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Abstract

In recent years manifold methods have attracted a considerable amount of atten-
tion in machine learning. However most algorithms in that class may be termed
“manifold-motivated” as they lack any explicit theoretical guarantees. In this pa-
per we take a step towards closing the gap between theory and practice for a class
of Laplacian-based manifold methods. These methods utilize the graph Laplacian
associated to a data set for a variety of applications in semi-supervised learning,
clustering, data representation.

We show that under certain conditions the graph Laplacian of a point cloud of
data samples converges to the Laplace-Beltrami operator on the underlying mani-
fold. Theorem 3.1 contains the first result showing convergence of a random graph
Laplacian to the manifold Laplacian in the context of machine learning.
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1 Introduction

Manifold methods have become increasingly important and popular in ma-
chine learning and have seen numerous recent applications in data analysis
including dimensionality reduction, visualization, clustering and classification.
The central modeling assumption in all of these methods is that the data re-
sides on or near a low-dimensional submanifold in a higher-dimensional space.
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It should be noted that such an assumption seems natural for a data-generating
source with relatively few degrees of freedom.

However in almost all modeling situations, one does not have access to the
underlying manifold but instead approximates it from a point cloud. The most
common approximation strategy in these methods it to construct an adjacency
graph associated to a point cloud. Most manifold learning algorithms then
proceed by exploiting the structure of this graph. The underlying intuition
has always been that since the graph is a proxy for the manifold, inference
based on the structure of the graph corresponds to the desired inference based
on the geometric structure of the manifold. However few theoretical results
are available to justify this intuition.

An important and popular class of learning methods makes use of the graph
Laplacian for various learning applications. It is worth noting that in almost all
cases, the graph itself is an empirical object, constructed as it is from sampled
data. Therefore any graph-theoretic technique is justifiable only when it can
be related to the underlying process generating the data.

In this paper we take the first steps towards a theoretical foundation for
manifold-based methods in learning, by showing that under certain condi-
tions the graph Laplacian is directly related to the manifold Laplace-Beltrami
operator and converges to it as the amount of data goes to infinity.

1.1 Prior Work

Many manifold and graph-motivated learning methods have been recently pro-
posed for various problems and applications, including [26,32,3,14,12] for vi-
sualization and data representation, [38,34,37,10,27,5,2,31] for partially super-
vised classification and [30,33,28,21,17], among others, for spectral clustering.
A discussion of various spectral methods and their out-of-sample extensions
is given in [6].

The problem of estimating geometric and topological invariants from point
cloud data has also recently attracted some attention. Some of the recent
work includes estimating geometric invariants of the manifold, such as homol-
ogy [39,24], geodesic distances [7], and comparing point clouds using Gromov-
Hausdorff distance [18].

In this paper we show how the Laplace-Beltrami operator on the manifold
can be approximated from point cloud data. More specifically, we show that
for the uniform distribution on the manifold, the graph Laplacian converges
to the Laplace-Beltrami operator as the number of points increases and the
kernel bandwith is selected appropriately. This convergence is uniform over a



class of functions and over points of the manifold. We then show that the same
argument also works for an arbitrary probability distribution, when the graph
Laplacian converges to a slightly different weighted version of the Laplace-
Beltrami operator. We also consider the case of the normalized Laplacian and
prove a stronger uniform convergence type result.

This paper grew out of an attempt to analyze the Laplacian Eigenmaps al-
gorithm of [3] and is an extended version of the COLT 2005 paper [4]. Our
extensions include a more complete proof of the uniform convergence results
for the graph Laplacian as well as a discussion of how the ingredients of the
basic proof need to be modified to handle the case of an arbitrary probability
distribution. The first results on the convergence of the graph Laplacian in a
manifold setting were presented in the Ph.D. Thesis [1]. Theorem 3.1 of this
paper is a probabilistic version of those results showing the convergence of the
empirical graph Laplacian and was first presented in [22].

Those results were subsequently generalized to the case of the arbitrary prob-
ability distribution in the 2004 Ph.D. thesis of Stefan Lafon [19] (see also [12]).
Further generalization and an empirical convergence result was presented
in [16] and an improved rate in [29]. A more subtle analysis of uniform con-
vergence has recently been made in [15]. We also note the closely related
work [35], where similar functional objects were studied in a different context.
In a non-geometric setting convergence of the graph Laplacian was observed
in [8]. We also note [20], where convergence of spectral properties of graph
Laplacians, such as their eigenvectors and eigenvalues, was demonstrated in a
non-geometric setting for a fixed kernel bandwidth. Connections to geometric
invariants of the manifold, such as the Laplace-Beltrami operator, were not
considered in that work.

Finally we point out that while the parallel between the geometry of manifolds
and the geometry of graphs is well-known in spectral graph theory and in
certain areas of differential geometry (see, e.g., [11]) the nature of that parallel
is usually not made mathematically precise.

2 Basic Objects

We will now introduce the main setting of the paper and the basic objects of
study. We will consider a compact smooth manifold M isometrically embedded
in some Euclidean space RY. This embedding induces a measure corresponding
to a volume form g on the manifold. For example, the volume form for a closed
curve, i.e. an embedding of a circle S, measures the usual curve length in R,

The Laplace-Beltrami operator A, is a key geometric object associated to a



Riemannian manifold. Given p € M, the tangent space T, M can be identified
with the affine space of vectors tangent to M at p. This vector space has the
natural inner product induced by the embedding M C RY.

Given a differentiable function f : M — R, let Vo f be the gradient vector
field on the manifold. Recall that the gradient vector V f(p) points in the
direction of the fastest ascent for f at p.

The Laplace-Beltrami operator A (on functions) can be defined as diver-
gence! of the gradient, Ay f = —div(Vaf). Alternatively, Ay, can be de-
fined as the only operator, such that for any two differentiable functions f,h

[ @) At @)dp() = [ (Vaah(e), Vaaf (@) du(a) (1)

where the inner product is taken in the tangent space of the manifold and p is
the canonical uniform measure. The Laplace-Beltrami operator is one of the
classical objects in differential geometry, see, e.g., [25] for a detailed exposition.
Recall also that in the Euclidean space, the Laplace-Beltrami operator is the
ordinary Laplacian:

o0 f
Af=-S"21
f= 25
On a k-dimensional manifold M, in a local coordinate system (zy,...,z)

with a metric tensor g;;, the Laplace-Beltrami operator applied to a function
f(zq,...,zy) is given by

Ad =3 7 (Vawln a5 )

det(g)

where g% are the components of the inverse of the metric tensor G71.

The eigenfunctions of the Laplace-Beltrami operator form a basis for the the
space of square integrable functions L*(M) on the manifold. In the special
case, when the manifold is a 1-dimensional circle, the corresponding basis con-
sists of the usual Fourier harmonics sin(k7z) and cos(kmx). Indeed, functions
on a circle can be considered as periodic functions on R. The correspond-
ing Laplacian is simply the second derivative —88722. It is easy to see that the
Fourier harmonics are the only eigenfunctions of the second derivative in the
space of the periodic functions.

If the manifold is taken with a measure v (given by dv(x) = P(z)d p(z) for
some function P(z) and with dp being the canonical measure correspond-
ing to the volume form), which is not uniform, a more general notion of the

1 We use the minus sign in front of the gradient following a convention that makes
the Laplacian a positive operator.



weighted Laplacian seems natural. The weighted Laplacian can then be defined

as Ay f(z) = Apf = P(lx) div(P(z)Vaf). See [23] for details.

The question addressed in this work is how to reconstruct the Laplace-Beltrami
operator on M given a sample of points from the manifold. Before proceeding,
we will need to fix notation and to describe the basic onjects under consider-
ation.

Graph Laplacian. Given a sample of n points z1,...,x, from M, we con-
struct the complete weighted graph associated to that point cloud by tak-
ing xq,...,x, as vertices of the graph and taking the edge weights to be

sz—w 112

wi; = e . The corresponding graph Laplacian matrix L! is given by

—wy, i i #

(Ly)ij = T
Dk Wik, i 1=

We may think of the matrix L as an operator on functions, defined on the
data points:

ll; flws—a ;12

Lt f(z) = f(a Ze i —Zf(fﬂj)@* ™

Point cloud Laplace operator. We immediately see that this formulation
extends to any function on the ambient space and will denote the correspond-
ing operator by L :

1 llw—a 2 1 o= 2

Lfmf(‘r) = f(x)i Ze_ = - ﬁ Zf(l’j)e_ 4t

It is clear that L, f(x;) = 2L f(x;). We will call the operator L, the Laplacian
assoctated to the point cloud x+, ..., x,.

Functional approximation to the Laplace-Beltrami operator. Given a
measure v on M we construct the corresponding operator

Lf@) = fo) [ e vty - [ pe 5 dviy)

We observe L is simply a special form of L' corresponding to the Dirac
measure supported on 1, ..., Tp.

The objects of interest in this paper are the Laplace-Beltrami operator A 4,
its functional approximation L' and its empirical approximation (which is an
extension of the graph Laplacian) L.



3 Main Result

Our main contribution is to establish a connection between the graph Lapla-
cian associated to a point cloud and the Laplace-Beltrami operator on the
underlying manifold from which the points are drawn.

Consider a compact? k-dimensional differentiable manifold M isometrically
embedded in RY. For our primary result, we will assume that the data is
sampled from the uniform probability measure given by the induced metric
on M, i.e., the induced metric scaled by the factor m

Given data points S, = {z1,...,7,} in RY sampled i.i.d. from this probability
distribution we construct the associated Laplace operator L. Our main result
shows that for a fixed function f € C'*°(M) and for a fixed point p € M, after
appropriate scaling the operator Lf converges to the true Laplace-Beltrami
operator on the manifold.

Theorem 3.1 Let data points x1,...,x, be sampled from a uniform distri-
1

bution on a manifold M C RY. Put t, = n *2+a, where o > 0 and let

f € C®(M). Then the following equality holds:

i 1 bn f(x :; T
A i E o @) = gy A (@)

where the limit is taken in probability and vol(M) is the volume of the manifold
with respect to the canonical measure.

This theorem is the outcome of joint work with its roots in the results of [1].
It was first communicated in its essentially current form in [22] and appeared
with a proof in [4]. The proof of this theorem consists of two parts. The main
and more difficult result connects L' (with the standard uniform measure)
and the Laplace-Beltrami operator Aj.. We show that when ¢ tends to 0,
L' (approprately scaled) converges to A The second part uses the basic
concentration inequalities of probability theory to show that %Lfl converges
to L' when n tends to infinity and the points z,...,z, are sampled from a
probability distribution on the manifold.

The proof of this primary theorem contains several key ideas that appear
in various generalizations of the result. In the above theorem, we assert the
pointwise convergence of L f(p) to A f(p) for a fixed function f and a fixed
point p. Uniformity over all points p € M follows almost immediately from
the compactness of M. Uniform convergence over a class of functions require

2 Tt is possible to provide weaker but more technical conditions, which we will not
discuss here.



a few additional considerations. A version of such a uniform theorem is

Theorem 3.2 Let data points x1,...,x, be sampled from a uniform distri-
bution on a compact manifold M C RN and let F be a family of functions
f e C®(M), with a uniform bound on all derivatives up to order 3. Then
there exists a sequence of real numbers t,, t, — 0, such that in probability

Lo f(x) Vol(lM)AMf(x) —0

lim sup

This theorem is proved in Section 6 of this paper.

Another important direction for further generalization is the consideration of
an arbitrary probability distribution P on M according to which points may
be sampled. Such a distribution function P : M — R satisfies two properties
(i) P(q) > 0 for all ¢ € M and (ii) integrates to one, i.e., [, Pvol(q) = 1 where
vol(g) is the volume form at the point ¢. This direction was systematically
pursued by Lafon, Coifman, and others (see [19,12]). In Section 5, we consider
this situation and provide an exposition of how the ideas in the proof of
Theorem 3.1 need to be modified to cover this more general case. An almost
immediate consequence of Theorem 3.1 that is applicable to the case of an
arbitrary probability distribution is the following

Theorem 3.3 Let M be a compact Riemannian submanifold of RN and let
P : M — R be a probability distribution function on M according to which
data points x1,...,x, are drawn in i.i.d. fashion. Then, for t, = n_m,
where o > 0, we have

Tim 75(4;) LY f(2) = vol(M)P(2) A p2 ()

We see here that the graph Laplacian converges to a scaled version of the
weighted Laplacian Ap2f. To remove the scaling factors that occur in the
theorem above, one needs to consider the normalized Laplacian. A discussion
of this is provided in Section 5 where we show how to construct a proof of
convergence of the normalized Laplacian using the tools of this paper. The nor-
malized Laplacian and a generalization to a family of normalized Laplacians
was first pointed out in the current manifold learning context by [19,12].

3.1 Laplace Operator and the Heat Equation

The Laplace operator is intimately related to the heat equation that governs
the diffusion of heat on a manifold. We will now discuss this relationship and



develop some intuitions about the methods used in the proof of Theorem 3.1.

Let us begin by considering the heat flow in Euclidean space, R*. Recall that
the Laplace operator in R¥ is defined as

A = ~¥ S0 @)

We say that a sufficiently differentiable function u(z,t) satisfies the heat equa-
tion if 5
au(x, t) + Au(z,t) =0 (2)

The heat equation describes diffusion of heat with the initial distribution
u(x,0). At any time ¢, the distribution of heat in R* is given by the func-
tion w(z,t). The solution to the heat equation is given by a semi-group of
heat operators H'. Given an initial heat distribution u(z,0) = f(z), the heat
distribution at time ¢ is given by w(z,t) = H' f(x).

It turns out that this operator is given by convolution with the heat kernel,
which for R* is the usual Gaussian.

H'f(@) = [ fW)H' (r,9)dy

R

E o lz—yl®
4t

H'(,y) = (4mt) e
We summarize this in the following

Theorem 3.4 (Solution to the heat equation in R¥) Let f(z) be a suf-
ficiently differentiable bounded function. We then have

[NIES

Hf = (4nt) 5 [ 5 p )y ®)

flw) =l H f(2) = ()~ [ e fy)ay (4)
— R
The function u(x,t) = H'f satisfies the heat equation

gtu(x, t) + Au(x,t) =0
with initial condition u(z,0) = f(z).

The heat equation is the key to approximating the Laplace operator.

x,t) = 0 H' f(z)

1 .
AT =lim~ (f(2) ~H'f(2))  (5)

t=0

Af(r) =~ poul




Equation 5 above suggests our scheme for approximating the Laplace operator.
Recalling that the heat kernel is the Gaussian which integrates to 1, we observe
that

Afle) = g _115 <(4m)_§ /Rk e Fly)dy — F() () /Rk e—””z%’zdy)

This quantity can easily be approximated from a point cloud?® z1,...,z, by
computing the empirical version of the integrals involved:

Af(:v) — 1mfl)_2 (f(:v) Ze_ Hzi;\p B Ze_lzi“IQf(l'i)> _
1 t
(D@

This intuition can be easily turned into a convergence result for R¥. Extending
this analysis to an arbitrary manifold, however, is not as straightforward as it
might seem at first blush. The two principal technical issues are the following;:

(1) With some very rare exceptions we do not know the exact form of the
heat kernel HY (z,y).

(2) Even the asymptotic form of the heat kernel requires knowing the geodesic
distance between points in the point cloud. However we can only observe
distances in the ambient space RY.

Remarkably both of these issues can be overcome because of certain miss-
ing terms in the asympotic expansion of various instrinsic objects! This will
become clear in the proof that we provide in the next section.

4 Proof of the Main Results

4.1 Basic Differential Geometry

Before we proceed further, let us briefly review some basic notions of dif-
ferential geometry. Assume we have a compact* differentiable k-dimensional
submanifold of RY with the induced Riemannian structure. That means that

3 We are ignoring the technicalities about the probability distribution for the mo-
ment. It is not hard however to show that it is sufficient to restrict the distribution
to some open set containing the point x.

4 We assume compactness to simplify the exposition. A weaker condition will suffice
as noted above.



disty,(X,y)
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Fig. 1. Geodesic and chordal distance.

we have a notion of length for curves on M. Given two points z,y € M the
geodesic distance distaq(z,y) is the length of the shortest curve connecting x
and y. It is clear that disty(x,y) > ||z —y||-

Given a point p € M, one can identify the tangent space T),M with an affine
subspace of R passing through p. This space has a natural linear structure
with the origin at p. Furthermore it is possible to define the exponential map
exp, : T,M — M. The key property of the exponential map is that it takes
lines through the origin in 7, M to geodesics passing through p. The expo-
nential map is a local diffeomorphism and produces a natural system of coor-
dinates for some neighborhood of p. The Hopf-Rinow theorem (see, e.g., [13])
implies that a compact manifold is geodesically complete, i.e. that any geodesic
can be extended indefinitely which, in particular, implies that there exists a
geodesic connecting any two given points on the manifold.

The Riemannian structure on M induces a measure (which we will denote by
) corresponding to the volume form (denoted at a point ¢ € M as vol(q)).
For a compact M total volume of M is guaranteed to be finite, which gives
rise to the canonical uniform probability distribution on M given by du(q) =
mvol(q).

Before proceeding with the main proof we state one curious property of geodesics,
which will be needed later. It concerns the relationship between dist ¢ (z, y)
and ||x—yl|. The geodesic and chordal distances are shown pictorially in Fig. 1.
It is clear that when x and y are close, the difference between these two quan-
tities is small. Interestingly, however, this difference is smaller than one (at
least the authors) would expect initially. It turns out (c.f., Lemma 4.3) that
when the manifold is compact

|z — y||? = dist3,(z,y) — O(dist’}y(x, y))
In other words chordal distance approximates geodesic distance up to order

three. This observation and certain consequent properties of the geodesic map
make the approximations used in this paper possible.

10



The Laplace-Beltrami operator Ay, is a second order differential operator.
The family of diffusion operators H, satisfies the following properties:

AvHY(f) = —;Hf\/l(f) Heat Equation

limHYy (f) = f d-family property

t—0

In other words, the diffusion of heat on a manifold (from an initial distribu-
tion u(x,0) = f(x)) is governed by the heat equation on the manifold. The
solution of the heat equation is given by convolution with the heat kernel. The
corresponding family of integral operators is denoted by HY, (see, e.g., [25]).

Our proof hinges on the fact that in geodesic coordinates the heat kernel can
be approximated by a Gaussian (in the ambient Euclidean space) for small
values of ¢ and the relationships between distances in the ambient space and
geodesics along the submanifold.

4.2 Main Proof

We will now proceed with the proof of the main theorem.

First we note that the quantities

[ e ) dut)

and
_llp—z|?

fo) [ e duta)

can be empirically estimated from the point cloud. In particular, consider the
operator

LIG) = § s [T U0 S0 duto ©)

By the simple law of large numbers, it is clear that for a fixed ¢ > 0, a fixed
function f and a fixed point p € M,
1 1
lim — =
n=oo t (47t)2

CLL () = ()

where the convergence of the random empirical point cloud Laplacian is in
probability.

The bulk of our paper will constitute an analysis of the operator L as t — 0.

11



Then noting that

L L!f(p) = L'f(p) and lim L'f(p) =

. 1
hm e —
n=0 L (4rt) 5

vol(M)

Apmf(p)

we obtain the main theorem.
The analysis of the limiting behavior of L will be conducted in several steps:
Step 1 Reduction of the integral to a ball on M..

This argument is provided in Sec. 4.3 where we prove Lemma 4.1 which implies
that

L) = i o [ 000 - T et

where B is an arbitrary open subset of M containing p.
Step 2 Change of coordinates via the exponential map.

This step is discussed in Sec. 4.4 where in particular, we derive Equation 10
that is a suitable asymptotic approximation to L!f. By changing to expon-
tial coordinates, the integral over the manifold in the definition of L’ is ulti-
mately reduced to a new integral over a k-dimensional Euclidean space given
by Eq. 10.

Step 3 Analysis in Euclidean space R¥.

The last step is an analysis of the integral of Eq. 10 in R* and is conducted
in Section 4.5. The key Proposition 4.4 proves the limiting behavior of L as
t— 0.

This leads to the proof of the main theorem as follows:

Proor: (Of Main Theorem 3.1)

Recall that the point cloud Laplacian Lf, applied to f at p is

n

L. f (Z —Zf<x>)

=1

We note that L f(p) is the empirical average of n independent random vari-
ables with the expectation

ELL () = (1) [ e "8 duto) - [ twe "2 dutw) ()

12



By an application of Hoeffding’s inequality (Eq. 7.2), we have

1

Lt _ELt <9 —1/2e2nt(4nt)k/?
P | gl )~ ELATG] > o] <2

Choosing t as a function of n by letting ¢t = ¢,, = (%)H;M, where o > 0, we
see that for any fixed € > 0

lim P L f(p) —ELy f(p)] > €| =0.

n—00 [tn(élﬂtn)

Noting that by Proposition 4.4 and Eq. 7

lim ——— Lin —
ntoo to(4mt, k2 7 vol(M)

we obtain the theorem. O

4.8  Reduction to a ball

In this section, we show that the integral over the entire manifold M in the
operator L' can be replaced by an integral over an open subset of M with no
change in the limiting behavior. In other words,

L) — [ e () = F0) duly)| = oft?) ®

for any a > 0. This is a consequence of the following

Lemma 4.1 Given an open set B C M, p € B, and a function f € L>®(M),
for any a >0 ast — 0, we have

e 1w duty) = [ 1) dut)| = o)

M

PROOF: Let d = inf,¢p ||[p — x||* and let M = u(M — B) be the measure of
the complement to B. Since B is open and p is an interior point of B, d > 0.
We thus see that

‘/Be"wlzf(y) du(y)—/Me‘Wf(y) du(y)| < MIsgﬁli(lf(ﬂdl)e‘?j

2
As t tends to zero e’cht, decreases at an exponential rate and the claim fol-

lows. O

13



4.4 FEzxponential Change of Coordinates

To proceed with our analysis we will need a tool, enabling us to reduce an
operator on a manifold to an operator on a Euclidean space. This is done by
observing that in a neigborhood of a point p, a Riemannian manifold has a
canonical local coordinate system given by the exponential map exp,. Recall
that exp, is a map : TM,(= R*) — M, such that exp,(0) = p, exp, is a
local isomorphism and an image of a straight line through the origin in R is
a geodesic in M.

In order to reduce the computations to R* we will apply the following change
of coordinates:

y = exp,()
where y € M. Thus given a function f : M — R, we rewrite it in geodesic
coordinates (locally around p) by putting

f(x) = [f(exp,())

We will need the following key statement relating the Laplace-Beltrami oper-
ator and the Euclidean Laplacian:

Lemma 4.2 (See, e.g. [25], p.90)

Amf(p) = B f(0) = =3 2-5(0) (9)

Since exp, : TM,(= R¥) — M is a locally invertible (within the injectivity
radius) map, we can choose a small open set B C R*, sit. exp,, is a diffeo-

morphism onto its image B = expp(B) C M. We will generally let B be a
k-dimensional ball of radius €, where € can be chosen appropriately.

By the definition of the exponential map, we see that for any point y =
exp,(z), we have that d3,(y,p) = ||z|[z > [ly — pllaz~ where p,y € M C R
and x € T, = R*. However, crucially for our purposes, it is possible to show
that the chordal distance ||y —p||g~ and the geodesic distance ||z ||gr are related
by the following

Lemma 4.3 For any two points p,y € M, y = exp,(z), the relation between
the Fuclidean distance and geodesic distance is given by

z)|a: — lly — play = g(x)

where |g(z)] = O(||z||gx) uniformly. In other words, there exists a constant

14



C > 0 such that

0 < flzllgx — lly = pllv = 9(2) < Cllzgx

for all p and y = exp,(z). The constant C' depends upon the embedding of the
manifold and bounds on the third derivatives of the embedding coordinates.

Notation: from now on we will supress subscripts in the norm notation. For
example, we will write ||z|| instead of ||z|gx.

Following Eq. 8, we see that an appropriately scaled version of L f(p) can be
approximated by the following integral

1 1 _llv=p|?
e /B e (f(p) = f(y)du(p)

which can be written in exponential coordinates as

11 1 _llewp@-pl? - N
vol(M) t (471)5 /Be T (f(0) = f(x))y/det(giy)dx

where det(g;;) is the determinant of the metric tensor in exponential coordi-
nates. Now we make use of the fact (see [35,36] and references therein) that the
metric tensor has an asymptotic expansion in exponential coordinates given
by
1
det(g;;) =1 — ga:TR:E +O(||lz|1*)
where R is the Ricci curvature tensor. On a smooth, compact manifold M, the

elements of R are bounded and therefore, we can write det(g;;) = 14+ O(||z|*).
Combining this with Lemma 4.3, our approximation to L’ becomes

1 1 1 _l=zl%—g(=) u2 ~ ~ )
L:mmM)@mﬁ/‘ 2 (F(0) = F@)(1 + Ollz)dz (1)

where B is a sufficiently small ball.
4.5  Analysis in R¥

In this manner, by switching to exponential coordinates, we have reduced our
task to analysis of an integral in R¥. We begin by considering the Taylor
expansion of f(x) about 0 as follows

fe) ~ F(0) =91 + ga” Ha + O(]la])

where V f = (%, (%é, ey gf )T is the gradient of f and H is the correspond-

ing Hessian. The remainder term may be bounded in terms of third order

15



derivatives of the function f. From now on we will assume that the third or-
der derivatives of f exist and are bounded. In particular, we have that for
some constant K and any x

|f(z) = fO)] < K|z| (11)
x 2* T
We now consider the quantity e~ B2 that oceurs in the integrand of inter-

est in Eq. 10. We make use of the following approximation:

_lzl?—g(=) Il
4t

1 @
—e 4t e 4t = e 4 <]_ +0 (thg(gj)egz(u)>>

where we have used the fact that e* =1 + O(ae®) for a > 0.

Armed with these expansions, we can rewrite the integral of Eq. 10 as

I — %/Belzf (1 +O(9(H$”)eg(lﬁl))> (f(()) _ f(a:)) (1 +O(HxH2)> dx

where v, = —+ % L

VOI(M) (47Tt)

[Ny

To simplify computations we split the integral in three summands
L - At —|— Bt —|— Ct

where

and

12

== [ () - ) (0 (42 ) (14 0(1el) )

It remains to bound each of the terms A;, B; and C}, which we do in the
following proposition

Proposition 4.4 For A, B;, C, defined as above, the following hold (i) lim; .o A; =
WAMf(p) (1) lim;—o By = 0 and (i) lim;_o Cy = 0 implying that

1

: 1 : B
oy samayr U ) = i v ®)
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PROOF: We begin by considering A,. Using the Taylor expansion of f(x), we

have
(B

-1
A= —%/B (m-Vf+2xTH:U+O(||xH3)> e dz

We now make the following four observations. First, note that

[ET
i T4t d :0 12
/Bx e At dx (12)
and for i # j
/~xixje’”ﬂ dx =0 (13)
B

These follow directly from the properties of a zero mean Gaussian distribu-
tion with diagonal covariance matrix and the symmetries inherent in such a
distribution function. Further, for ¢ = j, we see that

1 1 9 _le=lI? . 9 _l=l
1%1&(47#)’@/2/3%6 a :VOI(M)P_I%%/Bxie i =2 (14)

Now note that

1 1 3 _l=)? 1/2
L J WP =06 (15)
These four observations immediately imply that
. “ 9f(0)
vol(M) %g% Ay =—tr(H) = — ; o A f(p)

We now turn to B;. Note that

llz]2

i O([l]?)d

=

[k
" O(2)?)dr < [

_e
B

Bl < [ |(F@) = F0)]e

where the last inequality follows from eq. 11. Clearly, B, tends to 0 as t — 0
from Eq. 15.

Finally, consider C;. We note that for sufficiently small values of ||z|

s

2
— >
o) - g(a) =

and so
[l])2
8t

Gl < [ |(F@) = Fo)[e'5 (1+0(2) do

z||°, _ =2

<y [ OGS 5 1+ O(]?)da

The same argument as above shows that lim; ,o0Cy; = 0. 0O
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5 Arbitrary Probability Distribution

The convergence proof for the case of a uniform probability distribution can
easily be extended to cover the case of an arbitrary probability distribution
with support on the submanifold of interest. Minimal modification is required
as we now demonstrate below.

The setting is as follows: consider M € R¥ to be a compact Riemannian
submanifold of Euclidean space as before. Let u be a probability measure with
support on M. Under reasonable regularity conditions (essentially, absolutely
continuous with respect to the volume measure), p may be characterized by
means of a probability density function P : M — R™ such that

[ f@dnty) = [ Fw)P@)vol(y)

where [, P(g)vol(q) = 1 and vol(q) is the volume form on 7,. Thus, our
previous discussion considered the case P(q) = m

As before, fix a function f : M — R and a point p € M. Then if z1,..., 2,
are points sampled from M according to P, the point cloud Laplacian L is
defined as before as

llz—a; lz—a

L, ()(2) = - {f(w) S e Y flae }

J J

By the simple law of large numbers, this (suitably scaled) converges to Lf
(where we explicitly denote the dependence on P by the subscript) defined as

2
_lp= fLH

LLf(p) = m J e 0 = £(@) dua)
which by the relation du(z) = P(z)vol(x) can be written as
L f(p) (amt) k/gt/ e ZHZ f(p) = f(x)) P(x)vol(x)

Now consider the function

Clearly, h(p) = 0 and therefore, we see that

1

Lpf(p) = VOI(M>WL%(P)

where L! is the operator associated to the uniform probability distribution.
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By Proposition 4.4, we see that
lim L f (p) = vol(M) lim L'%(p) = Anih(p)
Let us now consider Aph(p). We see that

Apmh(p) = Am (P(x)(f(z) = f()))

Using the fact that at the point p € M, A(fg) = gAf+fAg+2(grad f,grad g)7,,
we see that

L .
Aph(p) = PAupf + 2(grad f,grad P) = Pﬁdlv(PZgrad f)=PAp2f(p)
where Ap2 f is the weighted Laplacian defined as

2 1
Ap2f = Apf + F(gradf, gradP) = ﬁdiv(Pzgradf)

For more details on this form of the weighted Laplacian, see [23].

Thus, we can state the following theorem

Theorem 5.1 Let M be a compact Riemannian submanifold of RN and let
P : M — R be a probability distribution function on M according to which
data points x1,...,x, are drawn in i.i.d. fashion. Then, for t, = nfm,
where o > 0, we have

1
Jim WL?J[@) = P(z)Ap:f(x)

5.1 Normalizing the Weights

In the previous section, we saw that the empirical point cloud Laplacian con-
verges pointwise to an operator which is the weighted Laplacian scaled (mul-
tiplied) by the probability density function at that same point. It turns out
that by suitably normalizing the weights of the point cloud Laplacian, the
scaling factor may be removed. By a different normalization it is even possible
to recover the Laplace Beltrami operator on the manifold thus separating the
truly geometric aspects of the manifold from the probability distribution on
it.

We now consider the convergence of the Laplacian with normalized weights.
As before, we have a smooth, compact, Riemannian manifold M along with a
probability distribution function P : M — R™ on it according to which points
Z1,...,%, are drawn in ii.d. fashion. We assume that a < P(x) < b for all
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x € M. Consider a fixed function f: M — R and a point x € M. The point
cloud Laplacian operator may be defined as

0= S W) (712) - f(r)

2
llz—a; |l

If W(x,z;) = e 2 , this corresponds to the operator whose convergence
properties have been analysed in previous sections. The operator with nor-
malized weights corresponds to the choice

W(x,z;) =

llz—z;112

7 is the Gaussian weight. The quantities d;(z) and

1 _
where Gt = W@

dy(x;) are empirical estimates of d;(z) and d,(x;) respectively defined as follows:

di(z) = /M Gi(z,y) P(y)vol(y)

while .
dAt(fl?z) = — ZGt($i7$j)
n—14%<
J#i
and
ZGt (x,x;)
N i

We proceed now to outline the argument for the convergence of this operator.
We will see how essential ideas for this new convergence argument are already
contained in the proof of convergence in the setting with a uniform probability
distribution (detailed in Sec. 4).

5.1.1 Limating Continuous Operator

Our first step is to show that for a fixed ¢ > 0, the empirical operator converges
to the following continuous operator given by

Lofa) = 1 [ o) ~ £(w)) Ply)vol(y)

i

This follows from the usual considerations of the law of large numbers applied
carefully. To see this, first consider the intermediate operator

— (f(@) ~ f(a)



Since a; < dy(x) < by for all z and 0 < %Gt(x, x;) < W, the random vari-

ble Gtz (@) —f(z:))
abie t/di(x)/di ()
inequality yields an exponential rate at which L’ f(x) converges to L f(z) in
probability as n — co. In other words,

< @, is bounded and a simple application of Hoeftding’s

P[ILL f(a) = Lo f(2)] > €] < 2¢7 (16)
Next we note that for each 4,

lim dy(x;) = dy ()
where the convergence is in probability by the simple law of large numbers.
Further, since |G| < W = R,, the rate is exponential and an application
of Hoeftding’s inequality yields

52(71—1)

P|dy () — dy(z;)| > €] < 2

By a union bound (over all 7), we have that for all ¢ simultaneously,

62(n—1)

Plmax |dy(;) — dy(;)| > €] < 2ne” T (17)

It is easy to check that if € < % in eq. 17, with high probability, for all

Gi(z, z;

1 1 eb
| ~ = - - O (Rt3t2>
) d(x)d(x;) d(a:)d(m' a;

Jim PI|L, f () — L' f(2)] > =0 (18)
Combining Egs. 16 and 18, we have the result. Rates may be worked out from
the above equations and attention to the constants therein.

so that

5.1.2  Analysis of Continuous Operator

The rest of the proof revolves around an understanding of the limiting behavior
of the underlying continuous operator L, as t — 0. We begin by noting that
by the usual arguments,
%i_r)% di(x) = P(x)

By the compactness of M, this convergence holds uniformly and in fact, one
can check that

di(r) = P(x) + O(tg(x))
where g is a smooth function depending upon higher derivatives of P. There-
fore, we can write

d; *(x) = (P(z) + O(tg(x))) 2 = P(z)"% + O(1)
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Next consider the operator given by

e / ey Tt pg ) T OPWI0)

We first prove that this operator converges pointwise to the weighted Laplacian
as t — 0. To see this, first note that by the same analysis as in lemma 4.1, we
have that the above integral can be reduced to the integral over a ball in the
limit, i.e.,

! Gi(2,y) x) — VO =
1 s TPy /Pl (z) = f(y)) P(y)vol(y)

— [(y)P(y)vol(y) (19)
5 he ooy oy

Now, one can follow the logic of Sec. 4 and write the above expression in expo-
nential coordinates by expanding around 7, and considering the exponential
map exp, : 1T, — M. Let B be a ball in T}, as usual. Then B may be viewed
as the image of this ball under the exponential map. Writing y = exp,(z) and
recalling that = exp,(0), we have

/ Gt o 3/ ( (z) = f(y))P(y)vol(y) =

_ llexpg(2)—expz (2 /=

P(z) (f(2) — f(0)) det g;;d=

E \/% /B (m)me

where we have used the “notation in a similar fashion as in Sec. 4, i.e., P(z) =

P(exp,(2)) and f(2) = f(exp,(2)).
Expanding the density P in Taylor series, we write

P%( ) = P%(O) P %(O)ZTVIS—FO(HzHQ)

[\ \

Similarly, expanding f in Taylor series, we have

f(z) = f(0)+ 2"V f+O(|z[]*)

) ) . . Lexpg (2)—expg (O,
Finally, following the discussion in Sec. 4.5, we note that e~ peit e

z 2 z 2
O(e‘u| + @6_”8! ) while det g;; is O(1 + [|z||*)). Thus, we may write the

left hand side of eq. 19 as

e e el T o = P = 4 s [ AL
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2 2
ll=1l ll=1l

where A;(z) = O(e™ i + 57 B,(2) = 27V + LTHz 4 O(||2|),
and Cy(z) = P~Y2(0) + 12"V P + O(||z||?). Collecting terms in the integrand,
letting ¢ — 0, and making use of the observations in eqns. 12, 13, 14, and 15,
we see that

: 1
%LT% Lpf(p) = Amf + F(gradP, gradf)r, = Apf(p)

The last step is to note that

1 1 1
- | Gz, - f(z) = f(y))P(y)vol(y) =
;] Gilaw) ( o Fer (y)) (£(x) = £(5) P(y)vol(y)
;[ Gila )OO (1) = ) Ply)volly)

By the same arguments with appropriate Taylor expansions, it is easy to check

that

lim

3 1/M (@, y)O#)(f(x) = F(y) Ply)vol(y)| =
limy [ Gl )| () = F) | P(g)vol(y) = 0

Thus we are able to extend our analysis to cover the following theorem:

Theorem 5.2 Let M be a compact Riemannian manifold without boundary.
Let P be a probability distribution function on M according to which exam-
ples x1,...,x, are drawn in i.i.d. fashion. Then assuming that (i) 0 < a =
inf,em P(x) < b = supyep P(2) and (11) P is twice differentiable, we have
that there exists a sequence t,, such that Lt f(p) converges to Apf(p) where
the convergence is in probability.

6 Uniform Convergence

For a fixed function f, let

1 llp—yl|2 llp—yll?
As(t) = ( e~ @ d — e d >
(1) Iy /M f(p) du(y) /M fy) du(y)
Its empirical version from the point cloud is simply
Ay = — L IS e () - ) = - — L)
f t(471't)_§ n i—1 ’ t(47’(’t)g "
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By the standard law of large numbers, we have that Af(t) converges to A (t)
in probability. One can easily extend this uniformly over all functions in the
following proposition

Proposition 6.1 Let F' be an equicontinuous family of functions with a uni-
form bound upto the third derivative. Then for each fixed t, we have

lim P |sup|A;(t) — Ap(t)] > €| =0

n—0o fer

PROOF: By equicontinuity and the uniform bound, we have by the Arzela-
Ascoli theorem that F' is a precompact family. Correspondingly, let I, C F'
be a y-net in F in the L., topology and let N() be the size of this net. This
guarantees that for any f € F, there exists g € F, such that ||f — gl < 7
By a standard union bound over the finite elements of F’,, we have

lim P |sup [Ay(t) — A (t)] > =| =0

n— oo geFR, 2

Now for any f € F', we have that

~

[Ap(t) = Ap(O] < [Af(t) = Ag() + Ag(t) + Ay (1) — Ay(t) — As(2)]

< JAs(8) = Ag(0)] + 1Ay (1) — Ag(8)] + A (1) — Af(D)]

ket
2

It is easy to check that for v = i(47rt)72, we have

[Af(t) = A5(8)] < 5 + sup | 4,() = Ay (1)]

geLFy
Therefore

. €
sup |Ag(t) — Ay(t)| > =

<P
geLy 2

P [sup \Af(t) —Ap(t)] > €
feF

Taking limits as n goes to infinity, the result follows. O

Now we note from Proposition 4.4 that for each f € F, we have

lim(Af(t) = Apmf(p)) =0

t—0

This functional convergence can be extended uniformly over the class F' in the
following proposition
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Proposition 6.2 Let F' be a class of functions uniformly bounded upto three
derivatives. Then

1

(Ay(t) — WAMf(p)) =0

lim sup
t—0 feF

PRrROOF: The proof is a minor adaptation of that of Proposition 4.4. Following
that proof, we note that

_llv=p|®
Ap(t) = [ e (F ) — F@)du(y)
where y; = vol(lM) % (47r1t) 5

Using the arguments of Lemma 4.1, and switching to exponential coordinates
using y = exp,(v), we have

Ag(t) = Ki(f) + Bi(f) + Ci(f) + O (Hfuoo%ezi)

where
Ki(f) = [ 5 (F(0) = (@) da
Bf) = [ (F(0) = F@) O )
and
G = [, (70 - F) 0 (52 ) (14 Ol ) o

where B is a ball in T}, of radius r > 0. Examining K,(f), we see that

K1) = 80 (it 0 fo  FllelPae) 40 [ 0(1al

where the constant in the O(]|z||*) term depends on the uniform bounds on
the third derivative of the function. Therefore, we have

1 1
Vol(/\/l)AMf(p) = Bt(f)+ct(f)+(Kt(f)_VOI(M)

Examining the expressions for B;(f), Ci(f), and K;(f), we see that

Asl)- A fo)+O (|l fllree ™)

. 1
1%?}61}3 Ay(t) — WAMf(p) =0

where we have explicitly used the fact that all F' is uniformly bounded upto
three derivatives. O
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Therefore, from Propositions 6.1 and 6.2, we see that there exists a monoton-
ically decreasing sequence t,, such that lim,,_. t, = 0 for which the following
theorem is true

Theorem 6.3 Let data points x1,...,x, be sampled from a uniform distri-
bution on a compact manifold M C RY and let Fg be a family of functions
[ € C®(M), which is equicontinuous and with a uniform bound on all deriva-
tives upto order 3. Then there exists a sequence of real numbers t,, t, — 0,
such that in probability

1
lim sup |[—— LI f(2) — ———~Apf(2)| =0
n—00 fG]PC t(47Ttn)§ f< ) VOI(M) Mf( )

A similar uniform convergence bound can be shown using the compactness of
M and leads to Theorem 2.

7 Auxiliary Results
7.1  Bound on the Gaussian in RF.

Lemma 7.1 Let B € R* be an open set, such that y € B. Then ast — 0

ko _lz—ul? 1
/ (47rt)_5e_“ T dy = O<t€_ )

o+

Rk

ProOF:Without a loss of generality we can assume that y = 0. There exists
a cube C; C B with side s, centered at the origin. We have

|z E o ll=zl?

2 X
0< / (47rt)_§e_ T dr < / (4rt)"2e 3 dx
RF—B RF—Cy

Using the standard substitution z = %, we can rewrite the last integral as

x2 22
[ um e an— [ i a

RE—C RE—C s

o

where C% is a cube with side % The last quantity is the probability that at
least one coordinate of a standard multivariate Gaussian is greater than % in
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absolute value. Using the union bound, we get

ll=]12

/ (47r)_§e_ i dz < k(4m)”

RE—C s

e du = k(4m) "2 <\/_ — V/7Erf (\2))

M
Sk S~

Sl

ug |-

}

The function 1 — Erf(x) decays faster than e~* and the claim follows. O

N

)

7.2 Hoeffding inequality

Theorem 7.2 (Hoeffding) Let Xi,..., X, be independent identically dis-
tributed random variables, such that |X;| < K. Then

> X en
P{l L RX, >6}<26Xp<—2K2>
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