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Abstract

Many applicationssuchastopologyrepair, modelediting,surface
parameterization,and featurerecognitionbene�t from computing
loopson surfacesthat wrap aroundtheir `handles'and `tunnels'.
Computingsuchloopswhile optimizing their geometriclengthsis
dif�cult. On the otherhand,computingsuchloopswithout con-
sideringgeometryis easybut may not be very useful. In this pa-
per we strike a balanceby computingtopologicallycorrectloops
that arealsogeometricallyrelevant. Our algorithmis a novel ap-
plication of the conceptsfrom topologicalpersistenceintroduced
recentlyin computationaltopology. Theusabilityof thecomputed
loopsis demonstratedwith someexamplesin featureidenti�cation
andtopologysimpli�cation.
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Representations;I.3.4 [ComputerGraphics]: GraphicsUtilities—
GraphicsEditors
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1 Intr oduction

Many applicationssuchastopologyrepairof 3D models[Bischoff
and Kobbelt 2005; Zhou et al. 2007], surface parameteriza-
tion [Ben-Chenetal. 2008;Guetal. 2002;Sheffer andHart2002],
andfeaturerecognition[Biasotti etal. 2008;Dey etal. 2007]bene-
�t from automaticdetectionof loopsonsurfacesthatareassociated
with featuressuchas`handles'and`tunnels'. A 3D modelcreated
from a point cloud dataoften containsspurioustopologysuchas
tiny handlesandtunnels[Levoy et al. 2000]. If appropriateloops
aroundthesefeaturescanbe computed,they canbe eliminatedto
cleanup themodel. In surfaceparameterization,many algorithms
needto cut a surfaceinto a disk. Thesecutting loopsshouldbe
smallto lessentheeffectof discontinuityin parameterizationacross
theboundary. Again, if theseloopsarechosenaroundsmallparts
of the handlesandtunnels,the lengthof the boundaryin the �at-
teneddisk remainssmall. Featurerecognitionsuchasidentifying
handlesandtunnelsin a3D modelcanusearepresentative loopfor
eachsuchfeature.

It is known thataclosedsurfaceof genusg canbecut into adiskby
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Figure1: ComputinghandleandtunnelloopsonBotijo. Fromleft
to right: Inputmodel,handle(green)andtunnel(red)loops,handle
features(green)identi�ed onBotijo.

cutting it along2g loops. If oneis only concernedwith thegenus
reductionin topology simpli�cation, these2g loopscan be com-
putedeasilywithout beingawareof thegeometry. However, aswe
arguedabove,mostapplicationscannotbegeometry-obliviousand
shouldchoosetheseloopsto be small andrespectthe embedding
of theshape.For example,to remove a handlein a 3D shapeasin
Figure1, weneedto identify asmall looparoundthehandlewhich
spansa `surface' in the interior of theshape.Similarly, to closea
smalltunnelasin Figure7, weneedto identify asmalllooparound
thetunnelwhichspansa `surface' in theexteriorof theshape.

Therequirementthattheloopsspana `surface' in thecomplement
spaceof the input surfacedisallows many loopswhich would oth-
erwisebeeligible for simplifying thetopologyof thesurfacealone.
Since3D modelsnotonly embodytheboundingsurfacebutalsothe
spacesurroundedby it, thecutting loopsalsoshouldtake into ac-
counttheembeddingof thesurface.To reachthis goal,theauthors
in [Dey et al. 2007]de�ned a classof loopson a surfaceM � R3,
calledhandleandtunnel loops in termsof a homologygroup. A
loop is a handleif it spansa surface,sayD, in theboundedspace
borderedby M but doesnot do soin M itself. If onecutsM along
suchaloopand�lls theboundarieswith two copiesof D, oneelim-
inatesa handle.Similarly, a loop is a tunnelif it spansa surfacein
theunboundedspaceborderedby M anddoesnot do so in M. Its
removal eliminatesa tunnel.Themiddlepicturein Figure1 shows
suchhandleandtunnelloopsfor themodelBotijo.

Contrib ution. In this paperwe presentanalgorithmto compute
handleand tunnel loopsbasedon persistenthomologypioneered
by Edelsbrunner, Letscher, and Zomorodian[Edelsbrunneret al.
2002].Thealgorithmcomputesasetof well de�nedg handleandg
tunnelloopsfor aclosedsurfaceof genusg in R3. Comparedto the
earliermethods,our algorithmhastheadvantagethat it providesa
mathematicalguaranteeon detectinghandleandtunnel loopsand
doesnot requirecomputingany extrastructuresuchasReebgraph,
medial axis, or curve skeletons. Further, it doesnot imposeany
restrictionon theclassof input3D modelsasin someof theearlier
works.

Ouruseof persistenthomologyenablesusto computetheg handle



andg tunnel loopswhich are topologicallycorrectandgeometri-
cally small. A geodesicmeasureassociatedwith the loopscanbe
usedto simplify featuresbasedon their sizes.Themethodis sim-
ple and is generalenoughto be appliedto any surfacemeshthat
conformsto anassociatedvolumemesh.Speci�cally, the input M
shouldbe a subcomplex of a complex K that tessellatesthe con-
vex hull of M. Theactualinput surfacemaysatisfythis condition
directlyor mayneedpreprocessingto satisfyit.

If the input surface M is a sub-complex of the Delaunaytrian-
gulation of its vertex set, the complex K representingthe vol-
ume meshis immediatelyobtainedfrom the Delaunaytriangula-
tion. For example,many Delaunaybasedsurfacereconstruction
algorithms[Dey 2007]andmeshingalgorithms[Alliez et al. 2005;
Chengetal. 2007;Oudotetal. 2005]producesuchsurfacemeshes.
If the input is an iso-surfaceextractedfrom a scalargrid data,a
volumemeshconformingto thesurfacecanbeeasilygeneratedby
computingintersectionsbetweencubic facesand the iso-surface.
Themostdemandingcaseariseswhenthe input surfaceis neither
Delaunaynor an iso-surface. In this caseonemayremeshthesur-
faceso that it becomesa Delaunaymeshusingany of theexisting
algorithms[Alliez etal.2005;Chengetal.2007;Oudotetal.2005].
In our experimentswe usethe Delaunaymeshmethodof [Cheng
et al. 2007]sinceit canhandlenon-smoothsurfaceswith arbitrary
small input angles.Alternatively, onemayusethescan-conversion
algorithmasin [Bischoff andKobbelt2005; Zhou et al. 2007] to
createavolumedataoutof asurfacemeshandapplyouralgorithm
asin theiso-surfacecase.

Becauseof its simplicity, our algorithmappliesto a large classof
input. It runs reasonablyfast in practice. In particular, it scales
well with largedatasetsfor the iso-surfacecase.We show exam-
pleswherethecomputedloopsareusedto simplify topologyor to
identify featuressuchas`handles'and`tunnels'in a 3D model.

Previous work. Variousalgorithmsfor computingdifferenttypes
of non-trivial loopsonsurfaceshavebeenproposedin recentyears,
e.g.,see[EricksonandWhittlesey 2005;ChenandFreedman2008;
Ni et al. 2004;Éric Colin deVerdi�ereandLazarus2005;Zomoro-
dianandCarlsson2007]andthereferencestherein.Thealgorithms
of [EricksonandWhittlesey 2005;ChenandFreedman2008;Éric
Colin de Verdi�ere and Lazarus2005] computeloops on surfaces
which areoptimalwith somegeometricmeasures.Theseworksdo
not guaranteehandleandtunnelloopsaswe de�ne. Furthermore,
resultsonpracticalvalidity of thesealgorithmsarenotyetavailable.

Severalapproachesof computingnon-trivial loopsonsurfaceshave
beenproposedin the context of topologysimpli�cation. In [El-
SanaandVarshney 1997], El-SanaandVarshney usethe concept
of a -hulls to identify smalltunnelsandconcavities thatarenot ac-
cessibleby a user-speci�edball rolling on thesurface.Guskov and
Wood[Guskov andWood2001]proposeasurfacegrowing strategy
to remove smallhandlescontainedcompletelyin a meshneighbor-
hoodof a given size. NooruddinandTurk [NooruddinandTurk
2003] apply somemorphologicaloperationssuchasopeningand
closingon the volumemeshesto remove small handles.Woodet
al. [Woodetal. 2004]usecyclesin theReebgraphto computehan-
dlesandperformadisk-�lling procedureto remove handles.These
works do not provide any mathematicalguaranteesof producing
handleandtunnelloopsasweaimfor. Someof themmayalsogen-
eratenew handlesandtunnels [NooruddinandTurk 2003;Wood
et al. 2004]asa sideeffect of removing others.

Anothersetof algorithmsusessomekind of graphstructuresbuilt
from the input model to computethe handlesand tunnels. Shat-
tuck and Leahy [Shattuckand Leahy 2001] build a graph from
a Reebgraphand remove handlesby breakingthe cycles in this

graph. Although a robust algorithmfor computingReebsgraphs
is available[Pascucciet al. 2007],choosinganappropriatesweep-
ing directionto build the Reebgraphremainsa challenge.Zhou,
Ju, and Hu [Zhou et al. 2007] proposea repair techniquebased
on detectingloops in the medial axis. This method,becauseof
its useof the medialaxis, cannotbe appliedto a classof models
whosemedialaxis form closedsurfaces.Moreover, the construc-
tion of medialaxis with reasonableaccuracy is a non-trivial task.
Dey, Li, and Sun [Dey et al. 2007] proposean algorithm which
requirescomputinga contractionof themedialaxis for producing
curve skeletons[Dey andSun2006]. It alsosuffers from theprob-
lemof computingthesestructuresrobustly.

2 Cycle, boundar y and homology

In this section, we give a very brief introduction to homology
throughanintuitive examplesincehandleandtunnelloopsarede-
�ned via homology. For a formal treatmenton homology, readers
arereferredto [Hatcher2002].
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In a simplicial complex K, a p-chain c
is a formalsumof p-simplicesin K, i.e.,
c = å i ais i wheres i is a p-simplex in K
andai is an integermodulo2. Consider
thesimplicialcomplex K in the�gure on
right. Herev0 is a 0-chainand(e0 + e3)
is a 1-chain. Two p-chainsare added
component-wise,i.e., if c0= å i a0

is i thenc+ c0= å (ai + a0
i)s i . No-

tice that,becauseof modulo2 addition,we have c+ c = 0. Theset
of p-chainstogetherwith theadditionoperationform thegroupof
p-chainsdenotedasCp. Theboundaryof a p-simplex is thesumof
its (p� 1)-dimensionalfaces.Speci�cally, for thesimplex spanned
by theverticesv0 up to vp,

¶ps = ¶p[v0;v1; � � � ;vp] =
p

å
i= 0

[v0; � � � ; v̂i ; � � � vp]

where the hat indicatesthat vi is dropped. For example, ¶t =
(e2+ e3+ e4). By linearextension,a p-chainc= å i ais i hasbound-
ary ¶pc = å i ai¶ps i . For example,¶(e0 + e1 + e4) = (v0 + v2) +
(v0 + v1) + (v1 + v2) = 0. Thus,we relatechaingroupsusingthe
boundarymap¶p : Cp ! Cp� 1. The index of the boundaryoper-
ator ¶p canbe droppedfor conveniencesinceit is implied by the
dimensionof thechain.

A p-chainc is a p-cycleif ¶c = 0. For example,(e0 + e1 + e4) is a
1-cycle. A p-chainc is a p-boundaryif thereexistsa (p+ 1)-chain
d with c= ¶d. For example(e2+ e3+ e4) is a1-boundary. Onecan
verify thata p-boundaryhasto bea p-cycle. Thesetof all p-cycles,
denotedby Zp, is the kernelof the pth boundarymap, i.e., Zp =
Ker ¶p. Thesetof all p-boundaries,denotedby Bp, is the image
of the (p+ 1)th-boundarymap,i.e., Bp = Img ¶p+ 1. Thus,Bp �
Zp. The homologygroupsarede�ned asquotients,Hp = Zp=Bp
for eachp. One can think eachelementin Hp as an equivalent
class. Two p-cyclesc1 andc2 are in the sameequivalentclassif
thedifferencebetweenthemis a p-boundary, i.e.,c1 � c2 2 Bp. For
example(e0 + e1 + e4) and(e0 + e1 + e2 + e3) areequivalent. It
is customaryto use[c] to denotethe equivalentclassrepresented
by a p-cycle c. A p-cycle c is trivial in Hp if [c] representsthe
zeroelementin Hp. Any p-boundaryis trivial in Hp. For example,
[e2 + e3 + e4] is trivial in H1(K). In our setting1, Hp simply is a
vectorspacegeneratedby a basis. The numberof elementsin a
basisof Hp is its dimension/rank, which is alsoknown aspth Betti

1Theassumptionthatai 's areintegersmodulo2



numberbp. In our example,H1(K) is only onedimensionaland
[e0 + e1 + e4] is a basis.

In this paper, we areinterestedin the�rst homologygroupH1. We
give a 1-cycle a moreintuitive name,loop. Now we give a formal
de�nition of handleandtunnelloopsfor a surfacein R3.

3 Handle/Tunnel loops

Weareinterestedin computingarepresentationof handlesandtun-
nels in a shape.Toward this goal we usethe de�nition of handle
andtunnelloopsintroducedin [Dey et al. 2007]andpresentsome
explanationswhy suchde�nition is useful.

Let M bea closed(compactandwithout boundary)surfacein R3.
For simplicity, we assumeM is connected.In caseM is not con-
nected,our resultcanbeappliedcomponent-wise.Thegenusg of
M is themaximumnumberof disjointsimpleloopswhoseremoval
doesnot disconnectM. M separatesR3 into two parts: insidede-
notedI andoutsidedenotedO bothincludingM.

De�nition 1 A loop in M is a tunnel loop if it is trivial in H1(O)
andnontrivial in H1(M).

De�nition 2 A loop in M is a handle loop if it is trivial in H1(I )
andnontrivial in H1(M).

By de�nition, a tunnelloopspanstheunion
of a setof trianglesin O since,beingtriv-
ial in O, it hasto bounda 2-chain. Simi-
lar statementholdsfor handleloops.These
propertiescommensuratewith the require-
ment that the handleloops should bound
`surfaces'in I whereastunnelloopsshould
boundthemin O. The setof tunnelloops
aredisjoint from thesetof handleloops,i.e.,no loop on M canbe
bothhandleandtunnel.This factfollowsfrom Theorem1. By de�-
nition, a tunnelloopor ahandleloopmustbenontrivial in H1(M).
However, anontrivial looponM mayneitherbehandlenor tunnel.
For example,theloop shown on thetorusis neithera handlenor a
tunnelsinceit is non trivial in both H1(I ) andH1(O). Suchloop
is notdesirablein someapplicationssuchastopologicalsimpli�ca-
tion sinceaftercutting thesurfaceM alongsuchloop onecannot
�ll theboundarywith a diskwithout intersectingM.

Thefollowing theoremelucidatessomestructuralpropertiesabout
thespacesgeneratedby handleandtunnelloops. It canbederived
from Mayer-Vietorissequencegivenby M = I \ O; see[Dey et al.
2007]for a line of proof.

Theorem1 For anyconnectedclosedsurfaceM � R3 of genusg,
H1(M) is thedirectsumof thespacesgeneratedbyhandleandtun-
nel loopseach of which is g-dimensional.Moreover, handleloops
generateH1(O) andtunnelloopsgenerateH1(I ).

4 Positive/Negative simplices

Ouralgorithmis basedonapairingof simpliceswhichis akey con-
ceptin computingpersistenthomology[Edelsbrunneret al. 2002].
A �ltr ationof asimplicial complex K is anestedsequenceof com-
plexes,

/0 = K � 1 � K0 � K1 � � � � � Kn = K:

The inclusionmap f : K i� 1 ,! K i de�ned by f (x) = x inducesa
mapbetweenthehomologygroups: f� : Hp(K i� 1) ! Hp(K i ). The
nestedsequenceof complexescorrespondsto asequenceof homol-
ogy groupsconnectedby theinducedmaps,

0 = Hp(K � 1) ! Hp(K0) ! � � � ! Hp(Kn) = Hp(K):

Persistenthomologybasicallystudieshow the homologygroups
changeover the �ltration. In this paper, we only explain thepair-
ing conceptin persistenthomologyrelevant to our algorithm. For
a formal treatmentof persistenthomology, readersare referred
to [Edelsbrunneret al. 2002;ZomorodianandCarlsson2005].
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Figure 2: Redsimplicesare positiveandblueonesare negative.
Thesimplicesare indexed to coincidewith their order in the �l-
tration. (�; �) in each subcomplex showsthe pairing betweenthe
positiveand the negative. The secondcomponentmissingin the
parenthesisshowstheintroducingof a positivesimplex.

WemayassumeK i � K i� 1 = s i , i.e.,addinga singlesimplex each
time in the�ltration. Only two possiblechangescanhappenwhen
a singlesimplex s i of dimensionp is addedto K i� 1. Oneis the
creationof a non-boundaryp-cycle whens i is calleda positivep-
simplex. Theotherchangeis thekilling of anexisting(p� 1)-cycle
whens i is calleda negativep-simplex.

We elaboratetheabove two changesthroughanexampledepicted
in Figure 2. When one moves from K6 to K7, a non-boundary
loop which is a 1-cycle (e4 + e5 + e6 + e7) is createdafteradding
edgee7. Strictly speaking,a positive p-simplex may createmore
thanone p-cycle. Only oneof themis independentandtheothers
are its linear combinationswith the existing onesin K i� 1. From
K7 to K8, the introductionof edgee8 createstwo non-boundary
loops (e4 + e5 + e8) and (e6 + e7 + e8). But any one of them
is the linear combinationof the other onewith the existing loop
(e4 + e5 + e6 + e7). Noticethatthereis nocanonicalway to choose
an independentone. However, the creationof a loop is re�ected
in theincreaseof thedimensionof H1. In otherwords,in general,
the Betti numberbp increasesby 1 for a positive simplex. For a
negative simplex, we get theoppositeeffect. In this casebp� 1 de-
creasesby 1 signifyingadeathof acycle. However, unlikepositive
simplices,thekilled cycle is determineduniquelyup to homology,
which is theequivalentclasscarriedby theboundaryof s i . For ex-
ample,in Figure2, theloop (e6 + e7 + e8) getskilled by trianglet9
whenwe go from K8 to K9.

By the theoryof persistenthomology[Edelsbrunneret al. 2002],
a negative p-simplex s is always pairedwith a unique positive
(p � 1)-simplex s 0 wheres kills a (p � 1)-cycle createdby s 0.
Thepairingof positive simpliceswith negative simplicesis thekey
conceptin persistenthomology. Eachpair tells thebirth time of a
non-boundarycycle aswell asits deathtime in the �ltration. The
life timeof a non-boundarycyclemeasuresits persistence.

Pairing algorithm. The goal of the persistencealgorithm is to
computeall the pairingsbetweenpositive andnegative simplices.
Of course,oneneedsto determineif a simplex is positive or neg-
ative. It turnsout that this goal canbe achieved by applying the
following simpleprocedureto eachsimplex in the orderof �ltra-



tion. Wesayasimplex s is younger thanasimplex s 0 if s appears
laterthans 0 in the�ltration.

Algorithm 1 PAIR(s )

1: c = ¶ps
2: d is theyoungestpositive (p� 1)-simplex in c.
3: while d is pairedandc is notemptydo
4: Let c0bethecyclekilled by thesimplex pairedwith d
5: c = c0+ c n� this additionmaycancelsimplices�n
6: Updated to betheyoungestpositive (p� 1)-simplex in c
7: endwhile
8: if c is notemptythen
9: s is a negative p-simplex andpairedwith d

10: else
11: s is a positive p-simplex
12: end if

Let us againconsiderthe example in Figure 2 and seehow the
algorithm PAIR works. From K6 to K7, e7 is added. Its bound-
ary is c = (v1 + v3). The vertex v3 is the youngestpositive ver-
tex in c but it is paired with e6 in K6. Thus, c is updatedto
(v2+ v3+ v3+ v1) = (v2+ v1). Thevertex v2 becomestheyoungest
positive onebut it is pairedwith e4. So,c is updatedto (v0 + v1).
The vertex v1 becomesthe youngestpositive onebut it is paired
with e5. So,c isupdatedto empty. Hencee7 is apositiveedge.Now
we examinethe additionof the trianglet10 from K9 to K10. The
boundaryof t10 is c = (e4 + e5 + e8). Theyoungestpositive edge
e8 is pairedwith t9. Thus,c is updatedby addingthecyclekilled by
t9 to (e4 + e5 + e6 + e7). Sincee7 is theyoungestpositiveedgethat
is not yet paired,t10 �nds e7 asits pairedpositive edge. Observe
that, we �nally obtaina loop that is killed by addingthe negative
triangle. For example,we obtain the loop (e4 + e5 + e6 + e7) by
addingt10. Thefollowing factaboutsuchloopis usedlaterto prove
thecorrectnessof ouralgorithm.

Fact 1 The paired positiveedge in a killed loop is the youngest
amongall edgesin theloop.

We areinterestedin thekilled loops. Thehandleandtunnelloops
are actually chosenfrom them. In fact, we get a seriesof loops
in theprocedurefor �nding thepairedpositive edgefor a negative
triangle,aswe canseefrom the while-loop in PAIR. Theseloops
arehomologous,i.e., they belongto thesamehomologyclass.Al-
thoughthey are topologically equivalent, we needto chooseone
amongthemthatis alsogoodgeometrically.

Thepersistencecanalsobeexplainednicely in termsof matrix op-
erations. The interestedreadersare referredto [Zomorodianand
Carlsson2005;Cohen-Steineret al. 2006].

5 Computing handle and tunnel loops

In thissectionwedescribeanalgorithmfor computingasetof gen-
eratinghandleand tunnel loopson arbitraryclosedsurfaces. We
�rst describeanalgorithmthatcomputestopologicallycorrecthan-
dleandtunnelloops.Wethenre�ne thealgorithmby incorporating
geometry. As a result,we obtaina setof handleandtunnelloops
thataregeometricallymeaningful.

In orderto applythealgorithmfor persistence,we assumethat the
input surfaceM is presentedwith a simplicial complex K which
tessellatestheconvex hull of M andM is a subcomplex of K. This
meansthatwe have theexplicit simplicial representationsfor both
insidespaceI andoutsidespaceO. Actually, we only needthe2-
skeletonof thecomplex K for thealgorithm.As wehavediscussed
in theintroduction,onemayhave sucha simplicial complex K for

free in caseM is a Delaunaymesh.If M is an iso-surfaceassoci-
atedwith somescalarvolumedata,weobtainthedesired2-skeleton
(trianglesonly) of K by intersectingthe cubic faceswith M and
producinga 2D triangulationof thepolygonsandsquarestrivially.
For all othersurfacemeshM, onemay obtainK by usingexist-
ing Delaunaymeshingalgorithms[Alliez et al. 2005;Chenget al.
2007; Oudotet al. 2005]. In our experiments,we useDELPSC
algorithm/softwareof [Chengetal. 2007].

5.1 Topological algorithm

AssumeK is given. We only need to considerthe 2-skeleton
(points,edgesandtriangles)of K sincewe areonly interestedin
obtaining1-cycles/loops.We build the �ltration of the 2-skeleton
of K in thefollowing threesteps.

Step1: ThesimplicesonthesurfaceM areaddedinto the�ltration
in any arbitraryorder. SinceH1(M) is of rank 2g, the algorithm
PAIR generates2g numberof unpairedpositive edges. Figure 3
shows theseunpairedpositive edgesfor themodelMother.

Step 2: The simplicesup to dimension2 in I areaddedinto the
�ltration. SinceH1(I ) is of rank g, half of 2g positive edgesgen-
eratedin Step1 get pairedwith the negative trianglesin I . Each
pair correspondsto a killed loop. Thuswe obtaing loops,denoted
f hig

g
i= 1. Figure3 shows theseg loopsaswell asthepairednegative

trianglesfor themodelMother. Theorem2 saysthat theseg loops
areasetof generatinghandleloops.

Step3: Thesimplicesupto dimension2 in O areaddedinto the�l-
tration.SinceH1(K) is trivial, theremaininghalf of positive edges
generatedin Step1 getpairedwith thenegative trianglesin O. As
beforewe obtainanotherg loops,denotedf tig

g
i= 1. Figure3 shows

theseg loopsaswell asthepairednegative trianglesfor themodel
Mother. Theorem2 saysthat theseg loopsarea setof generating
tunnelloops.

Observe that loopskilled by negative trianglesin I andO have all
their edgeslying in M becauseall edgesof M including the posi-
tive onesareaddedbeforeany otheredgein K andFact1 applies.
Observe alsothatonecanskip addingsimplicesfrom I or O once
half of theunpairededgesarepaired.

Theorem2 Theloopsf hig
g
i= 1 and f tig

g
i= 1 are handleand tunnel

loopsforminga basisfor H1(O) andH1(I ) respectively.

Proof 1 Asweobserved,byFact1, each hi andti lie onthesurface
M. By construction,his (resp.tis) form a basisof thekernelof the
mapfromH1(M) toH1(I ) (resp.H1(O)) inducedbyinclusion.That
is, they respectivelyform basesof thespacesgeneratedby handle
loopsandby tunnelloops.Theconclusionfollowsfromtheorem1.

5.2 Bringing geometr y

Althoughthehandleandtunnelloopsascomputedin theprevious
sectionare guaranteedto be topologically correct, they may not
be very good geometricallyas seenin Figure 3. Our goal is to
computehandleandtunnelloopsof smallsize.Onewayto achieve
thisgoalwouldbeto tightenthecomputedloops.Somemethodsto
tightenloopswithin thesamehomotopy typeby utilizing universal
cover is known, see [Yin et al. 2007; Éric Colin de Verdi�ereand
Erickson2006]for example.However, thereis noknown algorithm
to tightenthe loopsup to homology. We suspectthat this problem
is very hard. Thus, insteadof computingthe universalcover or
employing anoptimizationstepwhich would addanextra level of
complicationto thealgorithm,we exploit a �e xibility built into the
algorithmfor persistence.First, we choosea speci�c loop among
all the loopsencounteredduring the searchfor a loop killed by a



Figure 3: Handleandtunnelloopscomputedwith thetopological algorithmon Mothermodel(g = 4). Fromleft to right: Input model,2g
unpairedpositiveedgeson M, handleloopsare generatedafter g unpairededgesget pairedwith g negativetrianglesin I , tunnelloopsare
generatedafter therestof g unpairededgesget pairedwith g negativetrianglesin O.

negative triangle. Second,we control theorderof thesimplicesin
I andO addedinto the �ltration so that the negative trianglesare
locatedat theplaceswheretheshapeis of smallsize. For this, we
needthenotionof geodesicsize.

GeodesicSize. First, we assigneachedgein K a geodesicsize
asfollows. ConsiderthecasethatK hasall verticeson thesurface
M asshown in Figure4. This caseoccurs,for example,whenK
is a Delaunaytriangulationof a setof verticeson M. For any edge
e with endpointsa andb, we de�ne the geodesicsizeg(e) asthe
minimal geodesicdistancebetweena andb over the edgesof the
surfaceM (usingDijkstra's shortestpath). For a generalK where
theendpointsa andb maynot beon thesurfaceM (Figure5), we
�nd the closestpointson M for two endpoints,denoteda0 andb0

respectively, andde�ne g(e) astheminimal geodesicdistancebe-
tweena0andb0. Now weassigneachtrianglethemaximalgeodesic
sizeof its edges,namelyg(t) = maxe2tg(e) for a trianglet.

Figure 4: Six triangles (blue) in the Delaunaytriangulation of
Mother with the geodesiccurves(red) determiningtheir geodesic
sizes.

Figure 5: Computationof g(t) for a triangle t in O of thescalar
volumedataAtom.

We make two re�nementsto the topologicalalgorithmto incorpo-

ratethegeometry.

Re�nement 1: In thepairingalgorithm,we obtaina seriesof ho-
mologousloopswhile searchingfor the pairedpositive edgefor a
negative triangle s (the while-loop in PAIR). This is a seriesof
expandingloopssinceeachloop is obtainedby addinga boundary
loop into the previous one. Among thoseconsiderthe onesthat
lie completelyon thesurfaceM. We know that this setcannotbe
emptyastheloopkilled by s liescompletelyin M. Let `1; `2; :::; `k
be this setof loopssortedin the sequencethey are found during
thesearch.Thismeansthattheyoungestedgein ` i appearslaterin
the �ltration thantheyoungestedgein ` i+ 1. In otherwords,`1 is
the�rst loop obtainedduringexpansionwhich hasall edgeson M.
We write `(s ) = `1 andre�ne Step2 and3 by outputtinghi or ti
as`(s ). The reasonfor sucha choiceover theonecontainingthe
positive edgeis thatwe want theloop to lie ascloseaspossibleto
thenegative triangle.Thelocationof thenegative triangleindicates
small sizeof theshapeby Re�nement2 whereaswe cannotmake
any suchassumptionaboutthe positive edge. Figure6 (top row)
shows how theloopsin Figure3 aretightenedby Re�nement1.

Figure 6: Top row: Handleand tunnelloopscomputedafter Re-
�nement1. Bottomrow: Handleand tunnelloopscomputedafter
Re�nements1 and2.

Re�nement 2: In this re�nementwe addthetrianglesin I or O in
the increasingorderof their geodesicsizesinto the �ltration. The
intuition of this re�nement is basedon the following observation.
Let D � K form a 2-chainin I or O with boundaryin M. Abusing
notations,we call D a crosssectionfor M. A positive edgesur-
vivedafterStep1 getspairedonly whena crosssectionof M gets
�lled. Adding thetrianglesin theorderof increasinggeodesicsize
forcesthe crosssectionswith small size to get �lled �rst, which



makesthe negative trianglesto be at placesadmittingsmall cross
sections.Figure6 showshow thetheloopsmove to smallerregions
dueto Re�nement2. ThealgorithmHANTUN representstheentire
procedurewith re�nements.

Algorithm 2 HANTUN( K )

Require: M is a subcomplex of K
Ensure: f hig andf tig area setof generatinghandlesandtunnels

of smallsizerespectively.
1: Computethegeodesicsizefor edgesandtrianglesin I andO
2: For eachsimplex s onM, Pair(s )
3: Let E bethesetof theunpairedpositive edges.
4: In theorderof increasinggeodesicsize,Pair(s ) for eachsim-

plex s 2 I
5: if s is negative andits pairedpositive edgeis in E then
6: Outputtheloop `(s ) asahandleloop hi .
7: end if
8: In theorderof increasinggeodesicsize,Pair(s ) for eachsim-

plex s 2 O
9: if s is negative andits pairedpositive edgeis in E then

10: Outputtheloop `(s ) asa tunnelloopti .
11: end if

We implementedour algorithmHANTUN in C++, andrana series
of testson bothDelaunaymeshesandscalarvolumedata. All ex-
perimentsweredoneon a Dell PC with 2.0GHzIntel Xeon CPU
and2GB RAM. The numberof detectedhandleandtunnel loops
in all modelsagreeswith the genusof the modelwhich we veri-
�ed with Euler's characteristic.The timesaresummarizedin Ta-
ble1. Observe thatourmethodrunsfasterthanthemethodin [Dey
et al. 2007] which alsocomputeshandleandtunnel loopsbut for
a smallerclassof inputs. In mostcasesgeodesicsizecomputation
dominatesthecomputationtime. Thetimesfor surfacemeshesdo
notscaleasgoodasin thevolumedata.

Data Size Ptime Geod Loop DLS
Knotty cup 5.4k,31.9k 6.9 3.2 0.8 fail

Mother 19.5k,117k 30.3 13.9 4.1 46.5

Molecule 19.9k,115k 35.8 5.5 0.9 29.8

Botijo 30k,176k 77.1 20.6 2.3 75.0

Casting 31.9k,169k 92.7 25.2 14.0 84.91

Buddha 109k,614k 1377.1 168.7 16.2 543.27

Hip 173k,996k 2400.0 648.1 265.5 fail

Children 199k,1168k 12.5 1350.8 2267.3 fail

Gearbox 478k,2582k 23759.9 2058.6 33769.1 fail

Colon 854k,4966k 30572.2 12103.9 37093.4 fail

Atom 3.3k,41.8k 0.5 0.3 0.2 fail

Aneurism 23k,5210k 3.1 9.1 73.0 fail

Engine1 157k,2766k 3.2 520.0 207.1 fail

Engine2 629k,20040k 11.3 7812.6 3392.6 fail

Table 1: Times(seconds)broken into two parts,onefor geodesic
size computations(Geod), and the other for loop computations
(Loop). (n;m) in Sizecolumnindicatesn surfacetriangles in M
and m volumetriangles in K nM. Ptimecolumnshowsthe pre-
processingtimefor producingvolumemeshesfromthesurface. For
point cloud data Children, this is simply the time for a Delaunay
basedsurfacereconstruction(COCONE software). DLS column
showsthetimefor themethodin [Dey etal. 2007]denotedasDLS
algorithm.

6 Feature identi�cation and simpli�cation

In thissection,weapplythehandleandtunnelloopsfor computing
handleandtunnelfeatureson 3D models.We alsoshow how these
featurescanhelpin modifying thetopologyof the3D models.

Figure 7: From left to right: handleand tunnel loopscomputed
onCasting,tunnelfeaturesare identi�ed, smalltunnelfeaturesare
�lled.

Figure8: Threesmalltunnelsin Buddhaare �lled.

To identify thehandleor tunnelfeatures,wesweepahandleor tun-
nel loop on bothsidesover thesurface.We run Dijkstra's shortest
pathalgorithmwith multiple sources,namelytreatingall vertices
onahandleor tunnelloopassources.At any momentof thesweep,
themodi�ed Dijkstra'salgorithmmaintainsawavefront of shortest
distanceto theinitial loop. Thepropagationcontinuesuntil thera-
tio betweenthelengthof thewave front andthatof theinitial loop
exceedsa user-de�ned threshold.We take theregion sweptby the
two wavefrontsoneachsideasthefeaturerepresentedby thisloop.
Figures1 and 7 show the handleandtunnelfeaturesrespectively
computedwith thismethod.

Oncethehandleandtunnelfeaturesarecomputed,onecanperform
simple topologysimpli�cations locally by eithercutting a handle
featureor �lling atunnelone.Thiscanbeeasilydonewith thehelp
of thevolumerepresentationof theshape.For example,in thecase
of aDelaunaysurface,all Delaunaytetrahedratessellatethevolume
either inside or outsidethe surface. To �ll a tunnel feature,we
�rst detectall theoutsidetetrahedrathathave four verticeson this
tunnel feature,then transferthemfrom outsidevolumeto inside.
As a result,a tunnelis �lled. Similar operationfor handlefeatures
eliminatesa handle. For the caseof iso-surfacein a volumedata,
topologysimpli�cation canbeachievedin a similarway.

Figure 8 shows the handleand tunnel loops on a Buddhamodel



computedwith our algorithm. Threesmall tunnelsconsideredas
noisesare�lled up.

7 More results

Figure 9 shows only the tunnelscomputedon the scalarvolume
dataEngineof size256� 256� 256. All 20 tunnelsof this model
of genus20 have beendetected.The small tunnel in the second
closeupview is actuallylying insidewhich, if notdetected,is dif�-
cult to seewith usualvisualizationtools.

Figure9: Closeupviewsof smalltunnelsin Engine.

Figure10(left) showsthehandleandtunnelloopsfor anotherscalar
volumedataAneurism. Notice that, althoughtherearemany tiny
isolatedcomponentsonthis iso-surface,ouralgorithmhasnoprob-
lem in capturingnice handleand tunnel loops. Figure10 (right)
shows thatouralgorithmcancomputehandleandtunnelsloopson
knottedmodelswhich is not possiblewith the algorithmof [Dey
et al. 2007].

Figure10: AneurismandKnottyCup.

Figure11showshandleandtunnelloopscomputedby HANTUN in
a CAD modelof genus78. We remeshedtheoriginal surfacewith
DELPSC to produceabout478K surfacetrianglesand2.5 million
volume triangleson which HANTUN was run. Figure 12 shows
anotherlargemodelof genus160with about854K surfaceand4.9
million volumetriangles.Thehigh genusof this surfaceis a result
of nearbypiecesof the surfacegettingjoined asan artifact of the
dataacquisition.

Figure11: Gearbox:genus78surfacemeshedwith (478K,2582K)
Delaunaytriangles.

Figure 12: Colon: genus160surfacemeshedwith (854K,4966K)
Delaunaytriangles. Three closeupviews showthe small handle
andtunnelloopsdetected.

OuralgorithmHANTUN is stableagainstthegranularityof thesur-
facemeshM andthe volumemeshK. Figure13 exempli�es this
point. Handleandtunnelloopsshown in thehighlightedboxesof
theHip modelremainmostlystableatdifferentdensitiesof thesur-
facemesh. Similar stability is observed for the Moleculeunder
differentvolumemeshing.

8 Conc lusions

We have designeda persistencebasedalgorithmto computewell
de�ned handleandtunnelloopsfor a 3D model. The methodde-
rives its simplicity and generalityfrom the algorithm for persis-
tence.Thealgorithmrunsfastandscaleswell with volumedatasets
(12 minutesfor volumedatasetswith 2.8 million triangles).With
Delaunaysurfacemeshes,thealgorithmtakesmoretimeasevident
from data.Oneshortcomingof themethodis thatit requiresto con-
vert a surfacemeshinto a volumemeshwhich, in somecases,may
incurnot sonegligible pre-processingoverhead.

We incorporategeometryby a geodesicmeasure.Although intu-
itively it is clearwhy sucha measuregivesgoodloops,it wouldbe
niceto have a formal proof for this factalongtheline of [Erickson
andWhittlesey 2005].

Our algorithmworkson any valid 3D modelboundedby a closed
surface. If the surfacehasboundaries,the algorithmasdescribed
doesnot work. Sincethereis no spaceboundedby sucha surface,
de�nitions of handleandtunnel loopsbecomeinvalid. Also, one
cannotpartition thesimplicesasbeingpartof insideor outsideto



Figure13: Hip: Loopscomputedwith differentsurfacemeshdensities.Molecule:Volumemesheddifferently.

run the persistencebasedalgorithm. However, the algorithmcan
be easilymodi�ed to handlesuchsurfacesandeven simplicial 2-
complexesasfollows. AssumeM, a2-complex, is asubcomplex of
K. After runningthepairingalgorithmonM, simplyaddsimplices
from K withoutdistinguishinginsideandoutside.Theresultof this
minor modi�cation is shown in Figure14. Of coursehandleand
tunnelloopsarenot differentiatedthoughthey aredetectedevenin
thepresenceof boundariesandnon-manifolds.

Figure 14: Children: Delaunaysurfacemeshreconstructedfrom
point clouddatahasartifactsasholesandnonmanifolds.
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