
Ray Tracing

Monte Carlo Integration
& Sampling



Path notation

L - light
E - eye
D - diffuse
S - specular

LE
LDE
LSE

LDE + LSE 
L(S+D)E
LDS*E

L(S+D)S*E
L[S,D]*E



Rendering Equation
Bi-Directional Reßectance Function (BDRF)



Basic Statistics

¥Continuous random variable

¥Probability density function

¥Expected value

¥Variance

¥Standard deviation

E[f (x)] =
!

S
f (x)p(x)dµ

var (X ) = E([X ! E(X )]2) = E(X 2) ! [E (X )]2

! (X ) =
!

E([X ! E(X )]2) =
!

E (X 2) ! [E (X )]2

f pdf



Integrate by Monte 
Carlo Sampling

Monte Carlo techniques 
- random sampling when 
function is not analytic

More samples 
reduce variance

Estimate of expected value

E(x) !
1
N

N!

i = 1

xi



non-uniform 
sampling

non-uniform 
distributions



Law of Diminishing Returns

E(f (x)) =
!

x ! S
f (x)p(x)dµ !

1
N

N"

i = 1

f (xi )

Error similar to standard deviation
standard deviation proportional to  1

!
N

Have to quadruple samples to halve error



Importance Sampling: x~p
Choosing a sampling distribution that is siimilar in shape 

to the integrand reduces variance

FN =
1
N

N!

i = 1

f (xi )
p(xi )

low probability high probability



Sum of  Variances: StratiÞed Sampling

var (
N!

i = 1

g(xi )
p(xi )

) =
N!

i = 1

var (
g(xi )
p(xi )

)

StratiÞcation never increases variance



Quasi-Monte Carlo Integration
! 1

0
f (x)dx !

1
N

N"

i = 1

f (xi )

For set of random points x1, x2, ..., xn

Approximation still works for 
non-random points y1, y2, ..., yn

(but may have aliasing)



Multidimensional-Monte Carlo 
Integration

I =
!

[! 1,1]2
f (x)dA

I =

! 1

y= ! 1

! 1

x = ! 1
f (x, y)dxdy !

1

N

N"

i = 1

f (xi , yi )

p(xi , yi )

I !
1
N

N!

i = 1

f (xi )
p(xi )



Path Tracing

Trace ray from eye through 
environment until it hits  light



Photon mapping

Trace ray from light, depositing 
light (photons) on each surface 

it hits



Bi-Directional Path Tracing

Trace ray from light, depositing 
light (photons) on each surface 
it hits, then trace rays from eye 

through environment



FINI



Form Factor

F12 =
1
A

!

x 1 ! S1

!

x 2 ! S2

g(x1, x2)cos! 1cos! 2dA1dA2

" ! x1 " x2! 2

F12 ! A2
g(x1, x2)cos! 1cos! 2

" " x1 # x2" 2



Weighted Averages

I =
!

S
w(x)f (x)dµ

I (i , j ) =
!

S
w(p)L (p)dA



Weighted Averages

I (i , j ) !
N!

k= 1

w(xk , yk )L (i xk , j + yk )
p(xk , yk )

L (x) = ! d(x)

!

i n com i n g ! !

1

"
L (x, #!)cos$d#!



Weighted Averages

L(x) = ! d(x)
! 2!

" =0

! !
2

#=0

1
"

L(#, $)cos#sin#d#d$

L(x) = ! d(x)L (x, " )

I =
! 1

0

! 1

0

f (x, y)dxdy



Generating non-uniform 
samples from a uniform random 

variable



StratiÞed Sampling

var (
N!

i = 1

g(xi )
p(xi )

) =
N!

i = 1

var (
g(xi )
p(xi )

)

!

Si

p(x)dµ =
1
N

!

S
p(x)µ

Never increases variance


