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Concepts from oil painting and other arts can
be applied to enhance information representation
in scientiÞc visualizations. This sidebar describes
some examples developed in 2D. IÕm currently
extending this work to cur ved surfaces in 3D
immersive environments and facing many of the
challenges described in the article.

Examples of methods developed for displaying
multivalued 2D ßuid ßow images1 appear in Figure
J and 2D slices of tensor-valued biological images2

in Figure K. While the images donÕt look like oil
paintings, concepts motivated by the study of
painting, art, and art histor y were directly applied
in creating them. Further ideas gathered from the
centuries of artistsÕ experience have the potential
to revolutionize visualization.

The images are composited from layers of small
icons analogous to brush strokes. The many
potential visual attributes of such strokesÑ size,
shape, orientation, colors, texture, density, and so
onÑ can all represent components of the data.
The use of multiple partially transparent layers
further increases the information capacity of the
medium. In a sense, an image can become several
images when viewed from different distances. The
approach can also introduce a temporal aspect
into still images, using visual cues that become
visible more or less quickly to direct a viewer
through the temporal cognitive process of

understanding the relationships among the data
components.

Figure J, created through a collaboration with R.
Michael Kirby and H. Marmanis at Brown, shows
simulated 2D ßow around a cylinder at Reynolds
number 100. The quantities displayed include two
newly derived hydrodynamic quantities Ñ
turbulent current and turbulent charge Ñ as well as
three traditional ßow quantitiesÑ velocity,
vorticity, and rate of strain. Visualizing all values
simultaneously gives a context for relating the
different ßow quantities to one another in a search
for new physical insights.

Figure K, created through a collaboration with
Eric Ahrens, Russ Jacobs, and David Kremers at
Caltech, shows a section through a mouse spinal
cord. At each point a measurement of the rate of
diffusion of water gives clues about the
microstructure of the underlying tissues. The
image simultaneously displays the six interrelated
values that make up the tensor at each point.

Extending these ideas to display information on
surfaces in 3D has the potential to increase the
visual content of images in IVR.
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J Using art-motivated methods to display multival-
ued 2D ßuid ßow around a cylinder at Reynolds
number 100. Shown at each point are velocity , vortic-
ity, the rate-of-strain tensor , turbulent change, and
turbulent current.

K 3D tensor-
valued data
from a slice of a
mouse spinal
cord. The visual-
ization methods
show six inter-
related data
values at each
point of the
slice.
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Visualizing Multivalued Data from 2D Incompressi ble Flows
Using Concepts from Pain tin g
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Abstr act

We presenta new visualization methodfor 2d � ows which allows
us to combine multiple data values in an image for simultaneous
viewing. We utilize concepts from oil painting, art, and design as
introduced in [1] to examine problemswithin � uid mechanics. We
usea combination of discrete and continuousvisualelements ar-
ranged in multiple layers to visually represent the data. The repre-
sentationsare inspired by thebrushstrokesartists apply in layersto
createan oil painting. We display commonly visualized quantities
such as velocity and vorticity together with three additional math-
ematically derived quantities: the rate of strain tensor (de� ned in
section 4), andthe turbulentcharge and turbulentcurrent (de�ned
in section 5). We describe the motivation for simultaneously ex-
amining thesequantitiesand usethemotivation to guideour choice
of visualrepresentation for eachparticularquantity. Wepresent vi-
sualizationsof three � ow examplesandobservationsconcerning
some of the physical relationships madeapparent by the simulta-
neousdisplay techniquethat we employed.

1 Int roduc tion

Within thestudy of � uid mechanics,many mathematical constructs
areusedto enhanceourunderstandingof physicalphenomena.The
useof visualization techniquesas tools for developingphysicalin-
tuition of mathematically de� ned quantities is common. Scienti� c
visualization not only expandsour understandingof physicalphe-
nomena, by allowing usto examinethe evolution of quantities like
momentum, but also it providesa catalyst for the developmentof
mathematical modelswhichdescribethetimeevolutionof complex
� ows. In addition to theexamination of the primitive variables, i.e.
thevelocity and the pressure, the examination of derived quantities
suchasthe vorticity hasprovideda better understandingof the un-
derlyingprocessesof � uid � ow.

Vorticity is aclassic example of amathematical construct which
provides information not immediately assimilated by merely view-
ing the velocity � eld. In Figure 1, we illustrate this idea. When
examining only thevelocity � eld, it isdif� cult to seethat there is a
rotationalcomponentof the� ow in thefarwakeregionof thecylin-
der. But, when vorticity is combined with the velocity � eld, the
underlying dynamics of vortex generation and advection is more
apparent.

Thoughvorticity cannotbe measureddirectly, its relevanceto
�ui d �o w wasrecognizedasearly as1858with Helmholtz's pi-
oneering work. Vorticity asa physical conceptis not necessarily
intuitive to all, yet visualizations of experiments demonstrate its
usefulness,andhenceaccountfor its popularity. Vorticity is de-
rived from velocity, and vice versaundercertain constraints [2].
Hence,vorticity doesnot give any new information that wasnot
already available from the velocity � eld, but it doesemphasizethe

rotationalcomponentof the� ow. Thelatter isclearly demonstrated
in Figure 1, where the rotational componentis not apparent when
onemerely viewsthevelocity.

In the same way that vorticity as a derived quantity provides
uswith additionalinformation aboutthe � ow characteristics,other
derived quantities such as the rate of strain tensor, the turbulent
chargeandtheturbulentcurrent could beof equaluse.Becausethe
examination of the rate of strain tensor, the turbulent charge and
the turbulent current within the � uidscommunity is relatively new,
few peoplehaveever seen visualizationsof thesequantities in well
known �ui d mechanics problems. Simultaneousdisplay of both
the velocity and quantitiesderived from it isdoneboth to allow the
� uids' researcher to examine thesenew quantities against the can-
vas of previously examinedandunderstoodquantities, and also to
allow the�ui ds' researcherto acceleratetheunderstandingof these
new quantities by visually correlating them with well known � uid
phenomena.

To demonstrate the application of theseconcepts, we present
visualizationsof a geometry that, althoughsimple in form, demon-
strate many of the major concepts which motivate our work. By
examining the well studied problem of �o w past a cylinder we
demonstrate the usefulnessof the visualizations in a context fa-
miliar to most � uids' researchers. We examined two-dimensional
direct numerical simulation of � ow pasta cylinder for Reynolds
number 100 and500 [3]. This rangeof Reynolds numbers pro-
videssuf�ci ent phenomenologicalvariation to allow us to discuss
the impact of visualization of the newly visualized quantities. In
addition to the simulation results presented, we examine data ob-
tained experimentally for a different geometry. This comparison
demonstratesoneuseof the visualization method for experimen-
talists: data veri� cation.

We extend the visualization methodspresented in [1] to prob-
lemsin � uid mechanics. As in [1], weseek representationsthat are
inspired by the brush strokesartists apply in layers to create an oil
painting. We copied the ideaof using a primed canvas or under-
painting thatshows throughthe layers of strokes.Rules borrowed
from art guidedourchoiceof colors, texture, visualelements,com-
position, andfocusto representdata components. Our new meth-
odssimultaneously display 6-9 datavalues, qualitatively represent-
ing theunderlying phenomena,emphasizing different data values
to different degrees,and displaying different portionsof the data
from different viewing distances. These qualities lead a viewer
throughthe temporal cognitive processof understanding interrela-
tionshipsin the data muchas a painting canleada viewer through
a processdesignedby thepainter.

In the remainderof thepaperwe � rst discussthe related work
in visualizing multivalued data. We then describe the painting-
motivated methodwe employed,with speci�c details concerning
the combination of scaler, vector, and tensor data into onevisu-
alization. In Sections 4 and 5 we present �ui d �o w examples
wheremultivalueddatavisualization wasused.We summarizeand



Figure 1: Typical visualization methodsfor 2D � ow pasta cylinderat Reynoldsnumber100. On the left, we show only thevelocity �el d.
On the right, we simultaneously show velocity andvorticity. Vorticity represents the rotationalcomponentof the � ow. Clockwisevorticity is
blue,counterclockwiseyellow.

presentconclusionsin Section 6.

2 Related work

2.1 Multivalued data visualization

Hesselink et al. [4] give an overview of research issues in visu-
alization of vector andtensor� elds. While they describeseveral
methodsthatapply to speci�c problems,primarily for vector �el ds,
theunderlyingdataare still dif� cult to comprehend; this is particu-
larly truefor tensor�el ds.Theauthorssuggestthat“f eature-based”
methods,i.e., thosethatvisually representonly important data val-
ues,are themost promising researchareas,and our approachem-
bracesthis idea.

Statisticalmethodssuchasprincipalcomponentanalysis(PCA)
[5] and eigenimage�l tering [6] canbeusedto reducethenumber
of relevant valuesin multivalueddata. In reducing thedimension-
ality, thesemethodsinevitably loseinformation from thedata. Our
approachcomplementsthesedata-reductionmethodsby increasing
the numberof data valuesthatcanbevisually represented.

Differentvisualattributesof iconscanbeusedto representeach
value of a multivalued dataset. In [7], temperature, pressure, and
velocity of injected plastic are mapped to geometric prisms that
sparsely cover thevolume of a mold. Similarly, in [8] data values
weremappedto iconsof faces:featureslike thecurveof themouth
or sizeof theeyesencodeddifferent values.In both cases,theicons
capture many values simultaneously but can obscure the continu-
ousnature of �el ds. A more continuousrepresentation usingsmall
linesegment-basediconsshowsmultiple valuesmorecontinuously
[9]. Our work builds upontheseearlier typesof iconic visual rep-
resentation.

Layeringhasbeenusedin scienti� c visualization to show mul-
tiple items: in [10, 11], transparent strokedtextures show surfaces
withoutcompletely obscuringwhat is behind them. Theseresults
are related to ours, but our application is 2D, andso our layering
is not asspatial as in the 3D case. Our layering is more in the
spirit of oil painting where layers are usedmore broadly, oftenas
anorganizingprinciple.

2.2 Flow visualization

A numberof � ow-visualization methodsdisplay multivalueddata.
The examples in [12, 13] combine surfacegeometriesrepresent-
ing cloudinesswith volume renderingof arrows representing wind

velocity. In somecases,renderingsarealso placedontop of an im-
ageof theground.Unlikeour2D examples,however, thephenom-
enaare 3D and the layering represents this third spatial dimension.
Similarly, in [14], surfaceparticles,or small facets,are usedto vi-
sualize 3D � ow: the particles are spatially isolated and are again
rendered as 3D objects.

A “probe” or parameterizedicon candisplay detailed informa-
tion for one location within a 3D � ow [15]; it faithfully captures
velocity and its derivatives at that location, but doesnot display
themglobally. Our data contain fewer valuesat eachlocation,be-
causewe are workingwith 2D �o w, but our visualization methods
display resultsglobally insteadof at isolatedpoints.

Spotnoise[16] andline integral convolution [17] methodsgen-
erate texture with structure derived from 2D � ow data; the tex-
tures show thevelocity data but do not directly representany ad-
ditional information, e.g., divergenceor shear. Theauthors of [16]
mention thatspot noisecanbedescribedas a weightedsuperposi-
tion of many “brushstrokes,” but they do not explore theconcept.
Our methodtakestheplacementof thestrokesto a more carefully
structuredlevel. Of course,placementcanbeoptimizedin a more
sophisticated manner, asdemonstrated in [18]; we would like to
explore combining theseconceptswith ours. Currently our stroke
placementis simple and quick to implementwhile providing ade-
quate results.

2.3 Comput er graphi cs painting

Reference[19] was the �r st to experiment with painterly effects
in computer graphics. Reference[20] extendedthe approachfor
animation and further re�ned the useof layers and brushstrokes
characteristic for creating effective imagery. Both of theseefforts
were aimed toward creating art, however, and not toward scienti� c
visualization.Alongsimilar lines,references[21,22,23] usedsoft-
ware to create pen and ink illustrations for artistic purposes. The
penand ink approachhassuccessfully beenapplied to 2D tensor
visualization in [24].

In reference[1], painterly concepts asusedin our work were
presented for visualizing diffusion tensor imagesof the mouse
spinal cord. In that work both a motivation and a methodology
for thetechniquesusedhere were presented.Thegoalof our work
is to visualizesimultaneously both new andcommonly usedscien-
ti� c quantities within the � eld of � uid mechanics by building on
thoseconcepts.



3 Visualization methodol ogy

We usethemethodologyandsystem of [1] to develop our visual-
izations. We review themethodologyhere. Developing a visual-
ization methodinvolvesbreaking thedatainto components,explor-
ing therelationshipsamongthem, andvisually expressingboth the
componentsandtheir relationships.For eachexampleweexplored
different waysof breaking down the data so that we could gain
understanding asto how the components were related. Oncewe
achieved an initial understanding, we proceededto the next step:
designinga visualrepresentation.

In the design, we usedartistic considerationsto guidehow we
mappeddata componentsto visualcuesof strokesandlayers. Our
brushstrokesareaf�nel y transformedimageswith asuperimposed
texture. In choosing mappingswe lookedfor geometric compo-
nents andmappedthemto geometric cueslike the length or direc-
tion of a stroke. We consideredthe relative signi�cance of differ-
ent components and mappedthemto cuesthat emphasizedthem
appropriately. For example, two related parameters could map to
the length and width of a stroke,giving a clearindication of their
relative values. We also considered the order in which compo-
nents would bestbe understoodandmappedearlier onesto cues
that would be seenmore quickly. Thesetof mappingswe selected
de�ned a series of stroke imagesanda scheme for how to layer
them.

An iterative processof analysisand re� nement followed. Some-
timesour re�nements involvedchoosing a mapping we foundef-
fectivein onevisualizationandincorporating it into another. Some-
timeswe neededto changethe emphasis amongdata components
by adjusting transparency, size,or color or by representing a com-
ponentwith a different or additional mapping. Sometimes we
neededto go further back in the processand choosea new way
of breaking down thedata.

4 Example 1: Rate of strain tensor

The rate of strain tensor (sometimes called the deformation-rate
tensor [25]), is a commonly used derived quantity within � uid me-
chanics. Thoughcommonly usedand reasonably well compre-
hended,few have visualizedthis tensordueto the addedcomplex-
ity necessary to view multivalued data. Our motivation for com-
bining visualization of the rate of strain tensor with velocity and
vorticity is that despite many years of intense scrutiny, scienti� c
understanding of �ui d behavior is still not complete, and qualita-
tive descriptions can still be helpful. Researchers often examine
images of individual velocity-related quantities. We thoughtthat
goodintuition might comefrom avisual representation that related
thesevaluesto oneanotherin a single image.

4.1 Data breakd own

Webeganby choosingabreakdownof datavaluesinto components
that canbe mappedonto stroke attributes. Both the velocity and
its �r stspatial derivativeshave meaningful physicalinterpretations
[25], and hencewe treatthemindependently. Thevelocity is a 2-
vector with a direction and a magnitude in the plane, and can be
visually mapped directly. The spatial derivatives of velocity form
a second-ordertensorknown at the velocity gradient tensor. This
tensor can be written as the sum of symmetric and antisymmetric
parts,
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is known as the rate
of strain tensor [26]. Thevorticity � eld determinestheaxisand the
magnitudeof rotation for all � uid elements. Therate of strain ten-
sordeterminestherate at which a �ui d elementchangesits shape
undertheparticular �o w conditions. In incompressible � ows, the
instantaneousrate of strain consists always of a uniform elonga-
tion processin onedirection anda uniform foreshorteningprocess
in a direction perpendicular to the � rst. That is, a small circle will
change its shape into an ellipse, whose major and minor axes rep-
resenttherateof elongation andtherateof squeezing,respectively.
In compressible � ows, the latter statement is not necessarily true
sinceexpansion andcompression is allowed. Nevertheless,the vi-
sualization of the rate of strain remains valuableand instructive in
these� ows aswell.

4.2 Visualization design

We wanted the viewer to � rst read velocity from the visualization,
thenvorticity andits relationship to velocity. Becauseof the com-
plexity of the second-order rate of strain tensorwe want it to be
readlast. We describe the layers here from bottom up, beginning
with a primed canvas, adding an underpainting, representing the
tensor valuestransparently over that, and � nishingwith avery dark,
high-contrast representation of thevelocity vectors.

' Primer The bottom layer of the visualization is light gray,
selected becauseit would show throughthe transparent layers to
beplacedontop.

' Underpainting The next layer encodesthe scalar vorticity
value in semi-transparent color. Since the vorticity is an important
part of �ui d behavior, we emphasizedit by mapping it onto three
visual cues: color, ellipse opacity, and ellipse texture contrast (see
below). Clockwisevorticity isblueandcounter-clockwisevorticity
yellow. The layer is almost transparent where the vorticity is zero,
but reaches75% opacity for the largestmagnitudes,emphasizing
regionswhere thevorticity is non-zero.

' Ellip se layer This layer shows the rate of strain tensor and
also gives additional emphasis to the vorticity. The logarithms
of the rates of strain in eachdirection scale the radii of a circu-
lar brush shapeto match the shapethat a small circular region
would haveafterbeing deformed. Theprincipaldeformation direc-
tion wasmapped to the direction of the stroketo orient the ellipse.
The strokesare placedto cover the imagedensely, but with mini-
mal overlap. The color and transparency of the ellipses are taken
from theunderpainting,sothey blendwell and are visible primar-
ily where the vorticity magnitude is large. Finally, a texture whose
contrast is weighted by the vorticity magnitude gives the ellipsesa
visualimpressionof spinningwherethevorticity is larger.

' Arrow layer The arrow layer represents the velocity �el d
measurements: the direction of the arrows is the direction of the
velocity, andthe brushareais proportionalto thespeed.We chose
a dark blue to contrast with the light underpainting and ellipses,
to make the velocities be read � rst. The arrows are spacedsothat
strokesoverlap end-to-end but arewell separatedside-to-side. This
draws theeye alongthe � ow.

' Mask layerThe� nallayerisablackmaskcoveringthe image
where thecylinderwaslocated.

Thesepainting concepts help create a visualrepresentation for
the data that encodesall of the data in a mannerthatallows us to
explore thedata for amore holistic understanding.



Reynoldsnumber100 simulated � ow Reynoldsnumber500

experimental �o w

KEY
data visualization

velocity arrow direction
speed arrow area

vorticity underpainting/ellipse
color (blue=cw,
yellow=ccw), and
ellipse texture
contrast

rate of
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log(ellipse radii)

divergence ellipse area
shear ellipseeccentricity

Figure 2: Visualization of simulated2D �o w pasta cylinderat Reynoldsnumber= 100and500(top left andtop right), andexperimental 2D
�o w pastan airfoil (bottom). Velocity, vorticity, andrateof strain (includingdivergenceandshear) areall encodedin thelayersof this image.
With all six valuesateachpoint visible,the imageshowsrelationshipsamongthevaluesthatcanverify known propertiesof aparticular �o w
or suggestnew relationshipsbetweenderived quantities.

4.3 Observ ations

Figure 2 (top left and top right) shows visualizationsof 2d �o w
simulation results obtainedusingHybrid

� � � � � � � � � 
 	

[27], a spec-
tral element code for solving the incompressible Navier-Stokes
equations. Theseresults were obtainedfrom the work presented
in [3]. Figure 2 (bottom) shows data measuredexperimentally as
anairfoil is drawn througha tankof initially stationary water. An
imageis takenperpendicular to the axis of the airfoil using laser
induced�uor escence(LIF) imaging [28]. Velocity data calculated
from theLIF imageslies on a rectangulargrid, with someportions
missing,asthe � gure showsin the blackregion.

The visualization of single quantities is useful by itself. For in-
stance, if we contrast the simulation results (Figure 2 top right and
left) with the experimental data of the airfoil (Figure 2 bottom),
we observe that all the ellipses have the same area in the former
casewhereasthey do not have the same area in the latter case.In
incompressible � ows, the continuity equation implies that the ve-
locity � eld is divergence-free, which in turn implies that the trace
of the rate of strain tensor(i.e. the sumof its diagonalelements) is
alwayszero. This simply meansthattheareaof the � uid elements
remains constant in time, regardlessof their instantaneousshape.
Hence,we caninfer that the simulation hasreproducedproperly
the incompressible character of the � uid � ow whereasthe airfoil

data show either compressibility effects or out of plane motion,
neitherof which caneasily bedetectedby othermeans.

Themultivalueddatavisualization,however,hasadditionalmer-
its. For instance, we observe that the simultaneousviewing of the
vorticity �el d andtherate of strain tensorprovidesuswith a phys-
ical understandingaboutthe deformation of the �ui d elements. It
clearly showsthatat thecentersof thevorticesthedeformation can
berather small, dependenton the eccentricity of the � uid element
with respectto the center of the vortex, whereasat the edgesof
vorticesthe � uid elements suffer a hugeshearing effect. Thusthe
mathematical decomposition of the velocity gradient tensor (i.e.

�
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) into its symmetric (i.e. the rate of strain) and antisym-
metric (i.e. the vorticity) parts acquiresa visual representation.

Until now thedeformation of the�ui d elementswasrepresented
with qualitative sketches [29] whose direct connection to the rest
of the � ow �el d was not obvious.Throughour visualization tech-
nique, we obtain not only the qualitative character of the � uid el-
ement deformation but also its quantitative properties. Moreover,
all theinformation aboutthe deformation cannow be visually cor-
related to the velocity and the vorticity � elds.



5 Example 2: Turbulent charge and tur-
bulent current

Turbulent chargeand turbulent current are � ow quantitiesthat have
not beenextensively visualized.Our motivation for viewing these
quantities, in conjunction with other well-studied quantities (e.g.
the vorticity), hasits roots in our desire to solve problems thatare
concernedwith dragreduction. Theimportanceof � uid mechanics
to the problemof reducing thedragon a moving bodyis unequiv-
ocal. All airplane,boat, andcardesigners, at some stageof their
research,haveconsultedengineersaboutpossiblewaysof reducing
the drag. This is quite reasonable, sincedrag reduction translates
to lessfuel consumption.

Onemethodof reducing thedragona bodyis the appendageof
riblets on thesurfaceof thebody. Thoughexperimentally veri�ed,
the physicalmechanism behind thedrag reduction is not well un-
derstood. For example, some con�gurationsandshapesof riblets
do give dragreduction but some others do not. Thus,thequestion
arisesasto why this happens.Whatare the shapesand which are
the con�gurationsthat producedrag reduction? Theuseof riblets
everywhere on the surfaceis costly, thusanotherquestion is: what
is the location, on the surfaceof anobject, thatwill provide max-
imum dragreduction? Theanswers to the above questionscanbe
foundby inspecting visually the turbulent chargeon the surfaceof
the body[30].

Supposewe are interestedin reducing thedragona submarine.
Our goalfrom theengineeringstandpoint is to �nd geometric mod-
i� cationsto our structure so thatwe get reasonabledrag reduction
with a minimum cost(and without inhibiting the purpose of our
submarine). Modeling the turbulent charge on the surfaceof the
submarine immediately delineatesthoseregions of the geometry
which could mostbene�t from drag reduction techniques.Unlike
all otherdragreductionmodels, theconceptof turbulentchargeand
turbulentcurrent succinctly provide information that is applicable
to engineering design.

Unlike thecaseof simple � ows, which canbedescribedeasily
in terms of vorticity, there are cases in which the visualization of
vorticity, andthesubsequent description of the�o w by it, canbeas
complex astheonein termsof velocity. For example, in thecaseof
turbulent � ows, vorticesare shedfrom theboundariesof the � ow
domain, they areconvectedawayfrom it, andsubsequently interact
with eachother in a fashion thathasde�ed a satisfactory solution
of practical importancefor more than a century. Hence,we can
legitimately ask whether we can � nd other quantities whose visu-
alization in thesecasescanbeasbene�cial to ourunderstandingas
vorticity is in more simple � ows.

5.1 Data breakd own

We beganby choosing a breakdown of data values into compo-
nents that canbe mappedonto stroke attributes. It has recently
beensuggestedthat two newly introducedquantities, namely, the
turbulent charge � � � � � � � � � 
 	 andthe turbulent current �

� � � � � � � 
 	 , collec-
tively referred to as the turbulent sources, could substitute the role
of vorticity in morecomplicated�o ws. Thenomenclatureisnotco-
incidental, it re� ects the fact that the derivation of these quantities
wasbasedonananalogybetweenthe equationsof hydrodynamics
andtheMaxwell equations[31].

In particular, if wedenoteby 
 thevelocity andby � thepressure
then the vorticity, � , is given by � � � � 
 , and the Lamb vector
is given by ��������
 . The turbulent sourcesare given by the

following expressions:
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The later two quantities (i.e. � , � ) are related to eachotherthrough
a continuity type of equation where the turbulent current is the
�ux of theturbulentcharge. In the caseswhere turbulent chargeis
generated solely at thewall, small turbulent charge implies small
turbulent current.

5.2 Visualization design

We designedthe turbulent sourcevisualizationsso that the over-
all location of the turbulent charge would be visible early. The
vorticity was our next priority, since comparison between the two
quantitieswasimportant. Our third priority wasthestructureof the
� ow, as represented by the velocity � eld. Finally, we wanted � ne
detailsaboutthestructureof all the�el ds,charge,current, velocity,
andvorticity, availableuponcloseexamination.

We describe the layers here from bottom up, as in the lastex-
ample. Beginningwith thesameprimed canvasandunderpainting,
continuing with a low-contrast representation of the velocity vec-
tors, and�ni shingwith a high-contrast representation of theturbu-
lent sources.A �nal layer representsthegeometry of the cylinder.

8 Pr imer and underpainting Sameas�r st example.
8 Arrow layer Thearrow layerfor this example hasthe same

geometric components– brushareaproportionalto speed,velocity
direction mappedto brush direction, andstrokesarrangedcloser
end-to-end to give a senseof � ow. This layer differs in that its em-
phasis is decreased.It hasa low contrast with the layers below it.
The low contrast is partly achieved through the choice of a light
color for the arrows andpartly throughtransparency of the arrows.
Without the transparency, the arrows would appearvery indepen-
dentof the underlying layers.

8 Turbulent sourceslayer In this layerweencodeboth thetur-
bulent chargeandthe turbulent current. The current, a vector, is
encodedin the sizeandorientation of the vector value just as the
velocity in thearrow layer. Thescalarchargeismappedto thecolor
of the strokes. Greenstrokesrepresentnegative charge and red
strokespositive. Themagnitudeof the charge is mappedto opac-
ity. Where the charge is large,we get dark, opaque,high-contrast
strokesthat strongly emphasizetheir presence.Where thecharge
is small, the strokes disappear and do not clutter the image. For
these quantities, that tend to lie near surfaces,this representation
makesvery ef� cient useof visualbandwidth. Thestrokesin this
layeraremuchsmaller thanthethe strokesin thearrow layer. This
allows for � nerdetail to be representedfor the turbulent sources,
which tendto bemore localized.It also helpstheturbulent sources
layer to be more easily distinguishedfrom thearrows layer thanin
the previousvisualization,where thestrokesizeswere closerand,
therefore,harder to disambiguatevisually.

8 Mask layer The� nal layeris a maskrepresenting thegeom-
etry of the cylinder. The mask is white in this example to contrast
better with the turbulent sourceslayer.

5.3 Observ ations

Theregionswheretheturbulentchargeachieves its maximum val-
ues are the regions where the vorticity � eld has also very large
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Figure 3: Visualization of the turbulent charge and the turbulent current for a Reynolds number 500simulated � ow. Observe that charge
concentrates near the cylinder and is negligible in other parts the � ow. The cylinder geometry is now white to contrast with the visual
representation for the turbulent sources

Reynoldsnumber100 Reynoldsnumber500

Figure 4: Closeup visualization of the turbulentcharge and the turbulent current at Reynoldsnumber100and500(left and right). We are
able to seethehighconcentrationsof negative chargeat the placeswhere vorticity is being generated.

values.Nevertheless,aswehavealreadymentioned,theadvantage
in thinking of terms of turbulent chargeis related to its permanence
closeto the boundaries,in contrast to the vorticity �el d which is
conveyed downstream.

The theory proposedin [31] predicts that the turbulent charge,
� , and turbulent current,

�

, are the source terms of the following
linearsystemof equations
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where
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, and theuseof capital letters denotesthat thecor-
responding quantities have been averaged. From these equations
it canbeshown that the turbulent current is the dominant forcing
term for thevelocity. An immediateconsequenceof this is thatthe
turbulent current andthevelocity �el d should be aligned. In Fig-
ure 4 we observe this alignment, especially in the region near the
cylinderwhere we have the mostsigni�cant changeof �o w veloc-
ity.

Finally, in Figure 5, we add the rate of strain tensor to the tur-
bulent sourcesvisualization,adjusting theblendingof thedifferent
layers to control their relative emphasis. We observe that the high
valuesof turbulentchargeare associatedwith anextremedeforma-
tion of the �ui d elements, since it is the shearbetweenadjacent
� uid layers that transformsthekinetic energy of the � uid to molec-
ular heat.



Figure 5: Combination of velocity, vorticity, rate of strain, turbu-
lent chargeandturbulent current for Reynoldsnumber100�o w. A
total of nine valuesare simultaneously displayed.

Visualizing the turbulent sources is very informative for turbu-
lent non-equilib rium � ows. In fact, a plot of the turbulent charge
distribution immediately allows usto determine whether a particu-
lar con�guration of theriblets,discussedearlier, is reducing or en-
hancing thedrag. A plot of the turbulent current canimmediately
revealwhich � ow directionsare dominant(e.g. the streamwisedi-
rection in a pipe�o w), even if no other information aboutthe � ow
� eld is given. Thedistribution of the turbulent sourcesre� ectssuc-
cinctly the responsesof the � ow due to boundary conditions or
external � elds.

6 Summa ry and Concl usions

We have presented results of applying the scienti� c visualization
approach outlined in [1] to multivalued incompressible � uid data.
Theapproachborrows concepts from oil painting. Underpaintings
showedform. We usedbrushstrokesboth individually, to encode
speci�c values,and collectively, to show spatial connectionsand
to generate texture and an impression of motion. We usedlayer-
ing andcontrast to create depth. Strokesize,texture, andcontrast
helped to de�ne a focuswithin eachimageand also to in�uence
the order in which different parts of an image were viewed.

Themethodsweemployedproduceimagesthatarevisually rich
andrepresentmany valuesat eachspatial location. From different
perspectives,they show the data at different levels of abstraction
– more qualitatively at arm's length, more quantitatively up close.
Finally, theimagesemphasizedifferentdatavaluesto different de-
grees,leading a viewer throughthe temporal cognitive processof
understandingthe relationshipsamongthem.

Wevisualizequantitiesthat haverarely beenviewed before: rate
of strain, turbulent charge, and turbulent current. We visualize
these new quantities together with more commonly viewed quan-
tities, allowing a scientist to use previously acquired intuition in
interpreting the new valuesand their relationships to oneanother
and to the more traditional quantities.

Our visualization of therate of strain tensor combinedwith both

the velocity andvorticity �el dsprovidesauniquepedagogicaltool
for explaining the dominant mechanisms responsible for certain
�ui d �o w phenomena.Becauseanunderstandingof the deforma-
tion tensor (i.e.

�����������
	

) is of paramount importancefor one's
understandingof �ui d �o w phenomena,visualizing its symmetric
andantisymmetric parts separately (i.e. the rate of strain tensor
andthevorticity, respectively) clearly accentuatesthe interplaybe-
tween rotational and shearing mechanismswithin the � ow.

Thevisualization of turbulent chargeandturbulent current com-
binedwith both velocity andvorticity allows usto useknowledge
concerning the latter � elds in our effort to understand the useful-
nessof the newly visualized quantities. It is evident from the visu-
alizations shown that, unlikevorticity, the turbulent chargeand the
turbulentcurrent are far more localized.This validatesthe conjec-
turesaboutthepotential usefulnessof themodel, andalso suggests
that we focus our attention on viewing the turbulent charge and
turbulent current regionscloseto the surfaceof the cylinder. By
focusing our examination to regionscloseto thecylinder, we see
a high visual correlation betweenregionswhere turbulent charge
accumulatesand regionsof vorticity generation.

By visualizing velocity with all thesubsequently derived quanti-
ties presentedhere, we canobservethroughonevisualization mul-
tiple properties of the � ow. The freedom to display multivalued
data simultaneously allows us to get a more complete idea of both
the dynamicsandthekinematics of the�o w, andhenceprovidesa
catalyst for future understanding of more complex � uid phenom-
ena.
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