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Introduction

CSE 541
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Numerical methods

• Solving scientific/engineering problems using 
computers.

• Root finding, Chapter 3 
• Polynomial Interpolation, Chapter 4 
• Differentiation, Chapter 4 
• Integration, Chapters 5 and 6 
• Systems of linear equations, Chapters 7 and 8 
• Pseudo-random numbers and Monte Carlo 

Integration, Chapter 13 
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10 9 6 2( ) 3 9 25 3 4

Find all roots (zeros) of ( ) in the range (0,1).

That is, find all numbers  in interval (0,1)

such that  ( ) 0.

Root finding

f x x x x x

f x

x

f x

= + − + +

=
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10 9 6 2         ( ) 10 sin 9 5 3 4

What is the derivative of  ( ) at 2.4?

Differentiation

f x x x x x x

f x x

= + − + +

=
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10 9 6 2

10

0

         ( ) 10 sin 9 5 3 4

         ( ) ?

Integration

f x x x x x x

f x dx

= + − + +

=∫
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1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

6 2 3 8 10
12 4 7 4 20

        
4 7 4 4 30
5 2 6 8 40

Find  ,  ,  ,   that satisfy the system of linear equations. 

System of linear equations

x x x x
x x x x
x x x x
x x x x

x x x x

− + + =⎧
⎪ + + − =⎪
⎨ + + + =⎪
⎪− − + − =⎩
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Number Representation and 
Errors

Readings: Sec. 1.1; Chap. 2
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    :  an exact value
    :  an approximate value of 

  The  of   as an approxierror
absolute err

mation of  is 
  The  of   as an approximation of  is 

  The

or | |

relative e rro

Numerical Errors
α
α α

α α
α α

α α
α α

•
•

•

−
−

1 1

2 2

Example

error  =   
exact value

  Relative error is more significant than absolute error.
 

  1000 miles,  999 miles,  a.e. = 1 mile,  r.e. = 0.1%.
  1 mete

| |r

r,  0.9 meters,  a.e.= 0.1

 

| |

:

α

α
α

α

α

α

α

•

•
= =•
= =

−
=

meters,  r.e = 10%.
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      3.1415926535897

  A number has more than  digits.
    How to approximate it with only  digits?
  Chopping: 3.1415, 3.14159, 3.141592, 3.1415926
  Rounding: 3.1416, 3.141

Chopping and Rounding

n
n

π

•
•

=

•

…

59, 3.141593, 3.1415927
  Chop to  decimal places:
  Absolute error  10 .
  Round to  decimal places:
  Absolute error  0.5 10 .
  | Rounding error |   | Chopping error |

n

n

n

n

−

−

•

≤

≤
≤

•

×

•

•
•
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       = 123.45
       = 9876.1235
  Round  to 1 decimal place: 123.4 or 123.5?
  Round  to 3 decimal places: 9876.123 or 9876.124?
  Rounding up or down, depending on which one will 

    pr

Rounding
x
y

x
y

•
•
•

oduce smaller absolute error.
  Convention: when rounding up and rounding down will 

    produce the s  round so that
    the last digit is even.

ame absolute rounding error,

  Round  to 1 decimal placex

•

• :  
  Round  to 3 decimal places:  y•
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2

  When rounding up and rounding down will produce the
     same absolute round  round so that the last
     digit is even 

ing error,

  Round (1.10100)  to 3 binary digits: 
(0).

 (

Rounding binary numbers
•

• 2

2 2

2 2

2 2

1.10)
  Round (1.10101)  to 3 binary digits:  (1.11)
  Round (1.10101)  to 4 binary digits:  (1.101)
  Round (1.10101)  to 5 binary digits:  (1.1010)

•
•
•
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1 1 0 1 2 3
0 0

1 2
10

2

( )

(523.48)  5 100 2 10 3 1 4 10 8 10
1 0 1(101.101) 1 4 0 2 1 1
2 4 8

Numbers are typically represented in com

Representation of numbers in different bases

.
n

i i
n n i i

i i

a a a a b b b a bβ β β
∞

−
−

= =

− −

= ⋅ + ⋅

= ⋅ + ⋅ + ⋅ + ⋅ + ⋅

= ⋅ + ⋅ + ⋅ + + +

∑ ∑… …

puters in 
base 2  (binary)

  base 8  (octal)
  base 16  (hexadeci

 

al)

 

m

•
•
•
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   1.  Repeatedly divide the number by 2 until the quotient is 0.
   2.  Concatenate all the remainers.

206
103

51
25

                         

0
1
1
1    12

6
3

  

0

1
1 1
0

0

Converting an integer from decimal to binary

10 2            (206 11001) ( 110)=
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1 1 0 2 1 1 2 0

0 1 1 2

1 1 2 2

2 1 3 2

   ( ) ( ) 2

 mod  2  div 2 ( )

   mod  2  div 2 ( )                

 mod  2  div 2 ( )
             

Why?

n n n n

n n

n n

n n

x a a a a a a a a

a x x x a a a

a x x x a a a

a x x x a a a

− −

−

−

−

= = ⋅ +

= ← =

= ← =

= ← =

… …

…

…

…
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0 1 2 3
2

4 5 6 7

   
(11001110) 0 2 1 2 1 2 1 2        

 0 2 0 2 1 2 1 2   
                           

2 4 8 64 128                
206

              

Converting an integer from binary to decimal

= ⋅ + ⋅ + ⋅ + ⋅
+ ⋅ + ⋅ + ⋅ + ⋅

= + + + +
=
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  Repeatedly multiply the number by 2 and remove the 
  integer parts, which form the fraction in binary.

0.372
.744
.488
.976            

0
1
0
1
1
1

  .952
.904
.808

Converting a fraction from decimal into binary

#

10 2

              

             0 (0. 1011372) (0. 1...)=
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2 3 21

1

1

2 3 2

(0. ...)

2 ( . ...)
     

integer part of 2  expressed in base 2

= integer part of 2  expressed in base 10

Why?
x cc

c

c

c

x c c

x

x

=

=

=
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0 1 2 3 0

2

0 1 2 3 0

In decimal:
     . 10    where 0
For example:
      292.1234 2.921234 10

In binary:
     . 2     where 0
For example:
      1011.1011 1.0

Scientific notation for a none-zero number 

n

m

d d d d d

b b b b b

± × ≠

= ×

± × ≠

=

…

…

3

Sign, significand or mantissa, base, e
11101

xpo t
1 2

nen
×
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0

3

3

30
31

20
24

Ordinary decimal notation Scientific notation

1.234 1.234 10   

2000 2 10

2000. 2.000 10

0.00...0091093826 kg 9.1093826 10  kg  (an electron)

5973600...00  kg 5.9736 10  kg  (Earth's m

More examples

−

×

×

×

×

×


��


��
ass)
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sign bit : 1 bit 0 ,     1

biased expone

IEEE single-p

nt : 8 bits a

recision (32 bits) float

ctual exponent is 127

fraction  : 23 bits denoting  1.

The w

ing point standard

ord re s

:

pre

Machine representation

s

e e

f f

= + = −

−

127
2ents:    ( 1) 2 (1. ) s e f−− × ×

s     e                                f
1      8                                    23 bits



21

1 2 3 4 5 6 7

  With 8 bits for the exponent, we can denote 256 different
    values.  However, if we interprete the 8 bits as 
                 ,
    we can denote only 255 different values, from 1

e b b b b b b b

•

= ±
− 27 to 127.

  Instead, when 0 255,  we interprete the 8 bits  as denoting
    the exponent 127,  which goes from 126 to 127.
  The values 0 and 255 are special.   

    1  00000111
  Exampl :

 
e

e e
m e

e e

+
• < <

= − − +
• =

•

=

120
2

 10000000000000000000001
    = ( 1.10000000000000000000001) 2
   

−− ×



22

127
2

127
2

23 127 128 38

  Largest machine number:
    0    11111111111111111111111, which denotes
   (1.11111111111111111111111) 2
   (2 (0.00000000000000000000001) ) 2
   (2 2 ) 2 2 3.4 10

  The sm

111111 0

l

1

a

−

•

×

= − ×

= − × ≈ ≈ ×

•

126 38

lest (normalized) positive number:
    0    00000000000000000000000, which denotes
    1.00000000000000000000000 2 1.2 10
   

00000001
− −× ≈ ×
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  When 0
    0    00000000000000000000000 = 0
    1    0000000000000000

00000000
00000000

11

0000000 = 0

  When 255
    0    00000000000000000000000 = 
    1    000000000000

111111
11111111 0

Special Cases

e

e

• =

−

• =
∞

0000000000 = 

  When 0 or 255 but 0:  special meanings.
   

e f

−∞

• = ≠
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2

2

5
2 2

Consider the number 52.234375:

  Integer part:  52 =  (110100)

  Fraction part .234375 = (.001111)

  So, 52.234375 = (110100.001111)  = (1. ) 2

  The expon

Example

1010

ent is 5.  

000

We 

1111

want 12e

•

•

×•

−

−•

2

7 = 5, 
    so 132 ( )

  The machine represen

10000100

10000 10
tat

100
ion is

001111
:

    1   000000000000
  

1
 

00

e

•

= =
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2

0
2 2

201111111

Consider the number (1.0) : 

  (1.0)  = (1.0) 2

  0

  0 127 127 ( )

  The machine representation of 1
011111

.0 is:
    0 

E

1  000000000000000000000

xampl

01

e

0
   

f

e

×

=

= +

•

= =

•

•

•
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Machine numbers

• Only a finite number of numbers can be 
exactly represented in a machine.

• These number are called machine numbers.
• In a single-precision machine, how many 

machine numbers are there (not counting 
special cases)?

• Other numbers: approximated by closest 
machine numbers.
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10 2
4

2

 0.1    (in decimal)

How is  represented in a single-precision machine?

(0.1) (0.0 0011 0011 0011 0011 0011 )

          (1.1 0011 0011

01111011

 0011 00

           

11 0011 01) 2

0  10

 

011

Question:

x

x

−

←

=

≈ ×

…

001100110011001101
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8
2

4
2

8
2

 (1.0001 1111 0000 1111 0000 111) 2

             (1.1111 0000 0000 0000 0001 111) 2
             ?

            (1.0001 1111 0000 1111 0000 111) 2

            (0.0

   

001

         

Addition:

x

y
x y

x

y

= ×

= ×
+ =

= ×

= 8
2

8
2

8
2

1111 0000 0000 0000 0001 111) 2

      (1.0011 1110  0000  1111  0000 1111 111) 2

              (1.0011 1110  0000  1111  0001 000) 2   

x y

×

+ = ×

≈ ×
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23

0
2

24 24

4

2
0

2

2  Mathematically, 1.000 0001.
  In a single-precision machine: 

1 (1.00000000000000000000000) 2   
2 (1.00000000000000000000000) 2

(0.00000000000000000000000 ) 2

1

   
1

 
1

2

 

24  1 2 ?

−

−

−

=

= ×
= ×
= ×

• +
•

−+ =

����
…

24 0
2

0
2

2 (1.000000000000000000000001) 2
(1.00000000000000000000000) 2
1

−+ = ×
= ×
=
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( )

0
2

24 47 24
2

0
2

24 47

1

Machine-dependent.
One possibility:

1 (1.00000000000000000000000) 2   
2 2 ( .0000000000000000000000 ) 2

(0.00000000000000000000000 000 000 ) 2
     

1 2 2 (1.0000000000
1

1

0
1

0

24 47  1 2 2 ?

− − −

− −

= ×
+ = ×

= ×
+ +

+

=

− −+ =

…
0

2
0

2

00000000000 000 000 ) 2
(1.0000000000000000000000 2

1 1
1)

1

×
= ×
>

…
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  The smallest machine number  such that 1+ 1
    is called the .  Machine-dependent.

  Another definition: The difference between 1 and the
    next machine repres

ma

en

chine ep

t

n

ab

silo

Machine Epsilon
ε ε•

•

>

0
2

0
2

23

le number.

  1 (1.0000000000000000000000 ) 2

  The next machine representable number is:

    (1.0000000000000000000000 ) 2

  The difference between 1 and  is  1 2 . 
    

0

1x

x x −

= ×

= ×

−

•

=

•

•
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  Why do we want to know the machine epsilon?
  For instance, consider the approximation

( ) ( )              ( )

  By choosing  smaller and smaller, we would e

Significance of Machine Epsilon

f x h f xf x
h

h

+ −′

•

≈

•
•

xpect to
    get better and better estimate of  ( ).
  However, if  gets so small that  in the machine,

    then ( ) ( ) and we will get ( ) 0.
  We require 1 1 .

   

f x
h x h x

f x h f x f x
x h x h x h x h xε ε

′

+ =
′+ = ≈

+ > + ⇒> ≥ ≥⇒ ⇒

•

•
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10

sign bit : 1 bit 0 ,     1

biased exponent : 11 bits actual exponent is 1023

fraction  : 23 bits denoting  1.

Denoting the value:    

IEEE double-precision (64 bits) floating point standard:

( 1 ) 2s e

s

e e

f f

−

= + = −

−

− × 23
2(1. )f×

s     e                                f
1     11                                  52 bits



34

3

1204 4 significant digits
56.780 5 significant digits
0.0067 2 significant digits
0.006700 4 significant digits
1.006700 7 significant digits
2000 1 significant digit 
2.0 1

Si

0 2 s

gnificant

ignifican

Dig

t d

i

t

ts

igi×
3

3

s
2.00 10 3 significant digits
2.000 10 4 significant digits

×

×
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   are always significant.
   between nonzero digits are significant.
  Leading  are not significant.
  Trailing

Nonzeros
Zeros

zeros
zeros  are significant if the decimal point is spec

Significant Digits
•
•
•
• ified.
  For instance, 200.00 has 5 significant digits; 200 has 1.•



36

  Let  be an approximation to .

   is said to approximate  to  significant digits if

     and  are equal when rounded to  digits 
    (but not equal if rounded to more digi

Significant Digits

N N

N N k

N N k

•

•

�
�
�

ts). 
  Example:     0.123456 

    321 approximates  to 3 significant digits.
    12 approximates  to 4 significant digits.
   Include only significant digits 

0.123
0.1

when writing an ap
23

p
 

x

  
 5

ro

x
x
x

•

•

=
i
i

imation.
     In the above example, write 0.123 

not
or 0.1235,

      0.123321 or  0.123512.
x x

x x
≈ ≈

≈ ≈
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3

3

3

3

  There are  books in the library.
  2.000 10 , implying exactly 2000.
  2.00 10 , implying 1995 2005.
  2.0 10 , implying 1950 2050.
  2 10 , implying 1500 2500.

Significant Digits

N
N
N
N
N

•

•

•

= ×

= ×

=• ×

×• =

�
�
� ∼
� ∼
� ∼
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  Regard the least significant digit of approximate numbers
as doubtful.  

  Allow only one doubtful digit 
4.783
1.23
2.0

       

2
4

                   
8.0

rounding
8.0

    

   

72

4
  

3

 

2

Significant Digits

+

⇓

•

•
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  Subtraction may cause loss of significance. 
  Both numbers have 5 significant digits. 

    The answer has only 3.

1.023
0.9726

                          0.050
rounding

0.050
 

6
8

   

92

9

Significant Digits
•
•

−

⇓
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The answer must be rounded off to 2 significant figures,
since 1.6 only has 2 significant figures.

2.872
1.

         

3
6
.595             68

.

    4
rounding

4
      

6

Significant Digits

×

⇓
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The answer must be rounded off to 3 significant figures,
since 45.2 only has 3 significant figures.

45.
6.357

            

2
8

093775              7.1
rounding

7.1
     

1
 

Significant Digits

×

⇓
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  When  and  are nearly equal, the substraction  
    can cause loss of significant digits and lead to serious
    errors in many computations. 
  This source of error is

Loss of Significant Digits
x y x y−•

• known as substractive cancellation.
  To demonstrate this, suppose the machine has 5 decimal

    digits of accuracy.
  Exact values:

          0.3721448693             0.3720214371
  5 decimal digi

x y= =

•

•

• ts of accuracy:
          0.37214                      0.37202x y= =� �
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5

6

  relative error of  ( ) / 1.3 10

    relative error of  ( ) / 3.9 10
  Exact difference:  .0001234322
  Approximation:  .00012
  The relat

Loss of Significant Digits (conted)

x x x x

y y y y
x y

x y

−

−

= − = ×

= − = ×

− =
−

•

•
•
•

=

� �

� �

� �

2

ive error of  is:
| ( ) ( ) | .0000034322        3 10

| | .0001234322

x y
x y x y

x y
−

−
− − −

= = ×
−

� �
� �
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  Locate the "sensitive" substraction and eliminate it, 
    if possible, by analytical manipulation.
  For instance, suppose the values of

               

Avoiding Loss of Significance in Substraction 
•

•

0

( ) sin
    are required near 0.

sin  Since lim 1,  sin  when 0 and computing  ( )

    directly will cause serious lose of accuracy.
 

 

x

f x x x
x

x x x x f x
x→

= ≈ ≈•

= −
=
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1

1

1

4

4

  For 0.6666666667 10

    sin 0.6661729492 10 .

    ( ) sin

           0.0004937175 10

            = 0.4937175 10

   Correct  ( ) 0.4937174327 10 .

  3  added which are a

000

spurious zeros

x

x

f x x x

f x

−

−

−

−

−

= ×

= ×

= −

= ×

×

= ×

•

•  loss of signicance.
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3 5 7

3 5 7 3 5 7

1

3 5 7
5

  Approximate sin  with its Taylor series :

             sin
3! 5! 7!

  ( ) sin
3! 5! 7! 3! 5! 7!

  For 0.6666666667 10 ,  

               4.937174328 10 .
3! 5! 7!

x

x x xx x

x x x x x xf x x x

x

x x x

−

−

•

= − + − +

= − = − + − ≈ − +

= ×

− + ×

•

•

=

"

"

5  Correct  ( ) 4.937174327 10 .f x −= ×•
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2 2

  ( ) 1 sin
  Values of  ( ) for  near / 2 are needed.
  sin 1 for / 2.
  Instead of computing ( ) 1 sin  directly, use

(1 sin )(1 sin ) 1 sin cos    1 sin
1 sin 1 sin 1 si

Another Example
f x x

f x x
x x

f x x
x x x xx

x x

π
π

= −

≈ ≈
= −

− + −
− = = =

•

•

+ + +

•
•

n x
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