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Last week we presented an algorithm that given:

o a CTL formula ¢
o a model M = (S,—,L)

computes the states in S satisfying ¢.



We'll denote such a set as [¢].



(o if Ais L
{se€S|seL(S)} if\isatomic
S\ SAT(9) if A is ~
SAT(\) = { SAT(¢) USAT(k)  ifAisdVk
SATex (o) if \ is EX ¢
SATsr() if \ is AF ¢
| SATEu(¢, k) if Xis E[¢ U k]
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if A is atomic
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if Ais oV kK

if \isEX ¢

if X\is AF ¢

if Xis E[¢ U K]
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o [EX ¢] = pres([4])
o M,s EEX ¢ «= 3s'[s = s AM,s' & ¢]
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o Correctness of SAT,r, SATgy, SATge not as obvious!
o Why?
o Need to iterate labeling procedure until no further change.

o Does it ever end?
o If so, is it correct?
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o We will prove the correctness of SATgy.

o Computes in finite time.
o Terminates with the correct answer.

o Will prove correctness of SATgg, time permitting.
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function SATgy(¢, k)
1 XS
2 Y «— SAT(k)
s W — SAT(¢)
4 repeat

5. XY

& Y —YU(Wnpreg(Y))

zuntil X =Y

s return Y



E[¢ U &]
[EX 4]

kV (¢ NEX E[p U k])
[pres([¥ )]




E[¢ U &]
[EX 4]
[El¢ U £l

kV (¢ NEX E[p U k])
[pres([¥ )]




El[p Uk] = KV (¢ ANEXE[¢ U K])
[EX ] = [pres([4])]
[El¢ Us]] = [s]U([8] N pres[E[¢ U x])




El[p Uk] = KV (¢ ANEXE[¢ U K])
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E[p Uk] = KV (pANEXE[¢ U K])
[EX 9] = [pres([¥])]
[Elp U]l = [s]U([¢] N pres[E[p U k)

How do we solve this? I




Definitions

Let S be a set of states and F : P(S) -
P(S), a function on the power set of S.

Monotone Functions: We say that F is
monotone iff X € Y implies F(X) € F(Y)
for all subsets X and Y of S.

Fixed Points: A subset X of S is called a
fixed point of F iff F(X) = X.



Example

S defined as {s,, S, }
F(X) definedas X U {s,}, VX & S

Is it monotonous?



Why monotone functions?

They always have a least and greatest fixed point.

The semantics of EG, AF, and EU can be
expressed as greatest or least fixed points of
monotonous functions.

These fixed points are “easily computed”.

The procedures for SAT,, and SAT_, code to such
fixed point computations, so they're correct by #2.

Requires some proof, right?



Knaster-Tarski Theorem

LetSbeaset{s,,s,,...,s } withn+1
elements.

If F:P(S)— P(S) is a monotone function,
then F**1(©) is the least fixed point of F
and F**1(S) is the greatest fixed point of
F.

(Notation note: F' is just shorthand for F applied i times)
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o [E[¢ U &]] =[] U ([¢] N pres[E[¢ U £]])

o Define G: S — S to be the function
G(X) = [x] U ([¢] N pres(X))

o We have that:

G(X) = [sIU([o] Npres(X))
G([Elp UkI) = [x]u([o] N pres([E[p U #]]))
= [Elo U]

o Implies that [E[¢ U &]] is a fixed point of G.

o Turns out that it is the least fixed point.
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Theorem (3.7.3)

Let S be the finite set of states S = {sp,s1,- "+ ,Sn} and

G: S — S be the function G(X) = [k] U ([¢] N pres(X)). Then,
G is monotone, [E[¢ U K]] is the least fixed point of G, and we
have that [E[¢ U k]] = G"(2).

Proof: Assume S = {sp, s1,- - ,sp} and that G is defined as above.

G is monotone. Thatis, X C Y = G(X) C G(Y). \

o Assume X C Y.

o Show Vs € G(X)[s € G(Y)].
o Take any s’ € G(X).
o Case 1: s’ € [k]. Clearly, s € G(Y).
o Case 2: s’ € [¢] Npreg(X). Then, s’ € [¢] A s’ € preg(X).
Show that s’ € preg(X) = s’ € preg(Y).




Theorem (3.7.3)

Let S be the finite set of states S = {sp,s1,- "+ ,Sn} and

G: S — S be the function G(X) = [k] U ([¢] N pres(X)). Then,
G is monotone, [E[¢ U K]] is the least fixed point of G, and we
have that [E[¢ U k]] = G"(2).

[E[¢ U &]] is the least fixed point of G.

o S has n+ 1 states. Then, LFP(G) = G"™}(2) by K-T.
o Suffices to show G"1(2) = [E[¢ U &]].
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o Change Y — YU (W Npreg(Y)) to
Y — [&] U (W N preg(Y)).

o Does not change result of the algorithm.

o “Clear” that SATgy is just computing the least fixed point of
G using K—T. 777
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