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1 Introduction

Many problems can be formulated as maximizing or minimizing an objective, given limited resources and
competing constraints.If we can specify the objective as a linear function of certain variables, and if we can
specify the constraints on resources as equalities or inequalities on those variables,then we have a linear
programming problem.

2 Linear Programs

In the general linear programming problem, we wish to optimize a linear function subject to a set of linear
inequalities. Given a set of real numbers a1, as, ..., a,, and a set of variables x1, xo, ..., T, a linear function
f on those variables is defined by

n
flx1, 29, ..cyxy) = a1y + agwe + ... + apzy, = E a;z;.
=1

If b is a real number and f is a linear function, then the equation

flxy,29,...xy) = b

is a linear equality and the linear inequalities

f(l'l»x%'“al'n) < b

and

are linear inequalities.
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2.1 Example

Let us consider the following linear program with two variables:

Maximize
1+ T2 (D
subject to
41‘1 — X2 S 8 (2)
21 + 29 < 10 (3)
51‘1 — 2.%‘2 > —2 (4)
x1,r2 >0 )

2.2 Feasible Solution

We call any setting of the variables x1 and xo that satisfies all the constraints (2)-(5) a feasible solution to
the linear program.

If we graph the constraints in the (z1, x2)-Cartesian coordinate system, as shown in the figure below, we
see that the set of feasible solutions forms a convex region in the two-dimensional space. We call this convex
region the feasible region. Each constraint is represented by a line. The intersection of the constraints is the
feasible region.
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2.3 Objective Function

The function that we are trying to optimize is called the objective function. The value of the objective
function at a particular point is called the objective value.

2.4 Algorithms for linear programming

The simplex algorithm takes as input a linear program and returns an optimal solution. It starts at some
vertex of the simplex and performs a sequence of iterations. The simplex algorithm terminates when it
reaches a local maximum, which is a vertex from which all neighbouring vertices have a smaller objective



value. Because the feasible region is convex and the objective function is linear, this local optimum is
actually a global optimum. However, the simplex algorithm can require exponential time in the worst case.

The first polynomial-time algorithm for linear programming was the ellipsoid algorithm, which runs
slowly in practice. A second class of polynomial-time algorithms are known as interior-point methods.
For large inputs, the performance of interior-point algorithms can be competitive with, and sometimes faster
than, the simplex algorithm. If we add to a linear program the additional requirement that all variables
take on integer values, we have an integer linear program. Finding a feasible solution to this problem is
NP-hard.

3 Standard Form

In standard form, we are given n real numbers c1, ¢, ..., ¢,; m real numbers by, ba, ..., by,; and mn real
numbers a;; fori =1,2,...,mand j =1,2,...,n. We wish to find n real numbers x1, 2, ..., z,, that

maximize .
Z ijj (6)
j=1
subject to
n
> ajm; <bifori=12,..m (7)
j=1
xz; > 0forj=12,..,n. (8)

Generalizing the terminology we introduced for the two-variable linear program, we call expression (6)
the objective function and the n + m inequalities in lines (7) and (8) the constraints. The n constraints in line
(8) are called the nonnegativity constraints.

A linear program may not be in standard form for one of four possible reasons:
(i) The objective function may be a minimization rather than a maximization.
(i) There may be variables without nonnegativity constraints.
(iii) There may be equality constraints, which have an equal sign rather than a less-than-or-equal-to sign.

(iv) There may be inequality constraints, but instead of having a less-than-or-equal-to sign, they have a
greater-than-or-equal-to sign.

3.1 Example

Minimize
—2x1 + 322 C)

subject to
T+ 290 =7 (10)
Tr1 — 21’2 S 4 (11)
x>0 (12)

and we negate the coefficients of the objective function, we obtain



Maximize

2x1 — 3o (13)
subject to
1+ a2 =7 (14)
T — 210 < 4 (15)
1 >0 (16)

Continuing the example, we want to ensure that each variable has a corresponding nonnegativity con-
straint. Variable x; has such a constraint, but variable x5 does not. Therefore, we replace x5 by two variables
x4, and 2}, and we modify the linear program to obtain

Maximize
221 — 3xh + 3z4 (17)
subject to
Tt ah—ah =7 (18)
T — 2xh + 225 < 4 (19)
$1,l‘2,l‘2 >0 (20)

Finishing our example, we replace the equality in constraint (18) by two inequalities, obtaining

Maximize
2z1 — 3xh + 3z4 21
subject to
T +ah—ah <7 (22)
xl—i—xé—w”z 7 (23)
T — 2:/62 + 2x <4 (24)
x1,7h, 79 >0 (25)

Finally, we negate constraint (23), obtaining the standard form

Maximize
221 — 3xh + 3z4 (26)
subject to
—r —xh +ah < T (27)
T +ah—ah <7 (28)
T — 21‘2 + 21‘ <4 (29)
x17x27x2 >0 (30)

Sometimes we find it convenient to express a linear program in a more compact form. If we create an
m * n matrix A = (a;;), an m-dimensional vector b = (b;), an n-dimensional vector x = (), then we can
rewrite a linear program as

Maximize
Al 3D



subject to

Az <D (32)
x> 0. (33)
Here ¢!z is the inner product of two vectors, Ax is a matrix-vector product, and z > 0 means that each

entry of the vector x must be nonnegative.

4 Converting linear programs into slack form

To efficiently solve a linear program with the simplex algorithm, we prefer to express it in a form in which
some of the constraints are equality constraints. More precisely, we shall convert it into a form in which the
nonnegativity constraints are the only inequality constraints, and the remaining constraints are equalities.
Let

n
> ajx; < b,
=1

be an inequality constraint. We introduce a new variable s and rewrite the avove inequality as the two
constraints

n
s = bl — E aijxi,
j=1

s>0

We call s a slack variable because it measures the slack, or difference, between the left-hand and right-
hand sides of the equation. When converting from standard to slack form, we shall use =, ; (instead of s)
to denote the slack variable associated with the ith inequality. The ith constraint is therefore

n
Tpyi = b — g a;; Ty,
j=1

along with the nonnegativity constraint x,; > 0.

4.1 Example

Applying this constraint to each constraint of a linear program in standard form, we obtain a linear program
in a different form. For example, for the linear program described in the standard form above, we introduce
slack variables x4, x5, and xg, obtaining

Maximize
2x1 — 3x9 + 323 (34)
subject to
Ty =7—21— 2o+ 23 (35)
r5=—T4+ 21+ 19 — 23 (36)
T =4 — 11 + 209 — 213 37
x1, %2, T3, T4, T5,T6 > 0 (38)

In this linear program, all the constraints except for the nonnegativity constraints are equalities, and each
variable is subject to a nonnegativity constraint.



S Formulating problems as linear programs

5.1 Max flow

A flow is a real-valued function f : V % V' — R that satisfies three properties: capacity cosntraints, skew
symmetry, and flow conservation. A maximum flow is a flow that satisfies these constraints and maximizes
the flow value, which is the total flow coming out of the source. A flow, therefore, satisfies linear constraints,
and the value of a flow is a linear function. We can express the maximum-flow problem as a linear program:

Maximize
> fsv) 39)
veV
subject to
flu,v) < c(u,v) for each u,v € V, (40)
flu,v) = —f(v,u) for each u,v € V, 41
Z f(u,v) =0foreachu € V — {s,t}. (42)

veV

5.2 Min-cost flow

Suppose that each edge (u,v) has, in addition to a capacity c(u,v), a real-valued cost a(u,v). If we send
f(u,v) units of flow over edge (u,v), we incur a cost of a(u,v) f(u,v). We are also given a flow target d.
We wish to send d units of flow from s to ¢ in such a way that the total cost incurred by the flow is minimized.
This problem is known as the minimum-cost-flow problem. The linear program looks similar to the one
for the maximum-flow problem with the additional constraint that the value of the flow be exactly d units,
and with the new objective function of minimizing the cost:

Minimize
> alu)f(u,0) (43)
(u,v)EE
subject to
flu,v) < c(u,v) for each u,v € V, (44)
f(u,v) = —f(v,u) for each u,v € V, (45)
Z f(u,v) =0foreachu € V — {s,t}. (46)

veV

> flsv) =d. (47)

veV

6 Conclusion

Thus we have introduced the basic concepts in linear programming, and how linear programs can be con-
verted into standard and slack forms. Finally, we also saw how common real time problems can be formu-
lated in terms of linear programs.



