Solving Systems of
Linear Equations



A System of Linear Equations
n equations in n unknowns x,, X;, ..., X

n []

)
A X; + X, + QX + oo+ X
Ay X; + aApX, + apX; + -0 + a4, X

2n’t™n

Ay X + AgpX, + dggXy + oo 4+ dg X

3n“tn

ad, X, + aAd,X, + aAgX; + - + A X

a. X + a,X, + a.X, + -+ a X
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In Matrix Form

Ay

a21

a‘31

an1

Or

Ay,

a'22

a‘32

an2

A3

a'23

a33

a‘n3

AX =




Example

6Xx, — 2X, + 2X, + 4x, = 16
_ 12x, - 8x, + 6x, + 10x, = 26
Equations: <
3, - 13, + 9%, + 3x, = -19
—6x, + 4x, + X, - 18x, = -34
6 -2 2 4 |[x| 16
_ 12 -8 6 10 | |Xx, 26
In matrix form: =
3 -13 9 3 X, -19
-6 4 1 -18] X, | —34




Solving a System of Linear Equations

The system resulting from a sequence of the following
operations is equivalent to the original system:

1. Multiply or divide an equation by a nonzero number.
2. Add an equation to another equation.

3. Substract an equation from another equation



Example

X, + 2X,
2X, — 9OX,

Or

X, + 2X,
2X, — OX,

—8

~

—2X, —4x, =-10

=
2X, — 9%, = —8

{—le —4x, =-10
- 9x, =-18
X, +2X,= 3
- 9x, =-18



Gaussian Elimination: Example

e

06X,
12x,

3X%,

- 2X,
- 8X,
- 13x,

+  4x,

- 2X,
- 4x,
- 12x,

+  2X,

+ 4+ o+ o+

2X,
06X,
9%,

X3

2Xq
2X,
8%,

3X,

+  4X,
+ 10x,
+  3X,

— 18,

+  4x,
+  2X,
+ X,

- 14x,



6X, — 2X,
— 4x,
< A
6x, — 2X,
— 4x,
=

2Xq
2 X,
2Xq

4X,

2 X,
2X,

2Xq

4X,
2X,
5X,

13X,

4x,
2X,
oX,

3X,

e The system is now In upper triangular form.



Gaussian Elimination

The method of Gaussian Elimination consists of two phases:

e Forward elimination: transforming the original system of
linear equations into a system in upper triangular form.

e Backward substitution



Backward Substitution

6X,

2X,

4X,

4X,
2X,
5X,

3X,
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Gaussian Elimination: Algorithm

pivot > |a, a, a; - a,||X b, | < pivot row
element |a,, &, @, - a,||X b,
ai1 aiz ai3 ain Xi bi
_anl a'n2 an3 a'nn_ _Xn_ _bn_

Fori<—2tondo /*rowi <« (rowi)—(row1l)x(a,/a,)*/

a .
a; < a; —ay, (al_llj (1<j<n)
1

b «b b [ﬁ]
a,
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all a12 a'13 a1n Xl b1
pivot> | 0 a,, a, - a,||X b, | < pivot row
element | 0 a;, a, - Ay ||X b,
O a‘|2 a‘i3 a‘in XI bl
| O an2 a‘n3 ann_ _Xn_ _bn_

Fori<3tondo /*rowi « (rowi)—(row2)x(a,/a,,) */

( a, .
aijeaij—azj(—'z) (2<j<n)
a22

b, < b —b, (ﬂ)
\ Ay,
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Gaussian Elimination: Algorithm

For k «<1ton-1do _

C

For i< k+1tondo a,,
For j« k ton do (,i'_l

Qqy <y — (aik/akk) a'l

b, <~ b, —b, (aik/akk)

Remark: for efficiency, the multipliers
(2 /ay ) should be computed before
the j-loop.
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Backward Substitution

d, a4 A5 e Ay, X bl

0 dy,, Ay A, X, bz

0 0 0 a, a | [x | |b

i 0 0 0 A || % _bn_

Fori<ntoldo

(b—Zaxj (Note: a;X; +8;;,, X,y + @y, X, =)

j=i+1
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Remarks

e The algorithm we have described is the basic (naive) version
of Gaussian Elimination.

e Problems:
- It will fail if some pivot element a,, =0.
- Even if a,, Is not zero but relatively small in magnitude,

the computed solution may have considerable round-off
errors.

15



Example
EX + X, =1 EX, + X, =1
= -1 -1
X, + X, =2 (1—5 )x2:2—g

L [ e

X, = (1-x,)/¢
On a single-precision machine, suppose & = 2.
gt= 1.00...0 x2* , 5
—=2-& =-¢
2=1.0...0x2'=0.00...01 x2*

Thus, x, will be computed as 1, and x, as 0.
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Now suppose we swap the two equations:

X, +X, =2 X, + X, =2
—
EX + X, =1 (1-&)x, =1-2¢

( . 1-2¢
= > 1-¢
X = 2-X

Again, suppose & =27,
1= 1.00...0 x2°

2¢=1.0...0x2% =0.00...01 x2°
Thus, x, will be computed as 1, and x, as 1.

}:1—25:1
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Testing solutions

X, +X, =2
EX, + X, =1

1. x,=0,x,=1 £=27

2. X, =1, x,=1 £=2%

(correct)
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Partial Pivoting

e At step k, select the pivot row to be the one with the

maximum absolute value among a,,, 8, ..., @, .
e Then, swap.
av11 a’lk am X1 bl
O ‘. . . . .
0 0 a, &g - a, Xy b,
0 O ak+1,k ak+1,k+1 T ak+1,n Xk+1 = b k+1
0 0 Aok Aokt 7 Faan Xi+2 bk+2
_ 0 0 A Qg o Ay 1L Xn _ B bn _




Example: Partial Pivoting

e Swap the two rows since 1> 2.

27X + X, = 1 X+ X,
)(1 4+ X2 — X1 + X2
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Complete Pivoting

o At step k, select the pivot row to be the one with the

maximum absolute value among a,, , ..

e More complicated.

all

o O O O

Ay

O a'kk ak k+1

0 ak+1,k ak+l,k+l

0 ak+2,k ak+2,k+1

O a‘n,k a‘n,k+1

A,

akn

ak +1,n

ak+2,n

nn

L a . Swap.
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Example: Partial Pivoting

e Swap the two rows since 1> 2.

27X + X, = 1 X+ X,
= 2 = 2
X, + X, = X T+ X

e How about this system?

2%, + 2%x, = 2%
XX + X, = 2
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Example: Scaled Partial Pivoting

e Scale vector: s' =[13, 18, 6, 12]. These values are scale factors.

e Scaled partial pivoting: pick the row with maximum |a‘1|.
S.

{i E Q E} Row 3 is picked as the pivoting row.
13 18 6 12
(13) 3 -13 9 3| [x ] [-19]
18 —6 4 1 18] |Xx, -34
6 6 2 2 4||x| | 16
12 ) 12 -8 6 10| |x | | 26

e Swap row 1 with row 3.
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‘6 [ 6 2 2 47 ['x, 16
18 -6 4 1 -18||x,| |[-34
13 3 -13 9 3| | x,| |-19
12) |12 -8 6 10||x,| | 26]
e Pivot on row 1.

‘6) [6 2 2 417x 1 [ 16
18 0 2 3 -14||x,| |-18
13 0 -12 8 1| x, | |-27
12) |0 -4 2 2| x| | -6

|, |

e Pick the row (row 3) with maximum . Swap rows 2, 3.

S.
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(6 )
13
18

12

o O O O

e Pivot on row 2.

(6 )
13
18

12

o O O O

—2
—12
0

0

e Pivot on row 3.

N W 0N

> e I\J>< X

D

x X X X

D
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(6 ) 6 —2
13 0 -12
18 0 0

12/ [0 o0

e Back substitution:

2 411 X%

8 1%, |
1% _8% X3 )
0 %] (X i
X, =1
__4%""8%')(4_
Xq = 5, =2
X2:—27—_E:3l>;3—x4:1

- 16+ 2X, —2X; —4X

16
=27
_4%
~%

4 _ 3

X, 6

26



e Scale vector: s=[s, s,, ..., S,|, where s, = max|a

1<j<n

ij"

. S. Is the scale factor of row I.

- When swapping two rows, you swap the corresponding
scale factors, too.

( Sy ) dyy d;, A5 Tt d, X b1
S, Ay, d,, d,s Tt a,, X, bz
S dsy Az, Ass o ds, X3 b3
S iy A, A3 Tt A, X bi

Ksn/ _anl A, an3 a'nn_ _Xn_ _bn_




Algorithm: Gaussian Elimination

with Scaled Partial Pivoting

For k<«1ton-1do

| < row in range [k,n] with maximum

Swap row 1 with row k
For i< k+1tondo
For j«k tondo
a; < a; —a (&, /ay)

bi < bi o bk (aik/akk)

2]

S.

Ay,
a22

a'i2

a'n2
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Without Physically Swapping Rows
e Physical rows: fixed
e |Logical rows: rows in Gaussian elimination
o I"=[I, 1, ..., 1]
- |. Indicates which physical row is logical row i

- Initially, I. < i
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Example: Scaled Partial Pivoting w/o Swapping

e Scale vector: s' =[13, 18, 6, 12].

e Index vector: I' =[1, 2, 3, 4].

a
e Scaled partial pivoting: pick the row with maximum 2,
S,
{i E 9 E} Row 3 Is picked as the pivoting row.
13 18 6 12
(1) (13} [ 3 -13 9  3|[x] [-19
2 18 —6 4 1 18| |x,| |34
3 6 6 -2 2 411x,| | 16
4) 12 | 12 -8 6 10| | X, | | 26

e L ogically swap row 1 with row 3. 20



3)
2
1

\4)

(13)
18
6

\12)

3
—6

6
12

13
A
—2
-8

N -~ O

3
—-18
A

10

e Pivot on logical row 1 (physical row 3).

(3)

\4)

e Pick the row (logical row 3) with maximum

(13
18
6

12

o o O O

—12

-2
4

Swap logical rows 2, 3.

N DN W oo

1
~14
A
2

N H><

X X X
o

D

> e X X

D

R

S,
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(3) (13 0
1 18 0
2 6 6

\4) 12 0

3)  (13) 0
1 18 0
2 6 6

4) 12 0

e Pivot on logical row 3.

X
|

N

w

N N W 00

X X X

D

X

N

w

X X X

D



(3
1
2

\4)

e Back substitution:

(13
18
6

12

o oo O O

-12 8 1] [ x, | 27
0 B ~%||%| _|-%
2 2 411x | | 16
0 0 _%3_ _X4_ __%3_

X, =1
— 45 83/ .

/S 12T
P
)(2:—27—8x3—x4:1
-12

~16+2x, —2X,—4X,

X, 5 3
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How to Modify the Algorithm?

For k «1ton-1do

| < row Inrange [k, n] with maximum

Swap row I with row k
For i< k+1tondo

For j«k tondo

q; < a; —a (aik/akk)

b, <~ b, —b, (aik/akk)

2]
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