Persistence-baséthndleandTunnelLoopsComputatiorRevisitedfor SpeedJp

TamalK. Dey ‘2, Kuiyu Li#

aDepartmenbf ComputerScienceand Engineering TheOhio StateUniversity
2015Neil Ave Columlus,OH 43210,USA

Abstract

Loopsin surfacesassociatedvith topologicalfeaturessuchas handlesand tunnelsare importantentitiesin mary applications
including surface parameterizationfeatureidenti cation, andtopologicalsimpli cation. Recently a persistenhomologybased
algorithmhasbeenproposedo computethem. Thealgorithmhassereraladvantagesncludingits simplicity, combinatoriahature
andindependencérom computingother extra structures.In this paper we proposechangedo this loop computationalgorithm
basedon somenovel obsenations. Thesechangegeducethe computationtime of the algorithmdramatically In particular our
experimentalresultsshav that the suggested¢hangesachieve considerablespeedup for large datasetswithout sacri cing loop

qualities.
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1. Intr oduction

Computationsof meaningfulnon-trivial loops in surfaces
is a fundamentalproblem that crops up in various applica-
tions suchas surfaceparameterizatiofi2, 16, 17, 22|, feature
identi cation [1, 4, 9, 20], topologicalrepair and simpli ca-
tion [5, 18, 24, 25]. As aresult, considerableamountof re-
searchhasbeendevotedin recentyearsto computesuchloops
[9, 13, 14, 15, 27].

In mostapplicationstheloopsshouldbelinkedto the topol-
ogy of the surfaceandbe smallin size. To this goal, Dey, Li,
Sun, and Cohen-Steinef10] recentlyproposeda persistence-
basedalgorithmto computea specialclassof loopscalledhan-
dle andtunnelloops. This classof loopsintroducedn [9] cap-
turestheintuitive notion of "handles'and tunnels'in a shape.
To be more precise,let M denotea connectedtlosedsurface
sitting in R3. The handleandtunnelloopsin M arede ned in
termsof the rst homologygroupof M andits embeddingsn
R3. Onecanintuitively think thataloop is a handleloop if it
boundsa diskin theinterior of M whereast is atunnelloop if
it boundsadiskin theexterior of M. Figurel shovs suchloops
in a3D modelKitten andaniso-surficeAtom

Persistenhomologyintroducedby EdelsbrunnerLetscher
andZomorodian12] perfectly ts thede nition of handleand
tunnelloops. Consequentlythey could be computedwith the
persistencalgorithmeasily Dey et al. [10] broughtgeome-
try into the loop computationby incorporatinggeodesicdis-
tancesinto the persistencealgorithm. Of course,the output
loops may not be optimal geometrically but they aresmallas
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Figure 1: Handle(green)andtunnel(red)loopsin 3D modelKitten andiso-
surfaceAtom

empirical resultscon rm. One advantageof the persistence-
basedalgorithm is that it is mostly combinatorialin nature
andtherebyavoidscostly, errorpronenumericalcomputations.
Furthermore,unlike mary previous methods,this algorithm
doesnot requirecomputingary extra datastructuressuchas
Reebgraphd4, 6, 21], medialaxes[25], or curve skeletond9].
In the persistencealgorithm, a core componentis a sim-
plex pairing algorithmwhich pairs simplicesfrom an ordered
sequenceof simplicescalled Itr ation of a simplicial com-
plex[12, 26]. This Pairing algorithmis usedin [10] to compute
handleandtunnelloops.A simplex is calledeitherpositiveif it
createscycle or nggativeif it destrgysacyclewhenit is added
accordingto the orderin the lItration. A negative p-simplex
s is always pairedwith a uniquepositve (p  1)-simplex s°
wheres kills a (p 1)-cycle createdby s® Supposehata
surfacecomplex M alongwith complexesthattessellatéts in-
terior andexterior volumesare given. Denotethe union of the
surfaceandvolumecomplexesasK . A handleor tunnelloopis
obtainedwhenavolumetrianglein K nM is pairedwith apos-
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itive edgein M. The authorsin [10] proposetwo re nements
to malke the handleand tunnelloops geometry-avare. More
detailsaboutthis algorithmaregivenin Sectior4.

Contribution: In this paper we revisit the persistence-based
methodof [10] for speedup. We make someimportantobser
vations(Section5.1.1)in the persistencalgorithmandseveral
otherchangegSectionss.2 and5.1.2)thatallow usto achieve
aconsiderablémprovementin computatiortime. In particular
our proposedmaodi cations make the persistencéasedalgo-
rithm scalableto large datawithout sacri cing loop qualities.
Therestof the paperis organizedasfollows.

In Section2, we brie y introducehomologybasedon which
the handleandtunnelloopsin closedsurfacesarede ned.

Section3 describeshe conceptof Itration andthe Pairing
algorithmin the theoryof persistenhomology[12].

Section4 introducesthe algorithm of [10] for computing
handle and tunnel loops which consistsof two main stages:
geodesicomputatiorfor the volumesimplicesandloop com-
putationusingthe Pairing algorithm[10].

In Section5, we proposemethodsto improve the perfor
manceof eachstage. We make a key obsenation basedon
whichamodi ed Pairing algorithmanda new orderingof sur
facesimplicesin the ltration acceleratéheloop computation
dramatically We also proposea methodfor estimatingthe
geodesicsizeof thevolumesimplicesfor speedup.

We validate our claim of improvementswith experimental
resultsin Section6. We nally draw conclusionsn Section?.

2. Handle and Tunnel Loops

The handleandtunnelloopsin a closedsurfacearede ned
by the onedimensionahomologygroupof the surfaceandits
embeddingn R3. We rst review somebasicfactsaboutho-
mology groups. For moredetailedexposition,interestedead-
ersarereferredto Hatcher[19].

2.1. Homolagy

Homologygroupsarealgebraicstructureghatcanbeusedo
distinguishspacegshathave differenttopology In otherwords,
homologygroupsaretopologicalinvariantof a spacg19]. In
ourcasewewill dealwith spaceshataresimplicialcomplees.
So, we review simplicial homologyhere. Let K denotea sim-
plicial complex. To de ne thehomologygroupsof K, we need
chaingroupsandcyclegroupsof K asde ned below.

A k-chainisa nite linearcombinatiorof k-simplices.In this
paper we assumehatthe coefcient ring usedfor this combi-
nationis Z,, thatis, coefcients areeither0O or 1. For example,
Cc= s1+ S+ szis a2-chainwheres;'s aretriangles. Notice
thata simplex s addedo itself givesO0, thatis,s + s = 0. The
setof all k-chainsforms a chaingroupCy underaddition. The
boundaryof a k-simplex s, denotedas ks, is the sumof its

spannedy verticesvg up to v, then

k
vid = & [vo;
i=0

s = fklvo;va; Vi W]

wherethehatindicateghatyv; is dropped.Theboundaryopera-
tor on k-simplicesextendsto theboundaryoperatorof k-chains
by linearity, thatis, for ak-chainc= S ;si, fkc= S;%ksSi.

A k-chainis calleda k-cycleif its boundaryis emptyanda
k-boundaryif it is the boundaryof a (k+ 1)-chain. Let Z, and
By denotethe setof all k-cyclesandk-boundariesespectiely.
It is easyto derive that By is a subgroupof Zx which, in turn,
is a subgroupof Cy. The kth homolayy group of K, denoted
asH(K), is the quotientgroupZ,=Bx. Therankof thehomol-
ogy group Hk(K) is called the kth Betti number Homology
groupscanalsobe de ned for othertopologicalspacesvhich
arenot necessarilysimplicial. Thisis the studyof singularho-
mology[19]. In thispaperwe will useHy(X) to denotethekth
homologygroupof X whetherX is simplicial or not.

In thiswork, thespacenve will beinterestedn is asurfaceM
embeddedn R® andthe subspacesf R® boundedoy M. We
areinterestedn loopsin M whichrepresentlassof 1-cyclesin
theonedimensionahomologygroupHi(M).

2.2. De nitions

Let M beaconnectedlosedsurfacein R3. Its genusy is the
maximumnumberof disjoint simpleloopswhoseremoval does
notdisconnecM. The closedsurfaceM separate®? into two
parts:insidespaced andoutsidespaceO. Letly = 1[ M and
Owm = O[ M. Thehandleandtunnelloopsin M arede ned as
follows[9].

De nition 1. A loop in M is a handle loop if the homolay
classcarried by it is trivial (identity)in H1(ly) andnon-trivial
in Hy(Owm).

De nition 2. A loop in M is a tunnel loop if the homolay
classcarriedbyit istrivial (identity)in H1(Oy) andnon-trivial
in Hy(Im).

Thefollowing theoremsaysthatthe generatingbasisof han-
dle andtunnelloopsexist for ary closedsurface[9].

Theorem 1. For any connectedclosed surfaceM  R3 of
genusg, there exist g handleloopsf higig: 1 forming a basisfor
H1(Owm) andg tunnelloopsf t; g?: forminga basisfor Hy(Iv).
Furthermoe, f [hi]g?: , andf [ti]gZ ; forma basisfor H1(M).

The handleandtunnelloopsarealsowell de ned in a sim-
plicial 2-complex M thatrepresentghomeomorphid¢o) M. In
this casetheloopsareconstrainedo the 1-skeletonof M.

3. PersistentHomology

Persistenhomologyis a conceptby which we canstudythe
growth historyof thetopologicalfeatureof aspaceasthespace
grows. In adiscretizedset-up this growth canbeimplemented
by a Itr ation of a simplicial complex. The persistencealgo-
rithm by Edelsbrunner_etscheyandZomorodian12], which
hasalsoa root in sizetheory[3, 23], lets us recordthe birth
anddeathof thetopologicalfeaturesin termsof the homology
groupsas one proceedshroughthe lItration. We formalize



anddescribeghe methodbelow. Let K beasimplicial complex.
A ltration of K is de ned asa nestedsequencef simplicial
complexesK; where
0=K 1 Ko Kip Kn= K:

As simplicesareaddedo gofrom K to K. 1, sometopological
featuresmay appearor disappear The longer a featurestays
overthe ltration, the morepersistentt is. For our purposeof
computingloops, we only careabouthow the rst homology
groupof K, H1(K), change®verthe ltration.

3.1. Pairing Algorithm

Assumethat we add one simplex at a time, that is, K;n
Ki 1= s;. So, we have an orderedsgquencenf simplices
S0;S1;::5;Sn ltering the complex K = ~{Lf sig. All lower
dimensionafacesof a simplex areaddedbeforethe simplex is
added. For example,all threeverticesand edgesof a triangle
areaddedbeforethe triangleis added.For a simplex s in the

Itration we uset(s) to denotethetime it is addedinto the I-
tration,thatis, t(s) = i if s = s; in the Itration order We say
s isyounger thans %if t(s) > t(s9.

We alreadymentionedthat, as simplicesare added,cycles
are createdor destryed. If additionof a p dimensionalsim-
plex s createsa p-cycle,thens is calleda positivep-simplex.
Otherwises mustkill a(p 1)-cyclein which caseit is called
a negative p-simplex. Thetheoryof persistenhomologysays
thatanegative p-simplex s is alwayspairedwith auniqueposi-
tive(p 1)-simplex s®wheres kills a(p 1)-cyclecreatecby
s @ This pairing canbe detectecby a Pairing algorithmwhich
worksasfollows. Thealgorithmexpandsa(p 1)-cyclec start-
ing from theboundaryof s. At ary genericstep,it checksf the
younges{p 1)-simplex s%in cis alreadypairedor not. If it
is not, s is detectedasa negative simplex pairingwith s © Oth-
erwise,s % which is guaranteedo be a positive simplex, must
have beenassociateavith a (p  1)-cycle c®in which its pair
foundit. We addc®to c. The processcontinuesuntil eithers

nds its pair or theresultingcycleis empty In thelattercase s
is apositive simplex. Thepseudo-codef thePairing algorithm
is describedn Procedurd.. In ourcasehandleandtunnelloops
arechoserfrom theloopskilled by negative 2-simplices.

Procedure 1 Pair(s)
c:= Tps
letd betheyounges(p 1)-simplexinc
while d is pairedandc, 0do
let c®bethecycle killed by the simplex pairedwith d
c=c%c
letd betheyounges{p 1)-simplexinc
endwhile
if c, Othen
s is negative p-simplex killing ¢ andpairingwith d
. else
S is positive p-simplex
- endif

L
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4. Computing Handle and Tunnel Loops

Dey et al [10] proposeda persistence-basealgorithm to
computehandleandtunnelloopsin closedsurfacessuchas3D
trianglemeshe®r iso-suraicesrom volumedata.Let theinput
surfaceM be presentedsa simplicial 2-complex M. To apply
the persistencalgorithm,we assumeM sitting in R® andtes-
sellatingits corvex hull by a complex K. We needthatM be
asubcomple of K. In this way, we have anexplicit simplicial
representationf Iy andOy. We generateK which provides
the triangulationof Iy andOpy by using DelPSC[7] software
on 3D triangle meshes.For the caseof iso-surfices they are
obtainedalmostfreely, see [10].

We will needonly vertices,edges,andtrianglesof K. In
otherwords, only the 2-skeletonof K is relevantto our algo-
rithm. Letl K andO K denotethe 2-complexeswhose
edgesand triangleslie in | and O respectiely. Notice that
edgesandtrianglesof | andO arenotin M. We call these
edgesandtrianglesvolumeedgesandvolumetrianglesto dis-
tinguishthemfrom thosein M. Figure2 shavs thethe volume
edgesandtrianglesfor Botijo.

Figure2: Interior volumecomple | (green)andexterior volumecomplex O
(red)for Botijo.

For computinghandleandtunnelloops, a ltration of K is
built from a sequence®f simplicesup to dimensiontwo in K.
Thetopolagical algorithmbasicallyrunsin two steps.

In stepone,we rst addall the verticesin M, thenthe
edges.The Pairing algorithm nds all positve andnega-
tiveedgesn M. All trianglesin M arethenaddedto pair
with the positive edges.Somepositve edgesn M areleft
unpaired.Let U denotethe setof the unpairededgesafter
this step.

In steptwo, we rst addvolumeedgedrom | andO, then

thevolumetriangles.A handle(tunnel)loop is generated
whena negative trianglefrom | (O) is pairedwith anun-

pairededgein U.

It hasbeenproved that the loops obtainedin this way are
topologicallycorrecthandleandtunnelloops[10]. Theauthors
alsoproposethe following two re nementsto make the loops
geometry-gvare.



For anegative trianglefrom | or O, the Pairing algorithm
expandsa loop till it reachesan unpairededgein U. To
get geometricallybetterloops, the expandingloop is de-
clareda handle(tunnel) loop whenit lies completelyin
the surfaceM for the rst time evenif it hasnot reached
theunpairededge.

Eachtimeahandleortunnelloopis generatedacrosssec-
tion of thevolumeboundedby M gets lled. To getloops
of smallsize,smallcrosssectionshouldget lled rst. To
thisend,thevolumetrianglesareassociateavith geodesic
size (seede nition in Section5.2) andthenareaddedin
increasingorderof the geodesiizeinto the Itration.

The algorithmof [10] is simpleandrunsfastin general but
we shav in Section5 that this algorithmcould be mademuch
more ef cient with somenovel changes. In particular these
modi cations make the algorithm scalablewithout sacri cing
accurag.

5. SpeedUp

Authorsin [10] reportedthetiming of their algorithmin two
parts: geodesicsize computationand persistence-basddop
computation. Table 1 shows the timings of thesetwo steps.
We seethatthetime for large modelscould take severalhours.
We proposeechniqueghat speedup eachstagequite substan-
tially.

5.1. Acceleating Loop Computation

A handleor tunnelloopis generate@ncea negative volume
trianglein K nM is pairedwith anunpairededgein U. All han-
dleandtunnelloopsareobtainedonceall edgesn U arepaired
with the correspondinghegative volume triangles. The Pair-
ing algorithmis thusrequiredto run on eachvolumetriangle.
Therefore,ary improvementin the pairing proceduremakesa
substantialmprovementin total computatiortime.

We malke a key obsenationin the Pairing algorithmin Sec-
tion 5.1.1 basedon which a modi cation of this algorithmis
madefor the volumetriangles.We alsomake anotherobsena-
tionin Section5.1.2which suggestsa particular Itration of the
surfacesimplicesasopposedo thearbitrary Itration proposed
in [10]. The new surface lItration togetherwith the modi ed
Pairing algorithm speedup the loop computationenormously
ascon rmed by our experiments.

5.1.1. Observation
Givenavolumetriangles, eachiterationof thewhile loopin
the Pairing algorithmactually expandsthe loop ¢, with initial
¢ = Tbs beingthe boundaryof the triangle. This expansion
becomesnoretime consumingf moreiterationsareneeded.
Noticethatif avolumetriangles is positive,c eventuallybe-
comesempty resultingin a wasteof time spenton expanding

1All experimentsn this paperaredoneon aDELL machinewhich hasintel
XeonCPU2.66GHzand4G Memory.

Data Genus Size  Geod Loop

Knottycup 2 5.4k,31.9k 2.47 0.67
Mother 4 19.5k,117k 10.68 3.16
Molecule 1 19.9k,115k 4.08 0.76
Botijo 5 30.0k,176k 15.93 1.78
Casting 9 31.9k,169k 19.34 10.63
Kitten 1 62.7k,346k 98.09 4.97
Pegasus 5 70.8k,403k 88.75 24.01
Buddha 9 109k,614k  127.42 12.49
Vase 6 122k,590k  530.92 22.03
Hip 10 173k,996k  480.93 199.35
Children 393 199k,1168k 1049.74 2644.09
Filigree 49 220k,1196k  473.03 386.41
Fusee 18 244k,1368k 1435.67 199.42
Heptooid 22 297k,1757k 1249.12 396.65
Gearbox 78 478k,2582k 1527.58 9778.63
Colon 160 854k,4966k 9014.22 27920.15
Atom 1 3.3k,41.8k 0.10 0.14
Aneurysm 11 23k,5210k 6.93 116.80
Enginel 20 157k,2766k  392.70 148.50
Engine2 20 629Kk,20040k 5895.09 2275.82

Tablel: Times(secondsprokeninto two parts,onefor geodesicsizecompu-
tation(Geodcolumn),andthe otherfor loop computation(Loop column). The
genusof eachmodelis shavn in the Genuscolumn. (n;m) in Sizecolumnin-
dicatesn surfacetrianglesin M andm volumetrianglesin K nM. (* Children
is anon-manifoldmesh,393is its rst Bettinumber).

c. Althoughstatisticallypositive volumetrianglesonly account
for roughly 5% of all the volumetrianglesin K nM, theaccu-
mulatedwastedtime becomeshigh especiallyon larger mod-
els. We obsene that, if a positive volumetriangles could be
detectedearly during the expansionprocesswe could exit the
Pairing proceduresarlier

Recallthatt(s) denotethetime stampof thesimplex s when
it isaddedo the Itration. Letd betheyoungestdgein loopc,
i.e.,t(d) is thelargestamongall edgesn c. Sincetheyoungest
edgein ¢ mustbe positive, d is positive. Let u be the oldest
edgein U, thatis, t(u) is the smallestamongall unpairededges
in U. We have thefollowing obsenation.

Observation 1. If t(d) < t(u) at any point of time during the
expansionof ¢, s is positive

Proof 1. We prove that ¢ would be eventually empty when
t(d) < t(u) is veri ed at any point of the loop expansionpro-
cess.Thisimpliesthat s is positive

Assumehatc, 0intheend.Then,s is a neggativetriangle
andit is pairedwith a positiveedge, sayd® Theedge d’mustbe
theyoungestedgein c whenit wasdiscovered. In eaditeration
of theloop expansionprocessthe youngestedge in a new loop
is no more younger thanthat of the previousloop. Thismeans
t(d9 t(d). But,d°beingan edge in U satis est(u)  t(d9
sinceu is the oldestunpaired surfaceedge. Thisimpliest(u)
t(d), contradictingtheassumptiorthatt(d) < t(u).

Basedon this obsenation, we modify the Pairing proce-
durefor volumetrianglessothatlessiterationsaremadein the



Procedure 2 Pair-Volume-Triangle(s )
1: letu betheoldestedgein U

2: ¢c:= 1hs

3: letd betheyoungesedgein c

4: while d is pairedandc, 0do

5. letc®bethecyclekilled by the simplex pairedwith d
60 c:=c%c

7. letd betheyoungesedgein c

g if t(d) < t(u) then

9: setc:= 0

10:  endif

11: endwhile

12: if ¢, Othen

13: s is negative edgekilling ¢ andpairingwith d
14: else

15: S is positive edge

16: endif

while-loopfor the positive volumetriangles. The pseudo-code
is shovn in Procedure?.

5.1.2. Ordering SurfaceSimplicedor the Filtr ation

The obsenationgivenin Section5.1.1leadsusto think that
if we couldmakeall theedgesn U asyoungaspossibleamong
all surfaceedgesin the ltration, we could sase moretime in
Procedure. To reachthis goal,we give a methodof creatinga
new ltration for simplicesin thesurface.

For simplicity, let us supposehat M hasonly one compo-
nentandit is closed.In thetopologicalalgorithm[10], surface
simplicesareaddedin arbitraryorderexceptthat a simplex is
addedonly if its lower dimensionaboundarysimplicesappear
earlierin the Itration. For instancea triangleis addedonly
afterits verticesandedgesareadded.

Whena surfaceedgeis addedthe Pairing algorithmdecides
whetherit is positive or negative. Eachpositive edgegenerates
acycle lying in the 1-skeletonof M. All surfacetrianglesare
addednext to pair with the positive edgeswith eachpair (e;t)
correspondingo the fact that the negative trianglet kills the
cycle generatediy the positive edgee. After processingall
surfacetriangles,if M hasgenusg, then2g unpairededgesare
left andsavedin U. In orderto make the edgesn U asyoung
aspossiblewe proposehefollowing stratgy to geta ltration
for thesurfacesimplices.

Givenanarbitrarytrianglet 2 M, we expanda simplicial 2-
comple« M; maintainingtheinvariantthatM; is atopological
disk all thetime. We stopwhenno moretrianglecanbe added
to M; without violating the topologicaldisk condition. Notice
thatthistriangle-by-trianglexplorationof thesurfaceis similar
to theoneusedin [11, 16] thoughthe endresultsaredifferent
sinceour conditionsfor growth areslightly different. We grow
M; by addingatriangles fromM nM; to M;. Beforeadding
S, we addeachof its threeverticesunlessit is alreadyin M
andthensimilarly eachof its edges.The criteriafor choosing
s areasfollows:

s shouldbe adjacento theboundary(expandingfrontier)

of M t-
M: remainsatopologicaldisk aftertheadditionof s .

The secondcriterion canbe veri ed easilyby checkingthe
Euler numberof M; which is given by the alternatingsum of
the numberof vertices,edgesandtrianglesin M;. The Euler
numbershouldremainl afteraddings andits sub-simplices
for M; to remaina topologicaldisk. Figure 3 shaws the ex-
pansionof M; on Pegasus We have the following obsenation
whichis key to claimthatunpairededgesarepushedatein the
surface ltration.

Observation 2. LetM; M denotethe maximalsurfaceob-
tainedbytheaboveexpansiomprocedue. LetF; = s1;S5;:::; Sk
denotethe Itr ation of M; inducedby the expansionprocess.
Pairing algorithm appliedto the Itr ation F; of M; doesnot
geneiateanyunpairededgesin M;.

Proof 2. We proveit by inductiononthenumberof trianglesin
M;.

For thebasecasewhenM containsonly
onetrianglet, Fy isfvi;vZ;v3; el €26kt g
whee v;'sande; 's denotethe verticesand
edgesof t respectively After adding sim-
plicesin F;, we havetwo negativeedgeset
and €, one positiveedg € that is paired
with t. Thus,nounpairededge existsin M in this case
Assumenductivelythatthereis nounpairededgein M after
processingthe kth triangle in the Itr ation F;. Let mbe the
(k+ 1thtriangleto beaddedhext. Therearetwopossiblecases
dependingon how mis adjacentto the boundaryof M;, see
Figure 4.

Casel Case?

Figure4: Two possiblecasesvhenaddingtrianglem(green)o M (light blue).

Casel: only oneedge of misin M;. Supposeghe nen
simplicesto be addedto M are V3, €, €3, and m After
thesesimplices(in order) are addedto the Itr ation, we
will havenegative €2, and positivee, that is paired with
m In this case M is updatedasM; [ fv3,e2; €3, ngin
which no unpairededge remains.

Case2: two edgesof marein M;. Supposéhe new sim-
plicesto be addedto M; are ef’n and m After thesesim-
plices(in order) are addedto the Itr ation, we will have
positiveedge €3, that is paired with m In this case M

is updatedasM; [ e, ngin which no unpairededge re-
mains.



Figure3: Expandinga surfaceon Pegasusfrom trianglein red. Picturesfrom left to right shav the expandingsurfaces(light blue). The expandingfrontiersof the

expandingsurfacesarethe curvesin blue.

No other caseis possiblesinceotherwiseEuler numberof M
changes.

Figure5: The maximalexpandedsurfaceM ; on Motheris shavn in light blue
boundedby the blue curve. Addition of ary new triangle,say m andits edges
€ ande} from M nM; (light yellow) to M generatea non-trivial cycle in

M. [ fe4; el ng. 2g unpairededges(red) after stepone of the topological
algorithmareall locatedin M nM; andareall youngerthantheedgesn M;.

Let M; denotethe maximalexpandedsurface i.e., addition
of ary new triangle mandits edgeset, €2, ande?,to M vio-
latesthe Eulernumbercriterionfor expansion.It canbe easily
veri ed that,to violate the Eulernumbercondition,theremust
be exactly two edges,say €2, and €2, of m which are not in
M; yet. Thisis illustratedby the upperright picturein Fig-
ure5. A new non-trivial cyclein M¢ [ f €2, e3; ngis generated
by addingmandits boundaryedges?, ande?, This meansone
of thesetwo edges say €2, will bethe rst (oldest)unpaired
edgein U. Adding all simplicesfrom M nM; to M; genef
ates2g unpairededgesin U. Noticethatall edgesin U arein
M nM;. All of themexceptfor €, itself havetime stampdarger
thant(eZ). SinceM; coversmostedgesin M, this expansion
methodmakesthe edgesin U youngerthanmostof the edges
in M. Figure5 shavstheedgesn U in Mother.

Usingthe Itration of M; andapplyingthemodi ed Pairing
algorithm on the volume trianglesprovide huge speedup as
veri ed by theexperimentakesultsin Section6.

5.2. Geodesi@SizeEstimation

Adding volumetrianglesin increasingorderof the geodesic
sizehelpsgenerateggeometricallysmall loops. However, exact
calculationof the geodesicsizefor all the volumetrianglesbe-
comesdncreasinglydemandin@stheinputsizebecomegarger.
As Table1 shows, the numberof trianglesin K nM is roughly

ve timesof thosein M. In this section,we presentanapprox-
imationschemeo estimatehe geodesisizeof the volumetri-
anglesfast. Our experimentalresultsin Section6 shav that
a good approximationcan effectively reducethe computation
time while preservingheloop qualities.

Accordingto [10], a volumetrianglet hasa geodesicsize
de ned asg(t) = maxzig(€e), wheree is anedgeof t andg(e)
is the geodesicsize of e de ned asfollows. For two vertices
v andwin M, let the geodesiadistancebetweenv and \° be
the length of the shortestpath connectingv and \ in the 1-
skeletonof M. Let a andb bethetwo endverticesof edgee.
Thegeodesicizeof g, g(e), is de ned asthegeodesidistance
betweena’ and b®, whereal and b® are the closestverticesin
M to a andb respectiely. Notethatif a andb arein M, then
a= aandb®= b. Figure6 shows the geodesidor anoutside
volumetriangleof iso-surbiceAtom

Figure6: The geodesiof a volumetriangle (blue) is shawvn asthe geodesic
path(red) betweera®andb®on Atom Two verticesof this volumetriangleare
shavn asa andb whoseclosestverticeson Atomarea®andb® respectiely.

Sincethe computationof the geodesicdor the volumetri-
anglesrequirescomputingthe samefor the volumeedgesthe
computatiortime dependsn the numberof volumeedges,or



the size of the setf (vi;vj)jvi andv; are endverticesof a vol-
umeedgeg. We cancut down the geodesiccomputationtime
by reducingthecardinalityof this set. For this purposewe rst
computeasubsamplé&of theverticesn M. We thendivide the
verticesin M into groups,with all verticesin a group having
the sameclosestsamplepointin S. Let e, a°% andb®be de ned
asbefore,andlet a®®andb®in Sbetheclosessamplego a®and
b°respectiely. Theng(e) canbeapproximatedy thegeodesic
distancebetweera®®andb®in M.

We useaparameted to controlthedensityof thesubsample.
Startingfrom anarbitraryvertex vp in M, we build Sincremen-
tally usingthefollowing Procedures.

Procedure 3 Subsampling{l, vo, d)
1: unmarkall verticesin M
2: S:= fyeg
3: computethe setof vertices,S, whosegeodesialistances
to vp arelessthand in M, setvy asthe closestsampleto
eachvertex in &, markvg andall verticesin &
while thereareunmarledverticesin M do
pick anunmarledvertex v;
S:= 9] fvig
computethe setof vertices,S, whosegeodesidistances
tov; arelessthand in M, setv; asthe closestsampleto
eachvertex in §, markv; andall verticesin §
8: endwhile

N o a4

Let § andS; bethe setof verticesconsideredn step7 of
Procedure3. For anedge(v;,Vv9) wherev2 S and\’2 S; we
assigng(v,V9 = g(vi;vj) wherev; andv; areassociatedo S
andS; accordingto the above subsamplingorocedure. Since
the sizeof Sis smallerthanthetotal numberof verticesin M,
geodesicomputationbecomedasterasthe experimentsshav
in Section6. Figure7 shows differentsubsamplesn Hip. Fig-
ure 8 shaws the estimatedyeodesicsizefor an outsidevolume
edgeof Mother.

Figure 7: Hip has86226vertices. Threedifferent subsampleswith density
decreasindgrom top to bottom,resultin 20702,8724,and4760samplepoints
respectiely.

6. Results

We testedour new methodon the datasetsin Table 1, and
the new timings are showvn in Table2. The handleandtunnel

Figure8: A subsamplélight blueballs)is shavnin Mother. Thegeodesisize
of avolumeedge(blue)is thelengthof the geodesigath(red)in surface. Its
estimatedyeodesisizeis thelengthof the geodesigath(green)betweertwo
black verticeswhich arethe closestsamplego the two endvertices(blue) of
thevolumeedge.

loopsin the new modelsthatarenot usedby [10] areshovnin
Figure9.

Data Geod G-ratio Loop L-ratio

Knotty cup 0.06 40.00 0.14 4.78
Mother 0.50 21.36 0.41 7.70
Molecule 0.33 12.36 0.28 2.71
Botijo 0.73 21.82 0.58 3.06
Casting 1.00 19.34 0.71 14.97
Kitten 3.43 28.60 1.07 4.64
Pegasus 4.48 19.81 1.08 22.23
Buddha 6.32 20.16 2.44 5.12
Vase 14.62 36.31 4.31 511
Hip 21.90 21.96 3.52 56.63
Children 62.95 16.67 7.68 344.28
Filigree 17.19 27.52 9.64 40.08
Fusee 49.98 28.72  13.37 14.91
Heptooid 40.56 30.80 20.53 19.32
Gearbox 75.08 20.34 2630 37181
Colon 448.84 20.08 96.62  288.96
Atom 0.01 10.00 0.12 1.17
Aneurysm 0.98 7.07 119.43 0.98
Enginel 22.76 17.25 33.36 4.45
Engine2 317.86 18.54 393.12 5.78

Table2: GeodandLoop columnsshav thenew timesfor geodesisizecompu-
tationandloop computatiorrespectiely. G-ratioandL-ratio columnsshav the
speedup ratiosof thesetwo computationscomparedvith the original method
givenin [10]. Theratiosin the G-ratiocolumnareobtainedby choosingagood
subsample@ensitythatpreseresgoodloop qualitiesfor eachmodel.

For theloop computationthespeedip ratiosarevery promi-
nent on large models such as Hip, Children Gearbox and
Colonasseenfrom Table2. However, the gainis not so dra-
matic for iso-surfaices. One reasonis that the loop computa-
tion in aniso-surfceis generallymuchfasterthanthatin a 3D
modelof similar sizeasreportedn [10]. Anotherpossiblerea-
sonis thatthe unpairededgesn U for iso-surbicesarealready
very young even without ary specialorderingof the surface
simplices.



Figure9: Handle(green)andtunnel(red)loopsin Pegasus Filigree Heptonid, Fusee andVasefrom left to right.

3.16 6.45

10.76

27.00 51.38

Figure10: Handle(green)andtunnel(red)loopsin Botijo underdifferentsubsamplesyith densitydecreasindrom left to right. Thelight blueballsarethesample
points. The speedup ratio of thegeodesicomputatiorfor eachsubsamplés shavn underneatteachpicture.

Data S Grg S G-rp S3 Gers
Mother 23.9% 3.40 9.3% 6.68 3.2% 16.95
Botijo 24.1% 3.14 10.1% 6.40 3.5% 15.77
Kitten 24.0% 355 10.1% 8.19 3.4% 20.96
Pegasus 239% 3.17 10.1% 6.18 3.4% 14.53
Buddha 24.0% 3.19 10.1% 6.44 35% 14.40
Vase 23.7% 398 10.0% 9.29 3.4% 25.21
Filigree 23.8% 3.65 10.1% 7.58 35% 19.82
Fusee 239% 3.86 10.1% 8.42 3.4% 21.26
Heptooid 23.8% 3.75 10.0% 8.47 3.5% 22.23
Colon 23.8% 3.14 94% 6.39 32% 1551

Table3: EachS; andG-r; columnpairshav thepercentagef thesamplepoints
on eachmodelandthe correspondingpeedup ratio of the geodesicsizecom-
putationrespectiely.

For the geodesiasize computationdifferentsubsamplelen-
sitiesresultin differentspeedup ratiosasshavn on somese-
lectedmodelsin Table3. Theloop qualitiesarealsoin uenced
by subsamplingss shovn by an examplein Figure 10. Nat-
urally, the denseithe subsamples, the smalleris the speedup
ratio for thegeodesicomputatiorandthelesseiis the effecton
loop qualities.

7. Conclusion

We have revisited a persistence-basedethodfor fastcom-
putationof handleandtunnelloopsrecentlyproposedn [10].
Speci cally, theloop computatioris acceleratethy designinga
new surface Itration andapplyingamodi ed persistencalgo-
rithm onvolumetriangles.We usegeodesi@stimatiorto speed
up thegeodesisizecomputation.The softwarecalledHanTun
hasbeenreleasedrom authors'webpageq8].

Ourexperimentshaow thatthecomputedoopsaresmalland
perhapsarevery closeto optimal. It would beniceto provethat
the computedoopsdo approximatehe optimalloopsin some
senseCurrently we arefocusingour researclon this aspect.

Acknowledgments

We acknavledgethat the mary of the modelsusedin this
paperaretakenfrom AIM@SHAPE database.

References

[1] Attene, M., Biasotti, S., Mortara, M., Patare, G., SpagnuoloM., Fal-
cidieno, B., 2006.Computationamethodsfor understandin@®d shapes.
Computerst Graphics30(3),323-333.

[2] Ben-chenM., Gotsman,C., Bunin, G., 2008. Conformal attening by
cunature prescriptionand metric scaling. Computer Graphics Forum
(Proc.Eurographicsp7(2).



(3]

(4]
(5]
(6]

(7]

(8]

9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]
(17]
(18]

[19]
(20]

[21]

[22]
(23]
(24]

(25]

(26]

(27]

Biasotti,S.,Floriani, L. D., Falcidieno,B., Frosini,P, Giorgi, D., Landi,
C.,Papaleol., SpagnuoloM., 2008.Describingshapedy geometrical-
topologicalpropertiesof realfunctions.ACM ComputingSuneys 40(4),
1-87.

Biasotti,S.,Giorgi, D., SpagnuoloM., Falcidieno,B., 2008.Reebgraphs
for shapeanalysisandapplicationsTheoreticalComput.Sci. 392,5-22.
Bischof, S., Kobbelt, L., 2005. Structurepreservingcad model repair
ComputerGraphicsForum24(3),527-536.

Cole-McLaughlin,K., EdelsbrunnerH., Harer J., Natarajan,V., Pas-
cucci, V., 2004.Loopsin reebgraphsof 2-manifolds.DiscreteComput.
Geom.32(2),231-244.

Dey, T. K., Levine, J. A., 2008.Delaunaymeshingof piecavise smooth
complexes without expensve predicates.Tech. Report: OSU-CISRC-
7108-TR40.

Dey, T. K, Li, K. 2008. HanTun software for computing
handle and tunnel loops in 3d models: http://wwwcse.ohio-
state.edu/tamaldg/hantunhtml.

Dey, T. K., Li, K., Sun,J.,2007.0n computinghandleandtunnelloops.
IEEE Proc.Internat.Conf. Cybervworlds, 357-366.

Dey, T. K., Li, K., Sun,J.,Cohen-SteineD., 2008.Computinggeometry-
aware handleand tunnelloopsin 3d models.Proc. SIGGRAPH2008,
45:1-45:9.

Dey, T. K., Schipper H., 1995. A new techniqueto computepolygo-
nal schemdor 2-manifoldswith applicationto null-homotoyy detection.
DiscreteComput.Geom.14,93-110.

EdelsbrunnerH., LetscherD., Zomorodian,A., 2002.Topologicalper
sistenceandsimpli cation. DiscreteComput.Geom.28,403-412.

Eric Colin de Verdiere, Erickson,J., 2006. Tighteningnon-simplepaths
andcycleson surfaces.Proc.17th ACM-SIAM SymposDiscreteAlgo-
rithms.192—-201.

Eric Colin de Verdiere,LazarusF., 2005.0ptimal systemof loopson an
orientablesurface.DiscreteComput.Geom.33,627—636.
Erickson,J.,Whittlesg, K., 2005.Greedyoptimalhomotoy andhomol-
ogy generatorsProc. 16th ACM-SIAM Sympos.DiscreteAlgorithms,
1038-1046.

Gu, X., Gortler S., Hoppe, H., 2002. Geometryimages.Proc. SIG-
GRAPH?2002,355-361.

Gu, X., Yau, S.-T., 2003. Global conformal surface parameterization.
ACM Sympos GeometryProcessin@003,127-137.

Guslov, I., Wood, Z., 2001. Topologicalnoiseremoval. Proc. Graphics
Interface2001,19-26.

HatcherA., 2002.AlgebraicTopology CambridgeUniversity Press.
Mortara,M., Patare, G., SpagnuoloM., 2006.Fromgeometridto seman-
tic humanbodymodels.Computers& Graphics30,185-196.
Pascucci,V., Scorzelli, G., Bremer P-T., MascarenhasA., 2007.Ro-
buston-linecomputatiorof reebgraphs:simplicity andspeedProc.SIG-
GRAPH2007,58:1-58:9.

Shefer, A., Hart, J., 2002. Seamsterinconspicuougow-distortion tex-
tureseamlayout.Proc.|EEE Visualization.291-298.

Verri, A., Uras,C., Frosini, P, Ferri, M., 1993.0n the useof sizefunc-
tionsfor shapeanalysisBiological Cybernetics70,99-107.

Wood,Z., Hoppe H., DesbrunM., Schibder P, 2004.Remawing excess
topologyfrom isosuraces ACM Trans.Graphics23,511-533.
Zhou,Q.-Y., Ju,T., Hu, S.-M., 2007.Topologyrepairof solid modelsus-
ing skeletons|EEE Transaction®n Visualizationand ComputerGraph-
ics13,675-685.

Zomorodian,A., 2005. Topology for computing.Cambridgeuniversity
press.

ZomorodianA., Carlsson., 2008.Localizedhomology Computational
Geometry:Theory& Applications41(3),126-148.



