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Abstract

A common technique used to minimize I/O in data intensive applications is data declustering
over parallel servers. This technique involves distributing data among several disks so as to par-
allelize query retrieval and thus, improve performance. We focus on optimizing access to large
spatial data, and the most common type of queries on such data, i.e., range queries. An optimal
declustering scheme is one in which the processing for all range queries is balanced uniformly
among the available disks. It has been shown that single copy based declustering schemes are
non-optimal for range queries. In this paper, we integrate replication in conjunction with parallel
disk declustering for efficient processing of range queries. We note that replication is largely used
in database applications for several purposes like load balancing, fault tolerance and availability
of data. We propose theoretical foundations for replicated declustering and propose a class of
replicated declustering schemes, periodic allocations, which are shown to be strictly optimal for
a number of disks. We propose a framework for replicated declustering, using a limited amount
of replication and provide extensions to apply it on real data, which include arbitrary grids and a
large number of disks. Our framework also provides an effective indexing scheme that enables
fast identification of data of interest in parallel servers. In addition to optimal processing of single
queries, we show that this framework is effective for parallel processing of multiple queries. We
present experimental results comparing the proposed replication scheme to other techniques for
both single queries and multiple queries, on synthetic and real data sets.
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1 Introduction

Database applications built on spatial databases have sprung up in recent times. Spatial databases have
been widely used in several fields of science like cartography, transportation and Geographic Infor-
mation Systems. Mathematically, spatial databases contain set of data objects which are comparable
by a distance function. Usually, data objects are represented by a two-dimensional vectors and their
distance is defined as the Euclidean distance between the correspoding vectors. For example, in GIS
systems data objects can be thought as points defined as a pair of co-ordinates: the abscissa and the
ordinate. In this case the points are projections of actual geographic locations onto a map. Queries on
these databases are usually nearest neighbor or range queries. Several retrieval structures and meth-
ods have been proposed for retrieval of spatial data [39, 5, 51, 31]. However, these techniques are for
single disk and single processor environments. They are ineffective for the storage and retrieval in
multiple processor and multiple disk environments. Due to the large size of the repositories and the
large volume of queries, the efficient processing of these databases becomes very important.

Multiple disk architectures have been used for fault tolerance and for backup of the stored data. In
addition to these benefits, multi-disk architectures give the opportunity to exploit I/O parallelism dur-
ing retrieval. The most crucial part of exploiting 1/0O parallelism is to develop storage techniques for
the data so that the data can be accessed in parallel. Declustering is the technique that allocates dis-
joint partitions of data to different disks/devices to allow parallelism in data retrieval while processing
a query.

In general, in spatial data applications, the data space is split into a grid and each grid partition
is called a bucket. A uniform grid is a grid in which each bucket has the the same size. To process
a range query, all buckets that intersect the query are accessed from secondary storage. The cost of
executing the query is proportional to the maximum number of buckets accessed from a single 1/0
device. The minimum possible cost when retrieving b buckets distributed over N devices is [2]. An
allocation policy is said to be strictly optimal if no query, which retrieves b buckets, has more than
[%1 buckets allocated to the same device. However, it has been proved that, except in very restricted
cases, it is impossible to reach strict optimality for spatial range queries [2]. Tight bounds have also
been identified for the efficiency of disk allocation schemes [37]. In other words, no allocation
technique can achieve optimal performance for all possible range queries. The lower bound on extra
disk accesses is proved to be Q(log N) for NV disks even in the restricted case of N-by-N grid [9].

Given the established bounds on the extra cost and the impossibility result, a large number of
declustering techniques have been proposed to achieve performance close to the bounds either on the
average case [22, 43, 24, 32, 38, 44, 23, 35, 6, 49, 50, 40, 26] or in the worst case [11, 4, 9, 56, 12].
While initial approaches in the literature were originally for relational databases or cartesian product
files, recent techniques focus more on spatial data declustering. Each of these techniques is built on
a uniform grid, where the buckets of the grid are declustered using the proposed mapping function.
Techniques for uniform grid partitioning can be extended to nonuniform grid partitioning as discussed
in [45] and [19]. However, these techniques are proposed on the assumption that there is only one
copy of the data. We can overcome the shortcomings of these techniques using multiple copies of the



data ,i.e., replication.

In this paper, we apply the idea of replication in the context of declustering to achieve strictly
optimal 1/0O parallelism. Replication is a well-studied and effective solution for several problems in
database systems, especially fault tolerance and load balancing. It is implemented in multimedia stor-
age servers which support multiple concurrent applications such as video-on-demand, to achieve load
balancing, real-time throughput, delay guarantees, and high data availability [17, 52, 46]. Given the
importance of latency over storage capacity and the necessity of replication also for availability, it
is of great practical interest to investigate the replicated declustering problem in detail. A general
framework is needed for effective replication of spatial data to improve the performance of disk allo-
cation techniques and to achieve strictly optimal parallel 1/0O for range queries. We extend the work
presented in [27, 57] to provide a broader perspective on this problem and extend the discussion to a
more general problem.

We provide some theoretical foundations for replicated declustering and propose a class of repli-
cated declustering techniques, periodic allocations, which are shown to be strictly optimal for a wide
range of available numbers of disks. We provide strictly optimal allocations with a single replica
(one extra copy of the data) for 2-15 disks, and with two replicas for 16-50 disks. We also provide
extensions to our techniques to make them applicable to a larger number of disks and for any arbitrary
a-by-b grids. We perform a series of sets of experiments mirrored on typical query distributions on
real datasets to compare the proposed technique with current methods. More importantly, we show
how to efficiently find optimal disk access (schedule) for a given arbitrary query by storing minimal
information. In contrast to other replication based schemes, the proposed scheme has the property
that an optimal cost schedule can easily be chosen for retrieval by means of a lookup in a relatively
small table.

We also show that when there are multiple queries in the system, processing them optimally in
series is not as efficient as optimally processing the entire set. We conclude that it is necessary
to analyze the performance of these systems with respect to multiple range queries in parallel. The
techniques in the literature have all been focused on single queries, and their performance with respect
to multiple queries has not been discussed. We analyze the performance of the replication framework
in this scenario and provide theoretical bounds for worst case costs.

The rest of this paper is organized as follows. Section 2 presents related work. Section 3 provides
some definitions and derives properties which are used in the development of the proposed replica-
tion schemes. In particular, we show some useful properties about a general class of disk allocation
schemes, i.e., Latin squares and periodic allocations. Section 4 describes independent and depen-
dent periodic allocations and proves certain characteristics of these allocations and their implications
on optimality in a limited context. Section 5 generalizes these results for arbitrary grids and large
number of disks. Section 6 provides some bounds for the processing of multiple queries. The results
are compared with other techniques currently known. Section 7 has experiments that determine the
parameters for the restricted case and then uses the extensions described to apply the techniques in a
realistic scenario. Section 8 concludes the paper with a discussion.



2 Reated Work

In the past, storage redundancy has been successfully exploited in the context of data declustering on
multiple disks. The basic idea of current declustering approach in database management systems can
be summarized as follows. First, the data space is partitioned based on a given criterion. Then the
data partitions or buckets are allocated to multiple 1/0 devices such that neighboring partitions are
allocated to different disks. Performance improvements for queries occur when the buckets involved
in query processing are stored on different disks, and hence can be retrieved in parallel. Numerous
methods have been proposed: Disk Modulo (DM) [22], Fieldwise Exclusive OR (FX) [43], Hilbert
(HCAM) [23], Near Optimal Declustering (NoD) [6], General Multidimensional Data Allocation
(GMDA) [40], Cyclic Allocation Schemes [49, 50], Golden Ratio Sequences [11], Hierarchical [9],
and Discrepancy Declustering [12] are some of the well-known disk allocation techniques. Using
declustering and replication, approaches such as Complete Coloring (CC) [30] and Square Root Col-
ors Disk Modulo (SRCDM) [30] have optimal performance and performance that is no more than one
from optimal, respectively, and scheduling time proportional to the size of the query. In [32, 36, 33],
declustering techniques for multi-attribute databases are proposed for situations where there is some
information about the query distribution. Latin Squares [42] and Latin Cubes [25] have been dis-
cussed in detail for parallel access of arrays. Recently, declustering techniques have been proposed in
[4] which are near-optimal for restricted cases. All of these techniques have been proposed for regular
grid partitioning, where the data space is split into equi-sized partitions along each dimension. And
most of them are originally proposed for two-dimensional data [18, 15, 49]. We have also proposed a
technique for optimal declustering for two-dimensional data with a limited amount of replication [28].
There are several additional restrictions on each of them. For example, the technique in [4] requires
that the number of disks is a power of a prime. FX requires that the number of disks is a power of
2. NoD was proposed only for similarity queries and requires binary partitioning in each dimension.
A performance evaluation of standard declustering schemes [32, 34, 35] and some theoretical bounds
on the cost achieved by declustering schemes [1, 2, 56] have been discussed in the literature.

For non-uniform data, the algorithms proposed for regular grid partitioning can be easily extended
using various greedy algorithms [45, 19]. Parallel R-trees [41] have been proposed as technique for
parallel processing of queries. X-Trees [7] have also been proposed for indexing high dimensional
data. R-tree based structures have the problem that for high dimensions the degree of overlap becomes
high. This inhibits the use of an optimal declustering scheme atop the partitioning. Graph partitioning
based approaches [20, 54, 55] can also be used for non-uniform data declustering. In this paper, we
propose an orthogonal approach to the problem, where we implement a partitioning that would allow
us to implement an optimal or near-optimal declustering framework.

In replicated environments, query scheduling, i.e. determining from which disk each bucket in the
query should be retrieved could become a bottleneck. It was shown in [14] that any replicated scheme
for a query @ can be scheduled in O(r|Q|?) time where r is the level of replication. Commonly,
a max-flow algorithm is used to find a retrieval schedule. Many shift schemes in two dimensions,
will be scheduled in O(|Q| + N log log N) time. The shift scheme proposed in [29] schedules in



O(|Q| + N log €). Heuristics, such as a simple greedy retrieval algorithm[13], has been proposed
to improve the query performance using replication. Even though, the algorithm performs close to
optimal in most cases, as a heuristic its performance is not guaranteed and sometimes bad performance
cannot be explained. It was shown in [21] that if || < ¢ log N for large enough c that the query
can be scheduled in strictly optimal time with high probability. Our approach schedules queries in
O(1) time by storing the schedule for all possible query sizes in a scheduling table. The schedule for
queries of the same size can be then derived by renaming the disk numbers in strictly optimal time.

3 Foundations

In this section we provide some definitions and derive some properties which are used in the proposed
replicated declustering schemes. This includes formal definitions of some of the concepts used later
in the paper. We introduce the concept of Latin Squares and provide the intuition behind using Latin
Squares as a solution for optimal allocation. We formalize the problem of Parallel Retrieval of Repli-
cated Data i.e. processing a query optimally among several copies of the data and define Periodic
Allocation (which is based on Latin Squares) which we later use in the replication scheme that we
propose in this paper.

3.1 Latin Squares

In this section, we define the concept of Latin Squares. We provide some definitions that will be used
throughout the paper.

Definition 1 An i-by-j query is a range query that spans i rows, j columns and has ij buckets.

Definition 2 A Latin square of n symbols is an n-by-n array such that each of the n symbols occurs
once in each row and in each column. The number n is called the order of the square.

Definition 3 If A=(a,;) and B=(b;;) are two n-by-n arrays, the join (A,B) of A and B is the n-by-n
array whose (i,j)’th entry is the pair (a;;,b;;).

Definition 4 The squares A=(a;;),B=(b;;) of order » are orthogonal if all the entries in the join of A
and B are distinct. If A, B are orthogonal, B is called an orthogonal mate of A. Note that orthogonal
mate of A need not be unique.

Latin squares have been extensively studied in the past [10]. Our technique aims to show that
orthogonality and latin squares can be used to develop a technique for strictly optimal declustering
with the help of replication. We explain the motivation behind using orthogonality as a solution for
optimality by means of an example. Assume that we have a 3-by-2 range query and 7 disks. Let’s
say that for this query 2 buckets are mapped to one of the disks and thus the query is not optimally
retrieved. With replication, we can look at the replicated copies to see if we can have optimal access.
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Figure 1: Orthogonal latin squares of order 7

If two buckets map to same disk, we want replicated copies to map to different disks. This is where
orthogonality comes into play. Orthogonality guarantees that, if two buckets map to same disk in the
original copy, they map to different disks in replicated copy; thus increasing chances of finding an
optimal solution.

For example, consider a query that retrieves 4 buckets. It may be the case that these four buckets
map to the same disk. To increase the chances of finding a solution, what we want is a mapping which
will map these four buckets to 4 different disks. A pair of orthogonal squares of order 7 is given is
Figure 1. In this case there are 7 disks and 2 copies of the data. If orthogonal squares are used, pairs
of the form (7, 7) will appear somewhere in the join, in which case the correspoding bucket needs to
be retrieved from disk i. However, it is possible to map the second copy of all other buckets to some
other disk if properties of periodic allocation (derived later in the paper) are used.

The problem of generating orthogonal latin squares (Greco-Latin Squares) has been studied and
no solutions have been found for some square sizes. We do not attempt to solve this problem; we use
it to come up with efficient solutions. While orthogonality aids optimal declustering, we observe that
it is not a necessary condition.

Assume that the latin squares given in Figure 1 are two copies of the same data. So the bucket
with index (i,j) is stored in disks f(i,j) and g(i,j) where f is the latin square on the left and g is the latin
square on the right. Consider the query gl shown in Figure 1. q1 is a 3x2 query and with 7 disks the
optimal cost is 1 disk access. But two of the buckets are stored in disk 0 and g1 can only be processed
in 2 disk accesses using a single copy. Now let us look at the replicated copy. In replicated copy
bucket (3,2) is stored in disk 5 and none of the buckets intersected by g1 in the first copy is stored
in disk 5. So by retrieving bucket (3,2) from the replicated copy, we can process the query in 1 disk
access. If bucket (3,2) were stored in disk 4, we could have found a solution by reading bucket (3,2)
from disk 4 and by reading bucket (2,2) from disk 2. In Section 4, we propose a solution for this
problem using bipartite matching.

We provide the following results, which have been proved in [3] for completeness of the paper.

e There are at least 2 orthogonal latin squares of order N for all integers n» > 3 other than 6. For
examplewhenNisodd f(i,j) = j—i+1mod N and g(i, j) = i+j— 1 mod N are orthogonal
latin squares.



e Orthogonal latin squares of order m and order n can be combined to get orthogonal latin squares
of order mn.

BUCKETS DISKS

1

Figure 2: Representation of query gl

3.2 Parallel Retrieval of Replicated Data

One aspect of the optimal replicated declustering problem (that we have briefly discussed in the pre-
vious section) is identifying allocations for copies of the data, which when considered together are
optimal for all queries. Another issue that has to be addressed is developing a scheme for optimal
retrieval among the copies. We can effectively represent the parallel retrieval problem using bipartite
graphs as follows. Let the buckets intersected by the query be the first set of nodes and the disks
be the second set of nodes in the graph. Connect bucket 7 to node j if bucket 7 is stored in disk j
in original or replicated copy. For query gl (in Figure 1), the graph is as shown in Figure 2. We
can process ql in single disk access if the bipartite graph has a 6-matching i.e. every bucket will be
matched to a single disk (in general a bucket will be matched to [b/N'| disks for optimality where b
is the number of buckets retrieved during the query, and N is the total number of disks). The bipartite
matching problem requires that each node on the first set is matched with a single node on the second
set. Consider a 2-by-4 query with 7 disks. To represent this query we list each disk twice (optimal
is 2 disk access) on the disk node list and apply the matching. We assign the buckets to two nodes
which denote the same disk in round-robin order.

For a bipartite graph G=(V,E) where V is the set of vertices and E is the set of edges, the
best known algorithm for maximum matching is breadth-first search based and has a complexity
of O(\/IV].(|V| + |E])). |E| is proportional to |V/| for the parallel retrieval problem, therefore the
overall complexity is ©(+/[V].|V]). This algorithm is used to get the results presented in Section 7.
Given a pair of latin squares, checking whether the pair is optimal or not may not be easy. For each
query we need to construct a bipartite graph and see if there is a complete matching or not. In an N-
by-N grid the number of 2-by-2 queries is (N-1)*(N-1) and this bipartite-matching has to be repeated
for every 2x2 query. Consider the queries g1 and g2 in Figure 1. The bipartite graphs constructed
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are not isomorphic for the 2 queries. Using basic combinatorics construction of bipartite graph and
finding a matching process has to be repeated XY, X%, (N — @)(NV — j) times. We can impose ad-
ditional restrictions on functions that assign buckets to disks for replicated copies. We now limit our
allocation schemes to periodic allocations which will be shown to have important properties that can
be used to simplify replication schemes. Note that in this case, at the expense of simplification, we
may not find the optimal although it exists. However, we will show later in the experimental results
section that replication of carefully chosen periodic allocations guarantee strict optimality for many
numbers of disks. Moreover, scheduling tables (bipartite graph) computed when executing a query
can be reused for another query with the same dimensions, resulting in minimal scheduling cost, i.e.
O(1) cost. In fact, all non-optimal queries bipartite graphs can be precomputed and stored in mem-
ory making queries execute in the optimal O(|Q|) with constant scheduling cost. In any case, the
scheduling overhead is amortized over time by running queries in optimal time.

3.3 Periodic Allocation

Now that we have a technique for optimal retrieval, we return to the problem of identifying the mutu-
ally complementary optimal allocations that we need for the copies of the data. Towards this purpose,
we define periodic allocation and prove certain properties of periodic allocation and their relation to
Latin squares. In the subsequent sections, we propose the use of periodic allocations for replicated
allocation.

Definition 5 A disk allocation scheme f (i, j) is periodic if f(i,j) = (ai + bj + ¢) mod N, where N
is the number of disks and a,b and c are constants.

We note that our definition of periodic allocation is more general than the cyclic allocation pro-
posed in [49]. We state the following lemmas which establish the link between periodicity, orthogo-
nality, and latin squares. Proofs follow from the definitions.

Lemma 1 An N-by-N periodic disk allocation scheme f (i, j) = (ai+bj +c¢) mod N is a latin square
if gcd(a,N)=1 and gcd(b,N) = 1.

Proof We need to show that each number appears once on each row and column. Assume f (i, j) =
f(i, k), and first show j = k (means each number appears once on each row).

ai+bj + ¢ = ai + bk + ¢ (mod N)
b(j — k) =0 (mod N)

Since gcd(b,N) =1, j —k = 0 (mod N) and j = k. Similarly, we can show that if f(k,j) =
f(i,7) then ¢ = k. Therefore, if gcd(a, N) = 1 and ged(b, N) = 1 then f(i, j) is a latin square. ~ [J

Lemma 2 Periodic, N-by-N latin square allocation schemes f(i,j) = (ai + bj + ¢) mod N and
g(i,7) = (di+ej + f) mod N are orthogonal if gcd(bd-ae,N)=1.



Proof Assume f(i,j) = f(m,n) and g(i,7) = g(m,n) and show i = m and j = n (means each
pair appears only once).
f@i,7) = f(m,n) = ai +bj +c=am + bn + ¢ (mod N)

a(i —m) +b(j —n) =0 (mod N) (1)
Similarly, d(i —m) +e(j —n) =0 (mod N) )

Factl: If i = m then j = n. If i = m Equations 1 and 2 reduce to

b(j —n) =0 (mod N)
e(j —n) =0 (mod N)

Since f and g are latin squares, we have j = n.
Fact2: If j = n then i = m. (This can be proved similar to the above fact.) From Equations 1 and 2
we get
a(i—m)-e(j —n)=d(i—m)-b(j —n) (modN)
(bd — ae)(i —m)(j —n) =0 (mod N)

Since ged(bd — ae) = 1, (i —m)(j —n) = 0 (mod N)
If i = mthen j = n by Fact 1, and if j = n then i = m by Fact 2. Therefore : = mand j = n, i.e.,
each pair appears only once.

U

Lemma 3 For an n-by-m range query, cardinality of the disk id which appears maximum number of
times determines the number of disk accesses.

Proof Trivial (stated also in [49]).

Lemma 4 All n-by-m range queries require the same number of disk accesses if disk allocation is
periodic.

Proof Consider two distinct n-by-m queries. Assume that the first has top left bucket (i,j) and
second has top left bucket (i+s,j+t). Let us now write the expression f(i+s,j+t) in terms of f(i,j).

fli+s,j+t)=(a(i+s)+b(j+1t)+c)mod N
=ai+as+bj+ bt +cmod N
= ((ai + bj +c) + (as + bt)) mod N
= (f(i,j) + (as + bt)) mod N

This is a 1-1 function between buckets of 2 n-by-m queries (as + bt depends on dimensions of query).
By Lemma 3, number of disk accesses for both queries is the same. OJ

Consider queries q1 and g2 in Figure 1 to observe the 1-1 mapping between queries. This expres-
sion states that for 2 n-by-m queries, disk ids of top left buckets differ by as + bt which depends only



on size and is independent of the starting position of the query. The same relationship holds for every
corresponding bucket. If two buckets have the same id in first query, then they will have same id in
second query. Consider queries g1 and g2 in Figure 1 as an example. By Lemma 3, the number of
disk accesses for both queries is the same. Note that this is also true for any pair of n-by-m range
queries in orthogonal periodic latin squares of the same size. O

Definition 6 Periodic allocations f(i, j) = (ai +bj +¢) mod N and g(i, j) = (di +ej + f) mod N
are dependent if a = d and e = b and independent otherwise.

4 Replicated Periodic Allocation

In this section, we extend the concept of periodic allocation to develop efficient replication schemes.
Using the properties developed in Section 3, we now propose two periodic allocation schemes: Inde-
pendent Periodic Allocation and Dependent Periodic Allocation. Periodic allocation achieves strict
optimality for several number of disks where optimality is proved to be impossible with current ap-
proaches that use a single copy.

4.1 Independent Periodic Allocation

In this scheme, each copy (the original and the replicated data) is allocated based on periodic allo-
cation with independent parameters. The idea is to have one copy optimal for every possible i-by-j

query.

Definition 7 Independent Periodic Allocation with multiple copies is a disk allocation which satisfies
the following conditions:

1. Each copy is a periodic allocation.

2. YV i-by-j queries 3 a copy which is optimal (without matching).

By Lemma 4, we can check whether n-by-m queries are optimal or not, by checking only one
n-by-m query. If an optimal disk allocation exists, given a query finding the optimal allocation can be
done easily by using a k-by-k table OPTIJi,j]. OPT[i,j] stores the disk ids which is optimal for i-by-j
queries.

Lemma5 If Aisan N-by-N latin square then all i-by-N, i-by-1, 1-by-i and N-by-i queries are optimal
where 1 < < N.

Proof By definition of latin square (each number appears in each row and column once). O

For i-by-1 or 1-by-i queries the optimal query cost is 1. For i-by-N or N-by-i queries the optimal
query cost is i.

10
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Lemma 5 can be visually represented as Figure 3(a) for an 8-by-8 latin square. In this figure, each
cell (i,j) represents the class of queries that have size i-by-j, i.e. the i-by-j queries that start at cell
(1,1) and end at cell (i,j). For example cell (1,8) represents 1-by-8 queries. The overall cell structure
represents range queries with all possible sizes. Cells that correspond to optimal queries are marked.
Note that by Lemma 4, all queries of size i-by-j are optimal if one of them is. For strict optimality, we
will show that all cells will be marked using independent periodic allocation.

Optimality of j-by-(N-1) and (N-1)-by-j queries in a latin square follows from following lemma.

Lemma6 [Z0D] =j 1<j<N-1
Proof [{01] = [2X — L1 = [j— &1 = [+ =j+[F] = O
Similar to the visualization described above, Lemma 6 can be visually represented as in shown in
Figure 3(b) for an 8-by-8 latin square. Optimal queries are marked.

Lemma 7 Let A be an N-by-N disk allocation. A j-by-k query q is optimal if
maz{d; : 0 <i < N —1} —min{d; : 0 < i < N — 1} < 1 where d; is the number of buckets
mapped to disk i.

Proof Trivial. O

Lemma 8 Let A be an N-by-N disk allocation given by f(i, j) = (ki 4+ j) mod N, then A is optimal
for all m-by-k queries and all m-by-(N-k) queries where 1 < m < N.

Proof Consider traversal of the N-by-k block left to right. On first row numbers start with 0 and
increase by 1. Now let us see if this holds for last number of row s and first number of row s + 1.

f(s,k—=1)+1=(ks+k—1)+1mod N = (ks + k) mod N = (s + 1)k mod N = f(s+1,0).

We encounter numbers in increasing order in mod N in left to right traversal. By Lemma 7, all m-by-k
queries are optimal.

Now consider traversal of an m-by-(N-k) block right to left. On first row numbers start with (N-
k-1) and decrease by 1. Now let’s see if this holds for first number of row s and last number of row
s+ 1.

11
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Figure 4: Visual representation of Lemma 8 for k=2

f(s,0) =1 =(ks)+ N —1mod N = (ks+k+ N —k—1)mod N =
(s+1D)k+N—-k—1modN = f(s+1,N —k—1).

We encounter numbers in decreasing order in mod NN in right to left traversal. By Lemma 7, all
m-by-(N-k) queries are optimal. OJ

Lemma 8 can be visually represented for k=2 as in Figure 4 for an 8-by-8 latin square. In this
figure optimal queries are marked. Optimality of j-by-2 and j-by-6, 1 < j < N queries are based on
the traversal pattern shown in Figure 4 and Lemma 7. Lemma 8 says that each copy makes 2 columns
optimal depending on k.

By using Lemmas 5, 6 and 8 we can find an optimal allocation using independent periodic alloca-
tion. By Lemma 5 and 6, if we have a latin square, the first column and last two columns are optimal.
We can use Lemma 8 to make other columns optimal. Each allocation will make 2 columns optimal.
Therefore we need [£527 copies if one of the copies is a latin square. This can be stated formally as
follows:

Theorem 1 Let A be an N-by-N disk allocation. All queries in A can be answered in optimal time if
we have [%1 copies using independent periodic allocation and if at least one of the copies is a latin
square.

Proof Use the allocations f (i, j) = mi + j where 2 < m < [21]. All i-by-1, i-by-(N-1) and i-
by-N queries are optimal in a latin square by Lemmas 5 and 6. The remaining queries are partitioned
in sets such that m-by-k and (N-m)-by-k queries are in same partition. Lemma 8 is used to show
optimality of each partition. O

This theorem gives a linear upper bound on the number of copies required by independent periodic
allocation. In practice however, we can find optimal using fewer copies of independent periodic
allocation as shown in the experimental results section. We note that an allocation with fewer number
of copies may be optimal, as the bound is an upper bound. The following results give us an insight
into why an optimal solution can be found using fewer copies. We prove that there are allocations that
are theoretically guaranteed to be near-optimal, some of which turn out to be strictly optimal.

Lemma 9 Let A be an N-by-N periodic latin square disk allocation. If i-by-j queries have worst case
cost OPT+k then the following holds
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1. i-by-(j+1) queries have worst case cost OPT+k or OPT+k-1 or OPT+k+1
2. (i+1)-by-j queries have worst case cost OPT+k or OPT+k-1 or OPT+k+1
3. (i-1)-by-j queries have worst case cost OPT+k or OPT+k-1 or OPT+k+1

4. i-by-(j-1) queries have worst case cost OPT+k or OPT+k-1 or OPT+k+1

Proof: By contradiction. Since i-by-j queries have worst case cost OPT+k, by lemma 3 i-by-j
query has a disk id d that appears OPT+k times. We can get an i-by-(j+1) query by adding a column
to an i-by-j query. There are two cases. If d appears in the new column, then retrieval cost increases
by 1 and worst case cost is OPT+k+1 (if OPT remains the same) or OPT+k (if OPT increases by 1).
If d does not appear in the new column, then retrieval cost is same and worst case cost is OPT+k (if
OPT remains the same) or OPT+(k-1) (if OPT increases by 1). Therefore, i-by-(j+1) queries have
worst case cost OPT+k or OPT+k-1 or OPT+k+1. The proof of other cases is similar.

Theorem 2 Using a set of periodic allocations, worst case cost OPT+k can be achieved using

[5Grin | Copies.

Proof: Consider the set S = {2,..., [%52] + 1}. There are [252] elements in this set. If the
allocations fi(i,7) = ki + j mod N,k € S are chosen, then the worst case cost is the optimal cost,

OPT by Theorem 1. For a given value of k, pick the first element of every block of 2% + 1 elements,

starting with the largest element. This results in ((:k_i]} = (%} selected elements. The set of
allocations f,,(i,7) = mi + 7 modN where m is in selected set form a set of periodic allocations.
Since the first element of every block of 2k + 1 elements is selected, the difference between two
consecutively selected elements in the set is 2k. Since each periodic allocation renders a column
optimal and difference between two columns is 2k, by repeated application of Lemma 9, the worst

case cost is OPT+k. O

4.2 Dependent Periodic Allocation

In this section, we propose replicated declustering schemes based on periodic allocations with care-
fully chosen parameters that are dependent upon each other. We first prove that this allocation
does not lose out on fault tolerance, and then present the motivation behind Dependent Periodic
Allocation. Although we present this scheme using 2 copies for simplicity, dependent periodic al-
location can have any number of copies. Allocation g(i,j) is dependent on allocation f(i, ;) if
g(i,7) = (f(i,7) + ¢)modN. In terms of the definition of independent allocation, dependent al-
location is a special case where the parameters are restricted by the conditions a=d, b=e and c=0.

Dependent periodic allocation ensures that we do not lose fault tolerance at the expense of optimal
performance. In case of a disk crash we may lose optimality, but no data is lost.
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Theorem 3 In dependent periodic allocation with x copies, no data is lost if at most x-1 disks crash.

Proof By definition of dependent periodic allocation, if a bucket (i,j) is mapped to the same disk
in two dependent periodic allocations then the allocations are exactly the same. Therefore all x depen-
dent allocations should map bucket (i,j) to distinct disks. Bucket (i,j) is lost only if x disks to which it
is mapped crash and no data is lost if at most x-1 disks crash. O

We now present theoretical results which will help us simplify the framework and give us an
intuitive understanding of dependent periodic allocation. In the dependent periodic allocation scheme,
the copies satisfy the following Lemma.

Lemma 10 If the bucket assignment functions for two copies satisfy the condition g(i,j) = (f(i,j) + c)
mod N, then all n-by-m queries require the same number of disk accesses. Here f(i, 7) is the mapping
function for the first copy and g(z, j) is the mapping function for the second copy.

Proof: There is a 1-1 function which maps nodes of a n-by-m query to nodes of another n-by-m
query (explained in proof of Lemma 4). The bipartite graph constructed will be the same except that
the nodes will have different labels. O

For example, all 3-by-5 queries require the same number of disk accesses irrespective of where
they are located in the N-by-N grid. This property helps us test optimality of all 3-by-5 queries by
testing only one.

Definition 8 Rotation of a periodic allocation is defined as follows.
1. g right rotation of fif g(¢,j) = f(i,j + 1 mod N) = (f(i,j) + b) mod N
2. g left rotation of f if g(, ) = f(i,7j — 1 mod N) = (f(¢,5) — b) mod N
3. guprotation of fif g(i,7) = f(i — 1 mod N, j) = (f(i,7) — a) mod N
4. g down rotation of fif g(¢,7) = f(¢ + 1 mod N, j) = (f(¢,7) + a) mod N

Lemma 11 All rotations of a periodic allocation satisfy Lemma 10.
Proof Follows from definition of periodic allocation and rotation. 0J

Theorem 4 1ff(i,j) is an N-by-N latin square then all dependent periodic allocations can be generated
using only left, right rotations or only up, down rotations.

Proof Follows from elementary number theory. 0

Theorem 4 gives us an intuitive understanding of what dependent periodic allocations are for latin
squares. In fact, the above is an if and only if condition. Now let us see what kind of functions have
this property. Assume that f(i,j) = (ai + bj + ¢) mod k. We can get a second copy by rotating
the first copy right by a column (g(i,5) = (f(i,4) + b) mod k), rotating the first copy down by
arow (g(i,7) = (f(i,7) + a) mod k), or any combination of the above two steps. If we restrict
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replicated copy to functions which are a combination of above steps then by Lemma 10, it is enough
to check whether one n-by-m query is optimal to determine whether all n-by-m queries are optimal.
This simplifies the process significantly since single bipartite matching is done for all queries of type
n-by-m.

Lemma 12 An optimal solution using 2 copies with periodic allocation can be represented as f (i, j) =
(ai 4+ bj) mod N and g(i, 7) = (f(i,5) + d) mod N.

Proof Assume we have a solution with periodic allocation f(i,j) = (ai + bj + ¢) mod N and
g(i,7) = (f(i,7) + ¢) mod N. By adding (N — ¢) mod N to both functions we get the form given in
the lemma. 0J

Lemma 13 In dependent periodic allocation, if a single copy is optimal for an i-by-j query then
all other copies are individually optimal. If a single copy is non-optimal then all other copies are
individually non-optimal.

Proof Follows from the existence of a 1-1 function between dependent periodic allocations and
Lemma 3. 0

4.3 Finding the Optimal Retrieval Schedule

In both the independent and the dependent periodic allocation techniques, we have copies that are
optimal for different sets of queries. Given a query, we need to determine the copy that would be
optimal for the query. Computing the optimal schedule for each possible range query from a replicated
allocation is a hard problem, and our technique has the advantage that we can simplify the problem.
We describe here, the technique for finding an optimal retrieval schedule.

For independent periodic allocation, the schedule is represented as an N-by-N Table (N is the
number of disks) OPT where OPT(i,j] stores the index of the copy which is optimal for i-by-j queries.
It is important to note that the OPT Table size depends only on the number of disks and not on the
size of grid. For a data space with B buckets per dimension and N disks, the size of the table would be
O(N?log(N)). For instance, the indexing table for a 50-by-50 grid with 50 disks and a 1000-by-1000
grid with 50 disks require the same amount of space.

For dependent periodic allocation, the optimal retrieval schedule can be computed efficiently for a
given query as follows. The element OPTIi,j] in the matrix is NULL if the allocation in a single copy
is optimal for an i-by-j query. By Lemma 13, any of the copies can be used for retrieval. If a single
copy is non-optimal, we need to perform bipartite matching. In this case, OPT]Ii,j] stores the matched
17 disk ids for i-by-j query with top left bucket (0,0). Hence the maximum number of disk ids stored
in the table OPT for dependent periodic allocation is >, SV ij = (N(N + 1)/2)% Hence the
size of the table is ©(N*log(N)). For arbitrary i-by-j queries, this stored bipartite matching can be
used by relabeling disks as indicated by Lemma 10.

Consider the queries g1 and g2 shown in Figure 5. Assume we have a matching for query g1 and
we want to find a matching for query g2 (user requests g2 but we store the matching for g1 only). We
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Figure 5: Periodic allocation of 2 copies of data

can simply find the matching for g2 by relabeling the disk ¢ with (i 4 5) mod 7 in the matching for g1.
So, for every non-optimal (with one copy) query type, we store the matching only once. As stated, if
a single 3-by-5 query is non-optimal for the allocation, then all 3-by-5 queries are non-optimal and
we store a single matching for all 3-by-5 queries.

13 | 16

13 | 14 15 16

Figure 6: Allocation of n-by-m grid

5 Extended Periodic Allocation

In Section 4, we came up with a framework for optimal allocation of N disks for an N-by-N grid.
However, performance issues might dictate the use of a particular page size, which might mean the
grid sizes are greater than the number of disks or vice versa. For instance, both the North-East dataset
and the Sequoia dataset that we use for our experiments in Section 7 have large grid sizes.

Another common scenario is an heterogeneous disk system architecture. In such cases, we can
use the scheme proposed in [16] to obtain a set of virtual disks, to which we can apply the proposed
replication framework.

Many applications also may require the data to be represented as a rectangular grid (with different
number of partitions in each dimension). Thus, we propose extensions to the framework to find
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optimal disk allocation for arbitrary a-by-b (a > N, b > N) grids. We also provide a framework for
extending these optimality results for a larger number of disks by increasing replication.

yN t

XN XN

yN

Figure 7: Retrieval of i-by-j query (i = *N + 2z, j = yN + 1)

5.1 ExtensiontoArbitrary Grids

Definition 9 Extended periodic allocation of an a-by-b grid (a>N, b>N) using N disks is defined as
fe(i,7) = (ci 4+ dj + e) mod N where ¢,d,e are constantsand 0 < i < a—1land0 <i <b— 1.
fe is an extension of f(i,7) = (ci + dj + e) mod N where ¢, d, e are constants (same as in f.) and
0<i<N—-land0<i<N —1.

Lemma 14 If an N-by-N periodic disk allocation using N disks is a latin square, then N consecutive
buckets in a row or column of extended periodic allocation has only one bucket mapped to each of the
N disks.

Proof We will prove this for N consecutive buckets in a row. The proof for N consecutive buckets
in a column is similar. Let f.(i,7), ..., fo(: + N — 1, 5) be N consecutive buckets and Let f(i,j) =
(ci +dj + e) mod N be a latin square disk allocation. f.(i + k., j) = f((i + k) mod N, j mod N) by
definition of extended periodic allocation. Therefore N consecutive buckets f. (i, 7), ..., fe(i+N—1, 7)
are equal to f(4,7), ..., f(i + N — 1, 7). These buckets are mapped to N distinct disks since f(i,j) is a
latin square. O

Theorem 5 If there is an optimal disk allocation for N-by-N grid using x copies with N disks, and at
least one of the copies is a latin square, then there is optimal disk allocation for a-by-b grid (a>N,
b>N) using x copies with N disks.

Proof All i-by-j, i<N, j<N queries are optimal by assumption. Consider queries of the form i-by-j
where i = xN + z,j = yN +1t, z,t < N,i < a, j < b. Divide the query into 4 quadrants as shown
in Figure 7. xN-by-yN and z-by-yN segments can optimally be retrieved row-wise order and xN-by-t
segment can optimally be read column-wise using the copy which is a latin square. Here we used the
fact that all disks are busy while reading the first 3 segments. Therefore optimality as a whole depends
on z-by-t segment. The z-by-t segment can optimally be read by assumption since z,¢ < N. O

17



Corollary 1 If there is an N-by-N latin square disk allocation using N disks with worst case cost
OPT+c, then there is an a-by-b disk allocation (a>N, b>N) using N disks with worst case cost
OPT+c.

O

5.2 Extension to Large Number of Disks

In the datasets we have used for our experiments, and in most database applications, the number of
buckets per dimension is larger than the number of disks. However, the ratio of these numbers is
dependent on the data and the architectural framework. We would like to reiterate that our technique
is scalable and for the sake of completion, we provide a framework for extending our results from
small number of disks to higher number of disks by increasing replication,
Lemma 15 [22] = [ 1 <pm k<N

Proof Follows by assuming nm = tN + r and case analysis.

Theorem 6 If there is an optimal N-by-N disk allocation using x copies, then there is an optimal
kN-by-kN disk allocation using kx copies.

Proof Assume there is an optimal N-by-N disk allocation using x copies. By Theorem 5, kKN-by-
kN grid is optimal using x copies. Consider an n-by-m query in an kN-by-kN grid. By assumption
there is a bipartite matching which assigns at most [ “* | buckets to each of the N disks. Partition kN
disks into k classes such that each disk appears in only one class. (P; = {j|j mod N =i} where P, is
partition i) Replicate buckets that are mapped to a disk t on disks that are in same partition as t (done
for each of x copies to get kx copies). Extend bipartite matching of N disks to kN disks by mapping
buckets mapped to disk i (0 <7 < NV — 1) to disks in i’s partition in round robin order. With kN disks
there are at most [kfgw buckets mapped to one of the kN disks and optimal is [ 75 ]. By Lemma 15
overall matching of buckets to kN disks is optimal. 0

Lemma 16 [CEE) < mm) 4 (L] 1 <pom k< N,0<¢<N.

Proof Trivial. By definition of the ceiling function.

Theorem 7 If there is an N-by-N disk allocation using x copies with worst case cost OPT+c, then
there is an kN-by-kN disk allocation using kx copies with worst case cost OPT+ [ 7].

Proof Similar to proof of Theorem 6 but uses Lemma 16 instead of Lemma 15.

Assume there is an N-by-N disk allocation using x copies with worst case cost O PT'+ c. Consider
an n-by-m query in an kN-by-KN grid. By assumption there is a bipartite matching which assigns
at most [ ] 4 ¢ buckets to each of the N disks. Partition kN disks into k classes such that each
disk appears in only one class. (P; = {j|7 mod N = i} where P; is partition i) Replicate buckets
that are mapped to a disk t on disks that are in same partition as t (done for each of x copies to get
kx copies). Extend bipartite matching of N disks to kN disks by mapping buckets mapped to disk
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i (0 <4 < N —1)todisks in i’s partition in round robin order. With kN disks there are at most
[N 1+

nm c

[ —2——1 buckets mapped to one of the kN disks and optimal is [7%]. From the definition of the
ceiling function, we have the result ([TTHCW <&l +1EL 1<n,mk<N,0<c<N.Hence
the result. O

The above theorem has several important consequences that are not just constrained to range

queries. They include the following:

o If there is an optimal N-by-N disk allocation using x copies, then there is an optimal KN-by-kN
disk allocation using kx copies.

e OPT+1 worst case cost can be achieved using /N copies if N is square number.

e OPT+ (k—NQ} worst case cost can be achieved using k copies for arbitrary queries (any combina-
tion of buckets) if N is divisible by £2.

e Results in declustering research can be improved by replicated declustering since any N-by-N
declustering scheme with worst case cost OPT+c can be used to get a kN-by-kN replicated
declustering scheme with worst case cost OPT+[ ;| using k copies.

6 Parallel Processing of Multiple Queries

In real data applications, queries that are posed on the system might be sparse or may occur in bursts
of high frequency. While the proposed framework is strictly optimal for a single query, it is necessary
to get a perspective of the performance in case of a scenario where multiple queries are executed in
parallel. We note here that an allocation scheme for optimal execution of multiple range queries (in
effect, an irregular query) is a computationally hard problem. However, in this section, we provide
theoretical results which show that this framework is near-optimal for a majority of cases. We later
instantiate it with results in Section 7.

In systems, where queries are very frequent, the response time for a query has two inter-dependent
parts. One is the processing time of the query. We have discussed techniques to obtain the least
possible (optimal) processing time. However, since the system processes queries individually, there is
also a waiting time for the queries in the system. Often, depending on the query rates and the average
processing times, the waiting time can be substantially more than the processing time for a query.

In addition to the processing time for queries in the system, it is necessary to reduce the waiting
time for the query as well. To justify the necessity for simultaneous processing of range queries,
we propose the use of a simple model for a query system; the M/M/1 model. In this model, the
queries that are posed on the system follow a Poisson distribution and the processing time for each
query follows an exponential distribution. If we can process n queries simultaneously (analogous to a
M/M/n system), we can reduce the total time that a query takes to get processed. While these systems
have the same expected processing time for a single queue, the expected waiting time for a query
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decreases with increase in n. Mathematically, this can be expressed as follows. Let us assume, the
query arrival rate is \ and the query processing rate is x, where © o< [A/n| as explained in Section
5. The expected time for a query in the system when in a stable state, 7}, iS given by the sum of the
expected processing time T's and the expected queuing time 75,.

,—Ttotal = TQ + TS

For an M/M/1 system, the expression for the average time spent in the queue is

RS
plp—=2)  p

For the more general M/M/n system, the expression for total time spent in the system T;, is given
by the following expression. The derivations for the above are given in [8]. Here the waiting time is
measured as function of the probability that a given query is queued. It is intuitive that the probability
that a query is queued, P, decreases with increase in n. It can be proved mathematically as well
[8]. It follows consequently that the expected waiting time in a system where multiple queries are
processed simultaneously reduces with increase in n.

T1 — TQ1 —|—T51 —

AP, 1

Tn:Tn_FTSn:i_F_
N plnp—2A)  p

where I and Py are in turn given by the following expressions.
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It has been shown that the expression for 7, decreases with n. Thus, we see that multiple pro-
cessing of queries is better than processing queries one by one. However, for the processing to be
equivalent to a multiple server system, the processing of simultaneous queries should also be optimal.
Now, we proceed to show that the system is near optimal for simultaneous processing of queries.
This property of the replication framework makes it possible to process queries simultaneously and
subsequently reduce query waiting time. We observe that processing multiple queries would not be
necessarily advantageous unless this is true, as the reduction in query wait time might be overshad-
owed by the increase in processing time.

We first show theoretically that our system is optimal in some cases and is near optimal for all pairs
of queries. We then extend the result to multiple disjoint queries. We then show that for normal query
sizes, the assumption of disjointness is valid for small values of n, thus showing that the replication
framework can be used in this scenario for further performance improvement. Examples of union of
two disjoint queries are given in Figure 8. Note that they cover a wide range of queries.
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Theorem 8 Let ¢; be an a-by-b query and ¢, be an c-by-d query on a strictly optimal N-by-N repli-
cated declustering system with N disks. If ¢; N g2 = 0, then ¢; U ¢o can be retrieved with worst case
cost OPT+1.

Proof Letab=kN+m, 0<m < Nandcd =tN+u, 0<u< N.Ilfm=00ru=0,q¢ Ug
can be retrieved with worst case cost OPT (retrieve the query with exact multiple of N buckets first
and then the other). Otherwise, optimal retrieval cost for query ¢; is k + 1 and optimal retrieval cost
for query ¢ is ¢t + 1. If we retrieve ¢, first and then ¢,, we can retrieve them with cost &k + 1 + ¢ + 1.
Using properties of ceiling function optimal cost for ¢; U¢s, is [C“’LN“} which is equal to k4t 4 [ F4].
If [52] = 2, then the retrieval cost of ¢; U g» wWhich is k + ¢ + 2 is optimal. If [5%] = 1, then the
optimal cost is k + ¢ + 1 and ¢; U ¢ has retrieval cost OPT+1.

Figure 8: Figure for Theorem 8
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Figure 9: Probability of disjointness

This result can be generalized to obtain a bound for the worst case cost for processing multiple
disjoint queries. While the probability that multiple queries remain disjoint is lesser, we note that
the selectivity of the queries and the query arrival rates are comparatively smaller than the process-
ing speed. The number of active queries in the system is relatively few; hence the assumption of
disjointness.

Corollary 2 Union of k pairwise disjoint spatial range queries can be retrieved with worst case cost
OPT+k-1 using a strictly optimal N-by-N replicated declustering system with N disks.
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While we pose a restriction by the constraint that the queries should be disjoint, it is important to
note that this condition is almost always satisfied in real systems for low values of n. The expression
for the probability that » queries of selectivity s are disjoint is given by the followring expression.

n—1
P(n,s) =[] (1 —is)
=0
In Figure 9, we plot the probability that the queries in the system are disjoint, for selectivities of
1072, 10~2 and 10~* for up to 5 queries in parallel. From these values, we note that the assumption
is valid. Alternatively, we can identify the value of n for which the probability is within a threshold.
Since the performance improves with n, the largest n would imply the least waiting time. On that
note, we also observe that in a system where performance is critical, it is possible to ensure optimal
parallel processing using more replication. For example, we can process a set of n queries using n
individual set of x copies, where x is the number of copies required for one query. It is also possible
to group the queries in groups of size k, such that (Zle n;| = k — 1, which would result in a lesser
number of copies.

7 Experimental Results

We use the results obtained in Section 4 to construct strictly optimal periodic allocations for N-by-N
grids and N disks where 1 < N < 50. We perform experiments to find parameters for dependent and
independent periodic allocation that satisfy the criterion of optimality, through an exhaustive search
of the possible parameters for the allocation. From Lemma 10, we need to check only one i-by-j
query for optimality to decide the optimality for all i-by-j queries. For each value of N, we look for
parameters that would result in optimal allocations with less than 3 copies of the data. We observe
that optimal allocations can be found for all values of N < 50 using only 3 copies. It must be noted
that these computations need to be performed only once and are not required during query retrieval.

We present the results for the optimal parameters later in this section. From our experiments, we
conclude that it is impossible to reach optimality with disk allocations that use single copy for systems
with six and more disks. We also observe that as the number of disks increases, the performance of
current schemes degrades very significantly, where the proposed scheme keeps its strict optimality.
We found strictly optimal disk allocations for up to 15 disks (except 12) using single replica and for
up to 50 disks using two replicas of the data. Using the generalizations proved in the previous section,
the optimality results can be extended to arbitrary a-by-b grids using the same number of disks and
extended to an even larger number of disks by increasing replication by the techniques described in
Section 5.

Finally, we present the performance comparison with other schemes. We test the dependent
periodic allocation scheme on two spatial datasets- the North-East dataset [47] and the Sequoia
dataset [48]. The former is a spatial dataset containing the locations of 123,593 postal addresses,
which represent three metropolitan areas (New York, Philadelphia and Boston). The latter, which

22



No. disks | Non-optimal (%) [a [b | c | d |
6 0 112121
7 0 11213
8 3.125 11213
9 3.704 11213
10 2.000 11423
11 4,959 112113
12 6.944 1(5(2]3
13 5.917 112115
14 5.612 1141213
15 9.777 114116
16 7.031 11623
17 7.612 1(5(1]7

Table 1: Independent Periodic Allocation using 2 copies

is data from the Sequioa 2000 Global Change Research Project, contains the co-ordinates of 62,556
locations in California. We perform experiments for different ranges and compare the performance
with other single-copy based allocation schemes that are used. We also compare the queries when
multiple queries are processed as discussed in Section 6.

7.1 Experimental Results on Independent Periodic allocation

For this scheme we found the disk allocation which minimizes the percentage of the queries which are
non-optimal. We can represent independent periodic allocation using two copies with four parameters
a, b, ¢, and d. The allocation for the first copy is f(i,j) = (ai + bj) mod N and the allocation for
the second copy is ¢(i,j) = (ci + dj) mod N. Similarly, we can represent independent periodic
allocation using 3 copies with 6 parameters a,b,c,d,e, and f where a,b,c,d is as given previously and
the allocation for the third copy is h(7, j) = (ei+ fj) mod N. The percentage deviation from optimal
performance using two copies and an allocation that achieves that performance is given in Table 1.
As can be seen from the table, optimal allocation using 6 and 7 disks can be found without the need
for matching. Non-optimal percentage and allocation using three copies is given in Table 2. So using
three independent copies, an optimal periodic allocation scheme can be found without matching for
8,9 and 10 disks, and non-optimal percentages for other numbers of disks are further reduced.

7.2 Experimental Resultsfor Dependent Periodic Allocation

We now present the results for dependent periodic allocation. We emphasize here again that dependent
periodic allocation satisfies Lemma 10. We can represent a strictly optimal solution with 2 copies
using dependent periodic allocation with 3 parameters a,b and c¢. The disk allocation for the first copy
is f(i,7) = (ai + bj) mod N and the allocation for the second copy is (i, 7) = (f(4,7) + ¢) mod N.
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No. disks | Nonopt. (%) [a [b|c[d]e]f]
8 0 1121314
9 0 1121314
10 0 112(1(3(|2]1
11 1.653 1121314
12 0.694 1(5(2(3(3]|2
13 2.367 1121315
14 1.020 1131425
15 4 1141632
16 3.906 1(6(1]7]2]|3
17 4.844 1121|517

Table 2: Independent Periodic Allocation using 3 copies

| No.disks | a [ b | c | Overhead (Bytes) |
6 1 1 2 209
7 1 2 2 222
8 1 1 4 576
9 1 2 3 535
10 1 2 3 1278
11 1 2 3 1215
12 NA | NA | NA NA
13 1 2 5 2470
14 2 5 3 4004
15 1 4 6 3565

Table 3: Optimal Dependent Periodic Allocation using 2 copies

Optimal assignments (for all possible queries) using this scheme are given in Table 3. Strictly optimal
assignments using 3 copies are given in Table 4. Disk allocation for 3 copies are f(i,j) = (ai +
bj) mod N, g(i,7) = (f(i,7) + ¢) mod N and h(i,j) = (f(i,j) + ¢ + d) mod N. The overhead
of keeping track of bipartite matching in dependent periodic allocations is very low. The structure of
matchings requires less than 5 KB for 2 copies and will fit in memory. This overhead depends only
on number of disks and not on size of grid.

7.3 Performance comparison

We implemented Cyclic Allocation [49, 50] and General Multidimensional Data Allocation (GMDA)
[40], and compared them with the proposed techniques. Cyclic allocation assigns buckets to disks in
a consecutive way in each row; and the starting allocated disk id of each row differs by a skip value
of H. Many declustering methods prior to cyclic allocation were based on the same idea, and they are
special cases of cyclic allocation. It has been shown that cyclic allocations significantly outperforms
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No. disks [a | b [c[d | No.disks [a| b | c | d |[[No.disks[a[b |[c | d|

12 117 13]|6 27 1171316 39 1) 4|14 )14
16 117 13]|6 28 1/19| 6 | 6 40 1197 |14
17 117 13]|6 29 1171316 41 1] 4 ]10]10
18 117 13]|6 30 11137 |7 42 1113|1919

19 117 13]|6 31 11748 43 1113|1818
20 117 13]|6 32 13|88 44 15|18 |36
21 21533 33 113|818 45 117110120
22 3|5 |4|4 34 115|818 46 117110120
23 21131919 35 1]13]|10 )10 47 116|816
24 117 13]|6 36 11111515 48 1171918
25 117 13]|6 37 113 |14 14 49 116|816
26 117 13]|6 38 11111414 50 1171918

Table 4: Optimal Dependent Periodic Allocation using 3 copies

TIME Fast Disk | Average Disk
Average Seek Time(msec) 3.6 8.5
Latency(msec) 2.00 4.16
Transfer(MByte/sec) 86 57

Table 5: Disk Specification

others such as DM, FX, HCAM [49, 50]. GMDA follows a similar approach to cyclic allocation, but if
arow is allocated with exactly the disk ids with the previous checked row, the current row is shifted by
one and marked as the new checked row. As an example of Cyclic Allocation, we implemented BEST
Cyclic, i.e., the best possible cyclic scheme that is computed by exhaustively searching all possible
skip values H, and picking the values that give the best performance.

We perform experiments on range queries on the North East dataset. These queries would be
analogous to looking for places within a particular distance (in the specified rectangular region) from
a chosen location in the dataset. In this scenario, which is very common in GIS applications, we
compute the expected I/O time in the dependent periodic allocation scheme for various range values.
We also compute these times for the same query for each of Disk Modulo(DM), Fieldwise XOR (FX),
GDMA and Best Cyclic.

For our experiments, we assume the data space to be partitioned into a grid of size 50 by 50. This
is equivalent to approximately 48 data points in each page. We also fix the data associated with the
point to be 100 KB. We calculate the expected seek time, latency time and the transfer time for the
pages calculated by looking up the table that we have generated for the database for the particular
query. We also implement the other techniques for the same query and calculate the access times.

To gain a good perspective on the performance, we evaluate the techniques on two different archi-
tectures - one with average speed disks and the other with the fastest disks available. The specifica-
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tions for the fast disks have been taken from the Cheetah specifications in [53] and the specifications
for the average disks have been taken from the Barracuda specifications in [53]. Table 5 provides
the key parameters that describe the architectures. We compute the total 1/O time for queries that are
centered about a randomly chosen point in the dataset for different values for the number of disks,
M. The theoretical results show that the worst case costs are lower in our scheme. To compare the
overall gain in performance, we average our results for 1000 range queries in each case. The results
are similar for both the North-East dataset and the Sequioa dataset. We present the results from the
larger dataset in the figures.

From the results, we observe that BEST Cyclic outperforms RPHM, DM, FX and GDMA. In both
symmetric rectilinear (square) queries and asymmetric rectilinear queries, the query processing times
for the Dependent Periodic allocation scheme is better. In Graphs 10(a) and 10(b), we present the
results for square queries on the dataset. For the North-East dataset, we notice that for M=10, the
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average 1/0 time is 52 ms whereas among the single copy schemes, the best 1/0 time is in the Best
Cyclic Allocation, which takes more than 63ms. In average disks, the corresponding values are 109ms
and 136ms. The difference in the performance is more prominent for higher values of M. For M=50,
our scheme outperforms the best single copy schemes by as much as 103% and the worst by 248%.
In the Sequoia dataset, the periodic allocation scheme outperforms the best and the worst by 93% and
272% respectively for fast disks for M=50. It is important to note that the computational overhead is
negligible in the Periodic Allocation Scheme as our scheme only involves a lookup from a M-by-M
table, which is typically in the order of a few pus.

In the second set of experiments, we compare the performance of asymmetric rectilinear queries
(with different selectivity in each dimension). The results are for selectivities of 40% and 10% in
the two dimensions. The graphs can be found in Figures 11(a) and 11(b). The results are similar to
symmetric range queries. For instance, in the North-East dataset, our scheme is upto 101% faster than
the Best Cyclic Allocation, which is the best among the single copy schemes for M=50. These results
show that our technique performs better for asymmetric queries as well.

Disk /0 Time(ms) vs N Disk I/0 Time(ms) vs N
T T T T T T
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Figure 12: 1/O time for Parallel Queries

In the third set of experiments, we compare the performance for parallel execution of multiple
queries as discussed in Section 6. For these experiments, we present results for randomly chosen
sets of pairs from the Sequoia dataset. The graphs are presented in Figures 12(a) and 12(b) for two
and five simultaneous queries, for the fast speed disk architectures. As demonstrated by the results in
Section 6, the performance of the proposed scheme is better than the existing techniques.

We also provide the plot of performance with the number of queries in Figures 13(a) and 13(b) to
show that increasing the number of queries n makes the difference in performance more pronounced.
Figure 13(a) shows the comparison between the processing time alone for the different techniques in
a multiple query system for selectivities of 0.1 in each dimension. Figure 13(b) shows the results for
selectivities of 0.3. From the results we note that for lower selectivities, the lower degree of overlap
leads to a higher factor of improvement for greater values of n. We can observe from the results that
in multiple query environments, the replication framework performs much better.
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8 Conclusion

Replication is commonly used in database applications for the purpose of fault tolerance. If the
database is read-only or the frequency of update operations is less than the queries, then replication can
also be used for optimizing performance. On the other hand, if updates occur very frequently in the
database, although they can be done in parallel in a multi-disk architecture, the amount of replication
should be kept small. In this paper, we have proposed a scheme to achieve optimal retrieval with a
minimal amount of replication. Furthermore, unlike other declustering techniques, this framework is
near-optimal in the case of simultaneous multiple queries.

In this paper, we provided some theoretical foundations for replicated declustering. We studied
the replicated declustering problem utilizing Latin Squares and orthogonality. We provided several
theoretical results for replicated declustering, e.g., a constraint for orthogonality and a bound on the
number of copies required for strict optimality on any number of disks.

We proposed a class of replicated declustering techniques, periodic allocations, which are shown
to be strictly optimal for several number of disks in a restricted scenario. We proved some properties
of periodic allocations that make them suitable for optimal replication. We also showed how to extend
the optimal disk allocation results for small number of disks to larger number of disks and to arbitrary
non-uniform grids. The proposed technique was also shown to have lower bounds that are near-
optimal for parallel processing of multiple range queries.

An efficient and scalable query retrieval technique was proposed. In particular, we showed that
by storing minimal information we can efficiently find the disk access schedule needed for optimal
parallel 1/O for a given arbitrary query.

The proposed technique achieved strictly optimal disk allocation with 6-15 disks using 2 copies
and 16-50 using 3 copies. Note that in these cases, it is impossible to reach optimality with any single
copy declustering technique. Our experimental results on real spatial data demonstrated 1/O costs 2
to 4 times more efficient using the extended periodic allocation scheme than other current techniques.
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The experiments also show better performance for processing multiple queries.
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