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Abstract

We present a Delaunay based algorithm for simplifying
vector �eld datasets. Our aim is to reduce the size of the
mesh on which the vector �eld is de�ned while preserving
topological features of the original vector �eld. We leverage
a simple paradigm, vertex deletion in Delaunay triangula-
tions, to achieve this goal. This technique is effective for
two reasons. First, we guide deletions by a local error met-
ric that bounds the change of the vectors at the affected sim-
plices and maintains regions near critical points to prevent
topological changes. Second, piecewise-linear interpola-
tion over Delaunay triangulations is known to give good
approximations of scalar �elds. Since a vector �eld can be
regarded as a collection of component scalar �elds, a De-
launay triangulation can preserve each component and thus
the structure of the vector �eld as a whole. We provide ex-
perimental evidence showing the effectiveness of our tech-
nique and its ability to preserve features of both two and
three dimensional vector �elds.

1. Introduction

Vector �elds are a powerful model used by researchers
to represent a variety of dynamical systems such as �uid
�ow. Some applications require designing vector �elds to
perform texture synthesis and non-photorealistic rendering
[10, 32]. A common technique for managing vector data
uses an unstructured (triangulated) grid of the input point
sample. Given this grid, vector �eld values inside grid sim-
plices may then be linearly interpolated from the data val-
ues at the cell vertices. Often the dataset is very large which
leads to a major dif�culty analysis. Naturally, it is desir-
able to simplify vector �eld data while preserving its im-
portant features. Associated concerns are that of determin-
ing a good triangulation in terms of interpolation error and
a simpli�cation strategy that keeps the error low.

A popular candidate for triangulating scalar �eld data is

the Delaunay triangulation because it possesses several op-
timization properties that help in good approximations. Re-
cent sampling theory shows that in surface approximations
both point-wise and normal-wise approximation errors de-
pend on the circumradius of the triangles [6]. Since a Delau-
nay triangulation keeps the circumradii of triangles small, it
often provides a good approximation. While there are some
results showing that the best triangulation is often not De-
launay [9, 20], in general the Delaunay triangulation works
well in practice, is easier to compute than the most opti-
mal, and has been proven to be optimal for certain classes
of functions [3] (i.e. convex functions).

Simpli�cation of triangulated scalar �eld data has re-
ceived signi�cant attention in the research community.
Cignoniet al.[4] give an overview of simpli�cation in three
dimensions involving edge collapses as well as methods to
calculate the approximation error. Garland and Zhou [11]
discuss quadric-based simpli�cation for a variety of do-
mains including scalar �elds. A vector �eld can be thought
of as a composition of multiple scalar �elds de�ned on a
shared domain. One perspective of the simpli�cation tech-
nique we present is that of concurrently simplifying these
�elds. However, special care must be taken and different
metrics need to be used to preserve features of the vector
�eld which result from the composite of these scalar �elds.

One natural question that follows is how successful will a
Delaunay triangulation be for representing vector �eld data.
There are few works which discuss how a triangulation af-
fects approximation of vector �elds. One relevant work is
the research of Scheuermann and Hagen [21]. They indi-
cate that the topological structure of a vector �eld is indeed
dependent on the choice of triangulation, as �ipping a sin-
gle edge could change the critical points and thus the topol-
ogy of the vector �eld. Furthermore, they give an algorithm
for computing a data-dependent triangulation that maintains
critical points. We are not aware of any work that speci�-
cally studied the effects of Delaunay triangulations for rep-
resenting and simplifying vector �eld data. Only recently
Mebarki et al. [17] used Delaunay triangulations to draw



Figure 1. Simpli�cation of a 2D vector �eld to error threshol d " = 0 :15. The surfaces for the two
component functions are preserved as well as their zero-lev el sets. By juxtaposing the simpli�ed
vector �eld (red) on top of the original (black), we see littl e change from the original.

streamlines effectively for vector �elds in two dimensions.

Simpli�cation has many meanings in the vector �eld
community. One class of vector �eld simpli�cation tech-
niques are those which make thevisualizationsimpler. A
prominent method is to use the vector �eld's topology
[12, 14] to create a representative structure capturing the
vector �eld. This topological visualization may still be too
complex. Many have simpli�ed it by removing [5], per-
turbing [29], or combining [28, 31] critical points or using
saddle connectors (in 3D) [26]. Vector �eld clustering al-
gorithms [8, 13, 23] are also often used for simpli�cation.
Here the main goal is to create some sort of hierarchy where
representative vectors for the different clusters may be cho-
sen. Also, decomposition of the vector �eld into simpler
component �elds (a curl-free and divergence-free compo-
nent) has been used to improve visualizations [27].

Our simpli�cation technique, better called domain com-
pression, is different from those mentioned above. Instead
of creating a visualization that has less data, we would like
to simplify the vector �eld by simplifying the underlying
mesh. A coarser mesh reduces storage requirements and
gives level of detail control to the user. Moreover, a sparse
mesh has potential bene�ts in terms of streamline integra-
tion. Optimization of this integration [7, 30] makes use
of barycentric coordinates to propagate the position of the
streamline. Thus, reducing the number of simplices inter-
sected by a streamline reduces its construct cost.

We aim to create an algorithm that simpli�es a Delaunay
mesh of a vector �eld while maintaining both the topologi-

cal structure and a geometric proximity to the original vec-
tor �eld. An important work in this area is that of Theisel
et al. [24, 25] who simplify two dimensional vector �elds
while preserving their topology. They give exact criteria for
performing an edge collapse in the mesh without changing
the topology of the �eld, but it is unclear how to extend
this criteria to higher dimensions. Conversely, Platis and
Theoharis [19] simplify tetrahedral meshes (not necessar-
ily Delaunay) of a vector �eld using edge collapses guided
by a collection of error metrics, but do not explicitly ad-
dress topological concerns. Our work has some similarities
to these techniques, and we provide a comparison study be-
tween our work and Platis and Theoharis's.

One of the main contributions of our work is to show that
a simple, easily implemented Delaunay strategy works very
well for simplifying vector �elds in two and three dimen-
sions. We support this claim with several observations from
experiments run on two and three dimensional vector �elds.

2. Simpli�cation Algorithm

We de�ne ad-dimensional vector �eld, v : Rd ! Rd, in
terms of itsd component scalar �elds,f j : Rd ! R:

v(x) = f = ( f 1(x); f 2(x); : : : ; f d(x)) :

Our simpli�cation algorithm takes as input a collection ofn
vertices inRd, V = f pi 2 Rd j i 2 [1; n]g, such that each
vertex has an associated vectorf i . Together the setsV and
F = f f i g can be thought of as a sample of a vector �eld.



We �rst construct a Delaunay meshD(V ). Let C be the
collection ofd-dimensional Delaunay simplices (triangles
for d = 2 and tetrahedra ford = 3 ). At each vertexpi of
the mesh, we �x our vector �eld asf i . For all other points
x inside a simplexc 2 C, the vector �eld is de�ned by
linearly interpolating the values of each scalar �eld basedon
the verticesf pc

j 2 V j j 2 [1; d]g of c. Let (� c
1; � c

2; : : : ; � c
d)

be the barycentric coordinates ofx in a simplexc andf f c
j g

be the collection of vectors de�ned at the vertices ofc. We
de�ne and-dimensional piecewise linear (PL) vector �eld,
v̂ : Rd ! Rd, as

v̂(x) =
P d

j =1 � c
j f c

j wherex 2 c:

Our simpli�cation algorithm simpli�es the underlying
meshD(V ) by deleting vertices inV . A simpli�ed vector
�eld is obtained by linear interpolation over this simpli�ed
mesh.

2.1. Error Metric

One difference between our algorithm and the algo-
rithms of Theiselet al. [24, 25] and Platis and Theoharis
[19] is that we always maintain a Delaunay triangulation
of some subset of the input point set. A second principle
difference is that instead of using edge collapses to reduce
our mesh, we delete individual vertices. Thus at each iter-
ation of the algorithm we must decide a vertex to delete.
This choice is made by selecting the vertex whose dele-
tion causes the least amount of error at the vertex. Letv0

be the new vector �eld we create after removing a vertex
p from the mesh. We choose the following error metric,
' : Rd ! R, de�ned as

' (x) =
kv0(x) � v(x)k

kv(x)k
:

Figure 2 illustrates the calculation of this error metric. The
error ' (p) captures the relative change in the �eld atp af-
ter its removal from the mesh. Note �rst how deletion in
a Delaunay triangulation only locally affects the mesh. To
see this fact consider the link ofp de�ned as follows. The
d-simplices incident top constitute itsstar. The lower di-
mensional simplices that border the star constitute thelink
of p. In Figure 2, the link ofp is the cycle of dotted edges,
and vertices in between them. Whenp is removed, its star
and only its star is also removed. The hole which is created
by the removal of the star is retriangulated, and it is known
that to maintain the Delaunay property of the triangulation
the only changes to the triangulation which occur are within
this hole. Therefore, any error occurs only within the region
bordered by the link.

For simplicity, we choose only to look at the change in
the vector �eld for the deleted vertex. This decision allows

v
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Figure 2. Calculation of ' when deleting a
vertex from the mesh.

the equation for' (x) to make a comparison with the initial
vector �eld and the new vector �eld since vector values at
vertices are �xed. While this calculation is memoryless,
we see that experimentally this metric performs well up to
certain thresholds (discussed below) for keeping the global
error bounded. However, a more complicated scheme for
sampling the maximal error could be envisioned since the
changes to the �eld happen only in a local neighborhood of
the deleted vertex.

2.2. Vertex Deletion Algorithm

We start our simpli�cation by creating a priority queue of
all verticespi 2 V based on their deletion error,' (pi ). We
perform a trial deletion for each vertex in the Delaunay tri-
angulation to compute' (pi ). Vertices with the lowest error
have highest priority. We then remove the top vertex from
the queue, delete it from the mesh, and retriangulate the
hole so that we maintain a Delaunay triangulation. We also
update the priority of the remaining vertices in the priority
queue. This process is repeated until we have removed all
vertices that have' (pi ) less than some user speci�ed error
threshold," . For summary and completeness, we present
the pseudocode for the algorithm in Figure 3.

Only a few of the algorithm's steps require detailed ex-
planation. BuildPriority Queue() takes the Delaunay tri-
angulation and vector �eld values as input and computes
' (pi ) for all pi 2 V , placing each pair in the queue sorted
by ' (pi ). We then iteratively pop off vertices and re-
move them from the mesh. This operation requires a lo-
cal remove and repair to maintain the Delaunay property of
D(V ), performed by DelaunayRemove(). Since the mesh
has changed, we update the priority of all adjacent vertices
in the setQ, the only vertices affected by the removal of
pi . During all of this, we keep track of the maximum error
seen' A , and we stop once the maximum error exceeds the
threshold" .



1 Simplify ("; V; F )
2 D(V)  � ConstructDelaunay (V )
3 A  � Build Priority Queue (D(V ); F )
4 ' A  � 0
5
6 while (' A < " ) f
7 (pi ; ' i )  � Pop(A )
8 Q  � Adjacent Vertices (D(V ); pi )
9 DelaunayRemove(D(V ); pi )

10 i f ( ' i > ' A )
11 ' A  � ' i

12 foral l q 2 Q
13 Update Priority (A; q)
14 g / / end while

Figure 3. Simpli�cation algorithm.

3. Feature Preservation

The error metric' has two important qualities that help
maintain the structure of the vector �eld:(i) the magnitude
and angle changes of the vector �eld are bounded at each
vertex removal (Theorem 1) and(ii) the topological struc-
ture given by separatrices remains mostly unaffected (ex-
perimental results).

3.1. Bounded Error

We have already indicated that when a vertexpi is re-
moved from the Delaunay triangulation we examine the er-
ror in the vector �eld atpi to guide our deletion algorithm.
We show that by bounding' (pi ), we can can bound the
change in magnitude and angle of the vector �eld atpi after
its removal.

Theorem 1. For a sample pointpi 2 R2, if ' (pi ) � " then

1. kv̂0(pi )k � k v̂(pi )k � "kv̂(pi )k and

2. \ (v̂0(pi ); v̂(pi )) � arcsin" .

Proof. We give a geometric proof. For shorthand we let
v̂ = v̂(pi ) andv̂0 = v̂0(pi ). The condition' (x) � " implies
that the tip ofv̂0 lies in a ball of radius"kv̂k centered at the
tip of v̂ as shown in left of Figure 4.

The change in magnitude betweenv̂ andv̂0 in the worst
case can be seen by growing or shrinkingv̂ along the direc-
tion of v̂. This is shown in the center of Figure 4. Thus in
the worst case the change in vector magnitude is the radius
of the ball,"kv̂k.

Similarly, as shown in the right image of Figure 4, the
worst case for the change in angle occurs in the case where
v̂0 intersects the ball at a point on the circumference such

}�0||v||ˆ
v̂ v'ˆ }�0||v||ˆ

v̂

v'ˆ arcsin�0

v v'ˆ ˆ

Figure 4. Left: The tip of v̂0 is in a ball of
radius "kv̂k. Center: A maximal magnitude
change. Right: A maximal angle change.

that the line of̂v0 is tangential to the ball. At this point, the
angle between̂v0 andv̂ is preciselyarcsin" .

Theorem 1 indicates that at each step of the algorithm
when we remove a vertex using our error metric we bound
both the change in magnitude and angle of the vectors at
pi . Unfortunately, the region contained within the link of
pi may not enjoy the same property. A sequence of vertex
removals could change the error globally as each individual
error compounds. However, we �nd that for low values of
" we can simplify the vector signi�cantly without too much
global error. Our experiments show that we can greatly re-
duce the size of the mesh for" � 0:05while preserving the
topology. This means less than a5% change in the vector
magnitude and a change of angle of� 2:87� or less. We
discuss choosing" more thoroughly inx4 based on our dif-
ferent experiments.

3.2. Topological Preservation

The critical points of a vector �eld v are simply those
pointsx 2 Rd such thatv(x) = 0. Alternatively, one can
think of them as the intersections of the zero-level sets or
nullclinesof each component functionf i . In classifying a
vector �eld, if we know all of the critical points and how
the �ow moves between them, we capture the essence of
the vector �eld. Critical points are commonly classi�ed us-
ing analysis of the Jacobian ofv at the critical point. In-
formally, sinksandsourcesare those critical points where
all eigenvalues of the Jacobian have the same sign (negative
and positive respectively), andsaddle pointsare those criti-
cal points where the eigenvalues have mixed signs. We refer
the reader to more complete classi�cations in two [14] and
three dimensions [12] as well as the pictorial study of Abra-
ham and Shaw [1] and more thorough introductory mathe-
matical texts [15, 16].

An integral curve, 
 : I � R ! Rd, based at a pointx,
is a function with the following constraint:


 (0) = x:

( 8t 2 I ) [ _
 (t) = v(
 (t)) ] :



In many contexts, integral curves (streamlines) are ac-
tually treated as the image,
 (I ), of the function
 . Sepa-
ratrices in two dimensions are special integral curves that
connect saddle points to other critical points. These integral
curves are de�ned in the direction of the two eigenvectors
of the Jacobian of the �eld at the critical point. In three di-
mensions, separatrices are both curves and surfaces corre-
sponding to the three different eigenvectors of the Jacobian.

A topological structure for a vector �eld is obtained by
taking the set of critical points and connecting them together
using separatrices. These partition the domain of the vector
�eld such that each region has a speci�c type of �ow. This
partitioning is regarded as atopological skeletonof the vec-
tor �eld.

We observe that the topological skeleton is preserved
quite well in practice when the threshold for' is kept low.
This preservation is the result of the bias of the error met-
ric. Since we normalize bykv(x)k when calculating' ,
we bias simpli�cation so that we do not remove points that
are close to critical points unless they only cause relatively
small changes to the vector �eld. The result is that we can
still greatly simplify a vector �eld while maintaining most
of its topology. However, the simpli�cation may alter the
topology at places where some instabilities are present in
the vector �eld.

In x4 we discuss two such instabilities that can cause
topological changes when simplifying. One results from
separatrices that run closely in parallel. The compounded
local error that changes the destinations of streamlines can
change the origin and destinations of these separatrices. The
second 2D analytic vector �eld we discuss has this type of
instability. The other instability results from zero levelsets
that intersect tangentially. They can cause critical points to
be created, destroyed, or moved with small perturbations in
the vector �eld. The ocean wind dataset that we chose has
examples of this instability.

4. Experimental Results

We ran experiments on two and three dimensional vec-
tor �eld data from both analytical functions and real data.
All experiments were run on a Pentium 4, 2.80Ghz with 1
GB of RAM. For two dimensional Delaunay triangulations
we used Shewchuk's TRIANGLE software [22] where as in
three dimensions we used CGAL 3.2 [2] for this purpose.
Visualizations in two dimensions were created in OpenGL
using a fourth-order Runge-Kutta integration for the stream-
lines while in three dimensions we used OpenDX [18].

4.1. Two Dimensions

Our �rst set of experiments were done with two dimen-
sional vector �elds for ease of viewing. We show results for
an analytic vector �eld and a real ocean wind dataset.

4.1.1 Analytic Vector Field

We �rst present an analytic example, corresponding to the
vector �eld shown in Figure 1. This vector �eld is de�ned
by the following equations:

f 1(x) = 50 cos(0:06kxk)

f 2(x) = 50 cos(0:001x1x2):

We show in Figure 5 streamlines for this vector �eld as
well as its separatrices in cyan. We initially de�ne the
vector �eld on a grid of 29244 vertices over the domain
[� 120; 120]� [� 120; 120].

Figure 5. Vector �eld 2 with separatrices.

We aid visualization using separatrices drawn in shades
of cyan for the original vector �eld and magenta for the sim-
pli�ed vector �eld. We can observe that this vector �eld has
sixteen critical points within the experimental domain. Of
particular interest are the saddle/focus pairs on both the top
right and bottom left of the vector �eld.

We �nd that simplifying to" = 0 :05 (1221 vertices) re-
sults in a good approximation of the �eld. We can push
this bound further and still maintain geometry, as in �gure
1 where we have simpli�ed to" = 0 :15(428 total vertices).
Here both the vectors and the nullclines stay relatively close
to the original. However, the effects of unstable separatrices
may alter topology. Consider Figure 6 where the simpli�ed
separatrices (magenta) overlay the original (cyan).

Compounded small changes in the vectors of the �eld
cause the separatrices to change their destinations. In the
circled region of Figure 6 we removed two vertices. The
corresponding change affects the separatrices� and � as
labeled in the center image. Originally,� passes inside of
� and spirals inward towards the focusz, while � begins at
the pointx and passes around the focus, ending at the saddle
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Figure 6. A topological change of vector �eld
2. Left to right, separatrices of the simpli�ca-
tion having 540, 539, and 538 vertices.

point y. After the change, these two separatrices “swap”
in the affected region. The result (right image) is that�
(originally passing inside of� ) now ends up outside of�
and sweeps down and outside of the domain. The separatrix
� originates from a closed orbit, drawn as the black ring,
and spirals outward to its destination saddle pointy.

The corresponding error threshold to the mesh of this
size was" = 0.116. Completely preventing topological
changes would require more sophisticated methods that pre-
serve all separatrices along with all critical points. For sim-
plicity, we bias to preserve areas around critical points as
opposed to preserving all separatrices. This works well for
the most part, but may not prevent interactions among sepa-
ratrices that run nearly parallel. Interestingly, the instability
of this region means that the topological change is not per-
manent; as we continue to remove vertices the topological
structure of the mesh eventually returns to its original form.
In this particular example, when we reduce the mesh size
to 533 vertices, the two separatrices swap back. Despite
this small topological change, as Figure 1 demonstrates, the
resulting vector �eld is still geometrically close to the orig-
inal.

4.1.2 Ocean Wind Data

Figure 7. Ocean wind data with nullclines.

For our second example in two dimensions we use an
ocean wind dataset. We show a representation of the dataset

in Figure 7 with a set of streamlines integrated from this
data as well as its nullclines. This dataset originally has
165027 vertices and 12 critical points. We have boxed a
key area where topological instability occurs.

We also show the resulting vector �eld after simpli�ca-
tion with " = 0 :1 in Figure 8. At this level of simpli�cation
the number of vertices in the mesh was reduced to 889. We
note here how the simpli�cation streamlines and the origi-
nal streamlines are still very close as shown by the zoomed
regions despite the huge change in the number of vertices.

Figure 8. Ocean wind data after simplifying to
" = 0.10.

We have already discussed the effect of instabilities
caused by separatrices running parallel. This example
shows the effect of another kind of instability caused by
nullclines that run almost tangential to one another. Even at
low levels of simpli�cation, this instability can cause criti-
cal points to be created, destroyed, or moved far away since
changes in the mesh cause the nullclines to interleave in dif-
ferent manners.

We show in Figure 9 what happens in the boxed region
of Figure 7. This �gure shows the nullclines for the origi-
nal as well as" = 0.01 (7626 vertices) and 0.10 (889 ver-
tices). In this region there are originally �ve critical points
(arrows on the upper half). However, the nullclines pass
each other tangentially at this region, so small perturbations
in the �eld cause the nullclines to interleave, creating new
critical points (arrows on the lower half). At" = 0 :01, two
new critical points are created whereas at" = 0 :10 these
critical points move, and the two critical points on the right
disappear.



Figure 9. A topological change of the ocean
wind dataset. From left to right, nullclines
and critical points of the simpli�cation at " =
0.00, 0.01, and 0.10. Critical points are high-
lighted with arrows.

4.2. Three Dimensions

We present results for experiments run on two differ-
ent three dimensional datasets. We combine conventional
methods for vector �eld visualization (streamlines) as well
as the use of nullclines to demonstrate the success of our al-
gorithm in three dimensions. Furthermore, we compare our
results with that of Platis and Theoharis [19].

4.2.1 Gravity Field Dataset

Our �rst three dimensional dataset is that of a gravity �eld
used in [19]. This �eld represents the gravitational �eld
of 3 spheres and has �ve different critical points. We use
OpenDX [18] to depict this vector �eld in Figure 10. Here
we draw 200 randomly placed streamlines (colored by vec-
tor magnitude) contained in the bounding volume of dimen-
sions[0; 29]� [0; 29]� [0; 29]. We also draw the three null-
cines, which are surfaces in three dimensions. The blue sur-
face is for thef 1 nullcline, green forf 2, and gold forf 3.

Figure 10. Gravity dataset streamlines and
nullclines. Left: First viewpoint. Right: Ro-
tated to the back side of the �eld.

For our experiments we took the original dataset of Platis
and Theoharis and �rst created a Delaunay mesh of the

27000 sample points using 146334 tetrahedra. We �rst ran
our algorithm to a variety of levels of" . We then ran the
OpenDX module of Platis and Theoharis using the same
input Delaunay mesh and the percentage of tetrahedra cor-
responding to each" level as a stopping goal. Note that
their algorithm uses an integer input for the target per-
centage of tetrahedra, so we chose the closest match for
all cases. Platis and Theoharis's algorithm requires �ve
weights to balance their error metric; for this dataset we
used the weightswFA = 0 , wFL = 10, wD = 0 , wC = 0 :5,
andwV = 0 :5. Obviously, the results of their algorithm are
dependent on the choice of these weights; we selected those
which were representative of the least error for this dataset
in their paper.

To provide a quantitative comparison of the two algo-
rithms, we use a �eld error calculation similar to the one
used by Platis and Theoharis. This error is calculated by
sampling each simpli�ed vector �eld on a dense grid over
the domain. We calculatekv(x) � v(x)0k for each sam-
ple pointx and scale it by dividing by the maximum vector
magnitude in the initial �eld, giving a more meaningful per-
centage. We show"meanand"max, the mean and maximum
values of this error, for both vector �elds in Table 1 for each
level of simpli�cation.

Table 1. Field error for simpli�cation of the
gravity �eld.

Delaunay Platis and Theoharis
" " mean "max % "mean "max

0.01 0.04% 0.48% 40 0.04% 1.05%
0.02 0.11% 0.85% 21 0.08% 4.32%
0.03 0.20% 1.53% 12 0.14% 5.55%
0.04 0.30% 2.47% 8 0.21% 27.80%
0.05 0.37% 2.92% 6 0.27% 27.80%
0.07 0.48% 4.36% 4 0.37% 27.80%
0.10 0.74% 11.65% 3 0.47% 27.80%
0.15 1.12% 22.18% 2 0.63% 27.80%

From this table, we see that for all levels of simpli�cation
the Delaunay technique had a higher"meanand a lower"max.
In fact for all simpli�cation levels past 10% of the original
number of tetrahedra there is a large spike in the maximum
for the algorithm of Platis and Theoharis. This result most
likely indicates that there is a region in the domain that is
not preserved well.

In Figure 11 we show a visual comparison of this �eld
simpli�ed to a threshold of" = 0.05 which corresponds to
6% of the original tetrahedra. We draw the original stream-
lines as white tubes and the streamlines of each simpli�ed
�eld as smaller, colored tubes. In this manner, it is easy
to pick out which streamlines have changed since they will



Figure 11. Simpli�ed gravity �eld streamlines
and nullclines. Left: Our Delaunay technique
at " = 0.05. Right: Technique of Platis and
Theoharis run to a corresponding level of 6%
tetrahedra.

break through the outer white tube and bend in a different
way. Visually it appears that further from the regions of crit-
ical points our Delaunay algorithm allows more error, and in
regions near the critical points we remain closer to the orig-
inal �eld. This observation is also supported by examining
the �eld error in a local neighborhood of each of the �ve
critical points. In Table 2 we show the �eld error of a dense
sample in a ball of radius 1.0 around each critical point. The
Delaunay algorithm has dramatically lower"mean and"max

values at all levels of simpli�cation, demonstrating how the
normalization of our error metric causes these regions to be
preserved.

Table 2. Field errors for gravity �eld simpli�-
cation, sampling in balls of radius 1.0 around
all critical points

Delaunay Platis and Theoharis
" " mean "max % "mean "max

0.01 0.00% 0.00% 40 0.01% 0.26%
0.02 0.00% 0.00% 21 0.03% 0.68%
0.03 0.00% 0.03% 12 0.06% 2.47%
0.04 0.00% 0.15% 8 2.78% 38.49%
0.05 0.00% 0.17% 6 2.81% 38.49%
0.07 0.00% 0.19% 4 2.94% 38.49%
0.10 0.05% 0.90% 3 3.10% 38.49%
0.15 0.11% 1.41% 2 3.22% 38.49%

4.2.2 Lorenz Attractor

Second, we study an analytic vector �eld, the Lorenz attrac-
tor, described by the following equations:

f 1(x) = � (x2 � x1)

f 2(x) = �x 1 � x2 � x1x3

f 3(x) = x1x2 � 
x 3

where� = 10, � = 28, and
 = 8
3 . This form and the val-

ues for� , � , and
 were taken from [16]. We examine the
�eld on a grid of 35937 vertices contained within the bound-
ing volume of[� 24; 24] � [� 24; 24] � [� 4; 44] (to center
the strange attractor for the system). The initial Delaunay
triangulation had 196608 tetrahedra. We show streamlines
as well as the three component nullcline surfaces for this
system in Figure 12.

Figure 12. Lorenz attractor streamlines and
its three nullclines.

We show the �eld error for both of the resultant simpli-
�ed �elds in Table 3. For all levels of simpli�cation, our
algorithm maintains both a lower"meanand"max.

In Figure 13 we show streamlines for the Lorenz attrac-
tor at" = 0.025 and its equivalent level of 2% simpli�cation
using Platis and Theoharis's method. Both algorithms are
able to maintain a close approximation to the original, al-
though slight errors for the streamlines manifest as a result
of compounded differences in the simpli�ed vectors. Since
we have used longer streamlines than in previous examples
to visualize this �eld, the errors are more apparent. Also, it
appears that further from the Lorenz attractor our algorithm



Table 3. Field error for simpli�cation of the
Lorenz attractor.

Delaunay Platis and Theoharis
" " mean "max % "mean "max

0.0025 0.05% 0.80% 31 0.09% 1.04%
0.0050 0.07% 1.05% 14 0.16% 1.47%
0.0075 0.09% 1.34% 9 0.22% 2.25%
0.0100 0.11% 0.96% 6 0.26% 2.28%
0.0150 0.15% 1.23% 4 0.39% 2.87%
0.0200 0.19% 1.45% 3 0.53% 5.42%
0.0250 0.26% 2.90% 2 0.67% 6.67%
0.0300 0.47% 3.98% 1 0.76% 6.47%

shows more error than that of Platis and Theoharis, whereas
in the region of the attractor the Delaunay algorithm main-
tains a closer match.

Figure 13. Simpli�ed Lorenz attractor stream-
lines. Left: Our Delaunay technique at " =
0.025. Right: Technique of Platis and Theo-
haris run to a corresponding level of 2% of
the original tetrahedra.

We also show the nullcline surfaces forf 2 at the same
level of simpli�cation in Figure 14. Bothf 2 and f 3 are
saddle surfaces and the attractor itself lies where the inner
parabolic lines intersect with the plane off 1. At this level
of simpli�cation the surfaces are well preserved, although
in the results from Platis and Theoharis the surface is per-
turbed slightly more. The surface off 3 (not shown) had
similar artifacts as well.

5. Conclusions

In this paper we have presented an easy to implement al-
gorithm for vector �eld simpli�cation based on Delaunay
triangulations. There have been few works that approach
vector �elds from this perspective, and our results indicate
that Delaunay triangulations can be leveraged in both two

Figure 14. Simpli�ed Lorenz attractor null-
clines. Left: Our Delaunay technique at " =
0.025. Right: Technique of Platis and Theo-
haris run to a corresponding level of 2% of
the original tetrahedra.

and three dimensions for this application. We have demon-
strated that this technique can be successful at greatly re-
ducing the size of vector �eld datasets while maintaining
a closeness to the original. In particular, our experiments
show that by bounding the local change to low thresholds
(" � 0:05) we can retain both a nearness in geometry and
avoid major topological change.

We have also presented a comparison of our work with
an alternate technique of simpli�cation by Platis and Theo-
haris [19]. Our results ran with a comparable execution time
and an equal or better �eld error in the simpli�ed output
�elds. An important aspect of our algorithm is that we pre-
serve areas near critical points as a result of the normaliza-
tion of our error metric. Our technique is also applicable to
vector �elds in any dimension. An additional advantage of
our algorithm over that of Platis and Theoharis is that we
require only a single parameter as opposed to six.

There are many interesting open questions left to study.
Both algorithms would bene�t from further research on ex-
act preservation of topological features. In two dimensions,
Theiselet al. [24, 25] have criteria for testing if an edge
collapse will change the topology of the �eld. Since vertex
deletion only affects a local region of the Delaunay mesh,
such a test could be extended to our algorithm in two di-
mensions. However, the extension of this check to higher
dimensions remains open.

While in two dimensions classi�ying critical points and
the topological skeleton is often enough, in three dimen-
sions the landscape changes signi�cantly. For these datasets
critical points are often absent or only indications of noise
in the data. Of more interest are critical regions like vortices
or the strange attractor in the Lorenz system. These features
are not fully classi�ed by the metric we have used. Preserv-
ing these regions would require a more complex identi�ca-
tion strategy than simply dividing by the vector magntitude



in the error metric.
Future work is also needed to study and classify differ-

ent instabilities in vector �elds that can cause topological
changes. We need to fully understand areas where separa-
trices come close to each other (as in the second 2D analytic
�eld) and where nullclines run tangentially (as in the ocean
wind dataset) to prevent the topological changes caused by
them. On the other hand it may be acceptable to allow
those topological changes. For example, in cleaning noise
we only preserve those topological features that are stable.
A quanti�cation of this stability will be of immense impor-
tance for vector �eld computations.
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