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Cellular Patterns

¥Detonation Shock Dynamics

¥First Order

¥ Nguyen et al. 2002

¥Second Order

¥ Also produces smooth ßames

Figure2: Simulatedsmokedfoils. Lighter regionscorrespondto a
slower ßamespeed,andtheßamemovesfrom left to right in each
Þgure.An initial sinewaveperturbationis smoothedoutby theÞrst
order DSD equations(top) and the second order DSD equations
(middle),whereasinterestingcellularpatternsdevelopfor thethird
orderDSDequations(bottom).

tional laboratories.A particularlyinterestingareaof asymptoticre-
searchis detonationshockdynamics[YaoandStewart1996;Aslam
etal. 1996]whereresearchersderivedequationsthatadmitcellular
patterns.DSD theoryshows that thenormalpluscurvaturedriven
interfacevelocitiesusedin [Nguyenetal.2001;Nguyenetal.2002]
result in smooth,diffuseßameswhich is obvious consideringthe
factthatcurvaturedrivenmotionleadsto a parabolicpartialdiffer-
entialequation.Thenormalpluscurvaturedriveninterfacevelocity
is consistentwith ÞrstorderDSDtheory, but DSDtheoryalsocon-
tains secondand third order equationswhich are hyperbolic (not
parabolic)andthusnot inherentlydiffusive. Note that hyperbolic
differentialequationsarecomputationallymoreefÞcientto simu-
late thantheir paraboliccounterparts,becausethey possessa sig-
niÞcantlylessrestrictive CFL condition. More importantly, third
orderDSD theoryyieldsa setof partial differentialequationsthat
producecomplex time-coherentcellularpatterns.

Although low speedÞre and ßames(i.e. deßagrations) differ in
many waysfrom their higherspeedshockwave coupledcounter-
parts(i.e. detonations),the highly intricate time-coherentcellular
patternsproducedby DSDarevisually compellingandthusthefo-
cus of our work. From the standpointof computergraphicsap-
plications,obtaininga more interestingvelocity for the level set
surfaceallows for morevisually interestingÞreandßames,while
low speedphenomenaarestill faithfully modeledwith the incom-
pressibleNavier-Stokesequations.Therefore,we extendthework
of [Nguyenetal. 2002]from theparabolicinherentlysmoothßame
velocitiesto the more interestinghyperbolic third orderDSD ap-
proximationsthatyield cellularpatternsandßamewrinkling.

2 Previous Work

Previousßamemodelsin computergraphicsinclude[Inakage1989;
PerryandPicard1994;Chibaet al. 1994;StamandFiume1995;

Figure3: Four imagesfrom the time evolution of a level setsur-
faceusing the third order DSD equations.Note that the Navier-
Stokesequationsarenot usedin this example,ratherit illustrates
thatthecellularpatternsareproducedby theDSDaugmentedlevel
set equationswithout the needfor vorticity conÞnement or other
turbulencemodels.

Bukowski and Sequin1997; Beaudoin et al. 2001; Melek and
Keyser2002;AdabalaandHughes2004]. In addition,simulation
of explosionswas addressedin [Musgrave 1997; Mazaraket al.
1999; Neff andFiume1999; OÕBrienandHodgins1999; Yngve
et al. 2000; Feldmanet al. 2003; Geigeret al. 2003; Rasmussen
et al. 2003;Geigeret al. 2005]. Many authorshave focusedon the
renderingof Þreandßamesand we refer the interestedreaderto
[Rushmeieretal. 1995;PegoraroandParker2006]for example.In
[Melek andKeyser2003; Melek andKeyser2005; Losassoet al.
2006a],Þrewasconsideredin thecontext of erodingsolid objects,
and[Melek andKeyser2006]alsomodeledthecrumplingof solids
basedon heat.Similarly, [Losassoet al. 2006b]simulatedburning
liquids, and[Zhaoet al. 2003]describeda modelfor thepropaga-
tion of Þrealongsolidsurfaces.

3 Flame Speed

We Þrstconsiderthe ßamefront velocitiesusedin [Nguyenet al.
2002]whichhave theform

D = a! b! (1)

wherea andb arepositive constantsand! is the local meancur-
vatureof the ßamesurface. Using the level set function " , we
can deÞnethe local unit normal n = ! " /|! " | and the curvature
! = ! ! án. Thestandardequationfor level setevolution is

" t + wá! " = 0, (2)

wherew = ((un) f ! D)n. The (un) f term denotesthe normalve-
locity of the unreactedfuel which we ignore for the rest of Sec-
tion3, leaving thediscussionof couplingto theNavier-Stokesequa-
tions to Section4. When" is a signeddistancefunction,n = ! " ,
! = ! " " , andsettinga = 0 yields the parabolicheat(diffusion)
equation" t = b" " , whichsmoothsoutdetailon theßamesurface.
Equation(2) canbemadehyperbolicby setting b = 0, but still does
notproduceinterestingcellularpatterns.

Classical detonation theory describesthe velocity of a one-
dimensionalsteadydetonationwave called the Chapman-Jouguet

Figure 4: A technicalillustration of ßamecorescomputedusing
the full couplingof theDSD equationsto theNavier-Stokesequa-
tions. The ÞrstorderparabolicDSD equationsareshown on the
left, while the third orderDSD equationsareshown on the right.
We useddifferent colors to representdifferent ßamespeedsem-
phasizingthefact that theÞrstorderequationsdo not produceand
accentuatecellular patterns.Note that in the Þrstorderresult,we
havesetb = 0 removing theparaboliccurvaturetermandusedvor-
ticity conÞnementin order to get asmuchdetail aspossible,but
evensodistinctcellularpatternsarenotgenerated.

(CJ)detonation.DSD augmentsthis theoryby consideringdevia-
tionsin curvaturefrom aplanarChapman-Jouguetdetonationfront
aswell asunsteadydetonationsvelocities,thusproviding a fully
multidimensionaldetonationmodel.Theimportantparametersare
thedetonationspeedD, its materialderivatives(e.g. úD and ¬D) and
the geometryof the shocksurface(e.g.κ and úκ). The Þrstorder
relation, termedthe D ! κ relation, is given in equation(1). The
secondorderrelation, úD! D ! κ, considerstheÞrsttimederivative
of thedetonationvelocity via

Dt +wá! D = úD (3)
úD = ! ακ +β (D! DCJ) (4)

whereDCJ is the planardetonationvelocity predictedby the one-
dimensionalChapman-Jouguetdetonationtheory.

While the secondorder DSD equationsare hyperbolic, it is the
third order theory utilizing a ¬D ! úD ! D ! úκ ! κ relation which
resultsin a hyperbolic partial differential equationthat generates
self-sustainingcellularpatterns.Theequationsfor third orderDSD
theoryare(seee.g.[Aslam1996]),

Dt +wá! D = úD (5)
úDt +wá! úD = ¬D( úD,D, úκ,κ) (6)

where úκ is thematerialderivativeof thecurvature úκ = κt +wá! κ.
TheseequationsstatethatD and úD areadvectedwith the interface
velocityandintegratedwith thesourcetermsontheright handside.
Equation(5) is similar to equation(3) exceptthatinsteadof obtain-
ing úD from equation(4), equation(5) obtainsit from equation(6).
Thesystemof equations(2), (5) and(6) is closedby deÞning

¬D = ! c1α2(D! DCJ) ! c2α úD ! c3α2LCJ ! c4 úκ (7)

α = eµθ(D! DCJ), LCJ = ln|1+c5θκ/ α |

whereθ is the activation energy. The Þrst two termsof equation
(7) areelasticanddampingtermsdescribingtheoscillatorymotion
of D aboutDCJ. The third term is a curvatureforcing termwhich
accentuatesthe variationsin curvatureof the front. In particular,

Figure5: Thesesimulationscorrespondto thoseshown in Figure4,
exceptthatwe renderthesmokedensityÞeldinsteadof illustrating
the ßamecore. Again, notethe improved resultusingthird order
DSDtheory.

sinceκ > 0 correspondsto regionswhereD < DCJ, that termfur-
therdeceleratesD, whereasregionswith κ < 0 whereD > DCJ are
accelerated.Thelastterminvolving úκ is adampingterm.

Although the coefÞcientsc1 to c5 and µ are functions of two
material-dependentparameters(namelythepolytropicexponentof
the materialandthe Mach numberof the Chapman-Jouguetdeto-
nation), in practiceonecantunethemindependentlyto carve the
desiredcellular patternsin theßame.Furthermore,θ canbecon-
sideredasa part of µθ andc5θ insteadof an independentdegree
of freedom.After settingDCJ to thedesiredbaseßamespeedand
settingc1 andc2 for thedesiredelasticity anddampingaboutDCJ,
wefoundthattweakingthecurvatureforcingterm,c3, givesussuf-
Þcientcontrolof thecellularpatternsin termsof simulationdetail.
Thecurvaturedampingtermincludingc4 wasessentialfor thedeli-
catecontrolof cellularpatternsfor non-coupledsimulations,but we
foundit canbeomittedfor coupledsimulationsbecausethecurva-
tureforcing termdominates.µθ wasusedto limit thedeviation of
D from DCJ andc5θ determinedthesensitivity of LCJ to curvature.
It wasusefulto normalizec5θ by " x whentestingcoefÞcientswith
variousgrid resolutions.We presentthesimulationcoefÞcientswe
usedin Table3.

Eachtime step,we Þrst advectφ , D, úD andκ forward in time us-
ing the velocity Þeldw ignoring sourceterms. Al thoughspecial
techniquesaretypically usedto evolve the level setequation,the
DSD relatedparametersD, úD and κ can be treatedmore simply
with semi-Lagrangianadvection or a higher order accuratevari-
ant [Stam1999;Kim et al. 2006;Selleet al. 2007]. As is typical
the fastmarchingmethodcan be usedto maintainthe signeddis-
tancepropertyof φ , whereasthe DSD relatedscalarsneedto be
extendedconstantnormalto theinterface.Thisextrapolationin the
normaldirection is similar to the one-way extrapolationdonefor
the velocity Þeld in [Enright et al. 2002]. To evaluatethe source
terms,we Þrstcomputethe new curvatureÞeldκn+1 = κ(φn+1)
using the new value of the level set function. Then we compute
úκ = (κn+1 ! κ ! )/ " t whereκ ! is the valueobtainedby advecting
thetime n curvatureÞeldforward in time. Next thesourceterm ¬D
is evaluatedusing úκ andtheadvectedvaluesof D, úD, andκ (i.e.D! ,
úD! andκ ! ). That is, ¬D = ¬D(D! , úD! ,κ ! , úκ). Theadvectedvalueof
úD is thenaugmentedby " t ¬D, andsubsequentlytheadvectedvalue
of D is augmentedby " t úD. SeeTable1 for pseudocode.

A widely usedexperimentaltechniquefor studying the cellular
structureexhibitedby gaseousdetonationsis thesmokedfoil tech-
nique,in whichacontrolleddetonationis carriedout in atubelined
with sootcoatedmetalfoil. As thedetonationpropagatesthrough
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evensodistinctcellularpatternsarenotgenerated.
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Figure2: Simulatedsmokedfoils. Lighter regionscorrespondto a
slower ßamespeed,andtheßamemovesfrom left to right in each
Þgure.An initial sinewaveperturbationis smoothedoutby theÞrst
order DSD equations(top) and the second order DSD equations
(middle),whereasinterestingcellularpatternsdevelopfor thethird
orderDSDequations(bottom).

tional laboratories.A particularlyinterestingareaof asymptoticre-
searchis detonationshockdynamics[YaoandStewart1996;Aslam
etal. 1996]whereresearchersderivedequationsthatadmitcellular
patterns.DSD theoryshows that thenormalpluscurvaturedriven
interfacevelocitiesusedin [Nguyenetal.2001;Nguyenetal.2002]
result in smooth,diffuseßameswhich is obvious consideringthe
factthatcurvaturedrivenmotionleadsto a parabolicpartialdiffer-
entialequation.Thenormalpluscurvaturedriveninterfacevelocity
is consistentwith ÞrstorderDSDtheory, but DSDtheoryalsocon-
tains secondand third order equationswhich are hyperbolic (not
parabolic)andthusnot inherentlydiffusive. Note that hyperbolic
differentialequationsarecomputationallymoreefÞcientto simu-
late thantheir paraboliccounterparts,becausethey possessa sig-
niÞcantlylessrestrictive CFL condition. More importantly, third
orderDSD theoryyieldsa setof partial differentialequationsthat
producecomplex time-coherentcellularpatterns.

Although low speedÞre and ßames(i.e. deßagrations) differ in
many waysfrom their higherspeedshockwave coupledcounter-
parts(i.e. detonations),the highly intricate time-coherentcellular
patternsproducedby DSDarevisually compellingandthusthefo-
cus of our work. From the standpointof computergraphicsap-
plications,obtaininga more interestingvelocity for the level set
surfaceallows for morevisually interestingÞreandßames,while
low speedphenomenaarestill faithfully modeledwith the incom-
pressibleNavier-Stokesequations.Therefore,we extendthework
of [Nguyenetal. 2002]from theparabolicinherentlysmoothßame
velocitiesto the more interestinghyperbolic third orderDSD ap-
proximationsthatyield cellularpatternsandßamewrinkling.

2 Previous Work

Previousßamemodelsin computergraphicsinclude[Inakage1989;
PerryandPicard1994;Chibaet al. 1994;StamandFiume1995;

Figure3: Four imagesfrom the time evolution of a level setsur-
faceusing the third order DSD equations.Note that the Navier-
Stokesequationsarenot usedin this example,ratherit illustrates
thatthecellularpatternsareproducedby theDSDaugmentedlevel
set equationswithout the needfor vorticity conÞnement or other
turbulencemodels.

Bukowski and Sequin1997; Beaudoin et al. 2001; Melek and
Keyser2002;AdabalaandHughes2004]. In addition,simulation
of explosionswas addressedin [Musgrave 1997; Mazaraket al.
1999; Neff andFiume1999; OÕBrienandHodgins1999; Yngve
et al. 2000; Feldmanet al. 2003; Geigeret al. 2003; Rasmussen
et al. 2003;Geigeret al. 2005]. Many authorshave focusedon the
renderingof Þreandßamesand we refer the interestedreaderto
[Rushmeieretal. 1995;PegoraroandParker2006]for example.In
[Melek andKeyser2003; Melek andKeyser2005; Losassoet al.
2006a],Þrewasconsideredin thecontext of erodingsolid objects,
and[Melek andKeyser2006]alsomodeledthecrumplingof solids
basedon heat.Similarly, [Losassoet al. 2006b]simulatedburning
liquids, and[Zhaoet al. 2003]describeda modelfor thepropaga-
tion of Þrealongsolidsurfaces.

3 Flame Speed

We Þrstconsiderthe ßamefront velocitiesusedin [Nguyenet al.
2002]whichhave theform

D = a! b! (1)

wherea andb arepositive constantsand! is the local meancur-
vatureof the ßamesurface. Using the level set function " , we
can deÞnethe local unit normal n = ! " / |! " | and the curvature
! = ! ! án. Thestandardequationfor level setevolution is

" t + wá! " = 0, (2)

wherew = ((un) f ! D)n. The (un) f term denotesthe normalve-
locity of the unreactedfuel which we ignore for the rest of Sec-
tion3, leaving thediscussionof couplingto theNavier-Stokesequa-
tions to Section4. When" is a signeddistancefunction,n = ! " ,
! = ! " " , andsettinga = 0 yields the parabolicheat(diffusion)
equation" t = b" " , whichsmoothsoutdetailon theßamesurface.
Equation(2) canbemadehyperbolicby setting b = 0, but still does
notproduceinterestingcellularpatterns.

Classical detonation theory describesthe velocity of a one-
dimensionalsteadydetonationwave called the Chapman-Jouguet
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Third Order DSD Constants

¥c1, c2, c3, c4, c5, !  : constants that depend 
on material properties

¥"  : activation energy

Figure 4: A technicalillustration of ßamecorescomputedusing
the full couplingof theDSD equationsto theNavier-Stokesequa-
tions. The ÞrstorderparabolicDSD equationsareshown on the
left, while the third orderDSD equationsareshown on the right.
We useddifferent colors to representdifferent ßamespeedsem-
phasizingthefact that theÞrstorderequationsdo not produceand
accentuatecellular patterns.Note that in the Þrstorderresult,we
havesetb = 0 removing theparaboliccurvaturetermandusedvor-
ticity conÞnementin order to get asmuchdetail aspossible,but
evensodistinctcellularpatternsarenotgenerated.

(CJ)detonation.DSD augmentsthis theoryby consideringdevia-
tionsin curvaturefrom aplanarChapman-Jouguetdetonationfront
aswell asunsteadydetonationsvelocities,thusproviding a fully
multidimensionaldetonationmodel.Theimportantparametersare
thedetonationspeedD, its materialderivatives(e.g. úD and ¬D) and
the geometryof the shocksurface(e.g. ! and ú! ). The Þrstorder
relation, termedthe D ! ! relation, is given in equation(1). The
secondorderrelation, úD! D ! ! , considerstheÞrsttimederivative
of thedetonationvelocity via

Dt + wá! D = úD (3)
úD = ! " ! + #(D ! DCJ) (4)

whereDCJ is the planardetonationvelocity predictedby the one-
dimensionalChapman-Jouguetdetonationtheory.

While the secondorder DSD equationsare hyperbolic, it is the
third order theory utilizing a ¬D ! úD ! D ! ú! ! ! relation which
resultsin a hyperbolic partial differential equationthat generates
self-sustainingcellularpatterns.Theequationsfor third orderDSD
theoryare(seee.g.[Aslam1996]),

Dt + wá! D = úD (5)
úDt + wá! úD = ¬D( úD,D, ú! , ! ) (6)

where ú! is thematerialderivativeof thecurvature ú! = ! t + wá! ! .
TheseequationsstatethatD and úD areadvectedwith the interface
velocityandintegratedwith thesourcetermsontheright handside.
Equation(5) is similar to equation(3) exceptthatinsteadof obtain-
ing úD from equation(4), equation(5) obtainsit from equation(6).
Thesystemof equations(2), (5) and(6) is closedby deÞning

¬D = ! c1" 2(D ! DCJ) ! c2" úD ! c3" 2LCJ ! c4 ú! (7)

" = eµ$(D! DCJ) , LCJ = ln|1+ c5$! / " |

where$ is the activation energy. The Þrst two termsof equation
(7) areelasticanddampingtermsdescribingtheoscillatorymotion
of D aboutDCJ. The third term is a curvatureforcing termwhich
accentuatesthe variationsin curvatureof the front. In particular,

Figure5: Thesesimulationscorrespondto thoseshown in Figure4,
exceptthatwe renderthesmokedensityÞeldinsteadof illustrating
the ßamecore. Again, notethe improved resultusingthird order
DSDtheory.

since! > 0 correspondsto regionswhereD < DCJ, that termfur-
therdeceleratesD, whereasregionswith ! < 0 whereD > DCJ are
accelerated.Thelastterminvolving ú! is adampingterm.

Although the coefÞcientsc1 to c5 and µ are functions of two
material-dependentparameters(namelythepolytropicexponentof
the materialandthe Mach numberof the Chapman-Jouguetdeto-
nation), in practiceonecantunethemindependentlyto carve the
desiredcellular patternsin theßame.Furthermore,$ canbecon-
sideredasa part of µ$ andc5$ insteadof an independentdegree
of freedom.After settingDCJ to thedesiredbaseßamespeedand
settingc1 andc2 for thedesiredelasticity anddampingaboutDCJ,
wefoundthattweakingthecurvatureforcingterm,c3, givesussuf-
Þcientcontrolof thecellularpatternsin termsof simulationdetail.
Thecurvaturedampingtermincludingc4 wasessentialfor thedeli-
catecontrolof cellularpatternsfor non-coupledsimulations,but we
foundit canbeomittedfor coupledsimulationsbecausethecurva-
tureforcing termdominates.µ$ wasusedto limit thedeviation of
D from DCJ andc5$ determinedthesensitivity of LCJ to curvature.
It wasusefulto normalizec5$ by " x whentestingcoefÞcientswith
variousgrid resolutions.We presentthesimulationcoefÞcientswe
usedin Table3.

Eachtime step,we Þrst advect%, D, úD and! forward in time us-
ing the velocity Þeldw ignoring sourceterms. Al thoughspecial
techniquesaretypically usedto evolve the level setequation,the
DSD relatedparametersD, úD and ! can be treatedmore simply
with semi-Lagrangianadvection or a higher order accuratevari-
ant [Stam1999;Kim et al. 2006;Selleet al. 2007]. As is typical
the fastmarchingmethodcan be usedto maintainthe signeddis-
tancepropertyof %, whereasthe DSD relatedscalarsneedto be
extendedconstantnormalto theinterface.Thisextrapolationin the
normaldirection is similar to the one-way extrapolationdonefor
the velocity Þeld in [Enright et al. 2002]. To evaluatethe source
terms,we Þrstcomputethe new curvatureÞeld ! n+ 1 = ! (%n+ 1)
using the new valueof the level set function. Thenwe compute
ú! = (! n+ 1 ! ! !)/ " t where! ! is the valueobtainedby advecting
thetime n curvatureÞeldforward in time. Next thesourceterm ¬D
is evaluatedusing ú! andtheadvectedvaluesof D, úD, and! (i.e.D!,
úD! and! !). That is, ¬D = ¬D(D!, úD!, ! !, ú! ). Theadvectedvalueof
úD is thenaugmentedby " t ¬D, andsubsequentlytheadvectedvalue
of D is augmentedby " t úD. SeeTable1 for pseudocode.

A widely usedexperimentaltechniquefor studying the cellular
structureexhibitedby gaseousdetonationsis thesmokedfoil tech-
nique,in whichacontrolleddetonationis carriedout in atubelined
with sootcoatedmetalfoil. As thedetonationpropagatesthrough
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Figure6: Fireballgeneratedby couplingthethird orderDSD equationsto theNavier-Stokesequations.

the tube, the pressuresgeneratedleave an imprint on the foil. A
similar processcanbesimulatednumericallyusingtheDSD equa-
tions. Figure2 is generatedby recordingthereactionspeedasthe
detonationfront crossesover eachgrid point, moving from left to
right in the Þgures.Note the striking differencebetweenthe Þrst,
secondand third order DSD equations. While the initial pertur-
bationsaresmoothedout by the Þrstandsecondorderequations,
they persistandareampliÞedfor the third orderequations.Fig-
ure3 shows thetimeevolutionof a three-dimensionallevel setsur-
faceusingthe third orderDSD equations.Note that the complex
cellular patternsin Figure2, bottom,andFigure3 wereobtained
using only equations(2), (5), (6) and (7) without any considera-
tion of theNavier-Stokesequations.Theability of DSD theoryto
producesuchinterestingphenomenawithout theaid of theNavier-
Stokesequationis dueto thefactthattheequationsthemselveswere
asymptoticallyderivedfrom theNavier-Stokesequations.

4 Coupling with Navier-Stok es Equat ions

Now thatwe have demonstratedtheability of DSD theoryto pro-
ducelevel setsurfaceswith interestingcellularpatterns,in thissec-
tion wecouplethelevel set/DSDevolutionto thethree-dimensional
Navier-Stokesequationsasin [Nguyenet al. 2002]. Theequations
for inviscid incompressibleßow aregivenby

ut + (uá! )u+ ! p/ ! = f (8)

alongwith thedivergence-freecondition! áu = 0, whereu is the
velocity, p is the pressure,! is the density, and f denotesbody
forcessuchas gravity, buoyancy and vorticity conÞnement. The
conversionof mass due to the reaction inducesdiscontinuitiesin
pressureandnormalvelocity acrossthe interfacethatmustsatisfy
interfacejump conditions(derivedthroughbalancingthemassand
momentumßuxacrosstheinterface)givenby

[! (un ! wn)] = 0 (9)

[! (un ! wn)2 + p] = 0, (10)

whereun = u án, wn = w án, andÒ[á]Ódenotesthejump acrossthe
interface[Nguyenet al. 2001]. Since! is discontinuousacrossthe
interface,theseequationsimply thatun andp arediscontinuousas
well. To obtainaccuratederivativesacrossinterfaceswith sub-grid
accuracy, discontinuousvariablesare extrapolatedusing continu-
ousvariablesbasedon theirphysicalproperties.See[Nguyenetal.
2002;HongandKim 2005;Losassoet al. 2006b]for implementa-
tion details.

To obtainabettertemperatureproÞlefor bothbuoyancy andrender-
ing,weadditionallyconsiderthejumpconditionimpliedby conser-
vationof energy

[e+ (un ! wn)2/ 2+ p/ ! ] = 0 (11)

wheree is the internal energy perunit mass.For a caloricallyper-
fectgas,de= cvdT wherecv is thespeciÞcheatatconstantvolume
andT is the temperature.Integratingthis relationship,settingthe
arbitraryzeropointenergy to zeroat0K, oneobtainse= cvT which
canbeusedto rewrite thejumpconditionas

[cvT + (un ! wn)2/ 2+ p/ ! ] = 0 (12)

notingthatcv is differentfor thereactedandunreactedmaterials.

As a summaryof the whole DSD algorithm,we present the pseu-
docodein Table1 illustrating that the implementationis a simple
extensionto [Nguyenetal. 2002].TheNavier-Stokesequations(8)
aresolvedexactlyasin [Nguyenetal.2002]exceptthatw is deÞned
slightly differentlyin thesensethatD is no longerdeÞnedby equa-
tion (1) but insteadis deÞnedby equations(5), (6) and(7). Equation
(5) is solvedfor D in thesameway asequation(2) is solvedfor "
except that thereis a sourceterm so it requiresa separatestepof
addition. That sourceterm obeys equation(6) which is the same
advectionasequation(2) for the level setasis theequationfor #.
Onceagain equation(6) hasa sourcetermwhich is evaluatedand
addedto úD. Notethat thevaluesof úD,D, ú#,# arepluggedinto the
sourcetermin equation(6) via equation(7) which is evaluatedby
simplearithmeticoperations.

Figures4, 5 and6 illustratetheresultsobtainedwhencouplingthe
DSD equationsto the full Navier-Stokesequations.In particular,
Þgures4 and5 contrastthedifferencesbetweentheÞrstorderDSD
equationsandthethird orderDSDequations.

5 Examples

Theexamplespresentedwerecomputedusingthethird orderDSD
equationscoupledto theNavier-Stokesequations.We usedvortic-
ity conÞnementasin [Fedkiw et al. 2001] (vortex particles[Selle
et al. 2005] could also be used)in the fuel and productregions.
In orderto extendthe expanseof the fuel we advect particlesthat
actto increasethedivergencein thefuel regionasin [Feldmanetal.
2003].Weusephotonmappingfor theÞrelighting andablackbody
radiationmodelfor thefuel andgaseousproducts.
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Results
Numberof Total Meantime DSDtime CFL Grid

frames time perframe perframe number resolution
Figure1 521 68hr 469sec 5 % 2 300×250×250
Figure6 300 24hr 291sec 6 % 2 200×300×200
Figure7 225 50hr 800sec 6 % 1.5 250×250×250

Table2: Simulationtimes

DCJ a b ! " c1 c2 c3 c4 µ# c5#! x ! x Grid size
Figure2 (top) 1 0.01 0.08 120×40

Figure2 (middle) 1 1 0.1 0.08 120×40
Figure2 (bottom) 1 0.2 0.1 87.5 0.625 1 0.01 0.08 120×40

Figure1 0.2 1 0.1 100 0 2 2.5 0.04 12×10×10
Figure3 0.1 0.01 0.001 0.013 0.002 1 1 0.0267 8×8×8
Figure6 0.2 10 0.1 100 0 2 2.5 0.01 2×3×2
Figure7 0.2 3 0.3 300 0 2 2.5 0.024 6×6×6

Table3: Simulationparameters
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develop a scheme that presents various visualization re-
sults of fire.

This paper is organized as follows. In Sect. 2, we sur-
vey related work on the animation of fire. In Sect. 3 and 4,
we briefly present the fluid equations exploited in this
paper and suggest a framework that simulates the combus-
tion of fuels. In Sect. 5, we explain the method by which
fire and its lighting effects are visualized. In Sect. 6, we
show the results and discuss how the framework is im-
plemented. Finally, in Sect. 7, we conclude and suggest
directions for future work.

2 Relatedwork

Particle systems [21] or noise functions [18] were intro-
duced to model and animate fire and flames in computer
graphics. The methods on fire can be classified into two
categories: procedural model-based methods [3, 5, 6, 10,
13, 14, 19, 24] and fluid-based methods [8, 9, 17, 23].

2.1 Procedural model-based methods

Inakage proposed a simple laminar flame model by ap-
plying textures onto flame-like implicit primitives and ap-
plied a volume rendering technique for visualization [10].
Chiba et al. suggested a planar flame spread model that
decomposes space into a set of cells, each of which con-
tains fuel to be combusted [6]. A cell whose temperature
becomes higher than the ignition temperature starts to
burn and emits light and heat. Perry and Picard developed
a fire propagation simulation on polygonal meshes by
representing a fire front as a particle system and adding
new particles according to the expansion of the front [19].
Bukowski and Sequin proposed a simplified and inter-
active fire simulation based on the design environment
for building fire safety systems [5]. Beaudoin et al. de-
signed flames as implicit surfaces and controlled them by
using time-dependent vector fields [3]. They also simu-
lated fire propagation on triangular mesh surfaces and ren-
dered fire by applying volume rendering techniques. Lee
et al. simulated fire propagation on arbitrarily complex
objects by computing geodesic curves on the surfaces of
the objects [14]. Lamorlette and Foster proposed a flame
modeling scheme that represents the core of a flame as
a parametric 3D curve whose motion is controlled through
wind fields [13]. The visual part of the flame is constructed
as a cylindrical profile of the curve, which is built by
using implicit surfaces. They also added procedural noise
and a Kolmogorov frequency spectrum to make the flame
turbulent. Wei et al. suggested a realtime fire animation
scheme by exploiting textured splats as the basic display
primitives for fire [24]. They applied the lattice Boltz-
mann model to simulate the equations about fire evolution
and intersection with the environment. Premoze et al. [20]
proposed a particle-based method to simulate fluids such

as floods and water. Adabala and Hughes [1] proposed
a chemical model that simulates the flickering of fire.

2.2 Fluid-based methods

Stam and Fiume proposed a diffusion equation-based
method to simulate fluids such as fire and smoke [23]. To
solve the diffusion equation numerically, they developed
the warped blob method. They also developed fire propa-
gation on surfaces by casting fuel particles on the surface
of nonflammable objects and burning them from the ig-
nition point. Nguyen et al. developed a physically-based
fire modeling and animation scheme [17]. They separated
fire into three parts: core, flame, and soot. The core is
represented as a level-set whose interface is deformed ac-
cording to the out-going fluids. The flame is represented
as the fluid cast out from the core using the ghost-fluid
method. The motion of the fluid is controlled by the Eu-
ler equation, and the temperature is controlled through
a time–temperature graph. Soot is the fluid the tempera-
ture of which is cooled below a certain threshold tempera-
ture. Nguyen et al. also proposed a very realistic rendering
scheme for fire by applying a photon mapping and ray
marching scheme. Feldman et al. proposed a combustion-
based model for simulating fire and explosions [8]. The
fuel of the combustion, which is represented as suspended
particle systems, is controlled by modeling the fluid using
the Euler equation. At each time step, the fuels are com-
busted and emit light and heat to the cells that contain
the fuel. Ihm et al. proposed a fluid animation framework
based on simulating chemical reactions [9]. Even though
they deal with the chemical reactions during fluid simu-
lations, their scheme does not simulate combustion. Min
and Metaxas have presented a simple model that simu-
lates combustion process [16]. The limitation of this work
is that the details of the combustion are not considered
and that the visualization of fire is not sufficiently pro-
vided. Recently, Losasso et al. proposed a fire propagation
scheme [15] that converts objects in triangular meshes into
grid-based fluids. They further implemented fire propaga-
tion on solid objects.

3 The ßuid equations

The fire model presented in this paper is composed of
a fluid model and a combustion model. The fluid model,
whose purpose is to control the motion of fluids around
fire, is constructed by exploiting the classical fluid model
equations [7, 22]. The Navier–Stokes equations with low
viscosity are exploited to model the fluid of the proposed
fire model.

! áu = 0,
! u
! t

= " (uá! )u "
1
"

! p+ #! 2u+ f ,
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where ! is the kinematic viscosity of the ßuid, " is its
density and f is an external force. The advection term of
the equation is solved by applying the semi-Lagrangian
method. According to [7], the external force is composed
of two forces: thebuoyancy forcethat raisesßuidsand the
conÞnement force that plays the role of a paddle wheel in
ßuids.

The ßuid density and temperature are controlled
through the following equations:

#"
#t

= ! (uá" )" ,

#T
#t

= ! (uá" )T ! cT

!
T ! Tair

Tmax ! Tair

" 4

+
dH
dt

, (1)

wherecT is a cooling parameter, and dH
dt is the term for

the heat generated from the combustion, whose process is
described in Eq. 2 in Sect. 4.2.

4 Simulation of the combustionprocess

In this section, we describe a scheme that simulates the
combustion process during which fuel is converted into
soot by producingheat and light. Asapreliminary step, we
build a model that represents the properties of fuel which
is exploited in thesimulation of combustion process.

4.1 Building a fuel model

4.1.1 Sampling thepropertiesof fuel

The important properties of fuel considered in this paper
are listed as follows:

The potential heat. The potential heat of a fuel means the
amount of heat that fuel can produce during its com-
bustion. According to combustion theory, fuels with
different chemical propertieshavedifferent amountsof
potential heat. In this paper, the burning materials of
simplechemical constituentsarerepresentedasaset of
fuelsthat havesimilar potential heat, while theburning
materials of complex chemical constituents are rep-
resented as a set of fuels that have diverse potential
heat.

The combustion speed. The combustion speed of a fuel
also depends on the chemical properties of the fuel.
Since we simulate the combustion process in a dis-
cretized time space, the combustion speed of a fuel is
implemented as the combustion ratio of a fuel, which
means the amount of fuel that is combusted at a single
time step. We control the burning speed of fuels with
this property. On entering the burning zone, fuels of
high combustion speed are combusted as soon as they
enter the zone, while fuels with low combustion speed
arecombustedslowly.

The oxygen required for combustion. A combustion pro-
cessrequiresoxygen, which reactswith fuel to produce
heat and soot. Fuel with different chemical ingre-
dients requires different amount of oxygen in the
combustion process. We control the location of com-
bustion with this property. Fuel that requires a small
amount of oxygen is combusted near the source of
the fuel, while fuel that requires a large amount of
oxygen is combusted near the boundary of the Þre,
where more oxygen is available. In the next sec-
tion, we present a formula for estimating oxygen in
avoxel.

The threshold temperatures. Fuel stays in a solid or a
liquid state while the temperature of fuel is below
a threshold temperature, which is known as the pyrol-
ysis temperature. Above this temperature, the fuel is
vaporized and ready to becombusted. Thesepyrolyzed
fuels are combusted after the temperature increases
abovethe ignition temperature. Thepropagation speed
of Þre over burning objects is controlled through the
pyrolysis temperature and the ignition temperature of
the fuel on the objects.

4.1.2 Implementation of fuels in voxelized space

To implement fuel in a voxelized space, we assume that
the voxels are Þlled with only either ßuid or air. Before
simulation, the voxel with a maximum capacity of VMAX
is assumed to be Þlled with air. If we assume the oxygen
ratio of air to be $, the amount of oxygen in the voxel is
estimated as $VMAX, and the amount of auxiliary gas as
(1! $)VMAX (seeFig. 1a).

During simulation, thevoxel is occupied with theßuid
of density " (see the right box in Fig. 1a). The ßuid with
density " is composed of N fuels, each of which is rep-
resented as %x (see the left box in Fig. 1b). Initially, the
fuelsare1.0 beforecombustion (unshadedareain Fig. 1b).
During simulation, thevaluesof the fuels are reduced due
to the combustion of the fuels. After a complete com-
bustion, the fuel values become zero (shaded area in the
Fig. 1b). Note that %x denotesthe ratio of fuel of type x in
the ßuid with density " . Therefore, the amount of fuel of
type x is estimated as %x # " . %Õs are controlled through
the equation that controls the scalar values in the ßuid
equation:

#%x

#t
= ! (uá" )%x, for 1 $ x $ N,

whereN denotes thenumber of typesof fuels.

4.2 Building a combustion model

At each time step, we simulate the combustion process
at every voxel by performing the procedures suggested
in Fig. 2.
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At each time step, we simulate the combustion process
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in Fig. 2.
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Fig. 1. The conÞguration of a voxel during simulation

Fig. 2. Simulated procedures of combustion

The proceduresin Fig. 2 are implemented as follows:

[1] We denote the availableoxygen and required oxygen
for the x-th fuel at a voxel v as Ox

a(v) and Ox
r (v),

respectively. In computing Ox
a(v), we assumethat

the amount of available oxygen for the x-th fuel in
avoxel v isproportional to therelativeamount of fuel
in thevoxel.Therefore,Ox

a(v) iscomputed as

Ox
a(v) = O(v)

! x(v)

"
, where" =

N!

n= 1

! n(v).

Note that O(v) is measured as #(VMAX ! $(v)) from
Fig. 1a. Ox

r (v) is estimated as

Ox
r (v) = Ox

r ! x(v),

whereOx
r is the required oxygen for the combustion

of the x-th fuel.
[2] The heat generated at a voxel is estimated by adding

theheat generated from each fuel in thevoxel. Before
computing theheat generatedfromthex-th fuel in the
voxel, we estimate %x(v), which is the amount of the
fuel that will be combusted at this time step. The im-
portant facts that determine%x(v) are thecombustion
speed and theoxygen availableat thevoxel.
In the case that the available oxygen is greater than
the required oxygen, %x(v) is estimated as:

%x(v) " &x # ! x(v),

where&x is the combustion speed. In other cases,
%x(v) is restricted by theavailableoxygen asfollows:

%x(v) "
Ox

a(v)

Ox
r (v)

&x # ! x(v).

The heat generated from the x-th fuel at voxel v, de-
noted as Hx(v), is computed as follows:

Hx(v) = hx # %x
v # $v # ' t,

wherehx denotes the potential heat of the x-th fuel,
and ' t is the timestep for thesimulation.
Finally, the remaining amount of fuel after the com-
bustion process is measured as follows:

! x = ! x ! %x
v, for 1 $ x $ N.

[3] The total heat generated at voxel v, denoted as H(v),
is computed as the sum of the heat generated from
each fuel as follows:

H(v) =
N!

i= 1

Hx(v). (2)

This value is added to Eq. 1.

5 Visualization

In this paper, Þre and its lighting effects are visualized in
the following steps.
1. Mapping temperature to color. We present a tempera-

ture-color graph that maps the temperature of Þre to
a color. The graph is designed based on the Þeld func-
tion graph, which was originally developed for build-
ing soft objects [4].

2. Casting and managing photons. A set of photons are
cast at each voxel whose temperature is greater than
a threshold temperature. The color of the photon is
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voxel, we estimate %x(v), which is the amount of the
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speed and theoxygen availableat thevoxel.
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5 Visualization

In this paper, Þre and its lighting effects are visualized in
the following steps.
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a color. The graph is designed based on the Þeld func-
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2. Casting and managing photons. A set of photons are
cast at each voxel whose temperature is greater than
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6 Implementationandresults

The algorithm proposed in this paper was implemented at
a Pentium-based PC with 3.06 GHz CPU and 2.0GByte
main memory. The grid size for the simulation was 150!
150! 150 and the time step was 0.0005s/frame. We
built several Þre animations by combining the Þre simu-
lation and visualization schemes. We suggested three
different Þre sources: (1) Þre from a Þxed source, (2) Þre
on a rotating torus, and (3) Þre on a beating torus.
We also suggest two different visualization schemes:
(1) rendering Þre without background, and (2) render-
ing Þre with background and without ambient light.
The descriptions of the result animations are listed be-
low:
Result 1. Fire from a Þxed source, and rendered without

background.

Fig.6aÐc. Various resultsof thispaper: a Result 1: Þrewith background and with the lighting effectsof ambient light; b Result 2: rotating
Þre with background and with lighting effects of only Þre; c Result 3: beating Þre with background and with lighting effects of only Þre

Result 2. Fire from a rotating torus, and renderedwith
background and without ambient light.

Result 3. Fire from a beating torus, and rendered with
background and without ambient light.
Captured images from the result animations are illus-

trated in Fig. 6. The time complexity for the animation
clips are suggested in Table1. In the animation clips, we
removed smoke in order to completely understand the
shapeof Þre.

Table1. Time complexity of the accompanying animation results
(frame/minute)

Result no. Result 1 Result 2 Result 3

Simulation 0.54 0.98 0.65
Visualization 2.06 4.75 4.24


