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Problems

o Two and Threedimensions:
o Curveand surfacereconstruction
@ High dimensions:

o Manifold reconstruction
e Homologicalattributes computation

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11

2/ 51



SurfaceReconstruction

Point Cloud
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Topology Background

BasicTopology
o d-ballBY fx 2 RYjjjxjj 1g Q\/‘ R
o d-spheres?® fx 2 RY j jixjj = 1g //\/ /

@ Homeomaohismh: T, ! T,
whereh is continuous bijective A
and hascontinuousinverse

@ k-manifold: neighlmrhoods homeomagphicto openk-ball
e 2-spheretorus, doubletorus are 2-manifolds

o k-manifoldwith bounday: interiar points, bounday points
o BY is a d-manifoldwith bounday wherebd(B%) = S9 1
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BasicTopology

@ Smaoth Manifolds &

e Triangulation
o k-simplex

o SimplicialcomplexK:

(|) t 2 K |ft |S afaceof t02 K simplicial complex
(i) ty;t22 K) t1\ ty isafaceof both

o K is atriangulation of a topological
spaceT if T jKj

not a simplicial complex
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Sampling
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A curve in the plane A sample Reconstructed curve
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MedialAxis

(a) (b)

(a) A subset of the medial axis of the curve (b) medial ball centered at v
touches the curve in three points, whereas the ones with centers u and w
touch it in only one point and coincide with the curvature ball.
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Sampling

Local FeatureSize

o f(x) isthe distance
to medialaxis
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Sampling

"-sampld Amenta-Bern-Eppste@d)

o Eachx hasa sample
within "f (x) distance
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VoronoiDiagram& Delaung Triangulation

De nition

VoronoidiagramVor P: collectionof Voronoi cellsf V,g andits faces
Vp=fx2 R*jjix pjj jjx dqjjforallq2 Pg

v

De nition
Delaung triangulationDel P: dual of Vor P, a simplicialcomplex

4

Voronoi diagram and Delaunay triangulation of a point set in the plane
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CurvesamplesndVoronoi
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CurveReconstructioAlgaithms

e Crustalgaithm
(Amenta-Bern-Eppsteif8)
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CurveReconstructioAlgaithms

e Crustalgaithm e

(Amenta-Bern-Eppsteif8) S ‘\.\“ & R\l

@ Neaestneighlor algaithm .
(Dey-Kuma 99) e

e manyvaiations K .// P‘\q’ -

(DMR99,Gie00,GS00,FR01,AM02..)
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Di culties in 3D

@ Voronoiverticescancome e Thereis no unique carect'

closeto the surface. .. surfacefor reference
sliversare nasy

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 13/ 51



Restricted/oronoi/Delaung

De nition

RestrictedVoronot VorPj = ffpj =f\ jf 2 VorPg

De nition

RestrictedDelaung: DelP; =f jV \ 6 ;g
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ClosedBall property (Edelslounner,Shah94)

If restrictedVoronoicellis a closedball in eachdimensionthen
DelPj is homeomgphicto
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Topology
ClosedBall property (Edelslounner,Shah94)

If restrictedVoronoicellis a closedball in eachdimensionthen
DelPj is homeomgphicto

Theaem

For a su ciently small” if P isan
"-sampleof ,then(P, ) satises
the closedball property, and hence
DelPj
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NamalsandVoronoiCells3D (Amenta-Berrd8)
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LongVoronoicellsand Poles
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Namal Approximation

Lemma(Pole Vecta)
\ (p*  p);np) = 2arcsing—
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Crustin 3D (Amenta-Berrd8)

ComputeVoronoidiagramVor P

Recomputehe Voronoidiagram
after introducingpoles

(]

Filter crusttrianglesfrom Delaung

Filter by narmals

Extract manifold
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Cacone

e vp=p*" pisthe polevecta

@ Spacespannedy vectas within the
Voronoi cell makingangle> 3- with
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CaconeAlgaithm

Cocone (P)
1 computeVorP;
2T =3,
3 for eachp 2 P do
4 T, = Candid ateTriangles (V,);
5 T=T[ Ty
6 end for
7 M = Extra ctManif old (T);
8 output M
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CandidatdriangleProperties

The following propertieshold for su ciently small" (" < 0:06)
o Candidatetrianglesincludethe restrictedDelaung triangles

@ Their circumradiiare smallO(")f (p)

@ Their namalsmalke only O(") anglewith the surfacenamalsat
the vertices

o CandidatetrianglesincluderestrictedDelaung triangles
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ManifoldExtraction:Pruneand Walk

RemoveSharp edgeswith their triangles

Walk outsideor insidethe remainingtriangles
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Homeomighism

Let M be the triangulatedsurfaceobtainedafter the manifold
extraction.

Deneh:R%! whereh(q) is the closestpoint on . hiswell
de ned exceptat the medialaxispoints.

Lemma(Homeomaophism)
The restrictionof hto M, h: M ! | isa homeomahism.
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CaconeGuaantees

Theaem

Any point x 2 is within O(")f (x) distancefrom a point in the
output. Converselyany point of the output surfacehasa point
x 2 within O(")f (x) distancefor " < 0:06.

Theaem (Amenta-Choi-Dey-Leekha)

The output surfacecomputedby Cocone froman" sampleis
homeomgphicto the sampledsurfacefor " < 0:06.
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Boundaes
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Boundaes

@ Ambiguity in reconstruction
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Boundaes

@ Non-homeomiphic RestrictedDelaung [DLRWO09]
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Boundaes

o Non-aientabilty
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Input Variations

Boundaes

Theaem (Dey-Li-Ramos-\Wnger2009)
Let P be a sampleof a smaoth compact with bounday where

dix;P) ", = infilIfs(x). For su ciently small" > 0 and
6" 6" + O(" ), Peel (P; ) computesa Delaung mesh
isotopicto
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NoisyData: RamHead

o Hausdo distancedy(P; ) is"f(p)
o TheaeticalguaanteesDey-GoswmiO4,Amentaet al.05]
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Nonsmothness

o Guaanteeof homeomgphismis open
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HighDimensionaPCD

@ Curseof dimensionalit (intrinsic vs. extrinsic)
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HighDimensionaPCD

@ Curseof dimensionalit (intrinsic vs. extrinsic)

@ Reconstructiorof submanifold$ringsambiguiy
o Use("; )-sampling

o RestrictedDelaung doesnot capturetopology

o Sliversare arbitrarily oriented[CDR05]) DelPj 6 no
matter how denseP is.
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HighDimensionaPCD

Curseof dimensionalit (intrinsic vs. extrinsic)
Reconstructiorof submanifold$ringsambiguiy
o Use("; )-sampling
RestrictedDelaung doesnot capturetopology
o Sliversare arbitrarily oriented[CDR05]) DelPj 6 no
matter how denseP is.

Delaung triangulationbecomeshader

(]
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High Dimensions

Reconstruction

Theaem (Cheng-Dey-Ramo2005)

Givenan ("; )-sampleP of a smaoth manifold RY for
appopriate"; > 0, thereis a weightassignmenbf P sothat
Del Pj whichcanbe computede ciently .
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Reconstruction

Theaem (Cheng-Dey-Ramo2005)

Givenan ("; )-sampleP of a smaoth manifold RY for
appopriate"; > 0, thereis a weightassignmenbf P sothat
Del Pj whichcanbe computede ciently .

Theaem (Chazal-Lieutie2006)

Givenan "-noisysampleP of manifold RY, thereexists
Mo () for eachp 2 P sothat the unionof ballsB(p;rp) is
homotofy equivalentto
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Reconstructin@ompacts
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ReconstructinG@ompacts

o Ifs vanishesintroduce -reachandde ne ("; )-samples.

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 31/ 51



ReconstructinG@ompacts

o Ifs vanishesintroduce -reachandde ne ("; )-samples.

Theaem (Chazal-Cohen-S.-Lieuti@006)
Givenan ("; )-sampleP of a compactK RY for appopriate

;> 0, thereisan sothat unionof ballsB(p; ) is homotoy
equivalento K for arbitrarily small .
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Homologyrom PCD

Point cloud
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Homologyrom PCD

Point cloud Loops
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PCO complek homology

Point cloud
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PCO complek homology

Point cloud Ripscomplex
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PCO complek homology

Point cloud Ripscomplex Loops
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Bounday

De nition

A p-bounday @.,c of a(p + 1)-chainc is de ned asthe sumof
boundaiesof its simplices
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Bounday

De nition
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Bounday

De nition

A p-bounday @.,c of a(p + 1)-chainc is de ned asthe sumof
boundaiesof its simplices
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Bounday

De nition

A p-bounday @.,c of a(p + 1)-chainc is de ned asthe sumof
boundaiesof its simplices

1-bounday bc+ cd+ db+ bd+ de+ eb= bc+ cd+ de+ eb= @(bcd+ bde)
(underZ5)
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Cycles

De nition
A p-cycleis a p-chainthat hasan empty bounday J
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Cycles

De nition
A p-cycleis a p-chainthat hasan empty bounday J

1-cycleab+ bc + cd + de+ ea(underZ,)
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Cycles

De nition
A p-cycleis a p-chainthat hasan empty bounday

1-cycleab+ bc + cd + de+ ea(underZ,)

e Eachp-bounday isap-cycle:@ @1 =0
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Homology

De nition

The p-dimensionahomologygroupis de ned as
Ho(K) = Zp(K)=Bp(K)
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Homology

De nition
The p-dimensionahomologygroupis de ned as
Ho(K) = Z,(K)=B,(K)

De nition
Two p-chainsc and c® are homologousf ¢ = ¢+ @, d for some
chaind

@

(a) trivial (null-homologous)cycle;(b), (c) nontrivial homologouscycles
Geometry and Topology from Point Cloud Data WALCOM 11 36/ 51



Complexes

o LetP RY bea point set
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Complexes

o LetP RY bea point set
o B(p;r) denotesan opend-ball centeredat p with radiusr

De nition

The CechcomplexC (P) is a simplicialcomplexwherea simplex
2C(P)i Vert( ) Pand\ paver )B(p;r=2)6 0

De nition

The RipscomplexR"(P) is a simplicialcomplexwherea simplex
2 R"(P) i Vert( ) are within pairwiseEuclideardistanceof r

Proposition
For any nite setP  RY andanyr 0,C(P) R'(P) C*(P)
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Point setP
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BallsB(p;r=2)forp2 P
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CechcomplexC (P)




RipscomplexkR "(P)




Homologyankfrom PCD

Resultsof Chazaland Oudot (Main idea):
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Homologyankfrom PCD

Resultsof Chazaland Oudot (Main idea):
o Consideiinclusionof Ripscomplexes: R'(P) ! R* (P).
@ Inducedhomomaophismat homologylevel:

it H(R'(P) ! H(R¥(P))

Theaem (Chazal-Oudo008)

Rankof the imageof i equalsthe rank of Hc(M) if P is dense
sampleof M andr is choserappopriately
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Algaithm for homologyank

@ ComputeR"(P).
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Algaithm for homologyank
@ ComputeR"(P).

@ Insertsimplicesof R*" (P) that are not in R"(P) and compute
the rank of the homologyclasseghat survive.
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Algaithm for homologyank

@ ComputeR"(P).
@ Insertsimplicesof R*" (P) that are not in R"(P) and compute
the rank of the homologyclasseghat survive.

Step 2: Persistenthomologycan be computedby the persistence
algaithm [Edelslbunner-Letscher-Zomaodian 2000].

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 43/ 51



OHBP:OptimalHomologyBasisProblem

@ Computean optimal set of cyclesforming a basis
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OHBP:OptimalHomologyBasisProblem

@ Computean optimal set of cyclesforming a basis

@ First solutionfor surfaces:Erickson-WhittleseySODAO5]
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OHBP:OptimalHomologyBasisProblem

@ Computean optimal set of cyclesforming a basis

@ First solutionfor surfaces:Erickson-WhittleseySODAO5]
@ GeneraproblemNP-had: Chen-FeedmanSODA10]
@ H; basisfor simplicialcomplexesDey-Sun-Vdng [S0CG10]
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Basis

o Let H;(T) denotethe j-dimensionahomologygroupof T under
Z
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Basis

o Let H;(T) denotethe j-dimensionahomologygroupof T under
Z

@ The elementof Hy(T) are equivalencelasse$g] of
1-dimensionatyclesg, alsocalledloops

De nition

A minimalsetf [g:]; :::;[0k]g generatingH,(T) is calledits basis
Herek = rankHy(T)

Dey (2011) Geometry and Topology from Point Cloud Data WALCOM 11 45/ 51



Shatest Basis

o We asseiate a weightw(g) 0 with eachloopg in T
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Shatest Basis

o We asseiate a weightw(g) 0 with eachloopg in T

X«
Len(G)=  w(g)

i=1

De nition

A shatest basisof Hy(T) is a setof k loopswith minimallengththat
generatedH;(T)
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Optimalbasisfor simpliciakomplex

Theaem (Dey-Sun-Véng 2010)

Let K be a nite simplicialcomplexwith non-negativeveightson
edges.A shatest basisfor H;(K) canbe computedin O(n?) time
wheren = jKj
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Approximationfrom Point Cloud

o LetP RY be a point setsampledrom a smath closed
manifoldM  RY embeddedisometrically
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Approximationfrom Point Cloud

o LetP RY be a point setsampledrom a smath closed
manifoldM  RY embeddedisometrically

o We want to appoximatea shatest basisof H;(M ) from P
@ Computea complexK from P
o Computea shatest basisof H; (K)

@ Arguethat if P is dense a subsetof computedioops
appoximate a shatest basisof Hy(M ) within constantfactars
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ApproximationTheaem

Theaem (Dey-Sun-Véng 2010)

LetM  RY be a smamth, closedmanifoldwith | asthe lengthof a
shatest basisof Hi(M ) andk = rankH(M ).
Givena setP CI\/I_ of n points whichis an"-sampleof M and
4" r minf3 2 (M); (M )g, onecancomputea setof loops
G in O(nnZn;) time where
1 4"
—— | Len(G) (1+ —)
1+ 526m r

Herene; n; are the numkber of edgesandtrianglesin R (P)
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@ Reconstructions

@ non-smath surfacesemainopen
o high dimensionsstill not satisfactoy

@ Homology:
e Sizeof the complexes
e more e cient algaithms
o Didn't talk about :
e functionson spaces
o persistenceReebgraphs,Morse-Smalecomplexeslaplace
spectra...etc.
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