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Abstract of the Thesis

Optimizing Cache Behavior of Ray-Driven Volume Rendering Using

Space-Filling Curves

by

Oleg Mishchenko

Master of Science

in

Computer Science

Stony Brook University

2006

We study the cache behavior of space-filling curves in the context of volume rendering

with raycasting. An efficient bit-oriented algorithm for 3D Hilbert curve traversal is

also proposed. We find that data organization along space-filling curves provides an

effective means to preserve cache coherency and to reduce expensive cache misses.

A surprising result of our study is that the Z curve has better characteristics in

conjunction with smaller cache sizes than the theoretically superior Hilbert curve.

We tested a wide range of ray traversal models, such as random ray direction changes

associated with scattering, bent rays resulting from refractions, and the cache-related

effects of interpolation filter size.
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Chapter 1

Introduction and Related Work

1.1 Background

Direct volume rendering is concerned with the visualization of volumetric datasets,

described as 3D or 4D arrays of scalar or vector (RGBA) values. These types of

datasets are being ubiquitously produced by medical scanners, scientific simulations,

and engineering design. They even occur in mainstream entertainment applications,

for example in the modeling of amorphous effects, such as smoke, gas, or fluid. A

number of paradigms have been described for the volume rendering of regular grids,

with the most popular being raycasting [15], splatting [33], shear-warp [11], and

cell projection [27]. These methods have received significant attention and, due

to this widespread effort, have been well developed at this point. While all of

these algorithms have their strengths and weaknesses, ray-based aproaches provide

the highest flexibility to conveniently realize non-linear light propagation effects, as

occuring in refracting and diffracting media. The modeling of global scattering and

shadows are likewise best handled with ray-based approaches. Unfortunately, these

rendering scenarios also give the most irregular memory access patterns, which poses

significant challenges to cache management. Furthermore, sampling (interpolating)

the volume in 3D coordinates creates large leaps in data addressing if the memory

access is not inherently 3D, and costly cache missses are a direct consequence. These

effects are even exaggerated when the (3D) interpolation filters are of higher quality

and therefore larger [19].
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Recent work on GPU-accelerated volume rendering convincingly advocates a

single-loop one-pass raycasting approach, that is, a single fragment program steps

each ray across the volume, front-to-back [29]. This scheme only requires one control

primitive to be rasterized which then triggers all rays to be spawned. The rays can

be non-linear, supporting refraction, diffraction, and scattering effects, as their posi-

tions are updated independently. The single-loop approach minimizes the number of

passes and hence the switch time requitred and the control polygon rendering effort.

Interpolation of sample values is achieved via indexing a 3D texture. However, with

GPU data access being localized into 2D texture addressing, such a 3D texture is

typically realized as a 2D sheet of 2D textures, either implicitly or explicitly. Con-

sequently, a 3D texture access will incur a significant jump in the addressing space,

possibly acompanied by a costly cache fault. While there may also be cache faults

in 2D texture access, these may be buffered by the L2 cache, but frequent L1 cache

faults seem certain. Hence, to cope with these data communication problems, we

desire a data access and organization scheme which is more coherent in the presence

of these high-dimensional access patterns, incurring a lesser amount of cache misses.

A space-filling curve is a data parameterization scheme that can provide the

desired high level of data access coherency, even in three and higher dimensions.

With space-filling curves, the data are stored in memory in the traversal sequence

implied by the curves’ space traversal pattern. In this thesis, we will show that

storing the data in such a pattern lowers the number of cache faults in raycasting

scenarios significantly. The use of space-filling curves is certainly not new, and

they have given rise to impressive results in various applications, ranging from data

clustering in high-dimensional spaces [20] to computer graphics [16] to volume slicing

[23]. Nevertheless, our work makes a number of unique and novel contributions:

• It extends the theory of space-filling curves to actual volume rendering via

raycasting and raytracing, with a GPU-based implementation in mind.

• It compares two popular space-filling curves, Hilbert and Z-curve (also known

as Lebesgue curve), in terms of cache performance in this scenario.

• It addresses issues, such as cache size, rendering effects, and interpolation filter
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size.

• It presents a fast indexing scheme to convert spatial coordinates into Hilbert

curve coordinates (an indexing scheme for the z-curve was presented in [23]).

Our experiments indicate that well known clustering properties of the curves

give much better performance than the typical sequential layout (referred to as

scanline layout). This should not come as a surprise. With space-filling curves,

the acceleration is due to a better locality and access coherence of the neigborhood

being interpolated. Filters used for interpolation always need access to several close

memory locations. The curve coherence properties make such locations closer on

the average, thus improving cache behavior. As mentioned above, we use two well

known space filling curves - the Lebesgue curve, also known as Z-curve, and the

Hilbert curve. The Z-curve has two very attractive properties - it is highly coherent

and has very simple and efficient index computing algorithm. However, the Hilbert

curve has higher coherence than the Z-curve.

Our index calculation algorithm, presented here, for the Hilbert curve, is simple

and efficient, and, though still slower than that for the Z-curve, allows us to get

better overall performance. Just like the Z-curve scheme in [23], it uses bitwise

operators, which are currently not available on GPUs. But we believe that soon

this situation will change and hope that this work will provide one more strong

motivation for this.

While we use the GPU as an example platform, the study presented in this thesis

is general enough for any architecture, be it CPU, GPU, or a processor in a mobile

device, where the size of cache and memory is an issue. With this in mind, the

thesis is organized as follows. First, in Section 2, we provide background and also

report on related work. Then, in Section 3, we give a review of the special data

access issues pertinent to ray-based volume rendering. Section 4, describes our fast

Hilbert curve traversal algorithm and compares it with the Z-curve of [23]. Finally,

in Sections 5 and 6, we present results, a discussion of these, and conclusions.

Caches usually get smaller the closer they are to the ALU. Usually a hierarchy

is present composed of L1 cache, L2 cache, main memory and disk. This is even
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true for the most recent GPUs, which is composed of L1 cache, L2 cache, texture

cache, main (CPU) memory, and disk. Govindaraju [8] reports that in the current

generation of GPUs the L1 cache is local to a particular fragent processoir, while the

L2 cache is shared among multiple fragment processors. Small register banks are also

available to store reusable data. For GPUs, the exact sizes of these resources are a

well-kept secret of the hardware manufacturers, but frameworks like GPUBench [9]

have come online that provide facilities to bechmark the hardware to find the sweet

spots in the balance of overhead incurred by data managment and cache faults. In

fact, a number of papers have been written that optimize the subtask granularity of

various applications, such as sorting [7], and matrix multiplications [6] (but this list

is not exhaustive), for GPU execution. We take a more general look at cache size

in the context of space-filling curves, but with GPU-accelerated ray-based volume

rendering applications in mind. While GPUs make 2D data access (in form of 2D

textures) the pattern of choice, it is not clear if they actually use 2D memory, or

just a clever caching and indexing scheme. But in any case, it has been shown that

2D texture accesses are faster than 1D accesses. Thus, we will store our curves in

a 2D texture and use the 2D addressing, but we will make this texure as narrow

as possible to keep the sequential access pattern encoding the space-filling traversal

patterns undisturbed. But as mentioned before, the project′s scope extends well

beyond GPU applications, where traditional 1D addressing might be used.

With the growing popularity of GPUs almost all volume rendering paradigms,

as listed in the introduction, have been ported to the GPU platform, in numerous

incarnations. The unique strength of graphics hardware to accelerate texture map-

ping has given rise to a more novel scheme called slice-based volume rendering [24],

but raycasting [28], splatting [22], and cell projection [25] have also been successfully

accelerated on the GPU. Volume datasets can be massive - depending on precision

a 5123 dataset can exceed the size of texture cache, requiring fetches from main

memory. But we have also noticed in a GPU-accelerated Computed Tomography

application [34] that the much smaller L1/L2 caches play a significant role in perfor-

mance. There we found that the data needed to be subdivided into smaller blocks of

1283 to achieve a linear scale in performance. This application still was able to use
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the shared L2 cache, which is typically in the order of MB on mainstream CPUs,

since the task was of a large granularity. An application like raycasting, especially

with non-linear rays, has a more local nature, and a closer look at the local L1 cache

is desirable. These tend to be on the order of KB for CPUs and we expect that this

is also true for GPUs (the exact details remain unknown in consumer circles). At

the same time, smaller devices, such as graphics units for mobile PDA-type units

probably feature reduced caches as well. Therefore, we have paid a close look at

smaller cache sizes in our study.

We layout the data in memory according to the space filling curve indexing (see

Figure 2). Since 2D textures are the preferred data organization on GPUs, we pack

the (1D) curve through the 3D data into a 2D texture. However, in order to retain

the continuous 1D traversal properties, it seems most appropriate to create a 2D

texture as narrow and as tall as possible, as mentioned above.

1.2 Sampling and Filters

In ray-based volume rendering, rays are cast into the volume and the volume render-

ing integral is calculated. Generally speaking, the calculation is an opacity-weighted

color accumulation (called compositing) during the ray’s volume traversal. Both

color and opacity are based on the interpolated scalar density and are looked up

by mapping this density into a transfer function. Then the shading calculations are

performed. This requires a gradient, which is typically interpolated as well from a

gradient volume, but it could also be obtained by interpolation with a derivative

filter, or by central-differencing newly interpolated neighboring samples. Note that

the latter will make the footprint of interpolation even larger. If a precomputed

gradient volume is used, the density and the 3-component gradient are typically

stored in the RGBA channels, respectively.

To obtain a ray sample, both density and (x,y,z) gradient, the value of the 3D

function at this particular point, are reconstructed from the grid values. This is done

with a specific filter. The proper reconstruction of a discrete grid into a continuous

function is a very important step, as careless filter selection can cause a number of
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artifacts in the image [19]. Filters in use, in order of reconstruction quality, are the

trilinear and the cubic function. The trilinear filter uses a 23 neighborhood, while

the cubic filter uses a 53 neighborhood. As is explained in [19], larger filters improve

the reconstruction quality further and should be used in accuracy-critical scenarios.

The filter (kernel) size determines the extent of the 3D neighborhood requested from

the cache (we call this addressed neighborhood the samples footprint). Favorable

cache organization schemes must aim to be sufficiently coherent, causing only few

cache misses.

We are interested in the data access cost of a particular filter. We have just

mentioned that in order to use the filter in the interpolatrion of the volume, a number

of memory references is necessary. If the difference between memory addresses is

small, it is likely that after the first memory access the next voxels will be already

in cache. This is, of course, desirable. This difference can be used as a simple and

useful metric for evaluating the filters with regard to different data layouts. Figure

1.1 illustrates this idea.

x + 512 x + 514

x + 256 x + 258

x x + 2

x x + 14

x + 3 x + 13

x + 4 x + 8

Figure 1.1: Filters and space-filling curves

When applying kernel to data with a scanline layout, the difference between memory

addresses can be very large. When using space filling curve, the distance on the

average is significantly smaller. Here 3x3 kernel is applied to a 256x256 image.
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Chapter 2

Space-Filling Curves

A space-filling curve is a mapping from N dimensions to one, but in this thesis we

deal only with the 3D case. Historically, the curves were found first for the 2D

case (that is where the popular name plane-filling curves originates). 3D and higher

dimension versions were discovered later. Peano was the first to find the original

curve in 1890. Later Hilbert introduced a different curve, which is known as Hilbert

curve or Peano-Hilbert curve. The important properties distinguishing these curves

from arbitrary N-to-1 dimension mappings are self-similarity and good clustering

behavior. The first property means that at a different level of detail, the curve

fills the space with the same pattern. The second property means that points close

in N dimensions remain close in 1D. The latter is the most important property,

and it explains the popularity of space-filling curves in computer science. When

locality preservation is necessary, space-filling curves provide an efficient solution.

Applications of space-filling curves include databases [14] and cache-oblivious ma-

trix multiplication [3]. In graphics, some of the applications of space-filling curves

have been image compression [18] and digital halftoning [30]. Ma and McCool used

Hilbert curve in their block hashing algorithm for accelerating hardware-based pho-

ton mapping [16].

Having found the coherence of different curves, we cannot, however, simply select

the one with the highest coherence. Important question is how fast we can calculate

the indexes on the curve, i.e. calculate the mapping from the given 3D coordinates

to 1D coordinate on the curve. Lebesgue curve has a very simple and efficient

7



y

y
z


x


0

1


2


3

4


5


6


7


x


z


0

1


2

3


4
 5


6

7


Figure 2.1: 3D second-order Hilbert curve

Hilbert curve of order two is created with 8 order one curves, appropriately rotated

and/or translated. Left: Hilbert curve of order one. Middle: one of the segments is

created by swapping y and z coordinates of the original curve. Right: 2nd order

Hilbert curve. Red dashed lines are used to show how the order one segments are

connected. Note that the layout of the segments corresponds to the layout of order

one curve. The process is recursive, i.e. 3rd order curve is created from 8 order 2

curves, etc.

algorithm, described in a paper by Pascucci and Frank [23]. The index is calculated

by interleaving the bits of the corresponding coordinates. Because of the ease and

speed of the algorithm, they have proposed its implementation in hardware.

2.1 3D Hilbert Curve Traversal Algorithm

Compared to the Z-curve, the Hilbert curve index calculation is more complicated.

There are a number of algorithms for this task, for example [4]. We extend the

approach for the 2D case, shown in [12], to 3D. A 2D Hilbert curve of order n is

created from 4 appropriately rotated and/or translated curves of order n-1. The 3D

Hilbert curve is then created from 8 curves of order n-1, also appropriately rotated

and/or translated. The idea of our algorithm is that such rotations/translations can

be calculated with only bitwise operations applied to corresponding coordinates.

Note that, according to [2], there are more that 1,500 different Hilbert curves of

order 3, and we are using only one of them. In Figure 2.1, we illustrate all eight

curves of order one. To create an order 2 curve we merge the eight curves into one.

Eight curves of order one are located according to the layout of the original order

one curve.
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Figure 2.2: Measure of coherence for 2D Hilbert and Z curves.
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Figure 2.3: Measure of coherence for 3D Hilbert and Z curves

Given 3 coordinates x y z, we should get an index s, corresponding to the position

of the point on the curve. Because the curve is self similar, most significant bits of

n-order curve coordinates correspond to one of the 8 possible positions of n-1 curve.

You can see it in Figure 2.1. The number determines 3 most significant bits of the

index. Before we apply this procedure recursively, the curve of order n-1 should be

appropriately rotated/translated/flipped, to make its layout correspond to 1st order

curve layout. The appropriate transformations are shown in Figure 2.4, and the

algorithm source code is shown in Figure 2.5. In our experiments the algorithm on

the average was 2,5 times slower than Z curve traversal algorithm.
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xyz Transformation Index

0 0 0 change x, y 0(000)

0 1 0 change z, y; complement them 7(111)

1 0 0 complement z, x 3(011)

1 1 0 complement z, x 4(100)

0 0 1 change x, y 1(001)

0 1 1 change x, y; complement them 6(110)

1 0 1 change x, y 2(010)

1 1 1 change x, y; complement them 5(101)

Figure 2.4: Hilbert curve index generation algorithm transformations

Left column shows the most significant bits of the x, y, z coordinates of Hilbert

curve. Center column shows transformation necessary before applying next recursive

algorithm step. Third column shows the bits that are added to the index at each step

of the algorithm. For convenience decimal representations of these bits are also

shown.

To better understand how algorithm works, consider the following example. We

have volume 4x4x4, with indexes range from 0 to 3. We would like to get index on

the Hilbert curve for the coordinates (3 1 2). The coordinates in binary are (11 01

10). Algorithm starts with the most significant bits of the coordinates. Looking at

the Figure 2.4, we see that bits (1 0 1) correspond to vertex 2, with index (010).

These bits (010) become the most significant bits in the calculated index. Next step

is performing corresponding transformation of the curve of order n-1 (in our case 1).

Changing x and y means getting (1 1 0) from the bits (1 1 0) (the least significant

bits of the original coordinates). This gives us next three bits to the index (100)

(found in the fourth row of the transformation table) We have reached the level of

the curve 1, thus finish the procedure. The index is (010100), which is 20 in decimal.

You can verify looking at the figure that this is indeed correct.

// long long s − curve index , shor t x , y , z − coo rd ina t e s

// in 3D, i n t order − curve order

int transform [ 8 ] = {0 , 1 , 7 , 6 , 3 , 2 , 4 , 5} ;
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unsigned long long s = 0 ;

unsigned short xi , yi , zi , temp ;

int offset = s izeof ( short )∗8 − order ;

for ( int i = s izeof ( short )∗8 − 1 − offset ; i >= 0 ; i−−) {

xi = (( x)>>i )&1;

yi = (( y)>>i )&1;

zi = (( z)>>i )&1;

// change y and z

i f (xi == 0 && yi == 0 && zi == 0) {

temp = z ;

z = y ;

y = temp ;

}

// change x and y

else i f (xi == 0 && yi == 0 && zi == 1) {

temp = x ;

x = y ;

y = temp ;

}

// change x and y

else i f (xi == 1 && yi == 0 && zi == 1) {

temp = x ;

x = y ;

y = temp ;

}

//complement z and x

else i f (xi == 1 && yi == 0 && zi == 0) {

x = (x )ˆ( −1) ;

z = (z )ˆ( −1) ;

}

//complement z and x

else i f (xi == 1 && yi == 1 && zi == 0) {

x = (x )ˆ( −1) ;
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z = (z )ˆ( −1) ;

}

// change x and y and complement them

else i f (xi == 1 && yi == 1 && zi == 1) {

temp = (x )ˆ( −1) ;

x = (y )ˆ( −1) ;

y = temp ;

}

// change x and y and complement them

else i f (xi == 0 && yi == 1 && zi == 1) {

temp = (x )ˆ( −1) ;

x = (y )ˆ( −1) ;

y = temp ;

}

// x i == 0 , y i == 1 , z i == 0

// change z and y and complement them

else {

temp = (z )ˆ( −1) ;

z = (y )ˆ( −1) ;

y = temp ;

}

int index = (xi<<2)+(yi<<1)+zi ;

s = (s<<3) + transform [ index ] ;

}

return s ;

Figure 2.5: Source code for Hilbert curve traversal algorithm

Source code for the Hilbert curve traversal algorithm. Note how transformations

correspond to the ones shown in the previous figure.

12



Chapter 3

Results

For testing we used a purely software-based ray caster augmented by a cache simu-

lator. Since bitwise operations are presently not supported on GPUs, we resorted to

measuring cache performance by rendering a few characteristic volumes and count-

ing the number of cache misses. This makes our analysis platform independent.

We wanted to keep our results free of other hardware-dependent effects which are

always subject to change, as is definitely true for GPUs. We sought to keep our

tests as general as possible, testing a good collection of different ray-based traversal

scenarions (see below). Our tests are targeted to provide insights into pure cache

performance as well as into the prospects of space-filling curves for application in

ray-based volume rendering. The cost of a cache fault itself is likely dependent on

the underlying hardware - users and engineers may just use our graphs and numbers

and calculate their personal costs by multiplying these with their cost tables. Even

if the situation more complex, our results still have good value in assessing overall

trends. In our rendering memory application, normals were calculated on the fly,

with central differencing. This gives an enlarged footprint of the interpolation op-

erations. We used Hilbert, Z and scanline layouts with a variety of cache sizes and

associativities. Cache line size was 4 in all experiments. LRU replacement policy

was used when cache associativity was 2 and 4. To avoid any kind of incorrect

results due to volume orientation (for example, rays are parallel to one of the sides

of the volume), we rendered the images with seventeen camera positions, and then

averaged the total number of cache misses.
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Figure 3.1: Average number of cache misses per filter application

In Figure 3.1 we show the results obtained for the UNC brain dataset. As

expected, the scanline layout performs much worse than the others (for this reason,

we did not include the scanline access method in remaining figures). We plot the

number of average cache misses per interpolation as a function of cache size and

interpolation filter used. With all of the volumes tested, the number of cache misses

with scanline was always typically 2-3 times larger than with space-filling curves.

This ratio starts to improve with larger cache sizes (around 512 kB, the size of a

typical L2 cache), but there still remains a considerable difference. Note that this

graph does not consider the cost of a cache miss, which is typically much greater than

the cost of an arithmetic operation, given the persisting mismatch of memory and

arithmetic bandwidth (and this gap grows with the level of the memory hierarchy).

In some profiled GPU tests, we have experienced that the time spent on waiting

for texture data typically consumed 20% of the computations and more. These and

other performance numbers given in GPUBench [9] help to put the plots given in

Figure 3.1 into perspective.

In Figure 3.3 we give detailed comparisons with different cache associativities for

the three test volumes: UNC brain, engine and vessel aneurysm. The UNC brain

and engine datasets are rather dense, while the vessels dataset is very sparse, i.e. the
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number of voxels with value 0 is much larger. Because of this, it is not surprising to

see a larger number of cache misses with the vessels dataset, in case of both Hilbert

and Z curves. A more interesting observation is that the Z curve has fewer cache

misses than the Hilbert curve, in case of smaller caches. This is to some extent

counterintuitive, because the Z curve has worse coherence (although the difference

is smaller for smaller circle radii, see Figure 2.2 and Figure 2.3).

In the above experiments the rays didn’t change their directions while traversing.

Some applications, however, may require non-linear ray traversal, when rendering

refractions or external field effects. In other applications, ray reflections are neces-

sary. We modeled these situations in two ways. In the first case the rays were ’bent’

at a small angle during traversal. In the second case we implemented a ’random’

ray traversal - after several steps each ray received an arbitrary new direction. The

results are shown in Figure 3.4. Here the Z curve continues to perform better with

small cache sizes, but only slightly worse with 512 and 256 KB caches. Notice that

with ray ’bending’, the total number of cache misses is the smallest in all of the ray

traversal strategies, while for the ’random’ ray traversal, the behavior of the curves

is almost the same, though the total number of cache misses is larger and there is

only modest reduction at larger cache sizes.

3.1 Comparison with other methods

We were not sending rays in packets, nor did we implement any other optimizations.

The reason for this is that different optimization strategies usually work well only

for a limited number of cases, and it is often possible to find a specific case when

the given optimization does not perform well. Finally, implementation quality is

also an issue. It is worth mentioning that our method is an example of blocking,

also utilized with octrees and spatial subdivisions with scheduled ray queues. With

blocking, the memory is subdivided in a number of blocks such that data in each

block is kept close in terms of their memory addresses. This helps utilize data

coherence. In meta-tiling [17], each block is itself located according to a pattern of

a ’next-level’ block. As noted in [35], the self-similarity of space-filling curves is a

15



Figure 3.2: The test volumes

UNCBrain (128x128x72), Engine (128x128x64), Vessels (128x128x128)

form of meta-tiling. Four (in 2D) of eight (in 3D) 1st order curves make a 2nd order

curve (next level block), four (eight in 3D) 2nd order curves make a 3rd order curve

(next level block), and so on.

3.2 Conclusions

In this thesis, we have studied the cache behavior of space filling curves in the

context of volume rendering. An efficient algorithm for 3D Hilbert curve traversal

was proposed. Our experiments show that the better clustering behavior of Hilbert

curve actually gives better cache behavior only with relatively large caches, when

applied in the special task scenario of ray-based volume rendering. For smaller

cache sizes the Z curve is a better match, and it also offers a more effcient indexing

scheme. In that regards, we have found our study quite useful in that it points out

a discrepancy of theory and practice which can be useful to hardware designers. A

future research challenge is to use space-filling curves ’underneath’ other memory-

hierarchy optimizing schemes. That is, if a special datastructure is used, such as an

octree, will it be possible to get some performance improvement with a non-scanline

layout of the leaves? Another interesting topic is to use the curves for non-raycasting

approaches, such as splatting.
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Figure 3.3: Results for linear ray traversal.
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Figure 3.4: Results for non-linear ray traversal
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