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Abstract—In this paper we address a new unexplored problem
concerning directional antennas in wireless sensor netwks
(WSNs), namely the optimal patterns that achieve connected
coverage. As their name implies, directional antennas caro€us
their transmission energy in a certain direction. This featre
gives rise to lower cross-interference and greater commuoation
distance, given certain amount of energy. It has been shown

that with proper scheduling mechanisms directional antenas
may substantially improve networking performance in WSNs.We
propose a set of optimal patterns to achieve full coverage ahl-
or 2-connectivity for these WSNs. Several fundamental theems
and conjectures are also proposed for further explorationFinally,

Fig. 1. (a) Node A and B can communicate with each other. (b)aFsensor

node with a directional antenna, its communication rangebtmmodeled as
a sector with the communication angle. Node A may connect to Node B,
but not vice versa. (c) Node A and B point directly to each ptstablishing

a bidirectional link. (d) A circulation chain of connect®renables node A
and node B to communicate bidirectionally.

we study the proposed patterns under common practical settigs.

causes much trouble for communication and has a large impact
on network topology and node deployment.

The problem of optimal node deployment in WSN with
) ) _ ~ directional antennas is a signi cant emerging issue. Ogliyn

Recently there has been gr_eat interest in using dlrectlorg@pmying nodes to achieve full coverage and connectivity i
antennas on sensor nodes to improve the general performapgeNs has remained a fundamental problem of both theoretical
of wireless sensor networks (WSNs) [5], [7], [10], [14], [19 and engineering interests. Besides such immediate beot ts
[20]. Directional antennas may actually promote communiCRyyer costs and better network management, optimal pattern
tion quality by focusing transmission energy in one dimtti .5 also serve to guide optimization of topology control in
and reducing interference and fading. Moreover, there hayg,qom deployments. Pioneering research in this eld has
Igeen substantial_breakthroughs in the miniaturizationiigicd  ostaplished some theoretical guidelines [12], [23]. Seepti-
tional antennas in the past several years [8], [16], [17]s It ;15| patterns have also been proposed for certain types of WSN
Iil_<e|y .that we will see extensive applications of WSNs witrm_[4]_ However, all these theories and patterns are based
directional antennas in the near future. on the assumption obmnidirectionalantennas. Essentially,

Many research problems must be addressed before dirggtimal deployment that achieves both connectivity and ful

tional antenna potentials can be fully exploited. Theseédprogoverage in WSNs with directional antennas is not addressed
lems include MAC layer scheduling, routing algorithms,doa

balancing, node deployment, etc. One of the core concefhis Challenges

in these problems is the concept akighborswhich, by In this section, we point out the challenges of developing
de nition, should be able to communicate with each other. laptimal patterns for WSNs with directional antennas.

the traditional disc communication model, neighbors akvay Challenge 1.It is well known in the WSN research
come in pairs (Fig. 1(a)). However, this does not hold witbommunity that Kershner has given the optimal pattern for
directional antennas. It may be the case that node B is in ndd# coverage and up to 6-connectivity when the ratio of
As communication range, which can be modeled as a secgn;mmunication range. to the sensing ranges is at least
with the communication angle., but node B points some- 3 [13], Thus we only need to address the cases when
where else (Fig. 1(b)). For two nodes to become neighbaissrs < = 3. However, this general observation is problematic
under the sector model, they must either point directly theawhen directional antennas are considered. We give an exampl
other (Fig. 1(c)), or form a circulation chain of connecsonthat complies with the optimal pattern but fails to provide
(Fig. 1(d)). This asymmetrical feature of directional amtas connectivity (Fig. 2(a)). Therefore, in order to developiol

I. INTRODUCTION

A. Motivation
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the Local Circulation Pattern (LCP). The SWP is applicable t
most scenarios, when the antenna capabilities are strang, i

¢ andr; both are large. The SWP must be complemented
by the GWP when the communication range is relatively
small,i.e.rc=rs < 3. However, when communication angles
are critically limited, i.e. . < = 3, the LCP has better
performance.

3. We prove that our proposed patterns optimally achieve
full coverage and 1- or 2-connectivity in WSNs with direc-
tional antennas for most cases. We conjecture their optymal
for the other cases based on the mathematical analysis. We
also provide a new proof methodology for optimal connected
Fig. 2. Circles not shaded are the sensing range. Shaded areathe coverage in WSNs based on combinatorial geometry. The
communication range. In (a), sensors have a communicatigleaf = concept of tiling is introduced to help construct the latges
2=36 gbvi%US!y, SensorSIiA(Ob)C cannot Cofﬂfﬁ%“i?f)t? V;/r':h Se?sorlf‘@ttc sensing Voronoi polygons. Our method of giving a lower
OO o Ve s () e T S e P B hound on the covering density and “tapering” the Voronoi
certain level, nodes should be oriented to connect with ghtiirs (graph(2)) polygons to achieve this bound can be widely applied in
and thus achieve 2-connecti_vity, o_therwise only 1-convigégican be achig\_/ed' optimality proofs of connected coverage in WSNs.

(graph(3)). If ¢ further shrinks like graph (4), then only 1-connectivity is . .
possible, unless we totally change the overall pattern. 4. In order for our optimal patterns to be more robust in
real applications, we address several practical issuesl- Re
istic sensing and communication models are studied. In real
patterns for WSN with directional antennas, we must comsidapplications, sensors and antennas may exhibit unprétkcta
all possible values of ;=rs. attenuation and fading. It is also probable that sensoitssed

Challenge 2.Besidesr.=rs, there is another dimension toa sector range. We evaluate the impact of all these factors on
be explored: the communication angle. Across .'s entire our proposed optimal patterns. Other issues such as the long
range from0 to 2 , current research only covers the value gfath problem, antenna steerability, etc., are also adelless
2 , which is the case with omnidirectional antennas. When we
consider all possible values of;, the possibilities of pattern 1. RELATED WORK
variance or even abrupt mutation are very high. Fig. 2(b¢giv .
an example that illustrates that in order to achieve fulerage ~_ 1N€re are two primary research areas related to our work:
and a certain connectivity (2-connectivity in this examplee directional antenna research in WSNs and the connected
deployment strategy for smalk should be very different from Coverage problem.
large <. Current research interests in sensor node antennas mainly

Challenge 3.For omnidirectional sensors and antennafocus on miniaturization of omnidirectional antennas [15]
several optimal deployment patterns have been proposBdl: [24]. However, directional antennas that are smatitggh
However, we nd that these optimal patterns cannot be diyect® t into sensor nodes are attracting more and more inter-
extended to accommodate cases with directional antensas€¥l: Recent advances in Micro-Electro-Mechanical Systems

shown in the main body of this paper. (MEMS) have enabled manufacturing of directional antennas
o at the size of Mica2 or even Micaz motes. Several prototypes
C. Our Contributions have been successfully developed [8], [16], [17]. In anothe

In this paper, we formally address this new problem, i.@erspective, directional antennas have long been ediatlis
designing optimal patterns for connected coverage in WSHSs a powerful networking tool in the ad-hoc network research
with directional antennas. In particular, we focus on lowsommunity. Many researchers agree that directional anten-
connectivity, i.e., 1- or 2-connectivity, as in [2], [4]. IBpaper nas, both steered and switched ones, can actually enhance
makes the following four contributions: communication quality and networking performance in ad-ho

1. To the best of our knowledge, we are the rst to propogeetworks, including WSNs [19], [20]. Research interesthiis t
a series of optimal deployment patterns that achieve fafea typically focuses on MAC protocol design [14], routing
coverage and 1- or 2-connectivity in WSNs with directiondb], scheduling [7] and network ow analysis [10]. However,
antennas. The optimal patterns cover all possible comibimat most literature in this eld assumes a beam-forming smast an
of the communication angle. and the ratio of communicationtenna or an array of multiple xed-orientation antennase3é
range to sensing rangge=rs. This is the rst step towards functionalities incur extra costs and large control ovadse
exploring optimality for connected coverage in WSNs wittoreover, to the best of our knowledge, none of these papers
directional antennas. Studying optimal patterns thateaghi addresses the problem of both coverage and connectivity in
higher connectivity is our future work. WSNs with directional antennas.

2. Three typical optimal patterns are designed: the SharpBecause connected coverage in WSNs is critical to a mis-
Wave Pattern (SWP), the Gentle Wave Pattern (GWP), asidn's success, its discussion has a long history and iegolv
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many disciplines [12], [23]. Recently one sub-area of the-co B CARS T e e e
nected coverage problem has drawn much research attention— < cer e
how to nd the geometric optimal deployment pattern to o o W °© 0o 0 0 o o o
achieve full coverage and certain degrees of connectivity. * o o5 ©

[3] is a representative paper of a series of related work . d -:
exploring sensor deployment in 2D space. Optimal pattefns o *o °v° ¢ R
full coverage and up to 6-connectivity are given. Meanwhile R YA b R
optimal 3D space deployment is studied in [1], [4], where o % o o gi(d%o o o %,

o o o o
o

partial heuristic solutions are given. Nevertheless, ladise oo oo .
works regard the communication range as a circle or sphere, . *e
which is not true under most realistic circumstances. Is thi e s e e e e e e e e
context, our work can be seen as an attempt to bridge the gap A

of theoretical abstractions and real antenna charadbsrist ) ) )
Fig. 3. Wave patterns. The light- lled dots show the sensmations that

I11. M AIN RESULTS form the horizontal strip, while the dark- lled dots formetbhoundary strips.
. . . Lines with arrows show the directed connection edges betwegles, and
In this section we present optimal deployment patterssctors illustrate the communication range of nodes.

for low-connectivity WSNs with directional antennas. Our
studies use a sector communication model and a disc sensing
model. These models are common for wireless sensors with
directional antennas. Its justi cation and other pradtisaues

will be further expounded in Section V.

A. Pattern Description

1) Wave Patterns:We rst introduce the wave patterns (@) SWP (b) GWP
that achieve full coverage and 2-connectivity (Fig. 3). TW(Igig 4. Connection edges and sensing Voronoi polygon fotwlevariants
variants exist for wave patterns: the Sharp Wave PatterrR)SW¢ wave patterns, the SWP and the GWP.
and the Gentle Wave Pattern (GWP). Their difference is the
smoothness of the saw-like shape formed by the connection
edges (Fig. 4). The region for the GWPRgwp , is

These two patterns can be determinedd@yd, andds; as R 1.2 0 p 3
illustrated in Fig. 3 and as illustrated in Fig. 4. We denote all ' WP ~ [:21 0 3
the combinations of the communication angleand the ratio 2 (2_- ) A o+ arccosr—c . @

Cc 1 [ .
ofrcoverrs by (0;2 1 (0;1 )= f( ¢;re=rs): where0< 3 2 2rs
¢ 2 and0<r.=rs < 1g . We call a speci c range of the
combination of . andr.=rs ar{e_gion We also introduce two
auxiliary variablesdy = minf" 3rg;rcg andRp = (0;2 ]
(0; 1) for clarity.
The SWP:

In wave patterns, nodes are rst deployed to form a pair
of 2-connected lines, and then extra nodes are strewn on
the boundaries to help connect all these separately cathect
strips. As a key deployment parameter, the directionalrante
nas' orientation is very important. The communication sect
must cover the desired connection edges. For example, in
Fig. 4, the communication sector originating at n@®leeeds
to cover connection edgd®A andBC.

di=rs+ do cos— + r2  (dosin E)z;

dr =2dgsin—; d3= dgcos—; . .
( 2 2 2) Line Pattern: We now introduce another type of pattern
while = 3 if (¢ {—Z) 2 Rswp ) that achieves full coverage and 2-connectivity: the lintgoa.
- o if( ¢ :_Z) 2Ry Rswp | The line pattern has only one variant, which we term the Local

] ) ] ) Circulation Pattern (LCP). The LCP can be determinediby
The region for . rc=rs in this patternRswp , is

P andd, (Fig. 5) as follows.
Rswp =[5:2]1 [ 31): (1) '
3 di=2rs+2 r2 (%)2; dr = %:
The GWP: 4 2
b Deployment of the line pattern is similar to wave patterns,
dy =2rs cosi; arccosz—rs); except that connectivity is established within the same lin

(Fig. 5). In the LCP, a certain sens@rforms a bidirectional

dz = 2dosin X ds = do oS5 connection with one neighbd@ (Fig. 6). In order to connect

(

do . i T with the other neighboD, C uses a multi-hop rout€ !
. - +arccos,; if ;)2 R
while = 2 2rs " ( “ ﬁz) ) RGWPR : B! D.Notethatrout€! B! DandrouteD! E! C
e it (e 7e) 0 Tewp construct a local loop (circulation). In the LCP, the antnn
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Seo o o«»o“«»o © 0 © 0 0 0 of SWP, the two connection edges cross two neighboring hexagon
ce o o H“mo o 0o 0 0 o 0% edges (Fig. 4(a)). Meanwhile, in the GWP, the hexagon edges
oo °: crossed by connection edges are separated by another edge
e 0T e TN, (Fig. 4(b)). Thus the SWP has a smaller anglehan the
o0 0000000000 °:‘3 GWP does, which means the SWP will be more “jagged”.
S0 0 0 6 0 0 0 o gl 4o o o Recall that in Fig. 4(a) two crossed Voronoi polygon edges of
SRR ' U0 N sensoB are adjacent to each other. This means that compared
oo 4 e with the GWP, two sensor8 and C in the SWP connected
ge0 0000000 B20 0 0 o8 to B are “closer” to each other. Sensér and C can be

9 00000000 000 0% covered by the communication sector Bf with a smaller
0e0 0 0 0 0 0 0 0 0 0 0 o 089 communication angle .. So the SWP is more tolerant to
e o e e o ee o s constraints on ¢, given suf cient larger.=rs. Conversely, the

GWP is more tolerant to constraints ogerg, given suf cient
Fig-d5-|_ '—i”edp_angff'fns- The t‘I’VO connections of a node is difierso they |arge , since we can observe from Fig. 4 that the distance
are delineated in different style. betweenA andB or C andB in the GWP is smaller than

o~ that in the SWP. Nevertheless, it is small, i.e., . < = 3,
/[ T T T neither the SWP nor the GWP can simultaneously satisfy the
'\(ﬁ ‘“‘LL"\\\\“//' * coverage and connectivity requirements.
P In the LCP, each node must reach two neighbors in the
& B G D E F same direction, which requires a greatgrrs than wave

@i%{) patterns. This pattern is designed under special considera

Bidirectional links between nodes are often established in
Fig. 6. Connection edges and Sensing Voronoi p0|ygon for tthe multi-hop Connections (F|g 6) The reason for pICkIng SUCh
variants of line patterns, i.e. LCP. The shaded sector belach letter is g detour course is that this pattern even works when
the communication range :

approaches 0, since the LCP only depends on the value of
r.=rs and has no requirement on. Furthermore, the number
qf hops for long distance transmission between two nodes can
e reduced (when proper scheduling is applied) since each
node can directly connect to its neighbor's neighbor.

orientation is easy to ascertain. Nodes in a line alterpat
point left or right (Fig. 6). To be more exact, according t
their relative position, nodes should include the left ghti2

neighbors in their communication range. In the LCP, there is2) Evolution: Whenrc=rs and . are large, the SWP is

no special requirement for the communication angle so loffge best candidate to achieve optimality since the oveitigpp
as it is larger thar. areas among sensing discs in the SWP is small. However, as

in the SWP and the constraints increase, other patterns must be usedgAlon

Remark.1) The values ofd;, dz, d; and ~ : .
the GWP depend on each other. The valued,cdndd, in the the ro=rs dimension, the GWP can complement the SWP,

LCP also depend on each other. The patterns are conside%](&r.] that the commumca‘qon angle is Iarge eno_ugh. With a
valid only when the above parameters are all positive. THEgatve large ¢, the G.WP 'S more compatible with lom=rs
rule applies hereafte2) The wave patterns (the SWP and thgalues. Along the d|men5|onz we can resort 1o the LCP for
GWP) and the line pattern (the LCP) for full coverage and fpnnec'Fed coverage wheg=rs is large enough. However, in
connectivity are similar to their 2-connectivity countarts. the regions where bothe=rs and are small, the pattern
The only difference lies with the boundary strips. For 2t_rans‘|‘t|on IS ncz’t cIear-c;ut. In these. regions, the threeepas
connectivity, two strips are required to form two verticaf@ “compete” to achieve optimality.

connections, so removing any node from the strip will nqt. Theorems and Conjectures

result in loss of connectivity. However, for 1-connectyibnly

L . L The following theorems state the optimality of the patterns
one strip is required to ensure connectivity.

we proposed.

B. Pattern Comparison and Evolution Theorem3.1 To achieve full coverage and 2-connectivity, the

In this section, we compare the above proposed patterns atfP IS the asymptotically optimal pattern for regi@gwe ,
discuss their evolution. the GWP is the asymptotically optimal pattern for region

1) Comparison:We rst compare the SWP and the GWP.:C:QGWP ! and. the LCF?—!S the asymptotically optimal pattern
. . : rregion(0; z] [2 3;1).
A closer look at a single node gives a better view and 3 ) ) _ )
understanding of wave patterns. It also helps explain theln Theorem 3.1, regioRswe is de ned in Eq. 1 and region
difference between the SWP and the GWP. Fig. 4 shows edtawp i de ned in Eq. 2.
sensor with its connection edges and sensing Voronoi palygo 1he following theorem states the patterns we proposed also
The Voronoi polygon can be thought of as the region for whicptimally achieve full coverage and 1-connectivity in WSNs

it is exclusively responsible for sensing. For the nodeshi tWith directional antennas.
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Theorem3.2. The patterns as well as their respective optimal
regions in Theorem 3.1 are asymptotically optimal for agchie
ing full coverage and 1-connectivity.
We defer the theorem proofs to Section IV. The optimality
(a) (b) (c) (d)

regions described in Theorem 3.1 and Theorem 3.2 cowe
most of ther.=rg ¢ Space. However, in other regions, only

ConJeCtured optlmal patterns can be given. Fig. 7. (a) is a part of a packing, there is no overlapping agnarcles. (b)

Conjecture3.1 For the subregions a;2 ] (0;1 ) that are s a part of a covering, all the circles added together caercawertain space,
. is a tiling combining the feature of (a) and (b). (d) shasvp-hexagon,

not cpvered in Theorem 3.1, one of t_he SWP, the GWP and méth has two equal parallel edges.

LCP is asymptotically optimal to achieve full coverage and 1

or 2- connectivity.

From the optimality and conjecture regions given in ThedJe nition 5. [p-hexagoh A p-hexagon is a hexagon with a
rem 3.1, Theorem 3.2 and Conjecture 3.1, we can observe thatr of parallel opposite sides of equal length, where “op-
the SWP cover%tbe largest area in therg c region, i.e., posite” means separated by two sides in each clockwise and
covers[3;2 ] [ 391—) The LCP is responsible for a narrowcounterclockwise direction.

band of(0; 5] [2 3;1 ). These two patterns together can A p-hexagon is a tile. Fig. 7 illustrates the above de nitions
handle all largerc=rs values, even td . The GWP covers on packing, covering, tiling, tile anp-hexagon.

a small irregular region when.=rg is small _and c_is fairly De nition 6. [Covering DensityLet C= fCy; Cy;:::: Cng be
large. The conjectured area covers the regions with bothi Sma . jection of convex bodies in a plane that covers region
fe=rfs and . values. The density ofC related toR is de ned as

V. OPTIMALITY ANALYSIS @p) =( - KCik)=kDKk.

A. Road Map We usekRk to denote the area of regidR, and we use

In order to prove pattern Opt|ma||ty’ we rst derive a |0we|4.ntR to denote the collection of pOintS which lie & but not
bound on the covering density of all possible patterns,givén the boundary oR. Lower covering density implies higher
ther.=rs constraints. This is done by calculating the maximur@f ciency with which convex bodies cover an area.
area of the sensing Voronoi polygon of each node. Then we
try to adjust the shape of the sensing Voronoi polygon and )
orientation of the communication sector to achieve thisdow [N order to prove Theorem 3.1, we rst introduce several
bound. If we manage to achieve the lower bound through su&fmas.
adjustments, then we claim that we have found the optimadmmad.1 LetK,...Ky be convex discs covering a convex
pattern for that particular combination of=rs and . hexagorH . Suppose that no pair of the disks,...Ky cross
and no proper subset of them covéts Then it is possible to

construct convex polygoii®;,...Dy with the number of sides
We introduce the following de nitions and notations beforgy; ... ny such that

Optimality Proof

B. Preliminaries

detailed proofs. 1) I%i Ki\VH fori2f1;:;;Ng;
De nition 1. [Connection ChorlA common chord between 2) iNzl Di = H;
two intersecting sensing discs is called a connection ciford3) @t i)\ (intD ;) = ;, for eachi; j 2f1;::Ng; 16 j;

the distance between the two sensors is not largerthan 4) iNzl ni  6N:

De nition 2. [Convex Disgn-gon K (n)] A convex disc is Lemma 4.1 is a direct citation of Proposition 3 in [21]. It
a compact convex set with non-empty interior. Argon is a is used to prove the following Lemma 4.2.

polygon with at mosh sides in the Euclidean plank.(n) is | emma4.2. If a tessellation consists of convex polygons and
the n-gon with maximum area that is inscribed in convex disggyers a convex hexagon, then the average side number of all
K. polygons cannot exceesl

De nition 3. [Cros§ Two convex discs are called cross if Proof: Let H be a convex hexagon, afid = fT; :i =
removing their intersection separates each disc into twtspay. :.:- N g be a tessellation covering, whereT, is a convex
De nition 4. [Packing, Covering, Tiling, TileA packing of polygon. Itis clear thal satis es the requirements of Lemma
the plane with copies oK is a family fK;g of plane sets 4.1. Thus we can use Lemma 4.1 to obt@in= fD; : i =
congruent toK whose interiors are mutually disjoint. A1;:::; N g with the number of sidegs;,...nhy such that all the
covering of the plane with copies & is a familyfK;g of conclusions in Lemma 4.1 hold.

sets congruent t& whose union is the plane. A famifK ;g Since(intT ;)\ (intT;)=; (i 6 j) andD; T, in order
that is both a packing and a covering is called a tiling. Anyr p to coverH, it follows that8i 2 f 1;::;Ng; T; = D;.
convex body for which there is a tiling is called a (convexinen for the side numbems,...my of T, mj = ni; i 2

tile. f1;:::;Ngand iNzl m; 6N. u
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Next, we calculate a lower bound of the covering density

C; (8.4 SWP GWP LCP
@ O O O based orC . First, The covering density ¥ overO is given
8 i g by:
i N KOk
(a) (b) (c) (d) (e)

op) = ()
©F = TN WPk
Fig. 8. (a) and (b) illustrat€; andC . d; andd; denote the connection  From Equation 3 an#tC (nj)k k Pjk, we have
chords. In (c), (d) and (e), the bold segments denote theeotion chords. N KO k
The hexagons in (b),(c),(d) and (e) have the same propemty:bbld sides 0P p | : (4)
have the same length and the other four sides are also of kEgh. (O:P) iN—l kC (ni)k

Use Lemma 4.4 and Jensen's inequality, we obtain

Lemma4.3. The sequenckK (n)k is concave for all convex X P N
discsk : kK (n+1)k k K (n)k k K(n)k k K(n 1)k for kC (ni)k N kC (%)k N kC (6)k:
n 4 i=1

Lemma 4.4 is a direct citation of Proposition 5 in [21]. It This means that with more average sid@s(i) will have a
provides the condition to apply Jensen's Inequalityki¢n). larger average area. So together with Equation 4, we can get

Now we are ready to prove Theorem 3.1. the lower bound of (OP)s and it is achieved witlC (6):
Proof: The proof is divided into two steps. The rst step _ N_koik = KOk : (5)
: - - - (OP) N kC (6)k ~ KkC (6)k
is establishment of the lower density bound and the second is
the pattern design to achieve this bound. Now that we have the lower bound ofy.p), we can derive
We simply take the lower density bounH derived by Kerpatterns achieving) this lower bound.
shner's optimal pattern [13], when.=rg 3. Kershner's  Whenr.=rg 3, we simply have the regular hexagon

pattern provides the lowest possible density to cover aespam the s%n_sing disc as the sensing Voronoi polygon. When

given arj:grtainrs. We then calculate the lower bound for.=rs < = 3, we check whethe€ (6) is a p-hexagon. If it

re=rs < 3. is, we keepC (6) as the sensing Voronoi polygon. If not, we
LetO = fO; i =1;::;Ng where eachD; is the sensing “taper” it into a p-hexagon with two connection chords and

disc of a nodei with a given . andr.=rs. All O;j's are without changing the overall area. Hgrdnexagons are chosen

assumed to be the same @ A xed region D is covered because they can always form a tile of the space. For every

by O. As the regionD covered by sensors is large enouglgombination ofr.=rs and , the specicC (6) is different

we can assume it to be a hexadoihe Voronoi polygons and the handling can be classi ?Jd_into three categories:

generated by O; ;i =1;:;;NgarefP; ;i =1;::;Ng. Let 1. When( c;{—z) 2 [3:2] [ 31),C (6) is actually

n; be the side numbeF; &t for eachi 2 f 1;::;;Ng. It follows a regular hexagon, which is alreadypehexagon. So we just

from Lemma 4.2 that iN:1 ni=N 6. keep the polygon, as well as the connection chords (Fig).8(c)
On the other side, in order to get two connections, wehe resulting deployment is ﬁWPp_
must have two connection chords. The distance of these twa®2. When( ¢;2) 2 [; 2] (0; 3)_ (4 c< N

connection chords to the disc centers are limitedrbyi.e., ¢ 3 t+arccosz=), C (6) is not ap hexagond; andd,

the distance cannot exceeg=2. So this constraint actually are longer than other four equal sides and none of them are
con nes the sensing polygons within these two chords. Wearallel. So we re-arrange the position of the sides to get a
denote the region of a sensing di€g “cut” by these two p-hexagon (Fig. 8(d)). The arrangement shown in Fig. 8(d) is
chords asC; (e.g., Fig. 8(a)). It is easy to see tiat C;. the only way to both form @-hexagon and have connections
LetC= fC; : i = 1;::;Ng. Different members ofC may corresponding tad; and d, covered by the communication
vary greatly in shape. However, we can nd a convex disc sector, which is restrained in angle. The resulting patiem
generated by the sensing disc such #@t(n;)k k Pjk for GWP. p_

eachi 2 1;::;;Ng.C is achieved when two con ning chords 3. When( ¢;t2) 2 (03] [2 3;1), C (6) is also a

are pushed as far as allowed from the center and converggular hexagon (Fig. 8(e)). However, due to angle regirict

at one point on the dEc perimeter. Fig. 8(b) illustra@s, we cannot span the sector to cover both connections corre-
in whichd; = dp =2 r2 (rc=2)2 and is not greater sponding tod; andd,. So we orient the antenna to reach
than . according to different combinations of=rs and .. one neighbor on one side and then form a circulation ow to
kC (nj)k k P;k follows from the Lagrange multipliers. We reach another neighbor on the other side. That is why one of
emphasize tha€ , as we construct here, still has the propertyhe connection chords in Fig. 8(e) is solid, while the otfeer i
kC (nj)k k Pjk, whereP; is any possible Voronoi poﬂygon dashed. The resulting pattern i1 &P .

generated by a sensor with givepand a certaime=rs < = 3. This concludes the proof of Theorem 3.1. ]

1 , . _ The proof of Theorem 3.2, which is provided below, is

Even if the target region is a square, we can clip two very kowhers, | b d . b d blish d
e.g., with sides of several millimeters, to make a hexagamchvwill not also based on c_onstructlon. rst bound establis .ment an
affect the pattern optimality then pattern design. We nd that the lower density bound
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with 1-connectivity patterns is actually the same as with :
connectivity patterns, so the optimal patterns designe®fo
connectivity can also be used for 1-connectivity. S S
Proof: In order to prove Theorem 3.2, we rst derive the «.B
lower covering bound for full coverage and 1-connectivity )
b

based on [13] and [2]. As with 2-connectivity, we take th: (a)

lower density Bo_und derived by,Kershner's optimal patterr&lg. 9. CirclesOs, Og, Oc andOp center at points A, B, C and D,
when r=rs 3. Forrc=rs < = 3, we refer to [2] for a respectively. (a) The positions @&, B and D are xed, andO¢c whose
lower bound. In Lemma 4.2 of [2], Bai et al. gave the largesenter Cis aDp intersects wittOs andOg atE andF . (b) The positions
: : : pointsA andB are xed. CG? AB andOc intersects withO andOg
average area _Of the sensing Voronoi po!ygons, 1.€., FherlovgéE, F andG. (c) Three circlesDa, Og andOc intersect each other. (d)
covering density bound for a network with full-covering aniagram used for the proof of Lemma 4.6 Case 2.
1-connected. However, to obtain the lower covering density
bound, Lemma 4.2 requires a critical assumption that the
average side number of the Voronoi polygons should not

exceed6. In fact, we have shown in Lemma 4.2 that thd!

Fig. 9(a)). Then the&kOa \ Ock+kOg \ Ock is minimal

requirement on average side number is satis ed when twgenCE?AB.

target area is large enough. So the covering density bound Proof: Let\ DAE = ,\DBF = and\ DAB =
given by Bai et al. is universally correct and can apply in olrDBA = . WhenAC is aboveAD andBC is aboveBD,
case. We nd that this density bound is the same as the boui@ have + +2 = . Then,

given in Theorem 3.1. As the optimal patterns designed in

Theorem 3.1 all achieve this bound, we conclude that they are kOa\ Ock+ kOg \ Ock

also optimal to achieve full coverage and 1-connectivitys = 2(% r? :_erz sin )+ 2( % r2 :—erz sin )
D. Conjecture Analysis = 13 2 sin sin( +2))
— 2 H .
In regions with smalt.=rs and . values, the lower bound = r°( 2 2sin( + )cos):

of covering density is unknown. The reason why this bound We have + = , whenCE?AB, which follows that

cannot be derived is that the sensing Voronoi polygons q{&\ \ Ock+kOg \ Ock is minimal whenCE? AB.. It is

not inscribed in the sensing disc. This detachment intrexalucobvious thakOa\ Or k+kO=\ O k increases whe@ crosses
much uncertainty of the connection chord length and p(n;itioAB or BD AL YC Bl e -

Without a determined lower bound, the optimality of the

constructed pattern is hard to prove. Lemmad4.5. Let Op, Og, Oc and Op be four circles that
Although these regions with smali=rs and . values are center at points A, B, C and D, respectively. Assume the
small, we believe answers for optimality are still Va|Uab|Gbositions of pointsA and B are xed, CG? AB and Oc
Conijecture 3.1 states for these regions the lower boundeof {Rtersects withOx and Og at E, F and G (as shown in
covering density opiimai  Satis es Fig. 9(b)). LetkOa\ Ock+kOg \ Ock+kOa\ Ok = § (d),
optimal = min f whered = jABj, thenf (d) decreases in interval0; 3r),

incr%;\ses in interval(" 3r; 2r) and takes its minimal at
Conjecture 3.1 is partially derived from the following Pmp gq= " 3¢

GwWpP ' SwWP ' LCP g

sition 4.1. Proof: Let\ ABG = and\ BCG = . Then
Proposition4.1 If the following conditions are satis ed: ) )
1) 3 ¢ 5 fd) = 2(r2 sin@ )+acr? Tsinge
2 3resin e P, () = 2(r? Ssin@)+4(r? Ssin@)
3) reLOS—= rZ (resin£)2  rs  rcCos-£ + = r?@2 +2(= ) sin) 2sinz )
r2 (resin-=2)Z; pzi 2
gls \Mc>)n ~ , d &7 @ _
4)re 1+8sin®-¢ 2, = r?
then we can give a deployment pattern of sensors, which is ao o2 P nZ &2
SWP, with smaller 2-overlap area than any other deploymenf (d) = r+ Par¢ >
pattern whose sensing Voronoi polygon is a tile. e 3d
. . f 0 d - + _p :
To prove proposition 4.1, the following Lemma 4.4, Lemma ) 2(ar? dz)% Par @

4.5, and Lemma 4.6 are needed.

Lemma4.4. Let Op, Og, Oc and Op be four circles that  We havef Yx) < 0 for eachy 2 (O;p§r) andfqx) > 0
center at points A, B, C and D, respectively. Assume ther eachx 2 (" 3r; 2r) sincef (" 3r) =0 andf °{x) > 0 for
positions ofA, B and D are xed, andOc whose center C eachd 2 (0; 2r). [ ]
is at Op intersects withOp andOg at E andF (as shown
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Lemmad.6. LetOp, Og andOc¢ be three circles that intersect
each other (shown in Fig. 9(c)). LetBAC = ,\ BAF =

\ BCG = ,JACj=]jAEj=dandjABj= x.Ifdsin5 <r,
thenkOa \ Ock+ kOg \ Ock+ kOa\ Og k decreases when
D moves fromA to E if Oa, Og and Oc¢ keep intersected
with each other.

Proof: Let f (X)=kOg \ Ock + kOa \ Ogk. Then
r2 r2
f(x) = 2(r? ?sin(Z N+2(r? ?sin(Z ))

= 2r3( + sin cos _sin cos )
d?2+ x2 2dxcos

X
= 2r?(arccos— + arccos

r gr r > 5 2r Fig. 10. LetOp be arbitrary sensor d, then there exists circles intersecting
X 1 X2 d? + x 2dx cos with Op as shown in ()jKL j = jLP j, j]MN j = NQj, jKM j = jPQj
r 4r2 Ar? andKM==PQ in (b).
d2+ x2 2dxcos
2r )

polygon is not more than six by Lemma 4.2. As Lemma 4.4,

TR &
=T x2
sincejBC} d*+ x*  2dxcos . Lemma 4.5, Lemma 4.6 and condition (1), the two overlap

Then we have

p intersection area dp with the other sensors is minimal when
FYx) 4z x? the sensors are deployed as Fig.1046)s \ Op k + kOg \
2r2 2r2 D Ok + kOp \ Ogk is minimal by Lemma 4.4 and Lemma
X cos 4r X2 + 2dx cos .5. KO c k+ kOg p k+ KOc¢ p k is minimal since
( d )¢ 2 2 2+2d ). 4.5. KO \ Ock+ kO \ Opk+ kOc\ Op k is minimal si
2r2'J d2 + x2 2dxcos ’ Lemma 4.6kOg \ Op k+ kOg \ Og k+ kOp \ Og k+ kO \

Ock+ kO \ Opk+ kOc \ Opk is minimal because of 4.4,

In the following, we prove 4x) < 0 for eachx 2 (0;d). Lemma 4.5, Lemma 4.6 and condition (1).

Case 1: Wherx dcos 0, it is trivial to seef Yx) < 0;
Case 2: Wherx dcos < 0, consider the geometrical \We prove that the 3-overlap area of this deployment pattern
meanwg of formuld (x)=(2r?) in Fig.9(d) and we have is not larger than the optimal deployment pattern next.

(1) W = JL% . Sl_Jppose t_hat the density of the de_ployment. pattern shpwed
) BCOS x = jBDj, whereCD? AB ; in F_lg.lO(b) is . Its 4-overlap area is zero since condition
(3) 42 a2 xZ+2dxcos =jHG;j. (4) is satis ed. Here,
From the above (1), (2) and (3), we can see _ 1§ n kCi\ Cjk
foqx)=(2r2)= 11+ M8) cos\ CBE =2r. = 1+ KDK
Draw two linesGK and HK such thatHK==LF and P N KC\ G\ C.k

GK ? HK . We obtainn GHK =\ CBE sinceBC? GH and Lk n T M KA

LF ? AE. Clearly, jHTjSos\ CBE = @cos\ GHK < kDk

JL% sof (x) < Owhenx dcos < 0. ] If there is an optimal deployment pattern with density

. For this optimal deployment
Now we are ready to present the proof of Proposition 4.1 P

as follows. 1 igka o KGIV GV G Gk ©6)
Proof: Let C be a deployment of sensors satisfying the Dk

conditions of Proposition 4.1 and achieving full coverade o ( D"k i“:1 Cik )

a given regionD and two connectivity. LeDp be arbitrary + " kDk O 7

sensor ofC, then there exists circles intersecting witly as Then o2 o(3) @) (3), where o(2) and o(3)

Fig.10(a) since conditions (2) and (3) stated in the prdmsi
We call a sensor deployment is regular if the Voron qe\r/]gte ng area ?;)z's?xggap(g;e%a;?n?r;]i\fe;ﬁgsée;'l :Egn we
0

polygons generated by the sensors are congruent. Theref

to prove Proposition 4.1, we only need to consider the refsgulraegular deployment pattern. -

sensor deployments. The proposition provides a good candidate for optimal
Since we just consider regular deployme@t must con- patterns in the conjectured region. It is intuitive that thiave

tains at least the following kinds of region®r \ Oc, optimality, the deployment should have as little 2-overlap

O\ Op,Oc\ Op,O0\ Op,Og \ Og andOp \ Og; regions as possible.

o, Oc\ Op, Og\ Og, Op \ Og, Op \ Oc, Op\ Op In the following, we briey present how we obtain the

and Oc \ Op. This property is based on the symmetry ofonjecture besides rigorous mathematical analysis. We rs

regular deployment and the fact the sides number of Vorormitend the three optimal patternsthe SWP, the GWP and
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the LCP beyond their optimality regions. In the conjecture@nabled by steerability or selectability, is a generallpzdd
region, some deployment formulas of the SWP, the GWP amdsumption in many related researches [10]. While granting
the LCP may vyield imaginary results fah, dy, d3 or the the theoretical signi cance behind this assumption, weuarg
covering density. We exclude these cases and then comphe it is still worthwhile to conduct research based onistat
the valid covering densities of the three patterns for evedjrectional antennas. First, many problems and more oagrhe
possible combination of.=rs and .. The pattern with the will arise with the introduction of adjustable directiorzaiten-
lowest covering density is conjectured to be optimal. We ndas, typically in the MAC layer. Numerous efforts are needed
that the same pattern is very likely to be optimal near tHer peer detection and connection establishment. Besides,
optimality bound. However, after reaching the “hinterlanfi manufacturing technologies for adjustable antennas ate no
the conjecture area, no general rules can be inferred asstd ciently mature to enable large-scale deployment. Thus
which pattern is observably better than the other two. Rattds neither economical nor practical to use adjustable awaten
mutation often takes place. Thus comparison needs to toeform a real WSN at the moment. Second, no matter what
carried out for each combination of=rs and ., in order mechanism a WSN with adjustable antennas uses, it should
to nd the optimal pattern. have a good plan of initial deployment, otherwise the gdnera

Remark. Though the optimality of the conjectured patternioPology of the WSN can be easily ill-formed. In this case,
cannot be proved, in a certain region of the conjectured, ar€4" Proposed patterns can be of great reference value.
pattern optimality can be proven given an intuitive assuompt B, Sensing and Communication Model

that optimality is achigved _when 1) there is no area covered On realistic sensing model&he assumption of a clean
by fqur or more sensing discs, 2) the area coyered by thr&%c sensing model is not appropriate under some cases. For
sensing discs is minimal, 3) all sensing Voronoi polygores ar xample, common Passive Infra-Red (PIR) sensors have a
the same. Of course, to look for a better deployment, we Orﬁgnsing ,range of only 90 degrees [22]. In fact, sensors in

need to consider those patterns with smaller difference- of - 4 .
SN nodes exhibit a much higher degree of heterogeneity
overlap area and 3-overlap area. Then we can prove that (he

. . L an antennas, since they are designed to perform divelsi e
following wave pattern can achieve optimality for over 1£3 o ol . : ) .
. . tasks. In this light, the need of including consideratioris o
the conjecture region.

r the sensing angle is expressed by Han et al. [11]. More-
over, sensing capability at different distance and in déffet
angle may vary widely. One typical model re ecting this
phenomenon is presented by Cao et al. [6]. In a particular
direction, the probability2 for sensing ranebeingx is given
This fact can be deduced from the proof of Proposition 4.y PfX = xg= e %:( 2).
The covering density of this pattern fully complies with the Though a comprehensive evaluation of realistic sensing
covering density derived by our conjectured patterns in thegodel is very complicated and well beyond the scope of this
region under question. paper, we give a preliminary study of two special cases here t
illustrate the impact of sensing angle and sensing irregyla
on the coverage under our optimal patterns (Fig. 11). We take
In this section, we discuss some practical issues beyond @pp typicalr.=rs values for illustration, namelg.=rs = 1 and
mathematical abstraction. re=rs = 2. For the sensing angle, we choose2 = 3, which
is the most common angle with currently available direaiion

) antennas. The combinations of these twers values and
On the long path problemAs we have discussed abovegne value virtually cover all types of our proposed optimal

extra nodes are needed at the boundaries for connectivitypglttems_ Two types of sensing orientation are consid@ee.
our proposed optimal patterns. These nodes are expectegsiqy align the sensors with the antennas. The other is a
form one or several vertical lines to hold together all hontal  3ngom orientation betwednand2 . The sensing irregularity

strips. It is obvious that the number of nodes needed to COYgMmeasured by the standard deviation of the sensing range,
lines is negligible compared with the number needed to COMghich is re ected by inthe gures.

a 2-D space. Consider the following example. With a speci ¢ o general observations can be made regarding Fig. 11.
GWP pattermre=rs =2, = =2andrs =30 m, 1:34 10°  First, the optimal pattern does affect sensing coverageed.i
nodes are required to coverl® km 10 km area and the iih differentr.s are very different. This necessitates a coor-
needed additional nodes to form a connected line are roug@inated study of both sector-based sensing models andrsecto
350. Under any circumstances, ab@i6 3% of nodes are pased communication models, which is also a part of our
suf cient to solve the long path problem. future work. Second, small deviation and random orienteitio

On adjustable directional antennadn most current sensing range may lead to better linearity between thersgnsi
literature featuring WSNs with directional antennas, @ithangle and the coverage percentage. It is a quite intuitive
a steerable antenna or an array of selectable antennasegilt that sensing capability depends linearly on theisgns
employed. Adjustable orientation for directional antes)naangle if sensors are randomly deployed and oriented. Haweve

di=rg+ rccosE + rZ (r¢sin E)2;

dr =2r¢sin 5; ds = rccoszz

V. PRACTICAL CONSIDERATIONS

A. Discussions of the Proposed Patterns
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Fig. 12. The Communication Range of Direction Antennas.sf@ws the

communication pattern of a typical directed antenna. (lmwsha doorknob-

1 ! shaped 3D radiation model for directional antenna. (c) st 2D projection
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(c) rc=rs = 2, random sensing orifd) rc=rs = 1, random sensing ori-
entation betwee® and 2 entation betwee® and 2

Fig. 11. Sensors each with = 30m are deployed in 4000°m?2 square
following our proposed patterns. The coverage in percentagbtained by
generating10® points within the square, and then checking how many of
them are covered.

2-connectivity Percentage

Node Transmission Power (in dBm)

a(p)

with larger sensing irregularity or more restricted oragiun,

the coverage becomes more dependent on sensor dep'oyrﬂﬁ.”is. A connection is considered established when th&dedeception
patterns. Ration is greater than 0.95. For each combination of trassion power and

On realistic communication model&; reality, the com- -+ we run simulation 100 times. The probability is then thecpatage of
L . . . . nodes capable of connecting with 2 neighbors averaged @gtithes. Other
munication range of directional antennas is very commigat ,,ameters are from empirical data [25].
Roughly speaking, it can be described as several petal-like

lobes, which may differ in size, aligned around a centrahpoi

(Fig. 12(a)). It is very hard to determine an optimal pattefihat nodes in the LCP pattern have a better chance to be 2-
under this model. Combining considerations of computation,onnected, which can be explained by the fact that the LCP
convenience and realistic exactitude, Ramathan et aloggap 55 higher node interconnection.

a doorknob-shaped antenna model in [19] (Fig. 12(b)). Its 2D\y,s a1s0 simulate a pure sector model, which can be
projection is a sector with a smaller circle centered atiit§io  ,-hieved by setting the strength of side lobeslto . As the

(Fig. 12(c)). Besides, for a more realistic wireless _Channf?esults are highly similar to, if not the same as, those pitese
model, we adopt the well known log-normal shadowing paifj rig. 13, we do not present them here. The underlying reason

loss model expounded by Zuniga and Krishnamachari [29d simple. In order to cover a larger area and connect more

Detailed derivations and parameter settings are giverether \,qes nodes are generally placed as far as the sector range
We investigate by simulation the effect of the above modg|ioys. Thus it is very unlikely for other nodes to fall in the

on the probability for one sensor node in our proposed pattgq ch smaller, e.g., 20 dB less, circle in the doorknob model,

to connect with 2 neighbors. The whole space of numericghich is another justi cation for adopting a pure sector rebd
results demonstrate high degree of conformity to severdl the communication range.

rules, which we illustrate in Fig. 13, whenmge=rs are set
as the most common value of 1. Two rules are explicitly
shown in the gure. First, the transitional region between
the reliable communication area and outlying areas is veryln this paper, we studied the problem of connected coverage
narrow. The slope of transmission attenuation is fairlyrghain WSNs with directional antennas. We de ned and formulated
when transmission power reaches a critical low level. Sécorthe problem of optimal sector-based connected coverage. To
the connectivity of the whole network is highly dependent otthe best of our knowledge, we are the rstto propose and prove
the deployment pattern. The most striking feature of the twiseries of optimal deployment patterns that achieve fuleeo
sub gures is the discontinuity of connectivity at certaacés, rage and low-connectivity in WSNs with directional antesna
e.g., = =3. According to our optimal pattern evolution, theSeveral practical settings for realistic WSN con guratiand

LCP is used when =3, and the GWP or the SWP aredeployment were also evaluated in the paper. This is the rst
generally used otherwise. It can be observed from the guretep towards exploring optimality for connected coverage i

VI. CONCLUSION
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WSNs with directional antennas. Studying optimal patterns
that with higher connectivity is part of our future work.
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