




















8/28/07 Version
Precis Basic_String_Theory;



uses Basic_Natural_Number_Theory;

Definition Is_String_Former(  Str( (: Set ): Set, (:
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Pty 1:  if (: Set, then Str((): Set;


Pty 2:  ( (: Str((), ( x: (, ext((, x): Str(();


Pty 3:  ( (: Str((), ( x: (, ext((, x) ( (;


Pty 4:  ( (, (: Str((), ( x, y: (, if ext((, x) ( ext((, y), then ( ( ( and x ( y;


Pty 5:  ( S:(( Str(() ),





if (i) ( ( S and




  (ii) ( (: S, ( x: (, ext((, x) ( S,





then S = Str(()













   
);


Corollary 1:  Str(() = {(};


Corollary 2:  ( (, (: Set, if Str(() = Str((), then ( = (;


Corollary 3:  ( (, (: Set, if ( ( (, then Str(() ( Str(();


Corollary 4:  ( (, (: Set, Str(() ( Str(() ( Str(( ( ();


Corollary 5:  ( (, (: Set, Str(() ( Str(() = Str(( ( ();




Corollary 6:  ( Str: Set(Set, ( (:
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if Is_String_Former( Str, (, ext ), then ( (, T, U: Set, ( p: T(Str(()(((T,



( b: T(U, ( s: T(U(Str(()(((U, (! f: T(Str(()(U ( ( t: T, ( (: Str((), ( x: (, 


f( t, ( ) ( b(t) and f( t, ext((, x) ) ( s( t, f( p(t, , x, ), , x );




Corollary 7:  ( Str1, Str2: Set(Set, ( (1:
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[image: image7.wmf],

)

(

)

(

:

1

:

:

1

U

U

U

Set

Set

Set

G

G

G

G

®

G

´

G

Str

Str

 ( ext2:
[image: image8.wmf],

)

(

)

(

:

2

:

:

2

U

U

U

Set

Set

Set

G

G

G

G

®

G

´

G

Str

Str




if Is_String_Former( Str1, (1, ext1 ) and Is_String_Former( Str2, (2, ext2 ), then 




(! h:
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( h((1) ( (2 and ( (: Set, ( (: Str1((), ( x: (, 




h(ext1((, x)) ( ext2(h((), x) and Is_Bijective( h ); 




Corollary 8:  ( Str: Set(Set, ( (:
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Is_String_Former( Str, (, ext );


Implicit Def.  IndFnWRT( Str: Set(Set, (:
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)

(

:

I

Set

G

G

Str

 ext:
[image: image13.wmf],

)

(

)

(

:

:

:

U

U

U

Set

Set

Set

G

G

G

G

®

G

´

G

Str

Str





 T, U, (: Set, b: T(U, s: T(U(Str(()(((U, p: T(Str(()(((T ): T(Str(()(U  is

( (: Str((), if ( ( ( or ¬ Is_String_Former( Str, (, ext ), then
 

IndFnWRT(Str, (, ext, T, U, (, b, s, p)(t, () ( b(t) and 

 

if Is_String_Former( Str, (, ext ), then 




IndFnWRT(Str, (, ext, T, U, (, b, s, p)(t, ext((, x)) ( 

s(t, IndFnWRT(Str, (, ext, T, U, (, b, s, p)(p(t, (, x), (), x);



Corollary 1:  ( Str1, Str2: Set(Set, ( (1:
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 ( T, U, (: Set, ( b: T(U, ( s1: T(U(Str1(()(((U, 




( s2: T(U(Str2(()(((U, ( p1: T(Str1(()(((T, ( p2: T(Str2(()(((T,

 


if Is_String_Former( Str1, (1, ext1 ) and Is_String_Former( Str2, (2, ext2 ) and 

 



h((1) ( (2 and ( (: Set, ( (: Str1((), ( x: (, h(ext1((, x)) ( ext2(h((), x) and 





( t: T, ( u: U, s1(t, u, (, x) ( s2(t, u, h((), x) and p1(t, (, x) ( p2(t, h((), x),

 


then ( (: Str1((), ( x: (, ( t: T, IndFnWRT(Str1, (1, ext1, T, U, (, b, s1, p1)(t, () (




IndFnWRT(Str1, (1, ext1, T, U, (, b, s1, p1)(t, h(());

Assumption Str: Set(Set and (:
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Is_String_Former( Str, (, ext );


Corollary 1: ( (: Set, ( (: Str((), ( ( ( or ( (: Str((), ( x: ( ( ( ( ext((, x);

Def. IndFn( T, U, (: Set, b: T(U, s: T(U(Str(()(((U, p: T(Str(()(((T ): T(Str(()(U 


= (  IndFnWRT( Str, (, ext, T, U, (, b, s, p )  );

Inductive Definition on (: Str((: Set) of ((: Str(())◦( ( ): Str(()  is

 (i) (◦( ( (;


(ii) (◦ext((, x) ( ext((◦(, x);


Corollary 1: Is_Identity_for( ◦, ( );




Corollary 3: Is_Associative( ◦ );




Corollary 4: Is_Right_Cancellative( ◦ );
Inductive Def. on (: Str((: Set) of |(|: ℕ  is
(i)
|(| ( 0;

(ii)
|ext((, x)| ( suc(|(|);




Corollary 1: ( (: Set, ( (: Str((), |(| ( 0 iff ( ( (;



Corollary 2: ( (: Set, ( (, (: Str((), |(◦(| ( |(| ( |(|;



Corollary 3: ( (: Set, ( (, (, (, (: Str((), if (◦( ( (◦( and |(| ( |(|, 

then ( ( ( and ( ( (;



Corollary 4: ( (: Set, ( (: Str((),( m, n: ℕ, if  m ( n ( |(|, then (! (, (: Str(() ( 

(◦( ( ( and |(| ( m and |(| ( n;




Corollary 5: ( (: Set, ( (, (, (, (: Str((), if (◦( ( (◦(, then (! (: Str(()(( ( (◦( or
( ( (◦(;
Definition 
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 = ( ext((, x) );


Corollary 1:  ( (: Set, ( x: (, (x(: Str(() and (x( ( (;


Corollary 2:  ( (: Set, ( x: (, |(x(| ( 1;


Corollary 3:  Is_Injective( ((( );


Corollary 4:  ( (: Set, ( (: Str((), |(| ( 1 iff ( x: ( ( (x( ( (;




Corollary 5:  ( (: Set, ( (: Str((), ( x: (, (◦(x( ( ext((, x);

Inductive Def. on (: Str((: Set) of (Rev  is
(i)
(Rev ( (;
(ii)
ext((, x)Rev ( (x(◦(Rev;

Corollary 1:  ( (: Set, ( x: (, (x(Rev ( (x(;




Corollary 2:  ( (: Set, ( (, (: Str((), ((◦()Rev ( (Rev ◦ (Rev;



Corollary 3:  ( (: Set, ( (: Str((), ((Rev)Rev ( (;


Corollary 4:  If (Rev ( (, then (Rev ( (;

Corollary 5:  Is_Left_ Cancellative ( ◦ ); 




Corollary 6:  ( (: Set, ( (, (, (, (: Str((), if (◦( ( (◦( and (|(| ( |(| or |(| ( |(|), 

then ( ( ( and ( ( (;



Corollary 7:  |(Rev| ( |(|;

Implicit Def. Prt_btwn( m, n: ℕ, (: Str((: Set) ): Str((),  is


|Prt_btwn(m, n, ()| ( min(n ∸ m, |(| ∸ m ) and 

Prt_btwn(0, m, ()◦Prt_btwn( (m, n, ()◦Prt_btwn(max(m, n), |(|, () ( (;


Corollary 1:  ( (: Set, ( (: Str((), ( n: ℕ, if n ( |(|, then Prt_btwn(0, n, () ( (, and 
( m: ℕ, if Prt_btwn(m, n, () ( ( ( (, then m ( 0 and n ( |(|;


Corollary 2:  ( (: Set, ( (: Str((), ( m, n: ℕ, Prt_btwn(m, n, () ( ( iff 

m ( |(| or n ( m;


Corollary 3:  ( (: Set, ( (: Str((), ( n: ℕ, Prt_btwn(0, n, ()◦Prt_btwn(n, |(|, () ( (;


Corollary 4:  ( (: Set, ( (, (: Str((), Prt_btwn(0, |(|, (◦() ( ( and 

Prt_btwn(|(|, |(◦(|, (◦() ( (;


Corollary 5:  ( (: Set, ( (: Str((), ( x: (, Prt_btwn(|(|, |(| ( 1, (◦(x() ( (x( ( 


Prt_btwn(0, 1, (x(◦() and Prt_btwn(0, |(|, (◦(x() ( ( ( Prt_btwn(1, |(| ( 1, (x(◦();


Corollary 6:  ( (: Set, ( (: Str((), ( m, n: ℕ, 



Prt_btwn(m, n, ()Rev ( Prt_btwn(|(| ∸ n, |(| ∸ m, (Rev) and 



Prt_btwn(m, n, (Rev) ( Prt_btwn(|(| ∸ n, |(| ∸ m, ()Rev; 

Inductive Def. on n: ℕ of 
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Str(

Γ

:

)

:

Str(

Γ

:

)

:

F(i

n

m

1

)

(m:

i

0

÷

÷

ø

ö

ç

ç

è

æ

Õ

+

+

=

>

Set

N

N

  is
 (i)

[image: image23.wmf]L

=

Õ

+

+

=

0

m

1

m

i

)

i

(

F


(ii)

[image: image24.wmf]));

n

(

suc

m

(

F

)

i

(

F

)

i

(

F

n

m

1

m

i

)

n

(

suc

m

1

m

i

+

÷

÷

ø

ö

ç

ç

è

æ

=

Õ

Õ

+

+

=

+

+

=

o





Corollary 1:  ( (: Set, (m, n, p: ℕ, ( F: ℕ(0(Str((),
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Corollary 2:  ( (: Set, ( m, n: ℕ, ( F: ℕ(0(Str((), 
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Corollary 3:  ( (: Set, ( (: Str((), ( m, n: ℕ, ( f: ℕ(0(ℕ, if 
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then ( z: (, (! F: ℕ(0(Str(() (
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Corollary 4:  ( (: Set, ( z: (, ( m: ℕ, ( (: Str((), (! x: ℕ(0(( (
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Corollary 5:  ( (: Set, ( m, n: ℕ, ( F: ℕ(0(Str((), 
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Corollary 6:  ( (: Set, ( m, n: ℕ(0, ( F, G: ℕ(0(Str((),
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( (: Str((), ( ( F(m ( 1) ( (◦G(n ( 1) or ( k: ℕ ( k ( m and
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Corollary 7:  ( (: Set, ( m, n, p: ℕ, ( F: ℕ(0(Str((), if p ( n, 

then F(m ( p ( 1) = Prt_btwn(
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Inductive Def. on (: Str((: Set) of Occurs_Ct( y: (, ( ): ℕ  is 

(i)
Occurs_Ct(y, () ( 0;

(ii)
Occurs_Ct(y, ext((, x)) (
[image: image36.wmf]î

í

ì

=

+

otherwise

if

α)

y,
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 ;


Corollary 1:  ( (: Set, ( x, y: (, Occurs_Ct(y, (x() (
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Corollary 2:  ( (: Set, ( y: (, ( (, (: Str((),

Occurs_Ct(y, (◦() ( Occurs_Ct(y, () ( Occurs_Ct(y, ();




Corollary 3:  ( (: Set, ( y: (, ( (: Str((), Occurs_Ct(y, (Rev) ( Occurs_Ct(y, ();


Corollary 4:  ( (: Set, ( y: (, ( (: Str((), |(| (
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Corollary 5:  ( (: Set, ( y: (, ( F: ℕ(Str((), 
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Inductive Def. on n: ℕ of ((: Str((: Set))n: Str(()  is

(i)
(0 ( (;

(ii)
(suc(n) ( (n◦(;




Corollary 1:  ( (: Set, ( (: Str((), ( m, n: ℕ, (m ( n ( (m◦(n and ((m)n ( (m(n;



Corollary 2:  ( (: Set, ( (: Str((), ( n: ℕ, |(n| ( n(|(|;




Corollary 3:  ( (: Set, ( (: Str((), ( n: ℕ, ((n)Rev ( ((Rev)n;




Corollary 4:  ( (: Set, ( (: Str((), ( n: ℕ, (n (
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Corollary 5:  ( (: Set, ( (: Str((), ( m, n: ℕ, if m ( n, 

then ( ( Prt_btwn(m, m ( 1, (n);

Def. ( (: Str((: Set) )Is_Prefix( (: Str(() ): B = ( ( (: Str(() ( (◦( ( (;



Corollary 1:  Is_Partial_Ordering( Is_Prefix );




Corollary 2:  ( (: Set, ( (, (: Str((), if (()Is_Prefix((), then (! (: Str(() ((◦(( (;




Corollary 3:  ( (: Set, ( (, (: Str((), ( y: (, if (()Is_Prefix((), 

then Occurs_Ct(y, () ( Occurs_Ct(y, ();




Corollary 4:  ( (: Set, ( (, (: Str((), if (()Is_Prefix((), then |(| ( |(|;




Corollary 5:  ( (: Set, ( (, (, (: Str((), if (()Is_Prefix((◦() and |(| ( |(|, 

then (()Is_Prefix(();




Corollary 6:  ( (: Set, ( (: Str((), ( m, n: ℕ, ( F: ℕ(Str((), if n ( 0 and
 



(()Is_Prefix
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then ( p: ℕ, ( (: Str(() ( p ( n and ( ( 
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Corollary 7:  ( (: Set, ( (: Str((), ( n: ℕ, Prt_btwn(0, n, () Is_Prefix (;


Corollary 8:  ( (: Set, ( (, (: Str((), ( n: ℕ, if ( Is_Prefix ( and n ( |(|, 




then Prt_btwn(0, n, () ( Prt_btwn(0, n, ();




Corollary 9:  ( (: Set, ( (, (, (: Str((), if (()Is_Prefix(() and (()Is_Prefix((),

then (()Is_Prefix(() or (()Is_Prefix(();




Corollary 10: ( (: Set, ( (, (: Str((), (! (: Str(() ( (()Is_Prefix(() and (()Is_Prefix(()

and ( (: Str((), if (()Is_Prefix(() and (()Is_Prefix((), then (()Is_Prefix(();

Implicit def. ( (: Str((: Set) )CP( (: Str(() ): Str(()  is 



((CP()Is_Prefix(() and ((CP()Is_Prefix(() and ( (: Str((),

if (()Is_Prefix(() and (()Is_Prefix((),then (()Is_Prefix((CP();




Corollary 1:  Is_Commutative( CP );




Corollary 2:  Is_Associative( CP );




Corollary 3:  Is_Zero_for( CP, ( );




Corollary 4:  ( (: Set, ( (: Str((),(CP(( (;




Corollary 5:  ( (: Set, ( (, (: Str((), (CP(◦(( (;



Corollary 6:  ( (: Set, ( (, (: Str((), ( ( (, iff 

(|(| ( |(| or ( (, (, (: Str((), ( x, y: ( ( x ( y and ( ( (◦(x(◦( and (( (◦(y(◦( );




Corollary 7:  ( (: Set, (m, n: ℕ(0, ( F, G: ℕ(0(Str((), 
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 ( j, k: ℕ ( j ( m and k ( n and x ( y and 
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F(j ( 1) ( (◦(x(◦( and G(k ( 1) ( (◦(y(◦(  );

Def. ( (: Str((: Set) )Is_Suffix( (: Str(() ): B = ( ( : Str(() (◦(( (




Corollary 1:  ( (: Set, ( (, (: Str((), (() Is_Suffix(() iff ((Rev) Is_Prefix ((Rev);




Corollary 2:  Is_Partial_Ordering( Is_Suffix );




Corollary 3:  ( (: Set, ( (, (: Str((), if (()Is_Prefix((), then (! : Str(() (◦(( (;




Corollary 4:  ( (: Set, ( (, (: Str((), ( y: (, if (()Is_Suffix((), 

then Occurs_Ct(y, () ( Occurs_Ct(y, ();




Corollary 5:  ( (: Set, ( (, (: Str((), if (()Is_Suffix((), then |(| ( |(|;




Corollary 6:  ( (: Set, ( (, (, (: Str((), if (()Is_Suffix((◦() and |(| ( |(|, 

then (()Is_Suffix(();


Corollary 7:  ( (: Set, ( (: Str((), ( n: ℕ, Prt_btwn(n, |(|, () Is_Suffix (;


Corollary 8:  ( (: Set, ( (, (: Str((), ( n: ℕ, if ( Is_Suffix ( and n ( |(|,  
then Prt_btwn(n, |(|, () ( Prt_btwn(n ( |(| ∸ |(|, |(|, (); 




Corollary 9:  ( (: Set, ( (, (, (: Str((), if (()Is_Suffix(() and (()Is_Suffix((),

then (()Is_Suffix(() or (()Is_Suffix(();

Def. ( (: Str((: Set) )Is_Substring( (: Str(() ): B = ( ( (: Str(() (◦(◦(( (




Corollary 1:  ( (: Set, ( (, (: Str((), if (()Is_Prefix(() or (()Is_Suffix((), 

then (()Is_Substring(();




Corollary 2:  Is_Partial_Ordering( Is_Substring );




Corollary 3:  ( (: Set, ( (, (: Str((), ( y: (, if (()Is_Substring((), 

then Occurs_Ct(y, () ( Occurs_Ct(y, ();




Corollary 4:  ( (: Set, ( (, (: Str((), if (()Is_Substring((), then |(| ( |(|;


Corollary 5:  ( (: Set, ( (: Str((), ( m, n: ℕ, Prt_btwn(m, n, () Is_Substring (;

 
Corollary 6:  ( (: Set, ( (, (: Str((), if ( Is_Substring (, then ( m, n: ℕ ( 

Prt_btwn(m, n, () ( (;




Corollary 7:  ( (: Set, ( (, (, (, (: Str((), if ( Is_Suffix ( and ( Is_Prefix (, 

then (◦( Is_Substring (◦(;

Def. Is_Conformal_w( ⋉: ((: Set)⊠(: B, (: Str(() ): B = ( ( x, y: (, 
if (x(◦(y( Is_Substring (, then x ⋉ y );




Corollary 1:  ( (: Set, ( ⋉: (⊠((B, Is_Conformal_w(⋉, () and ( x, y: (, 
Is_Conformal_w(⋉, (x() and ( x ⋉ y iff Is_Conformal_w(⋉, (x(◦(y() ); 




Corollary 2:  ( (: Set, ( ⋉: (⊠((B, ( (, (: Str((), if Is_Conformal_w(⋉, () and 

( Is_Substring (, then Is_Conformal_w(⋉, (); 




Corollary 3:  ( (: Set, ( ⋉: (⊠((B, ( (, (: Str((), ( x: (, 








if Is_Conformal_w(⋉, (◦(x() and Is_Conformal_w(⋉, (x(◦(),







then Is_Conformal_w(⋉, (◦(x(◦(); 




Corollary 4:  ( (: Set, ( ⋉: (⊠((B, ( (, (, (: Str((), if Is_Conformal_w(⋉, (◦() 
and Is_Conformal_w(⋉, (◦() and ( ( (, then Is_Conformal_w(⋉, (◦(◦();




Corollary 5:  ( (: Set, ( ⋉: (⊠((B, ( (, (: Str((), Is_Conformal_w(⋉, (◦() iff 

 



Is_Conformal_w(⋉, () and Is_Conformal_w(⋉, () ) and ( ( ( ( or ( ( ( or 





( x, y: ( ( x ⋉ y and (x( Is_Suffix ( and (y( Is_Prefix ( );




Corollary 6:  ( (: Set, ( ⋉: (⊠((B, ( (: Str((), ( x, y: (, if Is_Transitive( ⋉ ) and 





Is_Conformal_w(⋉, (x(◦(◦(y(), then x ⋉ y;



Corollary 7:  ( (: Set, ( ⋉: (⊠((B, ( s, t: (, s ⋉* t iff ( (: Str(() ( 


(s( Is_Prefix ( and (t( Is_Suffix ( and Is_Conformal_w(⋉, ();
Def. ( (: Str((: Set) ) Is_Permutation ( (: Str(() ): B = ( ( x: (,

Occurs_Ct(x, () ( Occurs_Ct(x, () );


Corollary 1:  Is_Equivalence_Relation( Is_Permutation );




Corollary 2:  ( (: Set, ( (, (: Str((), ((◦() Is_Permutation ((◦();




Corollary 3:  ( (: Set, ( (, (, (: Str((), (() Is_Permutation (() iff 

((◦() Is_Permutation ((◦();




Corollary 4:  ( (: Set, ( (, (: Str((), if (() Is_Permutation ((), then |(| ( |(|;




Corollary 5:  ( (: Set, ( (: Str((), ((Rev) Is_Permutation (();



Corollary 6:  ( (: Set, ( (: Str((), ||{ (: Str(() ( (() Is_Permutation (() }|| ( 
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end Basic_String_Theory;

Precis More_String_Theory;




uses Basic_String_Theory;



Def. Basis( S:((Str(()) ):((()
[image: image47.wmf];
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Corollary 1:  Basis({(}) ( (;


Corollary 2:  ( (: Set, Basis(Str(()) ( (;


Corollary 3:  ( (: Set, ( S, T:((Str(()) if S ( T, then Basis(S) ( Basis(T);


Corollary 4:  ( (: Set, ( S, T:((Str(()) Basis(S ( T) ( Basis(S) ( Basis(T);


Corollary 5:  ( (: Set, ( S, T:((Str(()) Basis(S ( T) ( Basis(S) ( Basis(T);




Corollary 6:  ( (: Set, ( (: Str((), ||{ (: Str(() ( (() Is_Permutation (() }|| ( 
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Def. Prime((: Set):((Str(()) = { (: Str(()~{(} ( ( (, (: Str((), if ( ( (◦(, 

then ( ( ( or ( ( ( }; 


Corollary 1:  ( (: Set, Prime(() ( { (: Str(() ( ( x: ( ( ( ( ext((, x) } ( 

{ (: Str(() ( |(| ( 1 };




Corollary 2:  ( (: Set, ( (: Prime((), ( (: Str((), (! (: ℕ(0(Prime(() ( 
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and ( i: ℕ(0, if i ( |(|, then ((i) ( (;


Corollary 3:  ( (: Set, Is_Identity( (()Rev↿Prime(() ); 




Corollary 4:  ( (: Set, ( (: Prime((), (! x: ( ( (x( ( (;



Implicit Def. ≸( (: Prime((: Set) ): (  is 




(≸(()( = (;




Corollary 1:  ( (: Set, ( x: (, ≸((x() = x;

Theorem S1 (Left Induction): ( (: Set, ( S:((Str(()),


if (i) ( ( S and

  (ii) ( (: Str((), ( x: (, if ( ( S, then (x(◦( ( S,


then S = Str(();

Assume Is_Total_Ordering( ( □: (: Set ) ⊴ ( □: ( ): B );


Def. (x: () ( (y: (): B = ( x ⊴ y and x ( y );


Left Inductive Def. on (: Str(() of ( ( ) ⊴L ((: Str(()): B  is


((  lexicographical ordering  ()


(i)
( ⊴L (

(ii)
Left Inductive Def. on (: Str(() of (x(◦( ⊴L ( ( ): B  is


(i).
( ( (x(◦( ⊴L ();


(ii).
(x(◦( ⊴L (y(◦( iff (x ( y or x ( y and ( ⊴L ();


Theorem S33: Is_Total_Ordering( ⊴L );

Assume Is_Partial_Ordering( ( □: (: Set ) ⊴ ( □: ( ): B )


Left Inductive Def. on (: Str(() of ( ( ) ⊴P ((: Str(()): B  is


(( profile ordering ()


(i)
( ⊴P (;

(ii)
Left Inductive Def. on (: Str(() of (x(◦( ⊴P ( ( ): B is


(i).
( ( (x(◦( ⊴P ()


(ii).
(x(◦( ⊴P (y(◦( iff (x ⊴ y and ( ⊴P ();


Theorem S34: Is_Partial_Ordering( Str(⊴P );

Assume (x: ()((y: (): ( and Is_Left_Identity_for( (, LId( )


Inductive Def. on (: Str(() of Ag(( ( ): ( is


(i)
Ag((() ( LId(;


(ii)
Ag(( ext((, y) ) ( Ag((()(y;


Theorem S35: Ag(( (x( ) ( x;


Theorem S36: ( (, (: Str((), Ag(((◦() ( Ag(( (Ag((()(◦( );


Theorem S37: If Is_Associative( ( ), then ( x: (, ( (: Str((),

Ag(( (x(◦( ) ( x(Ag((();



Corollary: If Is_Associative( ( ), then ( (, (: Str((), Ag(((◦() ( Ag((()(Ag((();


Theorem S38: If Is_Associative( ( ), then ( F: ℕ( Str((), ( m, n: ℕ,
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Theorem S39: If Is_Associative( ( ) and Is_Commutative( ( ), then ( (, (: Str((), 

if ( Is_Permutation (, then Ag((() = Ag((();

Assume f: D((((

Inductive Def. on (: Str(() of f[d: D, [ ( ]]: Str(()  is

(i)
f[d, [(]] ( (;


(ii)
f[d, [ext((, x)]] ( ext( f[d, [(]], f(d, x) );


Theorem S40: ( d: D, ( (, (: Str((), f[d, [(◦(]] ( f[d, [(]]◦f[d, [(]];


Theorem S41: ( d: D, ( (: Str((), f[d, [(Rev]] ( f[d, [(]]Rev;


Theorem S42: ( d: D, ( (: Str((), |f[d, [(]]| ( |(|;


Theorem S43: ( d: D, ( r: (, ( (: Str((), Occurs_Ct(r, f[d, (]]) 
[image: image51.wmf];
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Inductive Def. on (: Str((: Set) of ( ( ) (( ((, (: Str(()): B  is


(( is shuffle of ()

(i)
( (( ((, ();

(ii)
ext((, x) (( ((, () iff ( (1: Str(() ( ( ( ext((1, x) and ( (( ((1, () or








 ( (1: Str(() ( ( ( ext((1, x) and ( (( ((, (1);

Theorem S44: ( (: Set, ( (, (, (: Str((), ( (( ((, () iff ( (( ((, ();

Theorem S45: ( (: Set, ( (1, (2, (1, (2, (1, (2: Str((), 

if (1 (( ((1, (1) and (2 (( ((2, (2), then (1◦(2 (( ((1◦(2, (1◦(2);

Theorem S46: ( (: Set, ( (1, (2, (, (: Str((), if (1◦(2 (( ((, (), 


then ( (1, (2, (1, (2: Str((), ( ( ( (1◦(2 and ( ( (1◦(2 and (1 (( ((1, (1) and 

(2 (( ((2, (2);

Theorem S47: ( (: Set, ( (, (, (: Str((), if ( (( ((, (), then |(| ( |(| ( |(|;

Theorem S48: ( (: Set, ( (, (, (: Str((), if ( (( ((, (), then (Rev (( ((Rev, (Rev);




(
end More_String_Theory;

Precis Finite_Sequence_Theory;



uses Basic_Natural_Number_Theory;



Def. Pred_Set( n: ℕ ):((ℕ(0) = { i: ℕ(0 ( i ( n };




Corollary 1:  ( n: N, ||Pred_Set(n)|| ( n;




Corollary 2:  Is_Injective(Pred_Set);




Corollary 3:  Pred_Set: ℕ((fin(ℕ(0);



Def. IS: (((fin(ℕ(0)) = Image(Pred_Set);




Corollary 1:  Pred_Set: ℕ(IS;




Corollary 2:  Is_Bijective(Pred_Set);



Def. Fin_Seq((: Set): ((
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Corollary 1:  ( (, (: Set, if Str(() = Str((), then ( = (;


Corollary 2:  ( (, (: Set, if ( ( (, then Str(() ( Str(();


Corollary 3:  ( (, (: Set, Str(() ( Str(() ( Str(( ( ();


Corollary 4:  ( (, (: Set, Str(() ( Str(() = Str(( ( ();



Def. (: Fin_Seq(() = ( ((: Pred_Set(0)(( );
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