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Abstract— In this paper, we describea planning and control
approachin terms of samplingusingRapidly-exploring Random
Trees(RRTs), which were intr oduced by LaValle. We review
RRTs for motion planning and show how to use them to
solve standard nonlinear control problems. We extend them
to the caseof hybrid systemsand describeour modi�cations to
LaValle's Motion Strategy Library to allow for hybrid motion
planning. Finally, we extend them to purely discrete spaces
(using heuristic evaluation as a distance metric) and provide
computational experiments comparing them to conventional
methods,such as A*.

I . INTRODUCTION AND OVERVIEW

Often, one is interestedin solving path planning and
control problemsof the form: given a systemmodel, �nd
a (controlled) trajectory of the system that leads from a
start to a goal con�guration. Whether one uses dynamic
programmingor completemotion planningalgorithms,such
problemsare exponential in the state-space(and control)
dimensions.Attempts to fight the curse of dimensionality
have led to the introductionof randomized(or Monte-Carlo)
approachesto pathplanningthatarecapableof solvingmany
challengingproblemsef�ciently , at theexpenseof beingable
to guaranteethat a solution will be found in �nite time.
Most randomizedplanning methodsare designedfor the
generalizedmover's problem,includingrandomizedpotential
�elds, probabilisticroadmaps,Ariande's clew algorithm,and
other planners(see [6] for citations). Derandomizationof
someof thesealgorithmshasbeenexplored in [6].

Many pathplanningmethods,includingdynamicprogram-
ming andmostof the randomizedplanningmethodscanbe
categorizedasincrementalsearchmethods.In thesemethods
a tree (or two trees in the bidirectional version) is grown
incrementallyfrom the initial stateby adding a new edge
and vertex in each iteration after performing some local
motion. Thereare generallytwo decisionproblemsat each
iteration:1) which vertex shouldbe selectedfor expansion?
2) what local motion should be executed?The answersto
these questionsare given by the particular method. For
example,dynamic programmingselectsthe “active” vertex
with the lowestcost,andthe local motion attemptsto move
in a direction not yet considered.Among path planning
techniques,incrementalsearchmethodsare most amenable
to the inclusionof differentialconstraints.

An incrementalsearchmethod that has achieved con-
siderablesuccessin the design of feasible trajectoriesis
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BUILD RRT(x init )
1 T .init(x init );
2 for k = 1 to K do
3 x r and  RANDOM STATE();
4 EXTEND(T ; x r and ) ;
5 ReturnT

EXTEND(T ; x )
1 x near  NEARESTNEIGHBOR(x; T ) ;
2 if NEW STATE(x; x near ; x new ; u new ) then
3 T .addvertex(x new );
4 T .addedge(x near ; x new ; u new );

Fig. 1. The basicRRT constructionalgorithm(top) andan exampleRRT
(bottom)

the Rapidly-exploring Random Tree (RRT) [7]. An RRT
is an exploration algorithm for quickly searchinghigh-
dimensionalspacesthathave bothglobal constraints(arising
from workspaceobstaclesandvelocity bounds)anddifferen-
tial constraints(arisingfrom kinematicsanddynamics).The
key ideais to biastheexplorationtowardunexploredportions
of the spaceby randomlysamplingpointsin the statespace,
and incrementally “pulling” the searchtree toward them.
The resulting method is much more ef�cient than brute-
force exploration of the statespace.This methodcan solve
challengingproblemsthatinvolvestatespacesof up to twelve
dimensionswith the inclusionof bothdifferentialconstraints
and complicatedobstacleconstraints.In [3], [4], we used
RRTs to solve nonlinear control problems and extended
them to the case of hybrid systems.Herein, we review
those results,extend RRTs to fully discretedomains,and
describecomputationalexperimentsand tools using RRTs
for nonlinear, discrete,andhybrid planningandcontrol.

I I . RRT BACKGROUND

The basicRRT constructionalgorithm is given in Figure
1 (top). A simple iteration is performedin which eachstep
attemptsto extend the RRT by addinga new vertex that is



biasedby a randomly-selectedstate,x 2 X . The EXTEND
function selectsthe nearestvertex already in the RRT to
x. The “nearest” vertex is chosenaccordingto the metric,
� . The function NEW STATE makes a motion toward x
by applying an input u 2 U for some tim1 increment
� t. This input can be chosenat random, or selectedby
trying all possibleinputs and choosingthe one that yields
a new stateas close as possibleto the sample,x (if U is
in�nite, then a �nite approximationor analytical technique
can be used). NEW STATE implicitly uses the collision
detectionfunctionto determinewhetherthenew state(andall
intermediatestates)satisfy the global constraints.For many
problems,this can be performedquickly (“almost constant
time”) usingincrementaldistancecomputationalgorithmsby
storingthe relevant invariantswith eachof theRRT vertices.
If NEW STATE is successful,the new stateand input are
representedin xnew and unew , respectively. The bottom of
Figure 1 shows an RRT grown from the centerof a square
region in the plane.In this example,thereareno differential
constraints(motion in any direction is possible from any
point). The incrementalconstructionmethodbiasesthe RRT
to rapidly explore in the beginning, and then converge to
a uniform coverage of the space[7]. The exploration is
naturally biasedtowards vertices that have larger Voronoi
regions.This causesthe exploration to occur mostly on the
unexploredportion of the statespace.

In additionto growing a treefrom thestartingstate,many
RRT implementationsgrow a secondtreefrom thegoalstate.
Suchtreesgrow in four steps:

1) Grow start-treetowardsa randomunexploredcon�gu-
ration.

2) Grow goal-treetowardsa randomunexploredcon�gu-
ration.

3) Grow start tree towards goal tree. At each iteration,
selecta randomnodein the goal treeto grow towards
it.

4) Grow goal tree towards start tree. A solution path is
found whenthe two trees�nally connect.

I I I . RRTS FOR NONLINEAR CONTROL

Other researchershave applied RRTs to planning prob-
lems of varioustypes including path-steering,manipulation
planningfor digital actors,varietiesof holonomicplanning,
and attitude control (kinodynamic planning) [7]. To our
knowledge,we are the �rst experimentersto test RRTs on
standardcontrol problems[3], [4]. It is our hope that by
studyingtheRRT's performancein thesecommonproblems,
we will be able to gaugethe strengthsand weaknessesof
RRT's comparedto otherapproaches.

A. Pendulum Swing-Up

The �rst experimentwe conductedwasapplyingthe RRT
to the swing-upproblemfor a nonlinearpendulum:

� a pendulumof massm and length l with equationof
motion

•� =
� 3g
2l

sin � �
3�

ml 2

� Motor at tip which canapply torquesof � 2 f� 1; 0; 1g
units

� Initial stateof � = 0 (down) and _� = 0
� Goal stateof � = � (up) and _� = 0
The goal for the planneris to �nd a seriesof torque-time

pairs that get the pendulumto the goal state.In all but the
mosttrivial cases,themotor is unableto lift thependulumto
thegoalstatein onesmoothmotion.Thependulumtherefore
must be swung back and forth until it achieves suf�cient
velocity to reach the goal con�guration. Our �rst try at
solving the problem, a single-treeRRT using the straight-

forward Euclideanmetric, � =
q

(� � )2 + (� _� )2, proved
to be quite successful.Usually �nding a solution in less
than 10,000 iterations(only a few secondsof computation
on most modern computers),our implementationshowed
that the RRT algorithm is both fast and adaptableto many
problemdomains.SeeFigure2 (left).

The dual-tree solution to the same problem was also
impressive,sometimes�nding apathto thegoalstatein close
to half the time of its single-treerelative. One interesting
characteristicof the solution treesis how clearly it demon-
stratesthe dynamicsof the system.SeeFigure2 (right).

Fig. 2. Single- and Dual-RRT Solutions to the PendulumSwing-Up
Problem. The x-axis correspondsto � and the y-axis to _� . The left
image shows a single-treeRRT solution for the pendulumproblem after
5600 iterations.The right imageshows a dual-treeRRT searchafter 3300
iterations(solution in dark).

B. Acrobot

For our secondexperiment,we testedthe RRT algorithm
on a problem of higher dimensionality. The acrobot has
gainedattentionin recentliteratureasan interestingcontrol
task in the areaof reinforcementlearning [10]. Analogous
to a gymnastswinging on a high-bar, the acrobothasbeen
studied by both control engineersand machine learning
researchers.Theequationsof motionusedcomefrom [11, p.
271].A time stepof 0.05secondswasusedin thesimulation,
with actionschosenafter every four time steps.The torque
applied at the secondjoint is denotedby � 2 f� 1; 0; 1g.



There were no constraintson the joint positions, but the
angularvelocitieswere limited to _� 1 2 [� 4� ; 4� ] and _� 2 2
[� 9� ; 9� ]. Theconstantswerem1 = m2 = 1 (massesof the
links), l1 = l2 = 1 (lengthsof links), lc1 = lc2 = :5 (lengths
to centerof massof links), I 1 = I 2 = 1 (momentsof inertia
of links), andg = 9:8 (gravitational constant).

There are numerousgoals that planning systemscan at-
temptto reachwhencontrollingtheacrobot,but mostinvolve
reachingvariousvertical levels. In our testing,we attempted
to swing the tip of the acrobotabove somevertical level,
y = ygoal . The single-treeRRT had no problem �nding a
solution to the acrobot tip-goal problem. Unlike some of
the competingplanners,the RRT is basedon virtually no
domain-speci�cknowledgeexceptfor theacrobot'sequations
of motion, yet the RRT plannerwas able to perform well
comparedto publishedmetricsof energy ef�ciency andtime
ef�ciency [10], [11].

Figure 3 shows the vertical position of the tip of one
versionof the RRT-controlledacrobotversustime. Like the
invertedpendulum,the acrobothadto swing backandforth
multiple times in order to reachthe goal state.The starting
position was y = � 2:0 and ygoal = 1:0. As for the time-
lapsebehavior, the RRT-controlled acrobotshowed similar
behavior to that shown in [11, p. 274].

Fig. 3. Acrobot Swing-UpProblem:vertical positionversustime

C. Multi-Aircraft Planning

We also investigated prioritized RRT algorithmsto plan
for multiple aircraft in two-dimensions,traveling amongsix
airports,with simple �ight dynamics[4]. We were able to
generateplansfor up to 800 holonomicagentsin the air at
onetime. We alsogeneratedplansfor tensof nonholonomic
agents(with unicycle dynamics)in the air at one time.

IV. RRTS FOR HYBRID SYSTEMS

A. Hybrid Systems

Researchersin the computerscienceand control theory
communitieshave producedmany modelsfor describingthe
dynamicsof hybrid systems[1], [2]. For the purposeof the
discussionin this document,we considera simpleillustrative
case,in which the constituentcontinuousstate and input
spaces(in eachmode)arethe same.Thus,we have a hybrid
systemof the form

_x = f (x; u; q); x 62J (x; u; q)
(x; q)+ = D(x; u; q); x 2 J (x; u; q):

(1)

Here, x 2 X is the continuousstate,u 2 U is the input,
and q 2 Q ' f 1; 2; : : : ; N g is the discretestateor mode.
Also, f (�; �; q) is the continuousdynamics,J (�; �; q) is the
jump set, and D(�; �; q) is the discretetransition map, all
for modeq. The map D relatesthe post-jumphybrid state
(x; q)+ from the pre-jumphybrid state(x; q). The input u,
which canincludebothcontinuousanddiscretecomponents,
allows theintroductionof non-determinismin themodel,and
canbeusedto representtheactionof controlalgorithmsand
the effect of environmentaldisturbances.The evolution of
the discretestateq modelsswitchesin the control laws and
discreteeventsin the environment,suchas failures.

Brie�y , the dynamicsare as follows: the systemstartsat
hybrid state(x(t0); q0) and evolves accordingto f (�; �; q0),
until the set J (�; �; q0) is reached.At this time, say t1,
the continuousand/or discrete state instantaneouslyjump
to the hybrid state(x(t+

1 ); q1) = D(x(t1); u(t1); q0), from
which the evolution continues.While terse,the above model
encompassesboth autonomousandcontrolledswitchingand
jumps, and allows modeling of a large classof embedded
systems,includingground,air andspacevehiclesandrobots;
see[1], [2] for moredetails.Below, we describeanapproach
to hybrid planningandcontrol basedon RRTs.

B. Extending RRTs to Hybrid Systems

Emilio Frazzoli and his co-workers have used random
searchin the context of a hybrid “maneuver automaton”to
planmotionsfor aerospacevehicles[5]. However, we believe
our work [3], [4] wasthe�rst generaldescriptionof a hybrid
RRT. We summarizeit here.

A general,hybrid RRT can be achieved in variousways,
dependingon the underlying hybrid systemsmodel and
speci�cs of the continuousanddiscretedynamics(andsym-
metriestherein).We now wish to give a tasteof the way a
hybrid RRT mightwork for themodel(1). A planning/control
problemwill have a target setT � X � Q.

The simplestalgorithmonemight envision would explore
reachablespaceby growing a forest of RRTs, one in each
mode, with jump points amongvarious trees in the forest
identi�ed. In themoregeneralcase,evolution will startfrom
a set of seedsin a start set S � X � Q, encompassing
one or more modes,and proceedfrom thereaccordingthe
hybrid-RRTalgorithm outlinedbelow. Onemay think of the
resultingtreeas(a) growing in thehybrid statespace,X � Q,
or (b) asgrowing in X , with nodesandarcscolored/labeled
by the currentmode.

Even underthis setup,thereareseveral casesto consider:

1) Generalspeci�cations;S, T, J , andD arearbitrary.
2) Homogeneousspeci�cations: S = B � Q and T =

G � Q. i.e., thestartandtarget setsareindependentof
mode.

3) Homogeneous switching: J (x; q) � J (x) and
D(x; q) � D (x), independentof q.



4) Unrestrictedswitching: J (�; q) = X for all q and
D(x; q) = x for all x, q.

While the above is not exhaustive, it provides a senseof a
few typesof symmetriesin the discretedynamicsthat can
be exploited by the algorithm.

In the caseof unrestrictedswitching, the hybrid-RRT
algorithm is exactly the same as outlined above, except
that the control set is augmentedto allow mode changes:
U 7! U � Q. The othercasesarenon-trivial. In the caseof
homogeneousspeci�cations,x r and lives, and distancesare
measuredin, the continuousstatespaceX ; in the general
case,x r and lives,anddistancesaremeasuredin, the hybrid
statespaceX � Q. Thelatterbringsup theissueof designing
metricsfor combinedcontinuousanddiscretespace,which is
a topic of currentresearch.In eithercase,the NEW-STATE
function must respectthe hybrid dynamics.Typically, for
purely continuousRRTs, the statesexamined come from
extendingthe statexnear accordingto the dynamicsf (x; �)
for a �x ed time and for various (sampled)u 2 U. In the
hybrid case,this continuesto hold for (xnear ; qnear ) if there
are no intersectionswith the jump set J (�; qnear ). If there
are,evolution continuesfrom the destinationpoint(s),using
the sameor different u, until the desiredamountof time
elapses.

In Figure4 we give anexampleof a hybrid RRT. Pictured
from left to right in eachrow arefour square�oors, 1 through
4. Stairs (jumps) are given by triangles,with destinations
given by inverted triangles in the next highest �oor . The
tree started in the gray square in the center of �oor 1,
and the target set is the gray squareon �oor 4. Successive
rows representdifferentstagesin theexpansionprocess.The
hybrid state is s = (x; q) 2 [� 20; 20]2 � f 1; 2; 3; 4g. The
metric usedis � (s1; s2) = kx1 � x2k2 + 20jq1 � q2j.

Fig. 4. Stair Climbing: an examplehybrid RRT.

C. ComputationalTool for Hybrid Systems

We have beenworking on a visual tool for manipulating
and studying hybrid systems.(See [9] for more details
throughout.)Our tool builds on the Motion Strategy Library
(MSL) developedby Steve LaValle et al. [8]. The intended
purposeof the MSL is to provide a generalizedframework
for developmentand testingof motion planningalgorithms.
Despitedifferencesbetweenour problemde�nition and the
goalsof theMSL, this framework is applicableto our needs.
We want to useplanningalgorithms,particularly RRTs, to
“walk” through hybrid systems,a similar task to planning
pathsthrougha motionstrategy problem.TheMSL provides
straightforwardextensibility for all aspectsof its design,and
servesas the basisfor our tool.

1) MSL Overview: The MSL is composedof threesub-
systems:(1) an interface to input problems of arbitrary
dimensionsandgeometries,aswell asthedynamicsof these
problems;(2) a set of planning algorithms, ranging from
PRMsto numerousRRT-variants;and(3) a graphicalmeans
for a user to study how effectively the planningalgorithms
solve theseproblems.A typical sessioninvolvesrunningthe
MSL against a particularproblem,selectinga planner, and
usingtheinterfaceto planandview pathsthroughthesystem.
Figure 5 shows the MSL's seven main objects,interactions
betweenthem,and the threemain subsystems.

Fig. 5. MSL ClassHierarchy, Derived from [8]

Theinterfaceto a problemde�nition in theMSL is divided
into two objects—aGeometry objectanda Model object.
The Geometry object containsphysical representationsof
objects in the state space;in a motion-planningproblem
theseinclude the robot and the obstaclesamongwhich it
moves.Primarily, its role is to do collision detectionchecks,
to prevent potential paths for the agent from intersecting
the spaceof the obstacles.The Model object encapsulates
the dynamicsof the system,including a metric function for
determiningdistancein the spaceas well as algorithmsto



calculatefuture statesfor the plannergiven a currentstate,a
time increment,anda control input. Giventhesetwo objects,
a Problem object provides an encapsulationof both; it
providesan interfacefor the planningandgraphicalobjects.

TheSolver hierarchy is acollectionof differentplanning
objects that are used to �nd motion planning solutions to
problems.The largest subsetof thesesolvers is the RRT
branch,and it includesvariantsto grow two treestogether
aswell asonesbiasedtowardsthegoal.The importantthing
to note regarding the solvers is that there are a signi�cant
numberof variants;hencein the MSL we are provided a
large amountof extensibility to control how we actuallydo
sampling-basedplanning.

Thethird mainsubsystemof theMSL is thegraphicalfront
endprovidedto theuser. This part is composedof threemain
objects, the Scene , Render , and GUI objects and their
respectivehierarchies.TheScene objectcomputesthephys-
ical locationsof objectsbasedon informationprovidedby the
Problem object.The Render objectprovidesa hierarchy
of differentwaysto draw objectsbasedon differentgraphical
libraries, including subclassesfor SGI Iris Performer, Open
Inventor, and OpenGl.A Render object receives most of
its informationfrom the Scene andProblem objects,and
given this input it doesthe both the drawing of the problem
and the animation of the solution. The �nal part of the
user interface is the GUI object that provides a graphical
controlwindow for theuser. In this window, userscanselect
differenttypesof planners,modify propertiesof theplanning
algorithm,andexecutemotionplanning.In addition,theGUI
objectalsoprovidesaninterfacefor theuserto thecommands
of the Render object, by providing a set of animation
controls that allow the user to start and stop animation,
changethespeedof theanimation,andtherotateor translate
the viewpoint.

2) Extendingthe MSL: Our needsrequire extending all
threeof themainareasdiscussedabove—theproblemde�ni-
tion, the planningalgorithm,andthe userinterface.In terms
of the problem de�nition, we implementboth a new Ge-
ometry object and a new Model object.Our Geometry
objectcontainsthesameinformationasa regularGeometry
object,but alsoincludesgeometriesfor thestatetransitionsof
the hybrid system.Eachtransitioncanbe modeledasa pair
of (P; q) tuples,(Ps; qs) and(Pf ; qf ), wherePi is a polygon
in continuousspaceandqi is its discretestate.In additionto
collisiondetection,we includealgorithmsfor “statetransition
detection.” That is, we usethesamegeometricalgorithmsfor
detectingif the plannerintersectswith an obstacleto detect
if we intersectedwith a statetransition.

The implementationof the Model object for hybrid sys-
temsis accomplishedsimilarly. We overridethemethodsfor
determiningthe metric to includesomemetric betweentwo
elementsof the hybrid state. In some casesthis includes
the discreteinformation, but is not always required to do
so. In the example we show later, we chosea metric that

wasdependenton thecontinuousaswell asthehybrid state.
Also, theModel objectis usedfor determiningfuturestates
or “taking steps”throughoutthe continuousstate.Sincethe
Model object is independentof the Geometry object, the
planning algorithm itself determineswhen state transitions
occur, andreactsaccordingly.

In additionto theModel andGeometry objects,we also
must implement a new type of Solver class that plans
against hybrid systems.Our hybrid RRT [3], [4] extends
directly from theRRT branchof theSolver hierarchy, and
plansin a similar mannerto all otherRRTs usedin theMSL.
However, oneimportantdifferenceis thatat eachiterationof
the algorithm, the RRT also doesa checkto seeif a state-
transitionhasoccurred.In effect, it queriesthe Geometry
object,andif thenewly plannedstatefor theRRT “collides”
with a state transition polygon, then it addsan additional
nodeto theRRT, assumingthatany timecontactis madewith
a statetransition,the hybrid automatonfollows the jump.

The �nal addition to the MSL is developing the user
interface to include information for hybrid systems.Our
needsrequireextendingboth the Render andGUI objects.
Speci�cally, in the Render object we neededto modify
the input languageto include discrete state information.
Currently, the MSL uses a set of ASCII text �les as a
convenient meansfor input, extending the Render object
to readour input languageinvolved readinganextra discrete
value for stateinformation. In termsof drawing bodies,we
choseto draw them on a one-state-at-a-timebasis;hence,
displayingor animatingeachbody involvescheckingif that
body's stateis the current state,and drawing them. A big
addition to the Render object including drawing not only
thepathplannedfor theproblem,but alsoincludingdrawing
the RRT as it getsplannedas an optional way to view the
problem.Our modi�ed GUI object includesabilities to turn
on and off thesenew features,as well as a meansto select
what discretestateis currentlybeingviewed. SeeFigure6.

Fig. 6. Modi�ed GUI Window

3) Experimentation:To test our extendedMSL for hy-
brid systems,we have done example work using a four-
story building, similar to the one usedabove. Speci�cally,
statesin our systemconsistof a two-dimensionalcoordinate
combinedwith a discrete�oor . Our hybrid state spaceis



s = (x; q) 2 [0; 50]2 � f 1; 2; 3; 4g. We usedistancemetric
� (s1; s2) = kx1 � x2k2 + 50jq1 � q2j. Given theseas inputs
to our model,we grow an RRT via the MSL to get a result
like the oneshown in Figure7 (left).

Fig. 7. Stair climber Examples2d (left) 3d (right)

In this �gure, the red (medium gray) peg representsa
simplepoint objectstranslatedfrom 2d spaceto 3d.Thedark
blue (dark gray) block is a statetransitionor “down stairs”
in which q is decrementedwhile the light blue (light gray)
blocksare“up stairs”whereq is incremented.Thewhite line
segmentsrepresentthe RRT that has beengrown through
the systemand the overlaid red (medium gray) segments
representthe pathdeterminedby the RRT.

Figure7 (right) showsascreencaptureof astairclimberin
a 3d space(q = 1), wherethe hybrid statespaceis now s =
(x; q) 2 [0; 50]2 � [0; 10]� f 1; 2; 3; 4g. Herewe usedistance
metric � (s1; s2) = kx1 � x2k2 + 200jq1 � q2j. This example
takesfull advantageof theMSL's 3d drawing capabilities,as
our agentis a stick-�gure shapeandthe statetransitionsare
now tiny pyramids.In addition,we make useof the MSL's
collision detectioncapabilitiesby providing obstacles,shown
as the pink (light gray) L-shapedwall.

The examplesabove demonstratea systemwith constant
dynamics.That is, eachstepthe RRT takes is governedby
a simpleconstantfunction.However, we have continuedour
work by implementingexamplesthat usemorecomplicated
dynamics. Speci�cally, hybrid dynamics can be included
in the Model object for a given example problem. In the
functionsthat determinethe next stategiven a currentstate,
a time step, and a control input, we include information
regardingtheexplicit dynamicsof thesystem.Our �rst steps
havebeenusingsystemswith differentspeedsoneach“�oor”
in the stair-climbing problem; but the implementationis
openenoughto acceptmorecomplicatedforms of dynamics
in different hybrid systemcontexts. For example,we have
studiedrectangularandnonlinearhybrid systems[9].

Our initial progressusingtheMSL hasbeenvery positive.
Given the framework we usedabove, combinedwith Emilio
Frazzoli's successusingrandomsearchesfor hybrid systems,
we see no reasonwhy any class of differential equations
could not be applied in a similar manner. Additionally, by
relying on the framework of the MSL, we gain the ability
to apply any form of generalizedplanner(e.g. PRMs,RRT
variants,etc.) to hybrid systemsaswell.

V. RRTS IN DISCRETE SPACES

A. DiscreteSpaceProblems

In general,a discretespaceproblemis one where,given
a �nite set of statesS, with operatorsmappingq 2 S 7!
Q0 � S, oneseeksa pathfrom a startstates to a goal state
g 2 G, thesetof all goalstates.Althoughoptimalalgorithms
(suchasA*) exist for suchproblems,they becomeinfeasible
for large problems.In addition, they are intrinsically goal-
directed,making them ill-suited to road-mappingto solve
repeatedqueries.

B. DiscretizedRRT Algorithms

By applying the samesort of heuristic information used
in generalinformedsearchstrategies,theRRT algorithmcan
beadaptedfor usein discretestatespaces.As in theoriginal
RRT algorithm, the tree begins with the initial states. At
eachstep,we selecta randomstateqr from the state-space
which is not already in the tree, �nd the neareststateqn

alreadyin the treebasedon a heuristicestimateof distance
to qr , considereachpossibleoperationfrom qn , selectthe
one which yields the stateclosestto qr , and add an edge
from qn to it.

Theprimarydifferencebetweenconstructionof continuous
and discreteRRTs is in the necessityof selectingfrom a
small set of possibleoperatorswhen taking a steptoward a
randomdiscretestate.Sinceit is not improbablethat thebest
of the operatorsyields a new statewhich is no closerto qr

thanqn , andcanin fact be further away, the performanceof
the RRT in discretespaceis degradedby a decreasedbias
toward unexploredareas.

A new algorithm, which mitigates this issue, is the
Rapidly-ExploringRandomLeafy Tree (RRLT). The RRLT
algorithmkeepsa separateopenlist of all statesreachablein
onestepfrom thecurrenttree;the“leaves” of thetreenodes.
Whenqr is selected,thenearestleaf is locateddirectly, using
the sameheuristicinformation,andaddedto the tree,while
all of its successorsare addedto the openlist. In this way
the algorithm guaranteesthat at each step the tree grows
as far as possible(heuristically) toward qr . Although this
algorithmis morememory-intensive thanthesimplediscrete
RRT algorithm,earlyresultsindicatethatit is generallyfaster
and �nds better solutions.The RRLT algorithm also lends
itself to optimizationswhich further reducerunning-times.

C. Experimentsand Results

In order to evaluatethe potentialof the RRT algorithms
in discretespaces,we exploredtheir performanceon several
relatively simplediscretespaceproblems.

The�rst problemwe attemptedwasthe8-Puzzle(or more
generallythe (k2 � 1)-Puzzle),wherethe goal is to ordera
randomlyarrangedsetof tiles, labeled1 to 8, by number. At
eachstep,it is possibleto swap the positionsof the empty
space,and one of the adjacenttiles. Since this problem is
easily solvable, with its low branchingfactor and average
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Fig. 8. The 5 � 5 Knight Puzzle

optimal solution length of approximately22, it provides a
simple test-casefor the algorithms.Manhattandistanceof
eachtile's position in one board relative to the other was
usedasa distanceheuristicfor all tests.

A moredif�cult puzzleis theKnight Puzzle,which entails
swapping the positions of 12 white knights and 12 black
knightsona5� 5 chessboard,usingonly valid knightmoves.
Thebranchingfactoris larger, andtheoptimalsolutionlength
is 36, leadingto muchlargersearchtrees.Here,theheuristic
usedwasthe numberof knight moves for eachout of place
knight to reacha destinationposition occupiedby another
out of placeknight (an admissiblebut non-metricheuristic).

To introducethe idea of “obstacles,” we also tried vari-
ationsof the Knight Puzzlewith constrainedmoves. In the
secondversion,we allow a pieceto move only whena piece
of the samecolor bordersthe destinationon oneof the four
sides.In thethird version,a move is allowedonly if it leaves
no pieceswithout an adjacentpieceof the samecolor.

D. Results

Resultsfor various RRT algorithmson the 8-Puzzleare
shown below. In the caseof the biasedtrees,the algorithm
wasmodi�ed to selectthegoalnodeasqr half the time. The
bi-directionalsearchusesthe methodof growing eachtree
�rst toward a randompoint, then toward a randompoint in
the other tree.

Algorithm Nodes Open Time Soln.
Exp'd Nodes (sec) Len.

A* 1150 14850 22 2.00
BiasedRRT 610 - 65 0.42
BiasedRRLT 380 270 48 0.26
Bi-Dir. RRT 380 - 31 0.15
Bi-Dir. RRLT 290 220 30 0.14
Best-First 270 230 60 0.02

Results for the the Knight-Puzzle with obstaclesshow
the RRLT's effectivenessin a large and constrainedspace.
In thesetrials, the RRLT's are grown bidirectionally (best-
�rst searchis unidirectional, as it exhibits classic worst-
casebidirectional searchperformance).Also, we madean
improvement to the nearest-neighborquery algorithm as
follows: by storingat eachnodethedistanceto its maximally
distant descendant,we may use A* to searchthe tree for

nearestneighbors,pruningsubtreeswhich could not yield a
neighbornearerthan the best alreadyfound.1 Version 1 is
without obstacles;versions2 and 3 are as describedabove.
Although best-�rst search is much faster for the simple
versionof the problem,excessive memorypagingprevents
it from terminating after over 5 hours of computationon
a machinewith 512 MB of RAM. The fact the time and
spacerequirementsgrow much more slowly for the RRLT
as the spacebecomeslessopenshows that it is well-suited
to �nding pathsaroundobstaclesin the discretespace.

Algorithm Nodes Open Soln. Time
Exp'd Nodes Len. (sec)

9x9 v 1 Best-First 1040 3930 316 0.5
9x9 v 2 Best-First 9680 23200 620 3.2
9x9 v 3 Best-First - - - -
9x9 v 1 RRLT 7100 27500 271 123.0
9x9 v 2 RRLT 9150 30200 315 171.0
9x9 v 3 RRLT 19900 57260 354 665.0
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1While this approachis only provably correct for admissiblemetric
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