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The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

Last week we presented an algorithm that given:

a CTL formula φ

a model M = (S ,→, L)

computes the states in S satisfying φ.

Sean, Raffi Model Checking CTL



The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

Last week we presented an algorithm that given:

a CTL formula φ

a model M = (S ,→, L)

computes the states in S satisfying φ.

Sean, Raffi Model Checking CTL



The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

Last week we presented an algorithm that given:

a CTL formula φ

a model M = (S ,→, L)

computes the states in S satisfying φ.

Sean, Raffi Model Checking CTL



The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

Last week we presented an algorithm that given:

a CTL formula φ

a model M = (S ,→, L)

computes the states in S satisfying φ.

Sean, Raffi Model Checking CTL



The fixed-point characterization of CTL
The correctness of SATEU

Notation

We’ll denote such a set as !φ".
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The fixed-point characterization of CTL
The correctness of SATEU

Recap: Top-level Function

SAT(λ) =






∅ if λ is ⊥
{s ∈ S

∣∣ s ∈ L(S)} if λ is atomic

S \ SAT(φ) if λ is ¬φ

SAT(φ) ∪ SAT(κ) if λ is φ ∨ κ

SATEX(φ) if λ is EX φ

SATAF(φ) if λ is AF φ

SATEU(φ, κ) if λ is E[φ U κ]
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The fixed-point characterization of CTL
The correctness of SATEU

Rewrite: Top-level Function

!λ" =
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∅ if λ is ⊥
{s ∈ S

∣∣ s ∈ L(S)} if λ is atomic
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The fixed-point characterization of CTL
The correctness of SATEU

SATEX interesting but easy?

!EX φ" = pre∃(!φ")
M, s |= EX φ ⇐⇒ ∃s ′[s → s ′ ∧M, s ′ |= φ]
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The fixed-point characterization of CTL
The correctness of SATEU

Other Operators

Correctness of SATAF, SATEU, SATEG not as obvious!

Why?

Need to iterate labeling procedure until no further change.
Does it ever end?
If so, is it correct?
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The fixed-point characterization of CTL
The correctness of SATEU

The Plan

We will prove the correctness of SATEU.
Computes in finite time.
Terminates with the correct answer.

Will prove correctness of SATEG, time permitting.
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The fixed-point characterization of CTL
The correctness of SATEU

Intuition

The semantics of E[φ U κ]

M, s0 |= E[φ U κ]

⇐⇒
∃〈s0 → s1 → s2 → . . .〉, i ≥ 0

[M, si |= κ ∧ ∀0 ≤ j < i [M, sj |= φ]]
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The fixed-point characterization of CTL
The correctness of SATEU

Intuition

Equivalences

E[φ U κ] ≡ κ ∨ (φ ∧ EX E[φ U κ])

!EX ψ" = !pre∃(!ψ")"
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The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

function SATEU(φ, κ)

1: X ← S
2: Y ← SAT(κ)
3: W ← SAT(φ)
4: repeat
5: X ← Y
6: Y ← Y ∪ (W ∩ pre∃(Y ))
7: until X = Y
8: return Y
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The fixed-point characterization of CTL
The correctness of SATEU

Intuition

Equivalences

E[φ U κ] ≡ κ ∨ (φ ∧ EX E[φ U κ])

!EX ψ" = !pre∃(!ψ")"
!E[φ U κ]" = !κ" ∪ (!φ" ∩ pre∃!E[φ U κ]")

Circularity!

How do we solve this?
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The fixed-point characterization of CTL
The correctness of SATEU

Recall . . .

!E[φ U κ]" = !κ" ∪ (!φ" ∩ pre∃!E[φ U κ]")
Define G : S → S to be the function
G (X ) = !κ" ∪ (!φ" ∩ pre∃(X ))

We have that:

G (X ) = !κ" ∪ (!φ" ∩ pre∃(X ))

G (!E[φ U κ]") = !κ" ∪ (!φ" ∩ pre∃(!E[φ U κ]"))
= !E[φ U κ]"

Implies that !E[φ U κ]" is a fixed point of G .

Turns out that it is the least fixed point.
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Theorem (3.7.3)

Let S be the finite set of states S = {s0, s1, · · · , sn} and
G : S → S be the function G (X ) = !κ" ∪ (!φ" ∩ pre∃(X )). Then,
G is monotone, !E[φ U κ]" is the least fixed point of G, and we
have that !E[φ U κ]" = Gn+1(∅).
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Remark

Notice that S has n + 1 elements.



Theorem (3.7.3)

Let S be the finite set of states S = {s0, s1, · · · , sn} and
G : S → S be the function G (X ) = !κ" ∪ (!φ" ∩ pre∃(X )). Then,
G is monotone, !E[φ U κ]" is the least fixed point of G, and we
have that !E[φ U κ]" = Gn+1(∅).

Proof: Assume S = {s0, s1, · · · , sn} and that G is defined as above.

Claim

G is monotone. That is, X ⊆ Y =⇒ G (X ) ⊆ G (Y ).

Assume X ⊆ Y .

Show ∀s ∈ G (X )[s ∈ G (Y )].

Take any s ′ ∈ G (X ).
Case 1: s ′ ∈ !κ". Clearly, s ∈ G (Y ).
Case 2: s ′ ∈ !φ" ∩ pre∃(X ). Then, s ′ ∈ !φ" ∧ s ′ ∈ pre∃(X ).
Show that s ′ ∈ pre∃(X ) =⇒ s ′ ∈ pre∃(Y ).



Theorem (3.7.3)

Let S be the finite set of states S = {s0, s1, · · · , sn} and
G : S → S be the function G (X ) = !κ" ∪ (!φ" ∩ pre∃(X )). Then,
G is monotone, !E[φ U κ]" is the least fixed point of G, and we
have that !E[φ U κ]" = Gn+1(∅).

Claim

!E[φ U κ]" is the least fixed point of G .

S has n + 1 states. Then, LFP(G ) = Gn+1(∅) by K-T.

Suffices to show Gn+1(∅) = !E[φ U κ]".



The fixed-point characterization of CTL
The correctness of SATEU

The correctness of SATEU

Change Y ← Y ∪ (W ∩ pre∃(Y )) to
Y ← !κ" ∪ (W ∩ pre∃(Y )).

Does not change result of the algorithm.

“Clear” that SATEU is just computing the least fixed point of
G using K − T . ???

!
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