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The decision problem of validity in predicate logic is undecidable in
the general case, i.e., no algorithm exists which, given any arbitrary
¢ written in predicate logic, decides whether or not = ¢.




Let the sequence C = ((s1, t1), (s2, t2), - - ., (Sk, t)) denote an
instance of the correspondence problem where for 1 < | < k, each
s; and t; are binary strings.
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Reduction must be in finite time & space. I
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Constant e: Think of e as the empty string.

Function fy: Think of fy as taking a string x and returning x0.

Function £ Think of f; as taking a string x and returning x1.

o Let b= (b1, by,..., b be a string (i.e., a sequence of
characters) over {0,1}. That is, each b; € {0,1} for
1<j<r

o Then, b= fbr(fbr—l v (sz(fbl(e))) e )

o In general, for a string d, denote fy (fy, , ... (fo,(fh(d)))...)
by foyb,...6,(d)-
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Predicate P P(x, y) iff
(i, iy oy im)[X = SiSiy .- Sip, ANy = titi, ... ti ]

i |1 2 3
1 10 | 011
t | 101 | 00 | 11

e P(1010011,000011) = true?
e P(1,00) = true?
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Want to construct a formula ¢ s.t. =¢ = C has a solution.
That is, E|<I'1, 2y, i,,)[n >1A SiySiy - -+ Si, = titi, ... t,'n]

Let:
°© P=1 N2 = @3

° ¢1 = /\ P(fsi(e)7fti(e))

i=1

° ¢2 = VVVW['D(V7 W) = /\ P(fs’_(v), fl',(W))]
i=1
o ¢3 = 3z[P(z,2)]
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o Let A= {x | x is a finite string over {0,1}}.
o A is the set of all finite binary strings.
o Includes the empty string e.
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Assume VM, ([M |=; ¢]. We show that
E|<i1, 2y in>[n >1A SiySiy -+ - Si, = titi ... t,'n].

Recall ...

°© p=1 N2 = ¢3

° ¢ =VVWw[P(v,w) = /\ P(fs,(v), f,(w))]
i=1

w
Claim: M = ¢

o Suppose P(v,w).

o Implies that
E|<i1, 2y im)[v =Si S-S, N\W =tjt;,... t,'m].

o Show for each j =1...n, P(s;sj, . ..si,sj, ti, ti, - - - ti, tj).

o <i17i27"'7ima.j> )
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Assume VM, ([M |=; ¢]. We show that
E|<i1, 2y i,,)[n >1AN SiySiy -+ - Si, = titi ... t,'n].

0 P=1 N2 = ¢3
o ¢3 = 3z[P(z, 2)]

o Follows from M = ¢1 A M = ¢o.

o Implies that there exists a solution to C.




Assume (i1, I, ..., in)[n > 1L A'sisj, ... sj, = tiyti, ... t;,] . We
show that VM, {[M =, ¢].

o Recall that, by definition, M so that we can check ¢.
o Let M’ be such a model that includes

o any constant eM
o two unary functions f**', f;
o a binary predicate PM

o We show that M’ = ¢

’



Assume (i1, I, ..., in)[n > 1L A'sisj, ... sj, = tiyti, ... t;,] . We
show that VM, ([M =, ¢].

O P=P1 NP2 = ¢3 I

QO M A p1 VM A pa. Done! Why?
QO M A dpr AM' A o




Assume (i1, I, ..., in)[n > 1L A'sisj, ... sj, = tiyti, ... t;,] . We

show that VM, {[M =, ¢].

Interpreting Binary Strings:

interpret(e)
interpret(x0)
interpret(x1)

def

M
! (interpret(x))

FM (interpret(x))




|

Assume (i1, I, ..., in)[n > 1L A'sisj, ... sj, = tiyti, ... t;,] . We
show that VM, ([M =, ¢].

Notice

interpret((by, bz, ..., b)) = fM (R (R (M (M) ) is
just the meaning of f;(e) in A" where s = (b1, by, ..., b;).

| A\

Recall ...

o d1= /\ P(fi(e), fu(e))
i=1

| A\

\

M = ¢1 = PM(interpret(ss;), interpret(tt;)) for
i=1,2,...,n




Assume (i1, I, ..., in)[n > 1L A'sisj, ... sj, = tiyti, ... t;,] . We
show that VM, {[M =, ¢].

Starting with (s, t) = (sj,, t;;), can repeatedly obtain

PM (interpret(s;s;, . . . s;, ), interpret(t; t;, . . . t; ). (1)

Since sjsj, ... sj, and t; ti, ... t;, form a solution of C, they are the
same elements in A’. (1) verifies 3z[P(z, z)] in M’ and thus

M 3.
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