Monte Carlo Integration

j: f(X)dx =7



Monte-Carlo Integration

o [ f0dx = (b—a)%zn:f(xi)

where X;, X,, ..., X, are uniformly distributed

random numbers in [a, b].

e The error 1s O(l/\/ﬁ)



Monte-Carlo Integration

. _[abl Lbz _[:3 f(x,y,X) dx dy dz

~ (bl - a1)(b2 o az)(bs o a3)%zn: f(Xi, yiazi)

where X, X,, ..., X are random numbers in [a,, D, ]
Y., ¥Y,, ..., Y, are random numbers in [a,, b, ],

Z, Z,, ..., Z, are random numbers in [a,, b, ].



Monte-Carlo Integration

e In general,

”Qf(x,y) dx dy

~ area(Q2)- (average of f over n random points in Q)

”_[Q f(x,y,z) dx dy dz

~ volumn(Q) - (average of f over n random points in Q)



Example

HQf(x,y) dx dy

where f(X,y) = sin\/ln(x+ y+1)

(L) g1} <L
Q = {(x,y).(x 2) +(y 2) 34}



”Qf(x,y) dx dy

~ area(Q2)- (average height of f over n random points)
2| 18
=7nr {_Z f(xi>Yi)}
N

T <
:—E f(x.,V.
4n i—1 (Iyl)

Print intermediate estimates when n= 1000, 2000, 3000, ...



Example: Computing Volumns
What 1s the volumn of the following 3D space?

0<x<1 0<y<l 0<z<l

Q: S X* +siny <7

X—z+e’ <1

1 1f (X,y,X)eQ

0 otherwise

Define f(X,Y,X)= {

I p1 p1
Then, volumn(Q) = jo jo jo f(X,y,X) dx dy dz



I 1 pl
volumn(Q2) = '[0 '[0 '[0 f(x,y,x) dx dy dz

U

l Z f(xiayiazi)
n o

m

N

where m is the number of the N randomly generated points

that are in Q).



Example: Computing Volumns

Acone: 2 =X +Y’

A sphere: X°+y’ +(z-1)=1

What 1s the volumn of the space above the cone and
inside the sphere?

The sphere 1s contained 1n a 2x2x 2 cube.
Algorithm:

1. Generate n random points in the cube.

2. Count how many of these points are in Q); say, m.

3. volumn(Q) ~ 8x 1.
N
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