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ABSTRACT
High dimensional data sets are encountered in many modern
database applications. The usual approach is to construct a
summary of the data set through a lossy compression tech-
nique, and use this lower dimensional synopsis to provide
fast, approximate answers to the queries. In this paper, we
develop a novel dimensionality reduction technique based
on partitioning the high dimensional vector space into or-
thogonal subspaces. First, we find a relation between the
Euclidian distance of two n-dimensional vectors and the Eu-
clidian distances of their projections on the orthogonal sub-
spaces. Then, based on this relation we develop a method to
approximate the Euclidian distance using novel inner prod-
uct approximation. This process allows us to incorporate
the shape information of the vectors to this approximation.
While the inner product approximation is symmetric, i.e.,
captures only the magnitude information of the data, the
proposed method takes both the magnitude and shape in-
formation of the original vectors into account through par-
titioning. In the experiments, we demonstrate the effective-
ness of our technique by comparing it with commonly used
methods.

Categories and Subject Descriptors:H.3.3[Information
Search and Retrieval]: Indexing Methods

General Terms: Performance, Design, Experimentation,
Theory, Algorithms.

Keywords: High Dimensional Data, Similarity Search, Shape
Approximation.

1. INTRODUCTION
With the deployment of different types of information in

large-scale applications, both the dimensionality and the
amount of data that needs to be processed are increasing
rapidly. Some examples of such applications are document
databases [11], medical imaging [31], and multimedia infor-
mation systems [17,37]. The general approach is to generate
feature vectors that represent the original data objects and
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then to define a distance metric, e.g. Euclidian distance
between these vectors that represents the (dis)similarity be-
tween the objects. A popular type of query is similarity
query which is defined as finding the most similar data ob-
jects in the data set to a given query object. For example,
in image databases a possible similarity query is to find the
images most similar to a given image. The images are rep-
resented as d dimensional feature vectors, e.g., color, shape,
texture, features, and the similarity between the images
is defined by a distance function, e.g., Euclidean distance
between the corresponding feature vectors. The k-nearest
neighbor, k−NN, problem is defined as finding the k most
similar feature vectors to a query point q. A closely related
query is the ε-range query where all feature vectors that are
within ε neighborhood of the query point q are retrieved.

For efficient query processing in multi-dimensional spaces,
a number of index structures have been developed. Tech-
niques for low-to-medium dimensional data sets are already
incorporated into commercial database products [23,27], and
image, scientific and medical applications [3,6,20,31,39,42].
However, neither the common multi-dimensional indexing
techniques [21,36] nor their extensions [5,8,10,19,29,32] can
be successfully scaled for very high dimensional data because
of the effects of the infamous dimensionality problems [4,41].
It has been noted that as dimensionality increases, query
performance in most of the current approaches degrades sig-
nificantly [4]. This anomaly is referred as the dimension-
ality curse [18] and has attracted the attention of several
researchers.

A popular solution to the problem of dimensionality curse
is dimensionality reduction for scalable query performance.
The most common approaches found in the literature for
dimensionality reduction are linear-algebraic methods such
as the Karhunen-Loeve Transformation (KLT) [24,28,33], or
applications of mathematical transforms such as the Discrete
Fourier Transform (DFT) [35], Discrete Cosine Transform
(DCT) [25], or Wavelet Transform (DWT) [9]. As the trans-
formations are known to be distance preserving, the general
approach is to transform the high dimensional feature vec-
tors and obtain lower dimensional vectors by taking the first
few leading coefficients of the transformed vectors [2]. The
general idea of these techniques depends on the observation
that by using these transformations, a small subset of di-
mensions keeps a large portion of the information about the
feature vectors. Several reduction techniques were proposed
for time-series [2, 20, 30], image [17, 26, 34, 43], and docu-
ment data [11–13]. And recently a nonlinear dimensionality
reduction was proposed in [40].



If the distance between the transformed vectors is a lower
bound to the distance between the original feature vectors,
then the lower-bound filtering property is said to hold [38].
When the lower-bound filtering property holds, a point in
an ε neighborhood of the query point stays in an ε neighbor-
hood in the transformed domain. On the other hand, since
the query result is underestimated, the returned result set
may contain extra data. These false hits can then be elimi-
nated by checking the original distance between the feature
vectors. Therefore, at the end the query result has only the
data in the ε-neighborhood of the query point.

Approximation methods in similarity queries have also at-
tracted attention [22,26]. It can be argued that approximate
methods achieve efficiency at the expense of exact results.
However exact results are difficult to obtain in several appli-
cations to begin with. One reason is that the generation of
feature vectors from the original objects itself may be based
on heuristics. Besides, the semantics expected from most
application domains are not as strict as the exact queries
used in relational databases. For example, the QBIC project
at IBM provides the ability to run queries based on colors,
shapes, and sketches [17,34]. As mentioned in the Asilomar
Report on Database Research [7], imprecise information will
not only appear as the output of queries, it already appears
in data sources as well. For several applications, it is much
more reasonable to define approximate queries; consider a
user submitting a query such as “Are there any good Ital-
ian restaurants close to where I live?”. There is no exact
answer to this query since it is difficult to give a perfect
definition of goodness and even closeness. In such instances
it is useful to provide an approximate answer to the given
query. Another reason for developing approximation tech-
niques is the huge amount of data in a typical application
for which exact answers would require a long period of time
to execute. For example, the number of documents that can
be reached by internet is increasing rapidly, the commercial
data warehouses are doubling their sizes every 9-12 months,
and satellite data repositories will soon add one to two ter-
abytes of data every day [1]. If the current trends continue,
large organizations will have petabytes of data that need
to be processed [7]. However for approximation queries a
careful analysis must be given to the approximation quality
of the dimensionality reduction technique. It is essential to
develop techniques which have accurate approximations to
the original similarity distance so that the similar objects in
the original domain remain similar in the transformed do-
main. The dimensionality reduction technique proposed in
this paper considers both magnitude and shape of the origi-
nal data and directly aims minimizing the error made in the
approximations.

The remaining sections are organized as follows. In Sec-
tion 2, we review the inner product approximation and de-
scribe how to use this approach to obtain fast approximation
to the Euclidian distance. The drawback of the method and
an effective enhancement to overcome this drawback is dis-
cussed in Section 3. In the same section, we also provide
some illustrative examples to show the need for the shape
approximation in addition to the magnitude approximation
discussed in Section 2. In Section 4, we perform experi-
ments to justify the results obtained in the preceding sec-
tions. The experiments clearly show that the incorporation
of the shape approximation enhances the performance of
the symmetric magnitude approximation. Furthermore, the

proposed method is compared with other methods and its
superiority is demonstrated. Conclusions and future work
appear in Section 5.

2. MAGNITUDE APPROXIMATION
Developing effective ways for dimensionality reduction is

crucial for the query performance in modern databases. In
applications, where the similarity is measured by the dis-
tances between multidimensional data points, it is required
that the distance in the lower dimensional space closely ap-
proximates the original distance. Thus, it is desirable to
develop dimensionality reduction techniques that achieve ac-
curate approximations to the original similarity distance. In
this section, we review our approach to generate small size
synopsis of high dimensional data and then show how to
utilize this method for similarity search.

Dimensionality reduction and similarity search based on
inner product approximation is first introduced in [15]. In
this technique, the p-th power symmetric function of a se-
quence x = (x1, x2, . . . , xn) is defined by

ψp(x) = xp
1 + xp

2 + · · · + xp
n. (1)

Note that, ψp(x) is equivalently the p-th power of the p-norm
‖x‖p which is defined as

‖x‖p = p

√

xp
1 + xp

2 + · · · + xp
n

Hence, we can write ψp(x) = ‖x‖p
p. Using this relation, we

can express the ordinary Euclidean distance between x and
y in terms of the power symmetric functions as

‖x− y‖2 =
√

ψ2(x) + ψ2(y) − 2 < x, y > (2)

where < x, y > is the standard inner-product given by

< x, y >= x1y1 + x2y2 + . . .+ xnyn

We assume that x is a vector from a massive data set, say
V m×n, consisting a huge number of n-dimensional vectors.
The query vector, y, can be from the same data set or from a
similar distribution. Note that, the ψ2 values for each vector
x ∈ V can be pre-computed as the representative of the
original vector x and stored. If we can find an approximation
for the inner product in Equation 2 in terms of ψ2(x), we
can use these ψ2 values as a lower dimensional representative
of the original data. The Cauchy-Schwarz inequality below
provides an upper bound for the inner product

< x, y > ≤ ‖x‖2‖y‖2. (3)

If we substitute this expression to Equation 2, we can ob-
tain a lower bound to the Euclidian distance. The Cauchy-
Schwarz inequality provides a first order approximation to
the inner product. However, we want the answer to be accu-
rate, i.e. we aim to minimize the error made in the distance
computations. Hence, we look for an higher order approxi-
mation of inner product in terms of the quantities ψp(x) for
each data vector x in the database V . In [15], it is shown
that the inner product of the sequences can be approximated
as

< x, y >m ≈ b1ψ1(x)ψ1(y) + b2ψ2(x)ψ2(y) + · · ·

+bmψm(x)ψm(y) (4)

for large n. Given that the components of x are inde-
pendently drawn from a common (possibly unknown) dis-
tribution F (t) with density f(t), the optimal coefficients
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Figure 1: < x, y >m ≈ b1ψ1(x)ψ1(y) + · · · + bmψm(x)ψm(y) : asymptotic expansion coefficients b1, . . . , bm for the
uniform distribution.

b1, b2, · · · , bm in the sense of least squares can be found in-
dependently of x and y. That is, we look for the constants
that minimize

∫

[

< x, y >m −
m

∑

j=1

bjψj(x)ψj(y)

]2

dxdy (5)

where dx = dx1dx2 · · · dxn, dy = dy1dy2 · · · dyn, and the
integral is over the 2n-dimensional unit cube I2n. The nor-
mal equations that b1, b2, . . . , bm must satisfy are found by
differentiating (5) with respect to each bi, and setting the
resulting expressions to zero. Reader can refer to [15] for the
details of the computations where the best set of coefficients
for various distributions such as uniform, normal, exponen-
tial, binomial, poisson, beta and for non-parametric case
are found. Figure 1 shows the asymptotic expansion coeffi-
cients b1, b2, . . . , bm for the uniform distribution, and Figure
2 provides optimal coefficients b1, b2 for various parametric
distributions.
Unknown Distribution If the coordinates of each vector
x are drawn from a known parametric distribution family,
then the parameters can be computed as mentioned before.
However, the distribution of a real data set may be non-
parametric or unknown to the user. Therefore, we need
a method to estimate the best set of parameters for real
data sets. Suppose we have a data set consisting of r n-
dimensional vectors and we know the moments, µi of its
density function. If x is added as the (r + 1)th vector to
the data set, then the new estimate of the moments can be
obtained in terms of the previous moments as

µ̄i[r + 1] =
r

r + 1
µ̄i[r] +

n− ψi+1(x)

n(r + 1)(i+ 1)
(6)

Hence, this relation can be used to compute and maintain
empirical moments of a density based on the sample points.
Furthermore, we can utilize first four moments of the density
function to compute the optimum coefficients using

b1 = µ2
1 ·

2µ3
2 + µ2

1µ4 − 3µ1µ2µ3

µ3
2 − µ2

1µ4 − 2µ1µ2µ3
,

b2 =
µ4

1

µ2
·

µ1µ3 − µ2
2

µ3
2 − µ2

1µ4 − 2µ1µ2µ3
. (7)

Equations 6 and 7 provide the tools to compute the opti-
mum coefficients for real data sets. The derivations of these
results can be found in [16].

3. INCORPORATING SHAPE
The symmetry in the power functions is a drawback of

p-norms approximation, which causes biased results in some
cases. For example, consider the following two vectors x =

[1, 2, 3, 4, 5], z = [5, 4, 3, 2, 1] and any arbitrary query y.
Note that,

ψ1(x) = ψ1(z), ψ2(x) = ψ2(z), · · · , ψm(x) = ψm(z)

Since we sum the p-th powers of the entries during the con-
struction of the power symmetric functions, the indices of
the entries do not effect the result. Hence, the information
about the shape of the vectors is lost. The presence of this
information in the original Euclidian distance is clear, since
the differences of the entries corresponding to the same in-
dex are found and squared. Therefore, when the shape of
one of the sequences is distorted (this could be flipping the
sequence as in the example above, or interchanging some of
the entries of the sequence), this is directly reflected to the
Euclidian distance. While the power functions ψ1 and ψ2 in
Equation 2 are symmetric, independent of the location of the
entries, the inner product is dependent on the shape of the
sequences. As a result, by approximating the inner product
by a symmetric expression shape information is lost. Since
the p-norms method already produces very close approxi-
mations to the actual Euclidian distance, it is reasonable
to think that combining it with shape approximation will
result in even higher performance. In this section, we intro-
duce a method for obtaining combined magnitude and shape
approximations. For real data sets, the entries of a vector
closer to each other are expected to be more correlated than
those that are farther from each other. For example, in a
time series data originating from a sensor reporting temper-
ature, in a stock market data or in a series reporting the
traffic load of a particular network the values corresponding
to a certain time period are more correlated than the val-
ues for arbitrary time instances. Hence, instead of using the
exact location of each entry, as in exact Euclidian approx-
imation, we can partition the vectors into non-overlapping
portions and capture part of the shape information. The
following mathematical derivation is inspired by this obser-
vation.

Let us divide the N -dimensional space into k orthogonal
subspaces denoted by S1, S2, · · · , Sk. Define the Bl and Zl

as l-dimensional vectors consisting of all 1’s and 0’s, respec-
tively, i.e.

Bl = [1, 1, · · · , 1]1×l and Zl = [0, 0, · · · , 0]1×l

Based on these definitions, each subspace can be expressed
as

S1 = [Bl ZN−l]

S2 = [Zl Bl ZN−2l]

S3 = [Z2l Bl ZN−3l]

...

Sk = [ZN−l Bl]



Distribution Density f(x) Range b1 b2

Uniform 1 0 ≤ x ≤ 1 − 1
16

45
64

Power cxc−1 0 ≤ x ≤ 1 − 2c3

(c+1)2(c2+3c+4)

c2(c+2)2(c+4)

(c+1)2(c2+3c+4)

Exponential (1/b) exp(−x/b) 0 ≤ x ≤ ∞ b2

2
1
8

Binomial
(

N

x

)

pxqN−x 0 ≤ x ≤ N N2p2(1−2p)
np−3p+2

N2p2

(np−p+1)(np−3p+2

Normal 1

σ
√

2π
exp(−(x−µ)2

2σ2 ) −∞ ≤ x ≤ ∞ 2µ2σ4

µ4+σ4

µ4(µ2−σ2)

(µ2+σ2)(µ4+σ4)

Poisson λx exp(−λ)/x! 0 ≤ x ≤ ∞ λ2

λ+2
λ2

(λ+2)(λ+1)

Beta (v+w−1)!xv−1(1−x)w−1

(v−1)!(w−1)!
0 ≤ x ≤ 1 2v2(w−v−1)

(v+w)2((v+1)2+(v+3)w)

v2(w+v+1)2(w+v+3)

(v+w)2((v+1)3+(v+1)(v+3)w)

Figure 2: < x, y >2 ≈ b1ψ1(x)ψ1(y) + b2ψ2(x)ψ2(y) : optimal asymptotic expansion coefficients b1, b2 for various
parametric distributions.

where l = N
k

. Furthermore, let us take the projections of
the vectors x and y on to each of these subspaces as

XPi = < x, Si >

Y Pi = < y, Si > i = 1, 2, . . . , k

Using the projections defined above, the Euclidian distance
between x and y can be written as

‖x− y‖2 = ‖XP1 +XP2 + · · · +XPk − Y P1

−Y P2 − · · · − Y Pk‖
2

‖x− y‖2 = ‖(XP1 − Y P1) + (XP2 − Y P2)

+ · · · + (XPk − Y Pk)‖2 (8)

Note that the projections

{XP1, XP1, . . . , XPk} and {Y P1, Y P1, . . . , Y Pk}

constitute orthogonal sets. Consequently, the differences
(XPi − Y Pi) i = 1, 2, . . . k, are orthogonal. As a result,
we can rewrite Equation 8 as

‖x− y‖2 = ‖XP1 − Y P1‖
2 + ‖XP2 − Y P2‖

2 + · · ·

+‖XPk − Y Pk‖
2 (9)

Equation 9 is exact computation of Euclidian distance. At
this stage, we compute each of the Euclidian distances in this
Equation using the p-norms approximation given in Equa-
tion 4. As stated before, this process causes the shape infor-
mation to be lost. However, since we are using it to approx-
imate the Euclidian distance between localized sub-vectors
of the original vectors, we still capture global shape informa-
tion. This phenomena will be further illustrated in Section
3.1. Let us call these approximate results as DPi, where

DPi ≈ ‖XPi − Y Pi‖
2 i = 1, 2, . . . , k

Then, the approximate Euclidian distance between x and y
that combines both magnitude and shape approximations is
given by

‖x− y‖2 ≈ DP 2
1 +DP 2

2 + · · · +DP 2
k (10)

In the following section, we provide the intuition behind
the proposed method by giving examples.

3.1 Illustration of Incorporating Shape
In Section 2, we described symmetric Euclidian distance

approximation. Later, in Section 3 we proposed a method
to incorporate the shape information into this technique.
In this part, we illustrate these ideas with an example and
demonstrate how the approximation is enhanced.

The intuition behind the Euclidian distance is studied
in [30]. Here, we will consider two simple sequences and il-
lustrate the computation of the Euclidian distance between
them using exact expression (Equation 2), using symmetric
approximation of inner product (Equation 4), and adding
shape information to the symmetric approximation (Equa-
tion 10). The process is illustrated in figures 3 and 4. For
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Illustration of Euclidian Distance

Figure 3: − : x, −− : y. The Euclidian Distance is
illustrated by the arrows.

illustration purposes, the first sequence is selected simply as
x = [1, 2, 3, 4, 5, 6, 7, 8] and the second sequence is selected
arbitrarily as y = [1, 5, 3, 8, 2, 7, 4, 2]. x and y are plotted
in Figure 3. The differences between the entries of x and
y corresponding to the same indices are illustrated by the
arrows. The Euclidian distance is found by summing the
squared norms of these arrows. A symmetrical vector to x in
the sense of power functions (Equation 1) is any vector hav-
ing the same entries with an arbitrary order, because in the
calculation of p-th power functions, the location of the en-
tries is not important. For example,x1 = [3, 5, 2, 8, 6, 4, 5, 7]
has the same ψ1, ψ2, . . . , ψm values with x, although the
shapes are quite different. Egecioglu [14] observes this fact
and decomposes an n-dimensional vector x into two pairs
as (s(x), σ(x)) to account for this fact. s(x) is the sorted
version of x into weakly increasing coordinates, and σ(x)
is the permutation of indices. In this decomposition, s(x)
captures the magnitude information, while σ(x) preserves
the shape information. Then, the Euclidian distance is ap-
proximated by convex combination of two measures. The
performance of this method is compared with our results in
the final section.
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Figure 4: The effect of incorporating shape information is illustrated for various partitions.

We analyze fully symmetric approximation of Euclidian
distance in Figure 4(a). In addition to x and y, we also plot-
ted the flipped version of x, call xf , in this figure. Note that,
x and xf are symmetric, hence they have same power func-
tions. If we use only the magnitude information, the approx-
imate Euclidian distance of y to x and xf would be found
the equal to each other. To see the effect of adding shape
information, let us divide the subspace into two orthogonal
subspace as explained in Section 3. The projections of x
onto these subspaces are given as xp1 = [1, 2, 3, 4, 0, 0, 0, 0]
and xp2 = [0, 0, 0, 0, 5, 6, 7, 8]. We also partition y in the
same way and then, compute the symmetric approximation
of the vectors in each subspace to find the overall approx-
imation using Equation 10. This process is illustrated in
Figure 4(b). It can be observed that the symmetrical vec-
tors in the subspaces are closer to the original vector for this
case. Hence, part of the shape information is captured. The
effectiveness of the method can be seen better, if we increase
the number of partitions. In Figure 4(c), we divided the n
dimensional space into four subspaces. It is clearly seen that
the ambiguity in the shape decreases considerably, hence the
quality of the approximation increases. In the extreme case,
dividing the space into 8 partitions results in exact compu-
tation of the Euclidian distance. In this case, there is no am-
biguity as seen in Figure 4(d). The incorporation of shape
information increases the quality of the distance approxi-
mation at the expense of storage space. If we employ only
magnitude approximation, we need to store m components,
ψ1(x), . . . , ψm(x), for each high dimensional vector x in the
data set. On the other hand, including shape information by
partitioning the n-dimensional space into k orthogonal sub-
spaces requires storing (k×m) ψ values, i.e. m components
for each of the k subspaces. Note that p-norm approxima-
tion given in Equation 4 is a special case of the proposed
approximation when k = 1. By increasing k, we localize
part of the information and thus, refine the approximation.
What is more important, we enhance the selectivity of the
technique. That is, inclusion of the shape information en-
ables us to distinguish vectors that cannot be distinguished
by the p-norm approximation alone as illustrated in Figure
4. Let us assume that we have a query of length n, which
is not in the database. It is possible to find n! − 1 different

vectors having the same power functions. Since the differ-
ence between them is in their shape, this information is lost
during the approximation. This means symmetric approxi-
mation cannot distinguish between these vectors. If at least
one of these n! − 1 vectors is in the database, this method
will give wrong result for the point query. Similarly, the
fact that n! different vectors result in the same power func-
tions causes an ambiguity, and degrades the performance for
k − nn and range queries. If we partition the space into 2
orthogonal spaces, and apply the p-norm approximation the
number of vectors with the same power functions drops to
(n/2)! × (n/2)!. So, there is a huge reduction in the ambi-
guity. In general, if we use k partitions, this number drops
to ((n/k)!)k. Hence, the selectivity property enhances con-
siderably.

Number of partitions It is clear that there is a trade-
off between the accuracy and the number of subspaces, i.e.
summary size. We can enhance the accuracy of the results
by increasing the number of partitions at the expense of
space, in the limit we would reach exact euclidian distance
by using n partitions. We modelled this trade-off as

J = bk +
δn

k
(11)

The first term is the summary size, if we use k partitions and
represent each of them with b coefficients. The second term
determines the number of symmetrical vectors, if we use k
partitions. δ relates the number of symmetrical vectors to
the refinement obtained in the accuracy. The minimum of
J can be found as

kopt =

√

δn

b

In our experiments, it is found that δ = 0.1 gives satisfactory
results.

4. EXPERIMENTS
p-norms approach provides a fast and accurate approxi-

mation to the Euclidian distance. However, the symmetry in
the computation of the power functions ψ1, ψ2, · · · , ψm may
degrade the performance of the method in query processing.
This deficiency can be solved if we incorporate information



about the shape of the vectors into the approximation as
discussed in Section 3. In this section, we validate the per-
formance of the proposed technique following a systematic
approach. First, we validate the observation mentioned in
the preceding paragraph using real data sets. Specifically,
we explore the effect of incorporating shape information to
the symmetric p-norms approximation by comparing num-
ber of false hits obtained for k − nn search. Then, we show
that the proposed technique produces accurate approxima-
tion to Euclidian distance by analyzing the approximation
quality. The remaining two sets of experiments are devoted
for the comparison of our technique with the existing meth-
ods. We evaluate the query performance of our technique for
k−nn search using two different data sets and provide com-
parison with the existing methods. Next, we compare our
technique with the approximation developed in [14], which
was also discussed in Section 3.
Comparison with symmetric p-norms approximation
In this part, we analyze the gain obtained by incorporating
shape information to the symmetric p-norms approximation.
In addition to the stock market data used for the previous
experiment, we use wireless telephony data of size 64×1000.
For the real data sets, the optimum coefficients are found
by experimentally estimating the moments of the data set
as discussed in Section 2.

In this experiment, we first computed the actual pair-
wise distances and found k nearest neighbors of each vec-
tor. Then, the dimensionality is reduced using symmetric
p-norms approximation and proposed approach. For each
of these cases, we compute the approximate Euclidian dis-
tances and find the k nearest neighbors. Finally, we com-
pare the number of false hit obtained for each of these cases.
The results obtained using stock market data are shown in
Figures 5. For the proposed approximation, the data set is
partitioned into 4 orthogonal subspaces, and the distances in
each subspace is approximated using m = 2, and same space
is devoted to the symmetric approximation. It is observed
that the performance of the magnitude approximation is en-
hanced by incorporating shape approximation. The number
of false hits caused by proposed method is always smaller
than the p-norms approximation alone, as expected. Fur-
thermore, the difference increases as the number of nearest
neighbors we are looking increases. Experiment with the
other real data set gave similar results.
Error performance We begin our experimental analysis
by justifying that the proposed method results in accurate
Euclidian distance approximation. We also demonstrate the
superiority of this method in approximating Euclidian dis-
tance over widely used methods such as KLT, DFT and
DCT.

In this experiment we used two different data sets, one
from a uniform distribution in the interval (0, 1), and the
other from a exponential distribution with parameter 1. For
each case, the data set consists of 500 vectors with dimen-
sion, n, varying from 16 to 1024. We first calculate the
exact distances between each pair of vectors in the orig-
inal data set. Then, we obtain the reduced dimensional
vectors employing SVD, DFT, DCT, and proposed tech-
nique. That is, for SVD,DFT and DCT, we transformed
the data and retained the leading coefficients as the lower
dimensional representative. And for proposed technique, we
partitioned the space into orthogonal subspaces, calculated
ψ1(x), . . . , ψm(x), for each vector in the data set and stored
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Figure 5: The comparison of number of false hits
obtained by symmetric p-norms approximation and
proposed technique using real data. Number of false
hits are shown for varying k-nearest neighbors.

these values as the summary. Specifically, we used 2 parti-
tions and used m = 2 in the p-norms approximation (sum-
mary size for each vector is 4) in our method. Consequently,
for SVD and DCT 4 coefficients, for DFT 5 coefficients are
stored in the summary. Finally, the performance of these
summary techniques are evaluated by computing the pair-
wise distances using the lower dimensional representatives
and comparing the average absolute errors defined by

∑

∀pairs(x,y) ‖d(x, y) − d̂(x, y)‖

Number of pairs

where d(x, y) is the actual distance and d̂(x, y) is the dis-
tance found using the summary. This comparison is re-
peated for dimensions ranging from 16 to 1024 and the
change of average absolute errors with dimension is shown
in Figure 6. For The results clearly show that approxima-
tions based on p-norms performs considerably better than
other methods. Experiments repeated for various distribu-
tions and different sizes of summaries yielded similar results.

Query performance In this part, we perform experi-
ments to evaluate the performance of the combined shape
and magnitude approximations for k−nn queries using real
data sets. The first data set is stock market data contain-
ing 360 days price movements of 2000 companies. In this
experiment, the actual pairwise distances between each pair
in the database is computed. Then, the k nearest neighbors
of each vector is found and stored. After that, we reduced
the dimension of the data using p-norms plus shape approx-
imation, KLT, DCT and FFT as in the previous case. For
p norms, we used m = 2 and partitioned the data set into
k = 4 subspaces. For the DFT, we retained 9 coefficients
and for other methods we used 8 coefficients. Then, the
pairwise distances are computed using the reduced dimen-
sional vectors and the k nearest neighbors are found for each
case. Finally, we took the average of the number of false hits
over the data set. We repeated the experiments for k = 20
to k = 200. The results obtained using m = 2 and 4 par-
titions is given in Figure 7(a)-(c) 7(b) for k = 80, k = 100
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Figure 6: Comparison of average absolute errors obtained using each technique. For p-norms 2 partitions are
used with m = 2, for other techniques, 5 coefficients are used.
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(b) Number of false hits obtained
for 100 nearest neighbors.

Mag&Shape DCT FFT KLT
0

20

40

60

80

100

120

140
Number of False Hits (k=150)

N
u

m
b

e
r 

o
f 
F

a
ls

e
 H

its

(c) Number of false hits obtained
for 150 nearest neighbors.

Figure 7: Comparison of the performances of the techniques for k − nn query.

and k = 150, respectively. We observe that the p-norms
combined with shape approximation has better performance
than KLT, DCT and FFT. This result shows that the ap-
proach adapted in Section 3 indeed enhances the quality of
the approximation achieved by magnitude approximation.
To justify this observation we repeated the experiments with
different data sets and obtained similar results as it will be
shown in the next experiments.

Comparison with the technique in [14] In the last
set of experiments, we further analyze the effect of incorpo-
rating shape information both comparing the results with
symmetric case and with the approach discussed in [14].
In [14], an n-dimensional vector x is decomposed into two
pairs as (s(x), σ(x)), as mentioned in Section 3.1. s(x) is the
sorted version of x into weakly increasing coordinates, thus,
it results in the same magnitude approximation as x. On
the other hand, σ(x) is the permutation of indices, hence
it maintains the information about the shape of the vector.
Given two vectors x and y, the author defines a measure

of distance between the permutations σ(x) and σ(y), in ad-
dition to the magnitude approximation based on s(x) and
s(y). Then, the Euclidian distance is approximated as con-
vex combination of these two measures

D(x, y) ≈ λs(x, y) + (1 − λ)π(x, y)

where s(x, y) is the magnitude approximation, π(x, y) is the
shape approximation and λ is the bias factor. The exper-
iments are performed using the same real data sets. This
time, the query is selected from a similar data set and k near-
est neighbors are found using original vectors and reduced
dimensions. In addition to proposed method and symmetric
p-norms approximations, we also implemented the algorithm
described in [14] to find the shape approximation using the
permutations σ(x) and σ(y). After finding magnitude and
shape approximations separately, we varied the bias factor
λ from 0 to 1 and computed the Euclidian distance approx-
imation corresponding for each λ. The variation of number
of false hits for different λ values are shown in Figure 8.



Metric p-norms Shape Approximation (from [14]) Proposed Method
Number of false hits 60 97 40

Table 1: Comparison of the dimensionality reduction methods with respect to number of false hits using real
data.

This plot shows that, the best results are achieved, when
the bias is towards the magnitude approximation. Adding
the shape approximation degrades the quality of the Euclid-
ian distance approximation, although it provides a means to
incorporate the similarity in the shape of the vectors with
adjustable bias towards magnitude or shape. We summarize
the results of this experiment in Table 1. We give the num-
ber of false hits obtained using the our method, magnitude
approximation (λ = 1) and shape approximation (λ = 0)
for 100 nearest neighbor search. It is clear that, the per-
formance of the shape approximation alone worse than the
magnitude approximation. Combining those two does not
increase the performance for k-nn queries. The combined
magnitude and shape approximation proposed in this paper,
on the other hand, enhances the performance of symmetric
magnitude approximation. The experiments are also per-
formed for synthetic and other real data sets, and similar
results are found.

5. CONCLUSION
In this paper, we presented dimensionality reduction tech-

niques for efficient and accurate approximation of Euclidian
distance between high dimensional vectors. We first pre-
sented a method based on the approximation of the stan-
dard inner-product. The inner product is approximated as
a certain function of the p-NORMS (Equation 1) of the vec-
tors. Assuming that the components of the vectors in the
data set are identically distributed, we find optimal univer-
sal constants b1, b2, . . . , bm so that the approximation

< x, y >m ≈ b1ψ1(x)ψ1(y) + · · · + bmψm(x)ψm(y)

is the best possible for large n in the least-squares sense.
Then, this approximate result is used along with the norms
of x and y to approximate the Euclidian distance. Although
this approach achieves superior results compared to widely
used methods such as KLT and DFT, the symmetry in the p-
NORMS is a drawback. Due to this symmetry a vector x and
another vector obtained from x by exchanging the position
of its entries arbitrarily will result in the same p-NORMS.
Hence, the approximation carries information only about
the magnitude of the original vector, while the shape infor-
mation is lost. For this reason, we propose to incorporate
shape approximation to the existing magnitude approxima-
tion so as to enhance the performance of the method. We
achieve this result by partitioning the n dimensional space
into orthogonal subspaces and taking the projections of the
original vectors on to each of these subspaces. Then, we find
a relation between the Euclidian distance of x and y and the
Euclidian distance of the projected vectors. That is, our ap-
proach is to approximate the distances between the projec-
tions using p-NORMS and find the overall approximation
using this relation. The experiments performed with real
date sets demonstrates the effectiveness of our technique.
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Figure 8: Number of false hits obtained for con-
vex combination of magnitude and shape approxi-
mations for varying bias factor λ
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