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1 Introduction

Operations on matrices and polynomials are very important in scientific computing. Many algorithms work-
ing with these operations exist. Here, Strassen’s algorithm for matrix multiplication is discussed. Coefficient
and point-value representations of the polynomials and different operations on those representations are also
discussed.

2 Matrix multiplication

We wish to find C' = AB, where each of A, B and C are n X n matrices. We assume that n is an exact
power of 2.

2.1 Trivial algorithm

MATRIX-MULTIPLY (A, B) : C
1. n « rows[A]
2. let C' be an n X n matrix
3. fori«— 1ton

4, doforj«1ton

5. doc;j 0

6. fork «— 1ton

7. do ¢;j « cij + i X by
8. Return C

The running time for above algorithm is ©(n?).
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2.2 Strassen’s algorithm

Can we improve on the above algorithm by using divide and conquer? We divide each of A, B and C' into
four n/2 x n/2 matrices. Thus,

and

c— ( A B + A12Ba1 A11Bi2 + A12Ba >
A2 B + AgeBo1 A21Bia + A2 Ba

Let C11 = A11Biy + A12B21, Ci2 = A11Bia + A12Ba, Co1 = A21B11 + A22Bay, and Cog = A2 Bra +
Agg Bay. Each of the four terms of C' requires two multiplications of n/2 x n/2 matrices and the addition
of their n/2 x n/2 products. Thus the recurrence relation is:

T(n) = 8T (n/2) + O(n?).

The solution of the above recurrence relation is 7'(n) = ©(n®) and the running time is same as that of
the trivial algorithm. Strassen’s algorithm requires only 7 multiplications of /2 x n/2 matrices and ©(n?)
additions and subtractions of their n/2 x n/2 products. The recurrence relation is:

T(n) =7T(n/2) + O(n?).

T(n) = O(n*%).

The idea is to form seven n/2 x n/2 matrices by 7 multiplications and additions and subtractions and
then performing additions and subtractions on those 7 matrices to get the matrix C'. The seven matrices are
as follows:

Py = A1 (B2 — Ba)

Py = (A1 + A12) B2

P3 = (Ag1 + A22) B

Py = Agp(B21 — Bn)

Ps = (A1 + A22)(B11 + Bao)

Ps = (A12 + A22)(B21 + Bao)

P; = (A1 — A21)(B11 + Bia).

The individual n/2 x n/2 matrices of C' can be calculated as:

Chi=FP+P—P+ P



Cro=P + 85
Co =P+ Py

Coo=Ps+ P, — P3s— Pr.

3 Polynomial operations

There are two types of polynomial representations. Coefficient representation and point-value representa-
tion.

3.1 Coefficient representation

Any integer strictly greater than the degree of a polynomial is a degree-bound of that polynomial. A co-

efficient representation of a polynomial A(z) = S ajmj of degree-bound n is a vector of coefficients
a = (ag,a1,....;ap_1). =

Polynomial addition:

Let p(x) and g(x) be two polynomials of degree-bound n such that p(z Z pyxy and q(x Z q; oI If

the degree-bound of the two polynomials is not same, then pad up zeros as the coefﬁ01ents of the polynomlal
having lower degree-bound.

n—1

p(z) +q(@) =Y (pi + q)z'

i=0
This takes ©(n) time.

Polynomial multiplication:

Let p(z ) and q( ) be two polynomials of degree-bounds n(p) and n(q) respectively such that

n(q)—
Z pjx! and q(x Z g’
n(p)+n(q)—2 '
pl)xq@)= Y O p+a-)
i=0 5=0

The running time of the algorithm described below is ©(n2). We can improve the running time by applying
divide and conquer strategy.



POLY-MULTIPLY (p,q) : r
1. for i < n(p) to n(p) +n(q) —2dop; =0
2. fori < n(q) ton(p) +n(q) —2dog =0

3. fori < 0ton(p) +n(q) — 2

4. dor;=0

5. forj «—0tos

6. dor; =1 + (pj X qi—j)
7. Return r

Polynomial multiplication with divide and conquer:

The method is demonstrated on polynomials of degree-bound 2 and then it will be generalized. Let p(x) =
po + p1z and ¢(z) = qo + gix. Number of multiplications required to compute p(z) X g(x) using above
algorithm is 4.

p(z) x q(z) = (po + p1z) x (g0 + q1z) = A+ Bx + cX?

A = pogo, C = p1q1

B = poq1 +p1go = (po +p1)(e0 + 1) — A - C.

Number of multiplications have been reduced to 3. This method can be generalized to polynomials of
degree-bound n as follows. Let p(z) and ¢(z) be two polynomials of degree-bound n such that p(z) =
Z?:_ol pja’ and g(z) = Y774 qj27. Assume that n is an exact power of 2.

Define:

a(r) = po + p17 + ..o +pn/2—133"/2_1
b(®) = Ppj2 + Prja+1 + e + Pn—1T

o(x) = qo+ QT+ oo + Qo1

Then:
p(z) = a(x) + 2 2b(x)

q(x) = c(x) + wp 2d(x)



Substituting values of p(x) and q(x),
A(z) + B(x)a"2 + C(c)a"=(a(x) + w j2b(@)) (c(x) + 2 j2d())
A(z) = a(2)e(x), C(x) = bx)d(x)

B(z) = (a(x) + b(x))(c(x) + d(z)) — A(z) — c(x).

This method involves 3 multiplications of polynomials of degree bound n/2 along with additions and sub-
tractions. The recurrence relation is

T(n) =3T(n/2) + O(n)
T(n) = O(n'"%)

Polynomial evaluation:

Let p(z) be a polynomial of degree-bound n such that p(z) = E?:_& pjz’. We want to evaluate value of
p(z) for some value of x. If we evaluate the polynomial by computing each term seperately, it will take
©(n?) time. But using Horner’s rule:

p(xo) = po + zo(p1 + zo(az + ... + o(Pn—2 + 0(Pn—-1))----))

evaluation takes ©(n) time as in the algorithm described below.

POLY-EVALUATION(p, xq) : 4o
1. yo=0
2. fori «+—n —1downto0
3. doyy = yoxo + p;

4. Return yg

3.2 Point-value representation

A polynomial p with degree-bound n can be represented by n point-value pairs {(zo,y0), (1, Y1)---.-.. (Tn—1,Yn—1)}
where y; = p(z;) and z; # x; fori # j.

Theorem 1. For any set {(x;,y;) | 0 < i <n —1and x; # x; for j # i} there is an unique polynomial of
degree n-1 or less such that y; = p(x;).

Proof. Suppose that such a polynomial p of degree-bound n exits and has coefficients of the form pg, p1, ..., Pn—1.
Then the following equation must hold and must have an unique solution,



-1
1z < Po Yo
1 = z3 xy p1 Y1
-1
1 zpoy 22, 1 Pn—1 Yn—1
The matrix on the left is denoted as V' (zq,x1, ..., z,—1) and is called Vandermonde matrix. This matrix

has determinant

H (x) — xj).

0<j<k<n—1

This determinant is always not zero since x; and x; are distinct. Thus the Vandermonde matrix is in-
vertible and the above equation can be rewritten as

2 n—1 -1
Do 1 =z Ty - . . T 20
1 2 n— 1
P1 I xrq e . I Y1
1 2 n—1
Pn—1 Tp-1 Tp_1 - - - Tp_q Yn—1
Thus, there exists an unique set of coefficients for a given point-value representation. O

Polynomial addition:
If we have point-value representation for for p,
{(l'(], yO)a (:E17 y1)7 seey (:Bn—ly yn—l)}

and for ¢,

{(wo,yé), ('r17y/1)7 ceeny (xn—hy;z—l)}

(p and q are evaluated at same points) then point-value representation for r, where r(xz) = p(x) + q(x),
is,

{(l'anO + y(,))7 (:Ulvyl + y,1)7 ceeey (xn—lyyn—l + y;z—l)}

Thus, time required to add two polynomials in point-value form is O (n)

Polynomial multiplication:

The point-value form is convinient for multiplying polynomials. If r(z) = p(z) x q(z) then, r(zy) =
p(zx)q(zk). If p and ¢ have the degree-bound 7, the degree-bound of 7 is 2n — 1. So we need 2n — 1 points
for a point-value representation of . Thus, we need 2n — 1 point value pairs for p and ¢g. Thus, time required
to multiply two polynomials in point-value form is O (n)



3.3 Converting from coefficient representation into point-value representation

Converting from coefficient representation into point-value representation is straightforward. Just select n
distinct points, where n is the degree-bound of the polynomial, and evaluate value of the polynomial at those
points to get the point-value representation. Evaluation of polynomial at one point takes ©(n) time. Thus,
evaluation of polynomial at n points takes ©(n?) time.

3.4 Converting from point-value representation into coefficient representation

This is also called as interpolation. It can be done by solving the above equation involving the inverse of the
Vandermonde matrix. The equation can be solved in O(n?) time. A faster algorithm is based on Lagrange’s
formula:

- g(m - ;)
(z) = =
p kz_o Yk oo
J#k
Let,

a = H(:U —xj),

a can be computed in ©(n?) time. Then,

iy a/(x — )
p(x) = kzzoykm-
J#k
Also,

[Tk — )

i#k

can be computed in ©(n) time for a given k. a/(x — x) can be computed in ©(n) time by using syn-
thetic division. Thus, the time required to compute coefficients of p by using Lagrange’s formula is ©(n?).
If we choose n'" complex roots of unity for the evaluation and interpolation then the conversion takes ©(n
lg n) time. This is the basis of DFT and FFT.
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