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Abstract

Loops in surfacesassociatedwith topologicalfeaturessuchashandlesand tunnelsare importantentitiesin many applications
including surfaceparameterization,featureidenti�cation, andtopologicalsimpli�cation. Recently, a persistenthomologybased
algorithmhasbeenproposedto computethem.Thealgorithmhasseveraladvantagesincludingits simplicity, combinatorialnature
andindependencefrom computingotherextra structures.In this paper, we proposechangesto this loop computationalgorithm
basedon somenovel observations. Thesechangesreducethe computationtime of thealgorithmdramatically. In particular, our
experimentalresultsshow that the suggestedchangesachieve considerablespeedup for large datasetswithout sacri�cing loop
qualities.
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1. Intr oduction

Computationsof meaningfulnon-trivial loops in surfaces
is a fundamentalproblem that crops up in various applica-
tions suchassurfaceparameterization[2, 16, 17, 22], feature
identi�cation [1, 4, 9, 20], topologicalrepair and simpli�ca-
tion [5, 18, 24, 25]. As a result, considerableamountof re-
searchhasbeendevotedin recentyearsto computesuchloops
[9, 13, 14, 15, 27].

In mostapplications,theloopsshouldbelinkedto thetopol-
ogy of thesurfaceandbe small in size. To this goal,Dey, Li,
Sun,andCohen-Steiner[10] recentlyproposeda persistence-
basedalgorithmto computea specialclassof loopscalledhan-
dle andtunnelloops.This classof loopsintroducedin [9] cap-
turesthe intuitive notionof `handles'and`tunnels' in a shape.
To be moreprecise,let M denotea connectedclosedsurface
sitting in R3. Thehandleandtunnelloopsin M arede�ned in
termsof the �rst homologygroupof M andits embeddingsin
R3. Onecanintuitively think thata loop is a handleloop if it
boundsa disk in theinterior of M whereasit is a tunnelloop if
it boundsadisk in theexteriorof M. Figure1 showssuchloops
in a3D modelKittenandaniso-surfaceAtom.

Persistenthomologyintroducedby Edelsbrunner, Letscher,
andZomorodian[12] perfectly�ts thede�nition of handleand
tunnel loops. Consequently, they could be computedwith the
persistencealgorithmeasily. Dey et al. [10] broughtgeome-
try into the loop computationby incorporatinggeodesicdis-
tancesinto the persistencealgorithm. Of course,the output
loopsmay not be optimal geometrically, but they aresmall as
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Figure1: Handle(green)andtunnel(red) loopsin 3D modelKitten andiso-
surfaceAtom.

empirical resultscon�rm. One advantageof the persistence-
basedalgorithm is that it is mostly combinatorialin nature
andtherebyavoidscostly, error-pronenumericalcomputations.
Furthermore,unlike many previous methods,this algorithm
doesnot requirecomputingany extra datastructuressuchas
Reebgraphs[4, 6, 21], medialaxes[25], or curveskeletons[9].

In the persistencealgorithm, a core componentis a sim-
plex pairing algorithmwhich pairssimplicesfrom an ordered
sequenceof simplicescalled �ltr ation of a simplicial com-
plex [12, 26]. ThisPairing algorithmis usedin [10] to compute
handleandtunnelloops.A simplex is calledeitherpositiveif it
createsacycleor negativeif it destroysacyclewhenit is added
accordingto the order in the �ltration. A negative p-simplex
s is alwayspairedwith a uniquepositive (p � 1)-simplex s 0

wheres kills a (p � 1)-cycle createdby s 0. Supposethat a
surfacecomplex M alongwith complexesthattessellateits in-
terior andexterior volumesaregiven. Denotetheunionof the
surfaceandvolumecomplexesasK. A handleor tunnelloop is
obtainedwhenavolumetrianglein K nM is pairedwith apos-
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itive edgein M. The authorsin [10] proposetwo re�nements
to make the handleand tunnel loops geometry-aware. More
detailsaboutthis algorithmaregivenin Section4.

Contribution: In this paper, we revisit thepersistence-based
methodof [10] for speedup. We make someimportantobser-
vations(Section5.1.1)in thepersistencealgorithmandseveral
otherchanges(Sections5.2and5.1.2)thatallow usto achieve
aconsiderableimprovementin computationtime. In particular,
our proposedmodi�cations make the persistencebasedalgo-
rithm scalableto large datawithout sacri�cing loop qualities.
Therestof thepaperis organizedasfollows.

In Section2, we brie�y introducehomologybasedonwhich
thehandleandtunnelloopsin closedsurfacesarede�ned.

Section3 describestheconceptsof �ltration andthePairing
algorithmin thetheoryof persistenthomology[12].

Section4 introducesthe algorithm of [10] for computing
handleand tunnel loops which consistsof two main stages:
geodesiccomputationfor thevolumesimplicesandloop com-
putationusingthePairing algorithm[10].

In Section5, we proposemethodsto improve the perfor-
manceof eachstage. We make a key observation basedon
which a modi�ed Pairing algorithmanda new orderingof sur-
facesimplicesin the �ltration acceleratethe loop computation
dramatically. We also proposea methodfor estimatingthe
geodesicsizeof thevolumesimplicesfor speedup.

We validateour claim of improvementswith experimental
resultsin Section6. We �nally draw conclusionsin Section7.

2. Handle and Tunnel Loops

The handleandtunnelloopsin a closedsurfacearede�ned
by theonedimensionalhomologygroupof thesurfaceandits
embeddingin R3. We �rst review somebasicfactsaboutho-
mologygroups.For moredetailedexposition,interestedread-
ersarereferredto Hatcher[19].

2.1. Homology

Homologygroupsarealgebraicstructuresthatcanbeusedto
distinguishspacesthathavedifferenttopology. In otherwords,
homologygroupsaretopologicalinvariantof a space[19]. In
ourcase,wewill dealwith spacesthataresimplicialcomplexes.
So,we review simplicial homologyhere.Let K denotea sim-
plicial complex. To de�ne thehomologygroupsof K, we need
chaingroupsandcyclegroupsof K asde�ned below.

A k-chainis a�nite linearcombinationof k-simplices.In this
paper, we assumethat thecoef�cient ring usedfor this combi-
nationis Z2, thatis, coef�cients areeither0 or 1. For example,
c = s1 + s2 + s3 is a 2-chainwheres i 's aretriangles.Notice
thata simplex s addedto itself gives0, thatis, s + s = 0. The
setof all k-chainsformsa chaingroupCk underaddition. The
boundaryof a k-simplex s , denotedas¶ks , is the sumof its
(k � 1) dimensionalfaces.Speci�cally, if s = [v0;v1; :::;vk] is
spannedby verticesv0 up to vk, then

¶ks = ¶k[v0;v1; � � � ;vk] =
k

å
i= 0

[v0; � � � ; v̂i ; � � � vk]

wherethehatindicatesthatvi is dropped.Theboundaryopera-
tor onk-simplicesextendsto theboundaryoperatorof k-chains
by linearity, thatis, for a k-chainc = Sn

i= 0s i , ¶kc = Si¶ks i .
A k-chainis calleda k-cycleif its boundaryis emptyanda

k-boundaryif it is theboundaryof a (k+ 1)-chain.Let Zk and
Bk denotethesetof all k-cyclesandk-boundariesrespectively.
It is easyto derive that Bk is a subgroupof Zk which, in turn,
is a subgroupof Ck. The kth homology group of K, denoted
asHk(K), is thequotientgroupZk=Bk. Therankof thehomol-
ogy group Hk(K) is called the kth Betti number. Homology
groupscanalsobe de�ned for othertopologicalspaceswhich
arenot necessarilysimplicial. This is thestudyof singularho-
mology[19]. In thispaper, wewill useHk(X) to denotethekth
homologygroupof X whetherX is simplicial or not.

In thiswork, thespacewewill beinterestedin is asurfaceM
embeddedin R3 andthe subspacesof R3 boundedby M. We
areinterestedin loopsin M whichrepresentclassof 1-cyclesin
theonedimensionalhomologygroupH1(M).

2.2. De�nitions

Let M beaconnectedclosedsurfacein R3. Its genusg is the
maximumnumberof disjointsimpleloopswhoseremovaldoes
not disconnectM. TheclosedsurfaceM separatesR3 into two
parts: insidespaceI andoutsidespaceO. Let IM = I [ M and
OM = O[ M. Thehandleandtunnelloopsin M arede�ned as
follows [9].

De�nition 1. A loop in M is a handle loop if the homology
classcarried by it is trivial (identity)in H1(IM) andnon-trivial
in H1(OM).

De�nition 2. A loop in M is a tunnel loop if the homology
classcarriedbyit is trivial (identity)in H1(OM) andnon-trivial
in H1(IM).

Thefollowing theoremsaysthatthegeneratingbasisof han-
dleandtunnelloopsexist for any closedsurface[9].

Theorem1. For any connectedclosed surface M � R3 of
genusg, there exist g handleloopsf hig

g
i= 1 forminga basisfor

H1(OM) andg tunnelloopsf tig
g
i= 1 forminga basisfor H1(IM).

Furthermore, f [hi]g
g
i= 1 andf [ti ]g

g
i= 1 forma basisfor H1(M).

The handleandtunnelloopsarealsowell de�ned in a sim-
plicial 2-complex M that represents(homeomorphicto) M. In
this case,theloopsareconstrainedto the1-skeletonof M.

3. PersistentHomology

Persistenthomologyis a conceptby which we canstudythe
growthhistoryof thetopologicalfeaturesof aspaceasthespace
grows. In a discretizedset-up,this growth canbeimplemented
by a �ltr ation of a simplicial complex. The persistencealgo-
rithm by Edelsbrunner, Letscher, andZomorodian[12], which
hasalso a root in size theory [3, 23], lets us recordthe birth
anddeathof thetopologicalfeaturesin termsof thehomology
groupsas one proceedsthroughthe �ltration. We formalize
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anddescribethemethodbelow. Let K beasimplicialcomplex.
A �ltration of K is de�ned asa nestedsequenceof simplicial
complexesK i where

/0 = K � 1 � K0 � K1 � � � � � Kn = K:

As simplicesareaddedto gofrom K i to K i+ 1, sometopological
featuresmay appearor disappear. The longera featurestays
over the �ltration, themorepersistentit is. For our purposeof
computingloops,we only careabouthow the �rst homology
groupof K, H1(K), changesover the�ltration.

3.1. Pairing Algorithm

Assumethat we add one simplex at a time, that is, K i n
K i� 1 = s i . So, we have an orderedsequenceof simplices
s0;s1; :::;sn �ltering the complex K =

S n
i= 0f s ig. All lower

dimensionalfacesof a simplex areaddedbeforethesimplex is
added.For example,all threeverticesandedgesof a triangle
areaddedbeforethe triangleis added.For a simplex s in the
�ltration we uset(s ) to denotethetime it is addedinto the�l-
tration,thatis, t(s ) = i if s = s i in the�ltration order. We say
s is younger thans 0 if t(s ) > t(s 0).

We alreadymentionedthat, as simplicesare added,cycles
arecreatedor destroyed. If additionof a p dimensionalsim-
plex s createsa p-cycle, thens is calleda positivep-simplex.
Otherwise,s mustkill a (p� 1)-cyclein whichcaseit is called
a negativep-simplex. The theoryof persistenthomologysays
thatanegative p-simplex s is alwayspairedwith auniqueposi-
tive(p� 1)-simplex s 0wheres kills a(p� 1)-cyclecreatedby
s 0. This pairingcanbedetectedby a Pairing algorithmwhich
worksasfollows.Thealgorithmexpandsa(p� 1)-cyclecstart-
ing from theboundaryof s . At any genericstep,it checksif the
youngest(p� 1)-simplex s 0 in c is alreadypairedor not. If it
is not,s is detectedasanegativesimplex pairingwith s 0. Oth-
erwise,s 0, which is guaranteedto bea positive simplex, must
have beenassociatedwith a (p � 1)-cycle c0 in which its pair
found it. We addc0 to c. Theprocesscontinuesuntil eithers
�nds its pairor theresultingcycleis empty. In thelattercase,s
is apositivesimplex. Thepseudo-codeof thePairing algorithm
is describedin Procedure1. In ourcase,handleandtunnelloops
arechosenfrom theloopskilled by negative2-simplices.

Procedure1 Pair(s )
1: c := ¶ps
2: let d betheyoungest(p� 1)-simplex in c
3: while d is pairedandc , /0 do
4: let c0bethecyclekilled by thesimplex pairedwith d
5: c := c0+ c
6: let d betheyoungest(p� 1)-simplex in c
7: endwhile
8: if c , /0 then
9: s is negative p-simplex killing c andpairingwith d

10: else
11: s is positive p-simplex
12: end if

4. Computing Handle and Tunnel Loops

Dey et al [10] proposeda persistence-basedalgorithm to
computehandleandtunnelloopsin closedsurfacessuchas3D
trianglemeshesor iso-surfacesfrom volumedata.Let theinput
surfaceM bepresentedasa simplicial 2-complex M. To apply
thepersistencealgorithm,we assumeM sitting in R3 andtes-
sellatingits convex hull by a complex K. We needthat M be
a subcomplex of K. In this way, we have anexplicit simplicial
representationof IM andOM. We generateK which provides
the triangulationof IM andOM by usingDelPSC[7] software
on 3D trianglemeshes.For the caseof iso-surfaces,they are
obtainedalmostfreely, see [10].

We will needonly vertices,edges,and trianglesof K. In
otherwords,only the 2-skeletonof K is relevant to our algo-
rithm. Let I � K andO � K denotethe 2-complexeswhose
edgesand triangleslie in I and O respectively. Notice that
edgesand trianglesof I and O are not in M. We call these
edgesandtrianglesvolumeedgesandvolumetrianglesto dis-
tinguishthemfrom thosein M. Figure2 shows thethevolume
edgesandtrianglesfor Botijo.

Figure2: Interior volumecomplex I (green)andexterior volumecomplex O
(red)for Botijo.

For computinghandleandtunnel loops,a �ltration of K is
built from a sequenceof simplicesup to dimensiontwo in K.
Thetopological algorithmbasicallyrunsin two steps.

� In stepone, we �rst add all the verticesin M, then the
edges.ThePairing algorithm�nds all positive andnega-
tive edgesin M. All trianglesin M arethenaddedto pair
with thepositiveedges.Somepositiveedgesin M areleft
unpaired.Let U denotethesetof theunpairededgesafter
this step.

� In steptwo, we �rst addvolumeedgesfrom I andO, then
thevolumetriangles.A handle(tunnel)loop is generated
whena negative trianglefrom I (O) is pairedwith anun-
pairededgein U.

It hasbeenproved that the loops obtainedin this way are
topologicallycorrecthandleandtunnelloops[10]. Theauthors
alsoproposethe following two re�nementsto make the loops
geometry-aware.
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� For a negative trianglefrom I or O, thePairing algorithm
expandsa loop till it reachesan unpairededgein U. To
get geometricallybetterloops,the expandingloop is de-
clareda handle(tunnel) loop when it lies completelyin
the surfaceM for the �rst time even if it hasnot reached
theunpairededge.

� Eachtimeahandleor tunnelloopis generated,acrosssec-
tion of thevolumeboundedby M gets�lled. To getloops
of smallsize,smallcrosssectionsshouldget�lled �rst. To
thisend,thevolumetrianglesareassociatedwith geodesic
size(seede�nition in Section5.2) andthenareaddedin
increasingorderof thegeodesicsizeinto the�ltration.

Thealgorithmof [10] is simpleandrunsfastin general,but
we show in Section5 that this algorithmcouldbe mademuch
more ef�cient with somenovel changes. In particular, these
modi�cations make the algorithmscalablewithout sacri�cing
accuracy.

5. SpeedUp

Authorsin [10] reportedthetiming of their algorithmin two
parts: geodesicsize computationand persistence-basedloop
computation. Table1 shows the timings of thesetwo steps1.
We seethatthetime for largemodelscouldtake severalhours.
We proposetechniquesthatspeedup eachstagequitesubstan-
tially.

5.1. AcceleratingLoopComputation

A handleor tunnelloop is generatedoncea negativevolume
trianglein K nM is pairedwith anunpairededgein U. All han-
dleandtunnelloopsareobtainedonceall edgesin U arepaired
with the correspondingnegative volume triangles. The Pair-
ing algorithmis thusrequiredto run on eachvolumetriangle.
Therefore,any improvementin thepairing proceduremakesa
substantialimprovementin total computationtime.

We make a key observationin thePairing algorithmin Sec-
tion 5.1.1basedon which a modi�cation of this algorithmis
madefor thevolumetriangles.We alsomake anotherobserva-
tion in Section5.1.2whichsuggestsaparticular�ltration of the
surfacesimplicesasopposedto thearbitrary�ltration proposed
in [10]. The new surface�ltration togetherwith the modi�ed
Pairing algorithmspeedup the loop computationenormously
ascon�rmed by ourexperiments.

5.1.1. Observation
Givenavolumetriangles , eachiterationof thewhile loopin

the Pairing algorithmactuallyexpandsthe loop c, with initial
c = ¶2s being the boundaryof the triangle. This expansion
becomesmoretimeconsumingif moreiterationsareneeded.

Noticethatif avolumetriangles is positive,c eventuallybe-
comesempty, resultingin a wasteof time spenton expanding

1All experimentsin thispaperaredoneonaDELL machinewhichhasIntel
XeonCPU2.66GHzand4G Memory.

Data Genus Size Geod Loop
Knottycup 2 5.4k,31.9k 2.47 0.67
Mother 4 19.5k,117k 10.68 3.16
Molecule 1 19.9k,115k 4.08 0.76
Botijo 5 30.0k,176k 15.93 1.78
Casting 9 31.9k,169k 19.34 10.63
Kitten 1 62.7k,346k 98.09 4.97
Pegasus 5 70.8k,403k 88.75 24.01
Buddha 9 109k,614k 127.42 12.49
Vase 6 122k,590k 530.92 22.03
Hip 10 173k,996k 480.93 199.35
Children 393� 199k,1168k 1049.74 2644.09
Filigree 49 220k,1196k 473.03 386.41
Fusee 18 244k,1368k 1435.67 199.42
Heptoroid 22 297k,1757k 1249.12 396.65
Gearbox 78 478k,2582k 1527.58 9778.63
Colon 160 854k,4966k 9014.22 27920.15
Atom 1 3.3k,41.8k 0.10 0.14
Aneurysm 11 23k,5210k 6.93 116.80
Engine1 20 157k,2766k 392.70 148.50
Engine2 20 629k,20040k 5895.09 2275.82

Table1: Times(seconds)broken into two parts,onefor geodesicsizecompu-
tation(Geodcolumn),andtheotherfor loop computation(Loopcolumn).The
genusof eachmodelis shown in theGenuscolumn. (n;m) in Sizecolumnin-
dicatesn surfacetrianglesin M andm volumetrianglesin K nM. (* Children
is anon-manifoldmesh,393is its �rst Betti number).

c. Althoughstatisticallypositivevolumetrianglesonly account
for roughly5% of all thevolumetrianglesin K nM, theaccu-
mulatedwastedtime becomeshigh especiallyon larger mod-
els. We observe that, if a positive volumetriangles couldbe
detectedearlyduring theexpansionprocess,we couldexit the
Pairing procedureearlier.

Recallthatt(s ) denotethetimestampof thesimplex s when
it is addedto the�ltration. Let d betheyoungestedgein loopc,
i.e., t(d) is thelargestamongall edgesin c. Sincetheyoungest
edgein c mustbe positive, d is positive. Let u be the oldest
edgein U, thatis, t(u) is thesmallestamongall unpairededges
in U. We have thefollowing observation.

Observation 1. If t(d) < t(u) at any point of time during the
expansionof c, s is positive.

Proof 1. We prove that c would be eventually empty when
t(d) < t(u) is veri�ed at any point of the loop expansionpro-
cess.Thisimpliesthat s is positive.

Assumethat c , /0 in theend.Then,s is a negativetriangle
andit is pairedwith a positiveedge, sayd0. Theedged0mustbe
theyoungestedgein c whenit wasdiscovered.In each iteration
of theloop expansionprocess,theyoungestedge in a new loop
is no more younger thanthat of thepreviousloop. Thismeans
t(d0) � t(d). But, d0 beingan edge in U satis�es t(u) � t(d0)
sinceu is theoldestunpairedsurfaceedge. Thisimpliest(u) �
t(d), contradictingtheassumptionthat t(d) < t(u).

Basedon this observation, we modify the Pairing proce-
durefor volumetrianglessothatlessiterationsaremadein the
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Procedure2 Pair-Volume-Triangle(s )
1: let u betheoldestedgein U
2: c := ¶2s
3: let d betheyoungestedgein c
4: while d is pairedandc , /0 do
5: let c0bethecyclekilled by thesimplex pairedwith d
6: c := c0+ c
7: let d betheyoungestedgein c
8: if t(d) < t(u) then
9: setc := /0

10: end if
11: endwhile
12: if c , /0 then
13: s is negativeedgekilling c andpairingwith d
14: else
15: s is positiveedge
16: end if

while-loopfor thepositive volumetriangles.Thepseudo-code
is shown in Procedure2.

5.1.2. OrderingSurfaceSimplicesfor theFiltr ation
Theobservationgivenin Section5.1.1leadsusto think that

if wecouldmakeall theedgesin U asyoungaspossibleamong
all surfaceedgesin the �ltration, we could save moretime in
Procedure2. To reachthisgoal,wegiveamethodof creatinga
new �ltration for simplicesin thesurface.

For simplicity, let us supposethat M hasonly onecompo-
nentandit is closed.In thetopologicalalgorithm[10], surface
simplicesareaddedin arbitraryorderexceptthat a simplex is
addedonly if its lower dimensionalboundarysimplicesappear
earlier in the �ltration. For instance,a triangle is addedonly
afterits verticesandedgesareadded.

Whenasurfaceedgeis added,thePairing algorithmdecides
whetherit is positive or negative. Eachpositive edgegenerates
a cycle lying in the1-skeletonof M. All surfacetrianglesare
addednext to pair with thepositive edges,with eachpair (e;t)
correspondingto the fact that the negative trianglet kills the
cycle generatedby the positive edgee. After processingall
surfacetriangles,if M hasgenusg, then2g unpairededgesare
left andsaved in U. In orderto make theedgesin U asyoung
aspossible,weproposethefollowing strategy to geta �ltration
for thesurfacesimplices.

Givenanarbitrarytrianglet 2 M, we expanda simplicial 2-
complex M t maintainingtheinvariantthatM t is a topological
disk all thetime. We stopwhenno moretrianglecanbeadded
to M t without violating thetopologicaldisk condition.Notice
thatthistriangle-by-triangleexplorationof thesurfaceis similar
to theoneusedin [11, 16] thoughtheendresultsaredifferent
sinceour conditionsfor growth areslightly different.We grow
M t by addinga triangles from M nM t to M t . Beforeadding
s , we addeachof its threeverticesunlessit is alreadyin M t
andthensimilarly eachof its edges.Thecriteria for choosing
s areasfollows:

� s shouldbeadjacentto theboundary(expandingfrontier)

of M t .

� M t remainsa topologicaldiskaftertheadditionof s .

The secondcriterion canbe veri�ed easilyby checkingthe
Euler numberof M t which is givenby the alternatingsumof
the numberof vertices,edgesandtrianglesin M t . The Euler
numbershouldremain1 after addings andits sub-simplices
for M t to remaina topologicaldisk. Figure3 shows the ex-
pansionof M t on Pegasus. We have thefollowing observation
which is key to claimthatunpairededgesarepushedlatein the
surface�ltration.

Observation 2. Let M t � M denotethe maximalsurfaceob-
tainedbytheaboveexpansionprocedure. LetFt = s1;s2; :::;sk
denotethe �ltr ation of M t inducedby the expansionprocess.
Pairing algorithm applied to the �ltr ation Ft of M t doesnot
generateanyunpairededgesin M t .

Proof 2. Weproveit by inductiononthenumberof trianglesin
M t .

For thebasecasewhenM t containsonly
onetriangle t , Ft is f v1

t ;v2
t ;v3

t ;e1
t ;e2

t ;e3
t ; t g

where vt ' s andet ' s denotetheverticesand
edgesof t respectively. After addingsim-
plicesin Ft , wehavetwo negativeedgese1

t
and e2

t , onepositiveedge e3
t that is paired

with t . Thus,nounpairededgeexistsin M t in this case.
Assumeinductivelythatthereis nounpairededgein M t after

processingthe kth triangle in the �ltr ation Ft . Let m be the
(k+ 1)th triangletobeaddednext. Therearetwopossiblecases
dependingon how m is adjacentto the boundaryof M t , see
Figure4.

Case1 Case2

Figure4: Two possiblecaseswhenaddingtrianglem(green)to M t (light blue).

� Case1: only oneedge of m is in M t . Supposethe new
simplicesto beaddedto M t are v3

m, e2
m, e3

m, and m. After
thesesimplices(in order) are addedto the �ltr ation, we
will havenegativee2

m and positivee3
m that is paired with

m. In this case, M t is updatedasM t [ f v3
m;e2

m;e3
m;mg in

which nounpairededgeremains.

� Case2: two edgesof mare in M t . Supposethenew sim-
plicesto be addedto M t are e3

m and m. After thesesim-
plices(in order) are addedto the �ltr ation, we will have
positiveedge e3

m that is paired with m. In this case, M t

is updatedasM t [ f e3
m;mg in which no unpairededgere-

mains.
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Figure3: Expandinga surfaceon Pegasusfrom trianglein red. Picturesfrom left to right show theexpandingsurfaces(light blue). Theexpandingfrontiersof the
expandingsurfacesarethecurvesin blue.

No othercaseis possiblesinceotherwiseEuler numberof M t
changes.

Figure5: ThemaximalexpandedsurfaceM t onMotheris shown in light blue
boundedby thebluecurve. Addition of any new triangle,saym, andits edges
e2

t ande3
t from M nM t (light yellow) to M t generatea non-trivial cycle in

M t [ f e2
m;e3

m;mg. 2g unpairededges(red) after stepone of the topological
algorithmareall locatedin M nM t andareall youngerthantheedgesin M t .

Let M t denotethemaximalexpandedsurface, i.e., addition
of any new trianglemandits edgese1

m, e2
m, ande3

m to M t vio-
latestheEulernumbercriterionfor expansion.It canbeeasily
veri�ed that,to violatetheEulernumbercondition,theremust
be exactly two edges,say e2

m and e3
m of m, which are not in

M t yet. This is illustratedby the upperright picture in Fig-
ure5. A new non-trivial cycle in M t [ f e2

m;e3
m;mg is generated

by addingmandits boundaryedgese2
m ande3

m. Thismeansone
of thesetwo edges,saye2

m, will be the �rst (oldest)unpaired
edgein U. Adding all simplicesfrom M nM t to M t gener-
ates2g unpairededgesin U. Notice thatall edgesin U arein
M nM t . All of themexceptfor e2

m itself havetimestampslarger
than t(e2

m). SinceM t coversmostedgesin M, this expansion
methodmakestheedgesin U youngerthanmostof theedges
in M. Figure5 shows theedgesin U in Mother.

Usingthe�ltration of M t andapplyingthemodi�ed Pairing
algorithm on the volume trianglesprovide hugespeedup as
veri�ed by theexperimentalresultsin Section6.

5.2. GeodesicSizeEstimation
Adding volumetrianglesin increasingorderof thegeodesic

sizehelpsgenerategeometricallysmall loops. However, exact
calculationof thegeodesicsizefor all thevolumetrianglesbe-
comesincreasinglydemandingastheinputsizebecomeslarger.
As Table1 shows, thenumberof trianglesin K nM is roughly
� ve timesof thosein M. In this section,we presentanapprox-
imationschemeto estimatethegeodesicsizeof thevolumetri-
anglesfast. Our experimentalresultsin Section6 show that
a goodapproximationcaneffectively reducethe computation
timewhile preservingtheloopqualities.

According to [10], a volumetriangle t hasa geodesicsize
de�ned asg(t) = maxe2tg(e), wheree is anedgeof t andg(e)
is the geodesicsizeof e de�ned as follows. For two vertices
v andv0 in M, let the geodesicdistancebetweenv and v0 be
the length of the shortestpath connectingv and v0 in the 1-
skeletonof M. Let a andb be the two endverticesof edgee.
Thegeodesicsizeof e, g(e), is de�ned asthegeodesicdistance
betweena0 andb0, wherea0 andb0 are the closestverticesin
M to a andb respectively. Note that if a andb arein M, then
a0= a andb0= b. Figure6 shows thegeodesicfor anoutside
volumetriangleof iso-surfaceAtom.

Figure6: The geodesicof a volumetriangle(blue) is shown asthe geodesic
path(red)betweena0 andb0 on Atom. Two verticesof this volumetriangleare
shown asa andb whoseclosestverticesonAtomarea0andb0 respectively.

Sincethe computationof the geodesicsfor the volumetri-
anglesrequirescomputingthesamefor thevolumeedges,the
computationtime dependson thenumberof volumeedges,or
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the sizeof the setf (vi ;v j )jvi and v j are endverticesof a vol-
umeedgeg. We cancut down the geodesiccomputationtime
by reducingthecardinalityof thisset.For thispurpose,we�rst
computeasubsampleSof theverticesin M. Wethendividethe
verticesin M into groups,with all verticesin a grouphaving
thesameclosestsamplepoint in S. Let e, a0, andb0bede�ned
asbefore,andlet a00andb00in Sbetheclosestsamplesto a0and
b0respectively. Theng(e) canbeapproximatedby thegeodesic
distancebetweena00andb00in M.

Weuseaparameterd to controlthedensityof thesubsample.
Startingfrom anarbitraryvertex v0 in M, webuild Sincremen-
tally usingthefollowing Procedure3.

Procedure3 Subsampling(M, v0, d)
1: unmarkall verticesin M
2: S:= f v0g
3: computethe setof vertices,S0, whosegeodesicdistances

to v0 arelessthand in M, setv0 asthe closestsampleto
eachvertex in S0, markv0 andall verticesin S0

4: while thereareunmarkedverticesin M do
5: pick anunmarkedvertex vi
6: S:= S[ f vig
7: computethesetof vertices,Si , whosegeodesicdistances

to vi arelessthand in M, setvi astheclosestsampleto
eachvertex in Si, markvi andall verticesin Si

8: endwhile

Let Si andSj be the setof verticesconsideredin step7 of
Procedure3. For an edge(v;v0) wherev 2 Si andv02 Sj we
assigng(v;v0) = g(vi;v j ) wherevi andv j areassociatedto Si
andSj accordingto the above subsamplingprocedure.Since
thesizeof S is smallerthanthetotal numberof verticesin M,
geodesiccomputationbecomesfasterastheexperimentsshow
in Section6. Figure7 showsdifferentsubsamplesonHip. Fig-
ure8 shows theestimatedgeodesicsizefor anoutsidevolume
edgeof Mother.

Figure 7: Hip has86226vertices. Threedifferent subsamples,with density
decreasingfrom top to bottom,resultin 20702,8724,and4760samplepoints
respectively.

6. Results

We testedour new methodon the datasetsin Table1, and
the new timings areshown in Table2. The handleandtunnel

Figure8: A subsample(light blueballs)is shown in Mother. Thegeodesicsize
of a volumeedge(blue) is the lengthof thegeodesicpath(red) in surface. Its
estimatedgeodesicsizeis thelengthof thegeodesicpath(green)betweentwo
black verticeswhich arethe closestsamplesto the two endvertices(blue) of
thevolumeedge.

loopsin thenew modelsthatarenot usedby [10] areshown in
Figure9.

Data Geod G-ratio Loop L-ratio
Knottycup 0.06 40.00 0.14 4.78
Mother 0.50 21.36 0.41 7.70
Molecule 0.33 12.36 0.28 2.71
Botijo 0.73 21.82 0.58 3.06
Casting 1.00 19.34 0.71 14.97
Kitten 3.43 28.60 1.07 4.64
Pegasus 4.48 19.81 1.08 22.23
Buddha 6.32 20.16 2.44 5.12
Vase 14.62 36.31 4.31 5.11
Hip 21.90 21.96 3.52 56.63
Children 62.95 16.67 7.68 344.28
Filigree 17.19 27.52 9.64 40.08
Fusee 49.98 28.72 13.37 14.91
Heptoroid 40.56 30.80 20.53 19.32
Gearbox 75.08 20.34 26.30 371.81
Colon 448.84 20.08 96.62 288.96
Atom 0.01 10.00 0.12 1.17
Aneurysm 0.98 7.07 119.43 0.98
Engine1 22.76 17.25 33.36 4.45
Engine2 317.86 18.54 393.12 5.78

Table2: GeodandLoopcolumnsshow thenew timesfor geodesicsizecompu-
tationandloopcomputationrespectively. G-ratioandL-ratio columnsshow the
speedup ratiosof thesetwo computationscomparedwith theoriginal method
givenin [10]. Theratiosin theG-ratiocolumnareobtainedby choosingagood
subsampledensitythatpreservesgoodloopqualitiesfor eachmodel.

For theloopcomputation,thespeedupratiosareverypromi-
nent on large modelssuch as Hip, Children, Gearbox, and
Colon asseenfrom Table2. However, the gain is not so dra-
matic for iso-surfaces. Onereasonis that the loop computa-
tion in aniso-surfaceis generallymuchfasterthanthatin a 3D
modelof similar sizeasreportedin [10]. Anotherpossiblerea-
sonis that theunpairededgesin U for iso-surfacesarealready
very young even without any specialorderingof the surface
simplices.
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Figure9: Handle(green)andtunnel(red)loopsin Pegasus, Filigree, Heptoroid, Fusee, andVasefrom left to right.

3.16 6.45 10.76 27.00 51.38

Figure10: Handle(green)andtunnel(red)loopsin Botijo underdifferentsubsamples,with densitydecreasingfrom left to right. Thelight blueballsarethesample
points.Thespeedup ratioof thegeodesiccomputationfor eachsubsampleis shown underneatheachpicture.

Data S1 G-r 1 S2 G-r 2 S3 G-r 3

Mother 23.9% 3.40 9.3% 6.68 3.2% 16.95
Botijo 24.1% 3.14 10.1% 6.40 3.5% 15.77
Kitten 24.0% 3.55 10.1% 8.19 3.4% 20.96
Pegasus 23.9% 3.17 10.1% 6.18 3.4% 14.53
Buddha 24.0% 3.19 10.1% 6.44 3.5% 14.40
Vase 23.7% 3.98 10.0% 9.29 3.4% 25.21
Filigree 23.8% 3.65 10.1% 7.58 3.5% 19.82
Fusee 23.9% 3.86 10.1% 8.42 3.4% 21.26
Heptoroid 23.8% 3.75 10.0% 8.47 3.5% 22.23
Colon 23.8% 3.14 9.4% 6.39 3.2% 15.51

Table3: EachSi andG-ri columnpairshow thepercentageof thesamplepoints
on eachmodelandthecorrespondingspeedup ratio of thegeodesicsizecom-
putationrespectively.

For thegeodesicsizecomputation,differentsubsampleden-
sitiesresult in differentspeedup ratiosasshown on somese-
lectedmodelsin Table3. Theloopqualitiesarealsoin�uenced
by subsamplingsasshown by an examplein Figure10. Nat-
urally, thedenserthesubsampleis, thesmalleris thespeedup
ratio for thegeodesiccomputationandthelesseris theeffecton
loop qualities.

7. Conclusion

We have revisiteda persistence-basedmethodfor fastcom-
putationof handleandtunnelloopsrecentlyproposedin [10].
Speci�cally, theloopcomputationis acceleratedby designinga
new surface�ltration andapplyingamodi�ed persistencealgo-
rithm onvolumetriangles.Weusegeodesicestimationto speed
up thegeodesicsizecomputation.ThesoftwarecalledHanTun
hasbeenreleasedfrom authors'webpages[8].

Ourexperimentsshow thatthecomputedloopsaresmalland
perhapsareverycloseto optimal. It wouldbeniceto provethat
thecomputedloopsdo approximatetheoptimal loopsin some
sense.Currently, wearefocusingour researchon thisaspect.
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