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Computer Vision 
for HCI 

Kalman Filtering 

Recursive Models 

•! When working with practical problems with 
discrete data, it is important that methods are 
computationally feasible and correct 

•! Consider estimating mean of some unknown 
constant value based on sequence of noisy 
measurements (consider data as a trajectory) 
–! Let measurement sequence be z1, z2, …, zn 
–! Assume our goal is that the estimate of the mean is 

refined with each new measurement observation as it 
becomes available (process on-line) 
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Non-Recursive Method 

•! Store each measurement as it becomes available 
and re-compute sample mean 
–! First measurement z1:  m1 = z1 
–! Second measurement z2:  m2 = (z1+ z2)/ 2 
–! Third measurement z3:  m3 = (z1+ z2 + z3)/ 3 
–! And so forth… 

•! Amount of memory and operations increase with 
time 
–! Problem with large datasets 

Recursive Method 

•! Form new estimate of mean as a �lblend�z of old 
estimate and current measurement 
–! First measurement z1:  m1 = z1 
–! Second measurement z2:  m2 = [1/2]m1 + [1/2]z2 
–! Third measurement z3:  m3 = [2/3]m2 + [1/3]z3 
–! And so forth, using the weighted sum 

   mn = [(n-1)/n]mn-1 + [1/n]zn 

•! No need to store all previous measurements 
–! Equivalent (correct) result as with non-recursive 

method 
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Discrete-Time State Model 

•! Events occur in discrete time steps 
–! e.g., from sampling a continuous process into discrete 

steps 
•! Two equations (possibly multivariate) 

–! Observation equation 
•! Expresses observation as linear function of state variable(s) 

plus noise 
–! State equation 

•! Determines the state at next time step in terms of previous state 
plus noise 

•! Must have a MODEL of target system! 

Discrete-Time State Model 

•! Observation equation at step k 

•! State equation update (from k to k+1) 
1k k k k+ = +x G x w

k k k k= +z H x v
(m !  1) vector 
measurement 
(observation) 

(m !  n) matrix of ideal 
(noiseless) connection 
between measurement 
and state 

(n !  1) vector 
of process 
state 

(m !  1) vector 
of measurement 
error 

(n !  1) vector 
of process state 
at step k+1 

(n !  n) matrix relating 
state at step k to new 
state at step k+1 

(n !  1) vector 
of process 
state at step k 

(n !  1) vector of 
process error 

(Eqn. 1) 

(Eqn. 2) 
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Simple Example 
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Noise 
•! Note that the wk, vk are produced from a Gaussian 

distribution 

•! Correlation allowed among elements at any step k, 
but demand sequence be uncorrelated time-wise 
–! Also process and measurement errors uncorrelated with 

each other 
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State Estimation 
•! Begin with initial (prior) estimate of process 

state 
•! Now use observation zk to improve prior 

state estimate 
–!Choose �llinear blending�z of noisy measurement 

and prior estimate 

ˆ ˆ ˆ( )k k k k k k
! != + !x x K z H x

Updated 
state after 
assimilating 
observation 

Estimated 
state before 
assimilating 
observation 

Blending 
factor 
(Kalman 
gain) 

Error between 
observation and 
estimated (noiseless) 
observation 

(Eqn. 3) 

Error Analysis 

•! Goal is to find Kk that yields an updated 
estimate of the state that is optimal in some 
sense 

•! Kalman filtering is a method to determine Kk. 

ˆ ˆ ˆ( )k k k k k k
! != + !x x K z H x
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Error Analysis 
•! Define state estimation error (before assimilating 

observation data) as 

•! Its covariance matrix (zero mean) is 

•! Consider error covariance for updated state estimate 

ök k k
! != !e x x

ö ö[ ] [( )( ) ]T T
k k k k k k kE E! ! ! ! != = ! !P e e x x x x

ö ö[ ] [( )( ) ]T T
k k k k k k kE E= = − −P e e x x x x (Eqn. 4) 

Error Analysis 

•! Substitute (Eqn. 1) into (Eqn. 3) 

ˆ ˆ ˆ( )k k k k k k
! != + !x x K z H x

k k k k= +z H x v

ö ö ö( )k k k k k k k k
! != + + !x x K H x v H x (Eqn. 5) 
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Error Analysis 

•! Substitute result (Eqn. 5) into (Eqn. 4) 

ö ö[ ] [( )( ) ]T T
k k k k k k kE E= = − −P e e x x x x

ö ö ö( )k k k k k k k k
! != + + !x x K H x v H x
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− − + −

P x x K H x v H x

x x K H x v H x

Error Analysis 

•! Perform the expectation operator E[.] 
knowing that 
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Optimal Choice of Kk 

•! Choose optimal Kk by minimizing error 
function Jk  
–!Select scalar sum of the diagonal elements of 

error covariance matrix Pk to minimize  

trace[ ]

trace[( ) ( ) ]
k k

T T
k k k k k k k k

J
!

=

= ! ! +

P

I K H P I K H K R K

Optimal Choice of Kk 
•! Minimize by taking partial derivative of trace

(Jk) with respect to Kk , and equate it to zero 

trace[( ) ( ) ]

trace[( ) ( ) ] trace[ ]

2( ) 2 0

T Tk
k k k k k k k k

k k

T T
k k k k k k k k

k k
T

k k k k k k
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∂ ∂
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∂ ∂

∂ ∂
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∂ ∂

= − − + =
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I K H P I K H K R K
K K

I K H P H K R

Solving for Kk produces  
1( )T T

k k k k k k k
− − −= +K P H R H P H

trace[ ] 2T!
=

!
ABA AB

A

Note that: 
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Why Minimize Trace? 
•! Trace (sum of diagonal entries) = sum of 

eigenvalues  
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Optimal Choice of Kk 

•! Substituting Kk into Pk gives the �loptimized�z value of the 
updated estimation error covariance matrix (after 
assimilating the observation) 
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Can simplify expression: 
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Final Technique 
•! STEP 1:  Prediction (for next time step) 

–!Use state estimation for next step 

–!Compute estimated error covariance 
1ö ök k k

!
+ =x G x

1
T

k k k k k
!
+ = +P G P G Q
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Final Technique 
•! STEP 2:  Update time-step (k = k + 1) 

•! STEP 3:  Assimilate observation into model 
–! Compute Kk 
 
–! Compute improved state estimate  
 
–! Update error covariance Pk  

•! STEP 4: Output filter value 

•! GO TO STEP 1 (repeat) 

ö ö ö( )k k k k k k
! != + !x x K z H x

1( )T T
k k k k k k k

− − −= +K P H R H P H

( )k k k k
!= !P I K H P

öfiltered
k k k=z H x
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�lOutput�z Covariance 

•! Model gives filtered observation 

•! Can get (co)variance C of that filter observation 
(in observation space) to show �lconfidence�z 
–! Employ H from observation equation on state 

covariance P 

öfiltered
k k k=z H x

C = HkPk Hk
T

! 2 = Hk
2Pk1-D:   

Simple Example:  
Estimating a Random Constant 

•! Attempt to estimate a scalar random constant c 
–! e.g., a voltage (has natural, yet small, variation of actual voltage) 

•! Assume that we have the ability to take measurements of 
the constant, but that the measurements are corrupted by 
noise 
–! Measurement instrument is not perfect (has noise) 
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Estimating a Random Constant 
•! Time update equations 

•! Measurement update equations 
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Initialization 

•! Let the true scalar constant be c = -.37727 
•! Let process variance be Q = .00001 
•! Let the observation variance be R = .01 
•! Let our initial state guess be x0 = 0 

–!Have �lsome idea�z of the value of c 

•! Let the initial error variance be P0 = 1 
–!Not critical (though usually initialize large), 

will eventually converge 
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Synthetic Data 

•! Create a single test observation sequence to 
evaluate model with different settings 

•! In Matlab: 
>> T = 50; 
>> c = -0.37727; 
>> Q = .00001; 
>> R = .01; 
>> z = c*ones(1,T) + randn(1,T)*sqrt(Q) + randn(1,T)*sqrt(R); 
 

Filter Output 

State error 
P displayed 
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Output After 50 Observations  

50 .00034kP = =

50ö .3730kx = = ! (true value is -.37727) 

Effect of Larger R (100X) 

Slower to 
respond to 
measurements! 

State error 
P displayed 
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Output After 50 Observations  

50 .0198kP = =

50ˆ .3690kx = = − (true value is -.37727) 

(larger than previous 
example) 

Effect of Smaller R (1/100X) 

Quicker to 
respond to 
measurements! 

State error 
P displayed 



16 

Output After 50 Observations  

50 .000027kP = =

50ö .3627kx = = − (true value is -.37727) 

(smaller than previous 
examples) 

Filter Parameters and Tuning 

•! Changing or tuning Q and R to obtain 
different filter performance 

•! Manual selection (prior knowledge) 
•! Automatic minimization of likelihood error 

function 
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Extended Kalman Filter (EKF) 

•! Previous Kalman Filter governed by a linear 
model 

•! What if the process to be estimated (or the 
measurement relationship to the process) is non-
linear? 

•! Extended Kalman filter 
–! Linearizes about the current mean and covariance 

(using partial derivatives of process and measurement 
functions) 

Summary 
•! Recursive estimation 
•! Kalman filtering approach 

–! Two equations  
•! Observation equation 
•! State equation 

–! Optimal �llinear blending�z of noisy measurement and 
prior estimate 

•! Must have a MODEL of target system 
–! Need reasonable forms of H, x, G, Q, R, … 

•! Results sensitive to choices for noise estimates 
•! Highly used approach for tracking 


