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Abstract—In this paper, we describe a planning and control
approachin terms of sampling using Rapidly-exploring Random
Trees (RRTSs), which were intr oduced by LaValle. We review
RRTs for motion planning and shov how to use them to
solve standard nonlinear control problems. We extend them
to the caseof hybrid systemsand describeour modi cations to
LaValle's Motion Strategy Library to allow for hybrid motion
planning. Finally, we extend them to purely discrete spaces
(using heuristic evaluation as a distance metric) and provide
computational experiments comparing them to conventional
methods, such as A*.

[. INTRODUCTION AND OVERVIEW

Often, one is interestedin solving path planning and
control problemsof the form: given a systemmodel, nd
a (controlled) trajectory of the systemthat leads from a
start to a goal con guration. Whether one uses dynamic
programmingor completemotion planningalgorithms,such
problemsare exponential in the state-spacgand control)
dimensions.Attempts to fight the curse of dimensionality
have led to the introductionof randomizedor Monte-Carlo)
approacheo pathplanningthatarecapableof solvingmary
challengingproblemsef ciently, atthe expenseof beingable
to guaranteethat a solution will be found in nite time.
Most randomizedplanning methodsare designedfor the
generalizednover's problem,includingrandomizecotential
elds, probabilisticroadmapsAriande’s clew algorithm,and
other planners(see[6] for citations). Derandomizationof
someof thesealgorithmshasbeenexploredin [6].

Marny pathplanningmethodsjncludingdynamicprogram-
ming and mostof the randomizedplanningmethodscan be
catgorizedasincrementakearchmethodsIn thesemethods
a tree (or two treesin the bidirectional version) is grown
incrementallyfrom the initial stateby addinga newv edge
and vertex in each iteration after performing some local
motion. There are generallytwo decisionproblemsat each
iteration: 1) which vertex shouldbe selectedfor expansion?
2) what local motion should be executed?The answersto
these questionsare given by the particular method. For
example, dynamic programmingselectsthe “active” vertex
with the lowest cost,andthe local motion attemptsto move
in a direction not yet considered.Among path planning
techniquesjncrementalsearchmethodsare most amenable
to the inclusion of differential constraints.

An incremental search method that has achieed con-
siderablesuccessin the design of feasible trajectoriesis
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BUILD RRT(Xinit )
1 T.nitXinit  );
2 fork= 1toK do
3 Xr and RANDOM_STATE();
4 EXTEND(T; X; and );
5 ReturnT
EXTEND(T; x)
1 Xnear NEAREST.NEIGHBOR(X; T);
2 if NEW_STATE(X; Xnear ; Xnew ; Unew ) then
3 T .addverte(X new );
4 T .addedgéXnear ; Xnew ; Unew );

Fig. 1. ThebasicRRT constructionalgorithm (top) and an example RRT
(bottom)

the Rapidly-ploring Random Tree (RRT) [7]. An RRT

is an exploration algorithm for quickly searchinghigh-

dimensionakpaceghat have both global constraintqarising
from workspaceobstaclesandvelocity bounds)anddifferen-
tial constraintqarisingfrom kinematicsanddynamics).The

key ideais to biasthe explorationtoward unexploredportions
of the spaceby randomlysamplingpointsin the statespace,
and incrementally “pulling” the searchtree toward them.
The resulting method is much more efcient than brute-
force exploration of the statespace.This methodcan solve

challengingproblemsthatinvolve statespace®f up to twelve

dimensionswith theinclusionof both differentialconstraints
and complicatedobstacleconstraints.In [3], [4], we used
RRTs to solve nonlinear control problems and extended
them to the case of hybrid systems.Herein, we review

those results, extend RRTs to fully discretedomains,and

describecomputationalexperimentsand tools using RRTs

for nonlineay discrete,and hybrid planningand control.

. RRT BACKGROUND

The basicRRT constructionalgorithmis given in Figure
1 (top). A simpleiterationis performedin which eachstep
attemptsto extend the RRT by addinga new vertex that is



biasedby a randomly-selectedtate,x 2 X . The EXTEND
function selectsthe nearestvertex alreadyin the RRT to
X. The “nearest” vertex is chosenaccordingto the metric,

. The function NEW_STATE makes a motion toward X
by applying an input u 2 U for sometiml increment

t. This input can be chosenat random, or selectedby
trying all possibleinputs and choosingthe one that yields
a new stateas close as possibleto the sample,x (if U is
in nite, thena nite approximationor analyticaltechnique
can be used). NEW_STATE implicitly usesthe collision
detectiorfunctionto determinenvhetherthe new state(andall
intermediatestates)satisfy the global constraints For mary
problems,this can be performedquickly (“almost constant
time”") usingincrementabistancecomputatioralgorithmsby
storingthe relevantinvariantswith eachof the RRT vertices.
If NEW_STATE is successfulthe new stateand input are
representedn Xneyw andUney , respectrely. The bottom of
Figure 1 shovs an RRT grown from the centerof a square
region in the plane.In this example,thereare no differential
constraints(motion in ary direction is possiblefrom ary
point). The incrementalconstructiormethodbiasesthe RRT
to rapidly explore in the beginning, and then corveme to
a uniform coverage of the space[7]. The exploration is
naturally biasedtowards vertices that have larger Voronoi
regions. This causeghe explorationto occur mostly on the
unexplored portion of the statespace.

In additionto growing a treefrom the startingstate,mary
RRT implementationgrow a secondreefrom the goal state.
Suchtreesgrow in four steps:

1) Grow start-treetowardsa randomunexploredcon gu-
ration.

2) Grow goal-treetowardsa randomunexplored con gu-
ration.

3) Grow start tree towards goal tree. At eachiteration,
selecta randomnodein the goal treeto grow towards
it.

4) Grow goal tree towards start tree. A solution path is
found whenthe two trees nally connect.

[1l. RRTs FOR NONLINEAR CONTROL

Other researcherdiave applied RRTs to planning prob-
lems of varioustypesincluding path-steeringmanipulation
planningfor digital actors,varietiesof holonomicplanning,
and attitude control (kinodynamic planning) [7]. To our
knowledge, we are the rst experimenterso test RRTs on
standardcontrol problems([3], [4]. It is our hope that by
studyingthe RRT's performancen thesecommonproblems,
we will be able to gaugethe strengthsand weaknessesf
RRT's comparedo otherapproaches.

A. Pendulum Swing-Up

The rst experimentwe conductedvasapplyingthe RRT
to the swing-upproblemfor a nonlinearpendulum:

a pendulumof massm and length | with equationof

motion . ﬂsm 3

2l mi 2
Motor at tip which canapplytorquesof 2 f 1;0;1g
units

Initial stateof = 0 (down)and = 0
Goalstateof = (up)and =0
The goal for the planneris to nd a seriesof torque-time

pairs that get the pendulumto the goal state.In all but the
mosttrivial casesthe motoris unableto lift the pendulumto
the goal statein onesmoothmotion. The penduluntherefore
must be swung back and forth until it achiezes sufcient
velocity to reach the goal con guration. Our rst try at
solving the problem, a single-trQFRRT using the straight-

forward Euclideanmetric, = ( )2+ ( J2, proved
to be quite successful.Usually nding a solution in less
than 10,000iterations (only a few secondsof computation
on most modern computers),our implementationshaved
that the RRT algorithm is both fastand adaptableto mary
problemdomains.SeeFigure 2 (left).

The dual-tree solution to the same problem was also
impressie, sometimesnding a pathto thegoalstatein close
to half the time of its single-treerelatve. One interesting
characteristicof the solutiontreesis how clearly it demon-
stratesthe dynamicsof the system.SeeFigure 2 (right).

Fig. 2.  Single- and Dual-RRT Solutionsto the Pendulum Swing-Up
Problem. The x-axis correspondsto  and the y-axis to — The left
image shavs a single-treeRRT solution for the pendulumproblem after
5600 iterations.The right image shavs a dual-treeRRT searchafter 3300
iterations(solutionin dark).

B. Acrobot

For our secondexperiment,we testedthe RRT algorithm
on a problem of higher dimensionality The acrobot has
gainedattentionin recentliteratureas an interestingcontrol
task in the areaof reinforcementlearning[10]. Analogous
to a gymnastswinging on a high-bar the acrobothasbeen
studied by both control engineersand machine learning
researcherslhe equationf motionusedcomefrom [11, p.
271]. A time stepof 0.05secondsvasusedin the simulation,
with actionschosenafter every four time steps.The torque
applied at the secondjoint is denotedby 2 f 1;0; 1g.



There were no constraintson the joint positions, but the
angularvelocitieswerelimitedto 5 2 [ 4 ;4 Jand » 2
[ 9 ;9 ]. Theconstantaverem; = m, = 1 (masse®f the
links), 11 = 1, = 1 (lengthsof links), Ic; = lc2 = :5 (lengths
to centerof massof links), 11 = 1, = 1 (momentsof inertia
of links), andg = 9:8 (gravitational constant).

There are numerousgoals that planning systemscan at-
temptto reachwhencontrollingthe acrobot but mostinvolve
reachingvariousvertical levels. In our testing,we attempted
to swing the tip of the acrobotabore somevertical level,
Y = Ygoal. The single-treeRRT had no problem nding a
solution to the acrobottip-goal problem. Unlike some of
the competingplanners,the RRT is basedon virtually no
domain-speci cknowvledgeexceptfor theacrobots equations
of motion, yet the RRT plannerwas able to perform well
comparedo publishedmetricsof enegy efciency andtime
efciency [10], [11].

Figure 3 shaws the vertical position of the tip of one
versionof the RRT-controlledacrobotversustime. Like the
invertedpendulum,the acrobothadto swing backandforth
multiple timesin orderto reachthe goal state.The starting
positionwasy = 2:0 andygea = 1:0. As for the time-
lapse behaior, the RRT-controlled acrobotshaved similar
behaior to that shaovn in [11, p. 274].

goal height

tirme

Fig. 3. Acrobot Swing-Up Problem:vertical position versustime

C. Multi-Aircraft Planning

We also investigated prioritized RRT algorithmsto plan
for multiple aircraftin two-dimensionstraveling amongsix
airports, with simple ight dynamics[4]. We were able to
generateplansfor up to 800 holonomicagentsin the air at
onetime. We alsogenerateglansfor tensof nonholonomic
agents(with unicycle dynamics)in the air at onetime.

IV. RRTSFORHYBRID SYSTEMS
A. Hybrid Systems

Researcherén the computerscienceand control theory
communitieshave producedmary modelsfor describingthe
dynamicsof hybrid systemd1], [2]. For the purposeof the
discussiorin this documentwe considera simpleillustrative
case,in which the constituentcontinuousstate and input
spacegin eachmode)arethe same.Thus,we have a hybrid
systemof the form
f(x; u;q);

= X 621 (x; u; Q)
= D(xu;q);

X
* X 2 J(X; u;q):

(x ) @

Here,x 2 X is the continuousstate,u 2 U is the input,
andg 2 Q' f1;2;:::;Ng is the discretestateor mode
Also, f (; ;q) is the continuousdynamics,J( ; ;q) is the
jump set,and D(; ;q) is the discretetransition map, all
for modeqg. The map D relatesthe post-jumphybrid state
(x; " from the pre-jumphybrid state(x; g). The input u,
which caninclude both continuousanddiscretecomponents,
allows theintroductionof non-determinisnin the model,and
canbe usedto representhe actionof control algorithmsand
the effect of ervironmental disturbancesThe evolution of
the discretestateq modelsswitchesin the control laws and
discreteeventsin the ervironment,suchasfailures.

Brie y, the dynamicsare as follows: the systemstartsat
hybrid state(x(tp); o) and evolves accordingto f (; ; Go),
until the set J(; ;) is reached.At this time, say tj,
the continuousand/or discrete state instantaneouslyjump
to the hybrid state(x(t7 ); 1) = D(x(t1);u(t1); %), from
which the evolution continues While terse,the abore model
encompassesoth autonomousand controlledswitchingand
jumps, and allows modeling of a large classof embedded
systemsijncluding ground,air andspacevehiclesandrobots;
see[1], [2] for moredetails.Below, we describean approach
to hybrid planningand control basedon RRTSs.

B. Extending RRTs to Hybrid Systems

Emilio Frazzoli and his co-workers have used random
searchin the contet of a hybrid “maneuser automatonto
planmotionsfor aerospace&ehicles[5]. However, we believe
ourwork [3], [4] wasthe rst generaldescriptionof a hybrid
RRT. We summarizet here.

A general,hybrid RRT canbe achiesed in variousways,
dependingon the underlying hybrid systemsmodel and
speci cs of the continuousand discretedynamics(and sym-
metriestherein).We now wish to give a tasteof the way a
hybrid RRT mightwork for themodel(1). A planning/control
problemwill have atargetsetT X Q.

The simplestalgorithm one might ervision would explore
reachablespaceby growing a forest of RRTSs, onein each
mode, with jump points amongvarious treesin the forest
identi ed. In the moregeneralcase evolution will startfrom
a set of seedsin a start setS X  Q, encompassing
one or more modes,and proceedfrom there accordingthe
hybrid-RRTalgorithm outlined belon. One may think of the
resultingtreeas(a) growing in the hybrid statespaceX Q,
or (b) asgrowing in X, with nodesandarcscolored/labeled
by the currentmode.

Even underthis setup,thereare several casego consider:

1) Generalspeci cations;S, T, J, andD arearbitrary

2) Homogeneouspeci cations:S = B Q andT =
G Q. i.e. thestartandtarget setsareindependenof
mode.

3) Homogeneous switching: J(X; q)
D(x;q) D(x), independentf g.

J(x) and



4) Unrestrictedswitching: J(;q) =
D(x;q) = x for all x, g.

X for all g and

While the abore is not exhaustve, it provides a senseof a
few typesof symmetriesin the discretedynamicsthat can
be exploited by the algorithm.

In the caseof unrestrictedswitching, the hybrid-RRT
algorithm is exactly the same as outlined above, except

that the control setis augmentedto allow mode changes:

U 7! U Q. Theothercasesare non-triial. In the caseof
homogeneouspeci cations, X, ang lives, and distancesare
measuredn, the continuousstatespaceX ; in the general
caseXrang lives,anddistancesare measuredn, the hybrid

statespaceX Q. Thelatterbringsup theissueof designing
metricsfor combinedcontinuousanddiscretespacewhichis
a topic of currentresearchlin eithercase,the NEW-STATE
function must respectthe hybrid dynamics. Typically, for

purely continuousRRTS, the statesexamined come from

extendingthe statexnear accordingto the dynamicsf (x; )

for a x ed time and for various (sampled)u 2 U. In the
hybrid case this continuesto hold for (Xnear ; Ghear ) if there
are no intersectionswith the jump setJ( ; Gnear ). If there
are, evolution continuesfrom the destinationpoint(s), using
the sameor different u, until the desiredamountof time
elapses.

In Figure4 we give an exampleof a hybrid RRT. Pictured
from left to right in eachrow arefour squareoors, 1 through
4. Stairs (jumps) are given by triangles, with destinations
given by inverted trianglesin the next highest oor. The
tree startedin the gray squarein the center of oor 1,
and the tamet setis the gray squareon oor 4. Successie
rows representlifferentstagesn the expansionprocessThe
hybrid stateis s = (x;q) 2 [ 20,20 f1;2;3;4g. The
metricusedis (S1;S2) = kX1 Xoko + 20j01 ).

Fig. 4. Stair Climbing: an example hybrid RRT.

C. Computational Tool for Hybrid Systems

We have beenworking on a visual tool for manipulating
and studying hybrid systems.(See [9] for more details
throughout.)Our tool builds on the Motion Strateyy Library
(MSL) developedby Steve LaValle et al. [8]. The intended
purposeof the MSL is to provide a generalizedramework
for developmentand testingof motion planningalgorithms.
Despitedifferencesbetweenour problemde nition andthe
goalsof the MSL, this frameawork is applicableto our needs.
We want to use planning algorithms,particularly RRTs, to
“walk” through hybrid systems,a similar task to planning
pathsthrougha motion strategy problem.The MSL provides
straightforvard extensibility for all aspectof its design,and
senes asthe basisfor our tool.

1) MSL Overviav: The MSL is composedof three sub-
systems: (1) an interface to input problems of arbitrary
dimensionsandgeometriesaswell asthe dynamicsof these
problems;(2) a set of planning algorithms, ranging from
PRMsto numerousRRT-variants;and (3) a graphicalmeans
for a userto study how effectively the planning algorithms
solve theseproblems A typical sessiorinvolvesrunningthe
MSL agninsta particular problem, selectinga planner and
usingtheinterfaceto planandview pathsthroughthe system.
Figure 5 shawvs the MSL's seven main objects,interactions
betweenthem, and the threemain subsystems.
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Fig. 5. MSL ClassHierarcly, Derived from [8]

Theinterfaceto a problemde nition in theMSL is divided
into two objects—aGeometry objectanda Model object.
The Geometry object containsphysical representationsf
objectsin the state space;in a motion-planningproblem
theseinclude the robot and the obstaclesamongwhich it
moves. Primarily, its role is to do collision detectionchecks,
to prevent potential paths for the agentfrom intersecting
the spaceof the obstaclesThe Model objectencapsulates
the dynamicsof the system,including a metric function for
determiningdistancein the spaceas well as algorithmsto



calculatefuture statesfor the plannergiven a currentstate,a
time incrementanda controlinput. Giventhesetwo objects,
a Problem object provides an encapsulationof both; it

providesan interfacefor the planningand graphicalobjects.

TheSolver hierarcly is acollectionof differentplanning
objectsthat are usedto nd motion planning solutionsto
problems. The largest subsetof thesesolers is the RRT
branch,and it includesvariantsto grow two treestogether
aswell asonesbiasedtowardsthe goal. The importantthing
to note regarding the solvers is that there are a signi cant
numberof variants;hencein the MSL we are provided a
large amountof extensibility to control how we actually do
sampling-baseglanning.

Thethird mainsubsystenof the MSL is thegraphicalfront
endprovidedto theuser This partis composedf threemain
objects, the Scene, Render, and GUI objectsand their
respectre hierarchiesThe Scene objectcomputeghe phys-
ical locationsof objectsbasedninformationprovidedby the
Problem object. The Render objectprovidesa hierarcly
of differentwaysto draw objectsbhasedn differentgraphical
libraries, including subclasse$or SGI Iris Performer Open
Inventor and OpenGl. A Render object receves most of
its informationfrom the Scene andProblem objects,and
giventhis input it doesthe both the drawing of the problem
and the animation of the solution. The nal part of the
user interface is the GUI object that provides a graphical
controlwindow for the user In this window, userscanselect
differenttypesof plannersmodify propertiesof the planning
algorithm,andexecutemotion planning.In addition,the GUI
objectalsoprovidesaninterfacefor theuserto thecommands
of the Render object, by providing a set of animation
controls that allow the user to start and stop animation,
changethe speedof the animation,andthe rotateor translate
the viewpoint.

2) Extendingthe MSL: Our needsrequire extending all
threeof the mainareasdiscusse@bove—theproblemde ni-
tion, the planningalgorithm,andthe userinterface.In terms
of the problem de nition, we implementboth a nev Ge-
ometry objectanda new Model object.Our Geometry
objectcontainghe sameinformationasaregularGeometry
object,but alsoincludesgeometriegor the statetransitionsof
the hybrid system.Eachtransitioncanbe modeledas a pair
of (P; g) tuples,(Ps; &) and(Ps ; & ), whereP; is a polygon
in continuousspaceandg is its discretestate.In additionto
collision detectionwe includealgorithmsfor “statetransition
detectiori. Thatis, we usethe samegeometricalgorithmsfor
detectingif the plannerintersectswith an obstacleto detect
if we intersectedwith a statetransition.

The implementationof the Model objectfor hybrid sys-
temsis accomplishedimilarly. We overridethe methodsfor
determiningthe metric to include somemetric betweentwo
elementsof the hybrid state.In some casesthis includes
the discreteinformation, but is not always requiredto do
so0. In the example we shav later, we chosea metric that

wasdependenbn the continuousaswell asthe hybrid state.
Also, the Model objectis usedfor determiningfuture states
or “taking steps”throughoutthe continuousstate.Sincethe
Model objectis independentf the Geometry object,the
planning algorithm itself determineswhen state transitions
occur andreactsaccordingly

In additionto the Model andGeometry objects,we also
must implementa new type of Solver classthat plans
against hybrid systems.Our hybrid RRT [3], [4] extends
directly from the RRT branchof the Solver hierarcly, and
plansin a similar mannerto all otherRRTs usedin the MSL.
However, oneimportantdifferenceis that at eachiterationof
the algorithm, the RRT also doesa checkto seeif a state-
transitionhasoccurred.In effect, it queriesthe Geometry
object,andif the newly plannedstatefor the RRT “collides”
with a statetransition polygon, then it addsan additional
nodeto the RRT, assuminghatary time contactis madewith
a statetransition,the hybrid automatorfollows the jump.

The nal addition to the MSL is developing the user
interface to include information for hybrid systems.Our
needsrequireextendingboth the Render and GUI objects.
Speci cally, in the Render object we neededto modify
the input languageto include discrete state information.
Currently the MSL usesa set of ASCII text les as a
convenient meansfor input, extending the Render object
to readour input languagenvolved readingan extra discrete
value for stateinformation.In termsof draving bodies,we
choseto drav them on a one-state-at-a-timéasis; hence,
displayingor animatingeachbody involves checkingif that
body's stateis the currentstate,and draving them. A big
addition to the Render objectincluding drawving not only
the pathplannedfor the problem,but alsoincluding drawing
the RRT asit getsplannedas an optional way to view the
problem.Our modi ed GUI objectincludesabilities to turn
on and off thesenew features,aswell asa meansto select
what discretestateis currently being viewed. SeeFigure 6.

Fig. 6. Modied GUI Window

3) Experimentation: To test our extendedMSL for hy-
brid systems,we have done example work using a four-
story building, similar to the one usedabore. Speci cally,
statesin our systemconsistof a two-dimensionatoordinate
combinedwith a discrete oor. Our hybrid state spaceis



s= (x;q) 2 [0; 50]2 f1;2; 3; 49. We use distancemetric

(s1;82) = kx1  xpkx + 5001 pj. Giventheseasinputs
to our model,we grov an RRT via the MSL to geta result
like the one shawvn in Figure7 (left).

Fig. 7. Stair climber Examples2d (left) 3d (right)

In this gure, the red (medium gray) peg representsa
simplepoint objectstranslatedrom 2d spaceto 3d. Thedark
blue (dark gray) block is a statetransitionor “down stairs”
in which g is decrementedvhile the light blue (light gray)
blocksare“up stairs”whereq is incrementedThewhite line
segmentsrepresentthe RRT that has beengrown through
the systemand the overlaid red (medium gray) segments
representhe path determinecby the RRT.

Figure7 (right) shavs a screercaptureof a stairclimberin
a 3d space(q = 1), wherethe hybrid statespaceis now s =
(x;q) 2 [0;50F [0;10] f1;2:3;4g. Herewe usedistance
metric (s1;S2) = kX1 Xoko + 200y pj. This example
takesfull advantageof the MSL's 3d drawing capabilitiesas
our agentis a stick- gure shapeandthe statetransitionsare
now tiny pyramids.In addition, we make useof the MSL's
collision detectioncapabilitiesby providing obstaclesshavn
asthe pink (light gray) L-shapedwall.

The examplesabose demonstratea systemwith constant
dynamics.That is, eachstepthe RRT takesis governedby
a simple constanfunction. However, we have continuedour
work by implementingexamplesthat use more complicated
dynamics. Speci cally, hybrid dynamics can be included
in the Model objectfor a given example problem.In the
functionsthat determinethe next stategiven a currentstate,
a time step, and a control input, we include information
regardingthe explicit dynamicsof the system.Qur rst steps
have beenusingsystemswith differentspeed®on each” oor”
in the stairclimbing problem; but the implementationis
openenoughto acceptmore complicatedforms of dynamics
in different hybrid systemcontets. For example,we have
studiedrectangularand nonlinearhybrid systemd9].

Our initial progresausingthe MSL hasbeenvery positive.
Given the framework we usedabove, combinedwith Emilio
Frazzoli's successisingrandomsearchesor hybrid systems,
we seeno reasonwhy ary classof differential equations
could not be appliedin a similar manner Additionally, by
relying on the framewvork of the MSL, we gain the ability
to apply ary form of generalizedplanner(e.g. PRMs, RRT
variants,etc.) to hybrid systemsaswell.

V. RRTsIN DISCRETE SPACES
A. Discrete SpaceProblems

In general,a discretespaceproblemis one where, given
a nite setof statesS, with operatorsmappinggq 2 S 7!
Q° S, oneseeksa pathfrom a startstates to a goal state
g 2 G, thesetof all goalstatesAlthoughoptimalalgorithms
(suchasA*) exist for suchproblemsthey becomenfeasible
for large problems.In addition, they are intrinsically goal-
directed, making them ill-suited to road-mappingto solve
repeatedjueries.

B. DiscretizedRRT Algorithms

By applying the samesort of heuristicinformation used
in generalinformedsearchstratgies,the RRT algorithmcan
be adaptedor usein discretestatespacesAs in the original
RRT algorithm, the tree begins with the initial states. At
eachstep,we selecta randomstateq, from the state-space
which is not alreadyin the tree, nd the neareststate g,
alreadyin the tree basedon a heuristicestimateof distance
to g, considereachpossibleoperationfrom ¢,, selectthe
one which yields the stateclosestto ¢, and add an edge
from g, toit.

Theprimarydifferencebetweerconstructiorof continuous
and discreteRRTs is in the necessityof selectingfrom a
small setof possibleoperatorswhentaking a steptoward a
randomdiscretestate.Sinceit is notimprobablethatthe best
of the operatorsyields a nen statewhich is no closerto g
thang,, andcanin factbe further away, the performanceof
the RRT in discretespaceis degradedby a decreasedias
toward unexplored areas.

A new algorithm, which mitigates this issue, is the
Rapidly-ExploringRandomLeafy Tree (RRLT). The RRLT
algorithmkeepsa separat@penlist of all statesreachablan
onestepfrom the currenttree;the “leaves” of thetreenodes.
Wheng; is selectedthe nearesteafis locateddirectly, using
the sameheuristicinformation,and addedto the tree, while
all of its successorsire addedto the openlist. In this way
the algorithm guaranteeghat at each step the tree grows
as far as possible (heuristically) toward ¢ . Although this
algorithmis morememory-intensie thanthe simplediscrete
RRT algorithm,earlyresultsindicatethatit is generallyfaster
and nds better solutions.The RRLT algorithm also lends
itself to optimizationswhich further reducerunning-times.

C. Experimentsand Results

In orderto evaluatethe potential of the RRT algorithms
in discretespacesye exploredtheir performanceon several
relatively simple discretespaceproblems.

The rst problemwe attemptedvasthe 8-Puzzle(or more
generallythe (k?  1)-Puzzle),wherethe goal is to ordera
randomlyarrangedsetof tiles, labeledl to 8, by number At
eachstep, it is possibleto swap the positionsof the empty
space,and one of the adjacenttiles. Since this problemis
easily solvable, with its low branchingfactor and average



Knight Puzzle
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Fig. 8. The5 5 Knight Puzzle

optimal solution length of approximately22, it provides a
simple test-casefor the algorithms. Manhattandistanceof
eachtile's position in one board relative to the other was
usedas a distanceheuristicfor all tests.

A moredif cult puzzleis the Knight Puzzle which entails
swapping the positions of 12 white knights and 12 black
knightsona5 5 chesdoard,usingonly valid knight moves.
Thebranchingfactoris larger, andthe optimal solutionlength
is 36, leadingto muchlarger searchtrees.Here,the heuristic
usedwasthe numberof knight movesfor eachout of place
knight to reacha destinationposition occupiedby another
out of placeknight (an admissiblebut non-metricheuristic).

To introducethe idea of “obstacles, we also tried vari-
ations of the Knight Puzzlewith constrainedmoves.In the
secondversion,we allow a pieceto move only whena piece
of the samecolor bordersthe destinationon one of the four
sides.In thethird version,a move is allowed only if it leaves
no pieceswithout an adjacentpieceof the samecolor.

D. Results

Resultsfor various RRT algorithmson the 8-Puzzleare
shavn below. In the caseof the biasedtrees,the algorithm
wasmodi ed to selectthe goalnodeasq, half thetime. The
bi-directional searchusesthe methodof growing eachtree
rst toward a randompoint, then toward a randompoint in
the othertree.

Algorithm Nodes| Open| Time | Soln.

Exp'd | Nodes| (sec)| Len.
A* 1150 | 14850 22| 2.00
BiasedRRT 610 - 65| 0.42
BiasedRRLT 380 270 48 | 0.26
Bi-Dir. RRT 380 - 31| 0.15
Bi-Dir. RRLT 290 220 30| 0.14
Best-First 270 230 60 | 0.02

Resultsfor the the Knight-Puzzle with obstaclesshov
the RRLT's effectivenessin a large and constrainedspace.
In thesetrials, the RRLT's are grown bidirectionally (best-
rst searchis unidirectional, as it exhibits classic worst-
casebidirectional searchperformance) Also, we made an
improvement to the nearest-neighboquery algorithm as
follows: by storingat eachnodethe distanceo its maximally
distant descendantywe may use A* to searchthe tree for

nearesineighbors pruning subtreeswvhich could not yield a
neighbornearerthan the bestalreadyfound! Version1 is
without obstaclesyersions2 and 3 are as describedabove.
Although best- rst searchis much faster for the simple
version of the problem, excessve memory paging prevents
it from terminating after over 5 hours of computationon
a machinewith 512 MB of RAM. The fact the time and
spacerequirementggrovn much more slowly for the RRLT
asthe spacebecomedessopenshaows that it is well-suited
to nding pathsaroundobstaclesn the discretespace.

Algorithm Nodes| Open| Soln. | Time

Exp'd | Nodes| Len.| (sec)
9x9v 1 Best-First|| 1040| 3930| 316 0.5
9x9 v 2 Best-First|| 9680 | 23200| 620 3.2
9x9 v 3 Best-First - - - -
9x9v 1 RRLT 7100 | 27500| 271 | 123.0
9x9v 2 RRLT 9150 | 30200| 315| 171.0
9x9v 3 RRLT 19900 | 57260| 354 | 665.0
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