Numerical Differentiation



f(X)=x>+X°+X
e \What's the order of magnitude of f (x)?
e f(10°)=10" +10” +10"° = 10%

¢ F(10°)=10%+102 +10° ~10



Big-O Notation

e Suppose we are interested in the behavior of f(n) when n — .
e Definition: We write f (n) =0O(g(n)) iff there exists a positive
constant ¢ such that 0 < f (n) <cg(n) for all sufficiently large n.

e Examples:

. 4n°+999999999999999999999n° +10n = O(n°)

10n° +5n° +3n+10
5n% +100n + 2

O(n)



Big-O Notation

e Suppose we are interested in the behavior of f(h) whenh — 0.
e We write f (h) =0(g(h)) iff there exists a positive constant c
such that 0 < f(h) <cg(h) for all sufficiently small h > 0.

e Examples:
. 4h® +999999999999999999999h° +10h = O(h)

10h® +5h* +3h+10
5h* +100h + 2

o)



Richardson Extrapolation



e Suppose
L = A(h) +a,h™ +ah* +a,h+...
where
- L Is a quantity we want to estimate,
A(h) Is an approximation to L;
limA(h) = L;

h—0

e a,,8,,a,,... may be unknown;
but k,,K,,k,,... are known; and k; <k, <k, <...



e Example: if f is analytic, then (from Taylor series):

Fle+h) = £(©)+ Feh+— 2n + s
fre) = L= 11O, Oy
h 2! 3!

which has the form

L = A(h)+ah" +a,h +ah*+...



Since limA(h) =L,

h—0
we may expect to get a better and better approximation

with a smaller and smaller h.

That iIs not always the case because of limited machine
precision and rounding error.

Now suppose we have computed a sequence of
approximations to L,

B3 2)

Richardson extrapolation is a method to compute an
Improved approximation from these values.



Write A(h) as A, (h).

Since
L=A(h)+ah“ +ah* +ah+...

the error of A,(h) as an approximation to L is in the order
of O(h").
We want to obtain a better approximation A, (h) with error

in the order of O(h*).

The idea is to eliminate the a,h* term.



(1) L= A (h)+ah“+a,h® +ah+...

o o2 (3] 3]

Multiply the second equation by 2 :

k AL e (h k, . (h ks
(3)2L:2A05+a1h+2a2§ +2a3§+...

Substract, and then divide by (2% —1):

4 ) h \
2" Ao(zj— A (h)
-= 2kl 1 +b2hk2 +b3hk3 e
\ J

= A (h) +h,h* +bh's +...

10



Now,

L = A(h)+Db,h* +b,h*+b,h* +...

Repeat the same process,

/

oA D )
2" Al(zj_ A (h)
2 —1
J
A, (h)

A, (h)

+c,h’ +c,h+. .

+c,h' +c,h+. .

+s,,,h" +5

n+1 n+2

hkn+2 +...
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A (h)
%(Dj A (h)

A(z) Al3) Ao

A)G,j Al[;zj Az@ Ag.<h>

| a5

) A

h
2n—3
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L = A(h) +a,h" +a,h** +a,h*+... =D(n,n) +O(h*)

A(h) = D(0,0)

A(h/2)= D(1,0) | D(1,1)

A(h/2%) = D(2,0) | D(2,1) | D(2,2)

A(h/2%)= D(3,0) | D(3,1) | D(3,2) | D(3,3)

A(h/2"y= D(n,0) | D(n,1) | D(n,2) | D(n,3) | --- | D(n,n)

2D(i, j-1) - D(i—1, j-1)
2% _1

D(i,0) = A(Zﬂj D(i, J) =
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j isstoredin  D(i+ j, )
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Numerical Differentiation



Numerical Differentiation

e Derivative:

f100 = fim TN =T

h—0

e Numerical approximation:
f(x+h)—=f(x)

f’(X) ~ "
e Error:
f(x+h) = f(X)+f’(x)h+f;(lx)h2+f,;(lx)h3+...
F(x) = Tx+h)-1T(x) '), 1" 2

h 2! 3!
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Applying Richardson Extrapolation

foh)-f0) £700,  f"()
h 2| 3!

= A(h)+ah+ah*+ah’+--.

f'(x) =

f(x+h)— f(x)

o Let A(h) = , and apply Richardson's

extrapolation, we can kill the h, h*, ..., h" terms,

improving the error from O(h) to O(h™*).
e \We can do even better than this.

h2_...
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Derivative Formula Using Central Differences

() f(x+h) = f(x)+ff(x)h+f"2(lx>h2+f’;<IX>hs+...

f(x)— Fooh+ Xz ) pa

&) T 21 3|

1) -(2):
f(x+h)— f(x—h) = 2f’(x)h+2f;(x) Wt

f(x+h)-— f(X—h)_ f"(x) 2 _ f®(x) h_...

f'(x) =
() 2h 3! 51
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Applying Richardson Extrapolation

fxeh)—fx=h) 700, 1909

f'(x) =
(%) 2h 3! 51
= A(h)+ah*+ah*+ah’+...
e Let A(h)= Fx+ h)Z—hf(x—h) - and apply Richardson's
extrapolation, we can kill the h*, h*, ..., h*" terms,

improving the error from O(h*) to O(h*™**).
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f'(x) = A(h) +a,h? +a,h* + ah®+--- = D(n,n) + O(h>"*?)

A(h) = D(0,0)

A(h/2)= D@,0) | D(11)

Ah/22)= D(2,0) | D(2,1) | D(2,2)

A(h/2%)= D(3,0) | D(3,1) | D(3,2) | D(3,3)

A(h/2")= D(n,0) | D(n,1) | D(n,2) | D(n,3) | --- | D(n,n)

h

D(i,0) = A(?j D(i, j) = 4'D(i, j-1) - D(i-1,j-1)

49 -1
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Example
Suppose f(x) = cos(x?). f'(3) = ?
f(x+h)— f(x—h)

2h
Richardson: Let h = 1/8=0.125and n=3.

f(3+0.125-1(3-0.125) _ , ,r94095a5g
2%0.125

D(1,0) = A(h/ 2) = —2.3942868807

f'(x) = A(h) =

Cwith x=3.

D(0,0) = A(h) =

D(2,0) = A(h/ 2%) = —2.4529392187

D(3,0) = A(h/ 2%) = —2.4677575849
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Richardson extrapolation:

—2.1694235858

—2.3942868807

—2.4692413123

—2.4529392187

—2.4724899981

—2.4727065772

—2.4677575849

—2.4726970403

—2.4727108431

—2.4727109108

e Correct value as computed from f’(x) = —2xsin(x) is

f'(3) = —2.47271091145054
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Second Derivative

f(xah) = £+ F0h+apz 00 s

21 3!

: F'(x) 2 £7(X) s
f(x=h) = ()= F'00h+—=h" - —=h’ -

Add the two equations:

F(x+h)+ f(x=h) = 2f(x)+ f”(x)h2+2f(:l(x) e

Rearrange:

f(x+h)-2f(x)+ f(x=h) 29 (x) N2 ...
h? 41
Again, we can apply Richardson's extrapolation.

f7(x) =
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