Homology

De�nition
The p-dimensionalhomologygroupis de�ned as
Hp(K) = Zp(K)=Bp(K)
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De�nition
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Hp(K) = Zp(K)=Bp(K)

De�nition
Two p-chainsc andc0 are homologousif c = c0+ @p+1 d for some
chaind

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 36 / 51



Homology De�nitions

Homology

De�nition
The p-dimensionalhomologygroupis de�ned as
Hp(K) = Zp(K)=Bp(K)

De�nition
Two p-chainsc andc0 are homologousif c = c0+ @p+1 d for some
chaind

(a) (b) (c)

(a) trivial (null-homologous)cycle;(b), (c) nontrivial homologouscycles
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Homology De�nitions

Complexes

Let P � Rd be a point set
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Homology De�nitions

Complexes

Let P � Rd be a point set
B(p; r ) denotesan open d-ball centeredat p with radiusr

De�nition

The �CechcomplexCr (P) is a simplicialcomplexwherea simplex
� 2 Cr (P) i� Vert(� ) � P and \ p2 Vert( � )B(p; r=2) 6= 0

De�nition
The RipscomplexR r (P) is a simplicialcomplexwherea simplex
� 2 R r (P) i� Vert(� ) are within pairwiseEuclideandistanceof r

Proposition

For any �nite set P � Rd andany r � 0, Cr (P) � R r (P) � C2r (P)
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Homology De�nitions

Point setP
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Homology De�nitions

BallsB(p; r=2) for p 2 P
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Homology De�nitions

�CechcomplexCr (P)
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Homology De�nitions

RipscomplexR r (P)
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Homology Rank

HomologyrankfromPCD

Resultsof ChazalandOudot (Main idea):
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Homology Rank

HomologyrankfromPCD

Resultsof ChazalandOudot (Main idea):

Considerinclusionof Ripscomplexesi : R r (P) ! R 4r (P).

Inducedhomomorphismat homologylevel:

i � : Hk (R r (P)) ! Hk (R 4r (P))

Theorem (Chazal-Oudot2008)

Rankof the imageof i � equalsthe rank of Hk (M) if P is dense
sampleof M andr is chosenappropriately.
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Homology Rank

Algorithm for homologyrank

1 ComputeR r (P).
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Homology Rank

Algorithm for homologyrank

1 ComputeR r (P).
2 Insertsimplicesof R 4r (P) that are not in R r (P) andcompute

the rank of the homologyclassesthat survive.
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Homology Rank

Algorithm for homologyrank

1 ComputeR r (P).
2 Insertsimplicesof R 4r (P) that are not in R r (P) andcompute

the rank of the homologyclassesthat survive.

Step2: Persistenthomologycanbe computedby the persistence
algorithm [Edelsbrunner-Letscher-Zomorodian2000].
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Homology basis

OHBP:OptimalHomologyBasisProblem

Computean optimal set of cyclesforming a basis
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Homology basis
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Computean optimal set of cyclesforming a basis

First solutionfor surfaces:Erickson-Whittlesey[SODA05]
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Homology basis

OHBP:OptimalHomologyBasisProblem

Computean optimal set of cyclesforming a basis

First solutionfor surfaces:Erickson-Whittlesey[SODA05]

GeneralproblemNP-hard: Chen-Freedman[SODA10]

H1 basisfor simplicialcomplexes:Dey-Sun-Wang[SoCG10]
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Homology basis

Basis

Let Hj (T ) denotethe j -dimensionalhomologygroupof T under
Z2
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Homology basis

Basis

Let Hj (T ) denotethe j -dimensionalhomologygroupof T under
Z2

The elementsof H1(T ) are equivalenceclasses[g] of
1-dimensionalcyclesg, alsocalledloops

De�nition
A minimalset f [g1]; :::; [gk ]g generatingH1(T ) is calledits basis
Herek = rankH1(T )
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Homology basis

Shortest Basis

We associatea weight w(g) � 0 with eachloop g in T
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Homology basis

Shortest Basis

We associatea weight w(g) � 0 with eachloop g in T

The lengthof a set of loopsG = f g1; : : : ; gkg is givenby

Len(G)=
kX

i=1

w(gi)
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Homology basis

Shortest Basis

We associatea weight w(g) � 0 with eachloop g in T

The lengthof a set of loopsG = f g1; : : : ; gkg is givenby

Len(G)=
kX

i=1

w(gi)

De�nition
A shortest basisof H1(T ) is a setof k loopswith minimallengththat
generatesH1(T )
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Homology basis

Optimalbasisfor simplicialcomplex

Theorem (Dey-Sun-Wang2010)

Let K be a �nite simplicialcomplexwith non-negativeweightson
edges.A shortest basisfor H1(K) canbe computedin O(n4) time
wheren = jK j
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Homology basis

ApproximationfromPoint Cloud

Let P � Rd be a point set sampledfrom a smooth closed
manifoldM � Rd embeddedisometrically
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Homology basis

ApproximationfromPoint Cloud

Let P � Rd be a point set sampledfrom a smooth closed
manifoldM � Rd embeddedisometrically

We want to approximatea shortest basisof H1(M ) from P

Computea complexK from P

Computea shortest basisof H1(K)

Arguethat if P is dense, a subsetof computedloops
approximatea shortest basisof H1(M ) within constantfactors
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Homology basis

ApproximationTheorem

Theorem (Dey-Sun-Wang2010)

Let M � Rd be a smooth, closedmanifoldwith l as the lengthof a
shortest basisof H1(M ) andk = rankH1(M ).
Givena set P � M of n points whichis an "-sampleof M and

4" � r � minf 1
2

q
3
5 � (M ); � c(M )g, onecancomputea set of loops

G in O(nn2
ent ) time where

1

1 + 4r 2

3� 2(M )

l � Len(G)� (1 +
4"
r

)l:

Herene; nt are the number of edgesand trianglesin R 2r (P)
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Conclusions

Conclusions

Reconstructions:
non-smooth surfacesremainopen
high dimensionsstill not satisfactory

Homology:
Sizeof the complexes
more e�cient algorithms

Didn't talk about :
functionson spaces
persistence,Reebgraphs,Morse-Smalecomplexes,Laplace
spectra...etc.
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