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Abstract—In this paper we address a new unexplored problem
concerning directional antennas in wireless sensor networks
(WSNs), namely the optimal patterns that achieve connected
coverage. As their name implies, directional antennas can focus
their transmission energy in a certain direction. This feature
gives rise to lower cross-interference and greater communication
distance, given certain amount of energy. It has been shown
that with proper scheduling mechanisms directional antennas
may substantially improve networking performance in WSNs.We
propose a set of optimal patterns to achieve full coverage and 1-
or 2-connectivity for these WSNs. Several fundamental theorems
and conjectures are also proposed for further exploration.Finally,
we study the proposed patterns under common practical settings.

I. I NTRODUCTION

A. Motivation

Recently there has been great interest in using directional
antennas on sensor nodes to improve the general performance
of wireless sensor networks (WSNs) [5], [7], [10], [14], [19],
[20]. Directional antennas may actually promote communica-
tion quality by focusing transmission energy in one direction
and reducing interference and fading. Moreover, there have
been substantial breakthroughs in the miniaturization of direc-
tional antennas in the past several years [8], [16], [17]. Itis
likely that we will see extensive applications of WSNs with
directional antennas in the near future.

Many research problems must be addressed before direc-
tional antenna potentials can be fully exploited. These prob-
lems include MAC layer scheduling, routing algorithms, load
balancing, node deployment, etc. One of the core concerns
in these problems is the concept ofneighbors which, by
de�nition, should be able to communicate with each other. In
the traditional disc communication model, neighbors always
come in pairs (Fig. 1(a)). However, this does not hold with
directional antennas. It may be the case that node B is in node
A's communication range, which can be modeled as a sector
with the communication angle� c, but node B points some-
where else (Fig. 1(b)). For two nodes to become neighbors
under the sector model, they must either point directly to each
other (Fig. 1(c)), or form a circulation chain of connections
(Fig. 1(d)). This asymmetrical feature of directional antennas

Fig. 1. (a) Node A and B can communicate with each other. (b) For a sensor
node with a directional antenna, its communication range can be modeled as
a sector with the communication angle� c . Node A may connect to Node B,
but not vice versa. (c) Node A and B point directly to each other establishing
a bidirectional link. (d) A circulation chain of connections enables node A
and node B to communicate bidirectionally.

causes much trouble for communication and has a large impact
on network topology and node deployment.

The problem of optimal node deployment in WSN with
directional antennas is a signi�cant emerging issue. Optimally
deploying nodes to achieve full coverage and connectivity in
WSNs has remained a fundamental problem of both theoretical
and engineering interests. Besides such immediate bene�tsof
lower costs and better network management, optimal patterns
can also serve to guide optimization of topology control in
random deployments. Pioneering research in this �eld has
established some theoretical guidelines [12], [23]. Several opti-
mal patterns have also been proposed for certain types of WSN
[1]–[4]. However, all these theories and patterns are based
on the assumption ofomnidirectionalantennas. Essentially,
optimal deployment that achieves both connectivity and full
coverage in WSNs with directional antennas is not addressed.

B. Challenges

In this section, we point out the challenges of developing
optimal patterns for WSNs with directional antennas.

Challenge 1. It is well known in the WSN research
community that Kershner has given the optimal pattern for
full coverage and up to 6-connectivity when the ratio of
communication ranger c to the sensing ranger s is at leastp

3 [13]. Thus we only need to address the cases when
r c=rs <

p
3. However, this general observation is problematic

when directional antennas are considered. We give an example
that complies with the optimal pattern but fails to provide
connectivity (Fig. 2(a)). Therefore, in order to develop optimal
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(a)

(b)

Fig. 2. Circles not shaded are the sensing range. Shaded areas are the
communication range. In (a), sensors have a communication angle of � c =
2�= 3. Obviously, sensors inAOC cannot communicate with sensors inBOC
or AOB and vice versa. In (b), givenr c=rs =

p
3, (1) is the optimal pattern

that achieves up to 6-connectivity, when� c = 2 � . However, if� c shrinks to a
certain level, nodes should be oriented to connect with 2 neighbors (graph(2))
and thus achieve 2-connectivity, otherwise only 1-connectivity can be achieved
(graph(3)). If � c further shrinks like graph (4), then only 1-connectivity is
possible, unless we totally change the overall pattern.

patterns for WSN with directional antennas, we must consider
all possible values ofr c=rs.

Challenge 2.Besidesr c=rs , there is another dimension to
be explored: the communication angle� c. Across� c's entire
range from0 to 2� , current research only covers the value of
2� , which is the case with omnidirectional antennas. When we
consider all possible values of� c, the possibilities of pattern
variance or even abrupt mutation are very high. Fig. 2(b) gives
an example that illustrates that in order to achieve full coverage
and a certain connectivity (2-connectivity in this example), the
deployment strategy for small� c should be very different from
large� c.

Challenge 3.For omnidirectional sensors and antennas,
several optimal deployment patterns have been proposed.
However, we �nd that these optimal patterns cannot be directly
extended to accommodate cases with directional antennas, as
shown in the main body of this paper.

C. Our Contributions

In this paper, we formally address this new problem, i.e.
designing optimal patterns for connected coverage in WSNs
with directional antennas. In particular, we focus on low-
connectivity, i.e., 1- or 2-connectivity, as in [2], [4]. This paper
makes the following four contributions:

1. To the best of our knowledge, we are the �rst to propose
a series of optimal deployment patterns that achieve full
coverage and 1- or 2-connectivity in WSNs with directional
antennas. The optimal patterns cover all possible combinations
of the communication angle� c and the ratio of communication
range to sensing ranger c=rs . This is the �rst step towards
exploring optimality for connected coverage in WSNs with
directional antennas. Studying optimal patterns that achieve
higher connectivity is our future work.

2. Three typical optimal patterns are designed: the Sharp
Wave Pattern (SWP), the Gentle Wave Pattern (GWP), and

the Local Circulation Pattern (LCP). The SWP is applicable to
most scenarios, when the antenna capabilities are strong, i.e.,
� c and r c both are large. The SWP must be complemented
by the GWP when the communication range is relatively
small, i.e.,r c=rs <

p
3. However, when communication angles

are critically limited, i.e. � c < �= 3, the LCP has better
performance.

3. We prove that our proposed patterns optimally achieve
full coverage and 1- or 2-connectivity in WSNs with direc-
tional antennas for most cases. We conjecture their optimality
for the other cases based on the mathematical analysis. We
also provide a new proof methodology for optimal connected
coverage in WSNs based on combinatorial geometry. The
concept of tiling is introduced to help construct the largest
sensing Voronoi polygons. Our method of giving a lower
bound on the covering density and “tapering” the Voronoi
polygons to achieve this bound can be widely applied in
optimality proofs of connected coverage in WSNs.

4. In order for our optimal patterns to be more robust in
real applications, we address several practical issues. Real-
istic sensing and communication models are studied. In real
applications, sensors and antennas may exhibit unpredictable
attenuation and fading. It is also probable that sensors will see
a sector range. We evaluate the impact of all these factors on
our proposed optimal patterns. Other issues such as the long
path problem, antenna steerability, etc., are also addressed.

II. RELATED WORK

There are two primary research areas related to our work:
directional antenna research in WSNs and the connected
coverage problem.

Current research interests in sensor node antennas mainly
focus on miniaturization of omnidirectional antennas [15],
[18], [24]. However, directional antennas that are small enough
to �t into sensor nodes are attracting more and more inter-
est. Recent advances in Micro-Electro-Mechanical Systems
(MEMS) have enabled manufacturing of directional antennas
at the size of Mica2 or even Micaz motes. Several prototypes
have been successfully developed [8], [16], [17]. In another
perspective, directional antennas have long been established
as a powerful networking tool in the ad-hoc network research
community. Many researchers agree that directional anten-
nas, both steered and switched ones, can actually enhance
communication quality and networking performance in ad-hoc
networks, including WSNs [19], [20]. Research interest in this
area typically focuses on MAC protocol design [14], routing
[5], scheduling [7] and network �ow analysis [10]. However,
most literature in this �eld assumes a beam-forming smart an-
tenna or an array of multiple �xed-orientation antennas. These
functionalities incur extra costs and large control overheads.
Moreover, to the best of our knowledge, none of these papers
addresses the problem of both coverage and connectivity in
WSNs with directional antennas.

Because connected coverage in WSNs is critical to a mis-
sion's success, its discussion has a long history and involves
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many disciplines [12], [23]. Recently one sub-area of the con-
nected coverage problem has drawn much research attention–
how to �nd the geometric optimal deployment pattern to
achieve full coverage and certain degrees of connectivity.
[3] is a representative paper of a series of related work
exploring sensor deployment in 2D space. Optimal patterns of
full coverage and up to 6-connectivity are given. Meanwhile,
optimal 3D space deployment is studied in [1], [4], where
partial heuristic solutions are given. Nevertheless, all these
works regard the communication range as a circle or sphere,
which is not true under most realistic circumstances. In this
context, our work can be seen as an attempt to bridge the gap
of theoretical abstractions and real antenna characteristics.

III. M AIN RESULTS

In this section we present optimal deployment patterns
for low-connectivity WSNs with directional antennas. Our
studies use a sector communication model and a disc sensing
model. These models are common for wireless sensors with
directional antennas. Its justi�cation and other practical issues
will be further expounded in Section V.

A. Pattern Description

1) Wave Patterns:We �rst introduce the wave patterns
that achieve full coverage and 2-connectivity (Fig. 3). Two
variants exist for wave patterns: the Sharp Wave Pattern (SWP)
and the Gentle Wave Pattern (GWP). Their difference is the
smoothness of the saw-like shape formed by the connection
edges (Fig. 4).

These two patterns can be determined byd1, d2 andd3 as
illustrated in Fig. 3 and� as illustrated in Fig. 4. We denote all
the combinations of the communication angle� c and the ratio
of r c over r s by (0; 2� ] � (0; 1 ) = f (� c; r c=rs) : where0 <
� c � 2� and0 < r c=rs < 1g . We call a speci�c range of the
combination of� c andr c=rs a region. We also introduce two
auxiliary variablesd0 = min f

p
3r s ; r cg and R0 = (0 ; 2� ] �

(0; 1 ) for clarity.

� The SWP:

d1 = r s + d0 cos
�
2

+

r

r 2
s � (d0 sin

�
2

)2;

d2 = 2 d0 sin
�
2

; d3 = d0 cos
�
2

;

while � =

(
�
3 ; if (� c; r c

r s
) 2 RSW P

� c; if (� c; r c
r s

) 2 R0 � RSW P
:

The region for� c � r c=rs in this pattern,RSW P , is

RSW P = [
�
3

; 2� ] � [
p

3; 1 ): (1)

� The GWP:

d1 = 2 r s cos(
�
2

� arccos
d0

2r s
);

d2 = 2 d0 sin
�
2

; d3 = d0 cos
�
2

;

while � =

(
�
2 + arccos d0

2r s
; if (� c; r c

r s
) 2 RGW P

� c; if (� c; r c
r s

) 2 R0 � RGW P
:

d1

d2

d3

d2

Fig. 3. Wave patterns. The light-�lled dots show the sensor locations that
form the horizontal strip, while the dark-�lled dots form the boundary strips.
Lines with arrows show the directed connection edges between nodes, and
sectors illustrate the communication range of nodes.

�D

(a) SWP

�D

(b) GWP

Fig. 4. Connection edges and sensing Voronoi polygon for thetwo variants
of wave patterns, the SWP and the GWP.

The region for the GWP,RGW P , is

RGW P = [ �; 2� ] � (0;
p

3]

_
�
� c 2 (

2�
3

; � ) ^ � c �
�
2

+ arccos
r c

2r s

�
:

(2)

In wave patterns, nodes are �rst deployed to form a pair
of 2-connected lines, and then extra nodes are strewn on
the boundaries to help connect all these separately connected
strips. As a key deployment parameter, the directional anten-
nas' orientation is very important. The communication sector
must cover the desired connection edges. For example, in
Fig. 4, the communication sector originating at nodeB needs
to cover connection edgesBA andBC .

2) Line Pattern:We now introduce another type of pattern
that achieves full coverage and 2-connectivity: the line pattern.
The line pattern has only one variant, which we term the Local
Circulation Pattern (LCP). The LCP can be determined byd1

andd2 (Fig. 5) as follows.

d1 = 2 r s + 2

r

r 2
s � (

d0

4
)2; d2 =

d0

2
:

Deployment of the line pattern is similar to wave patterns,
except that connectivity is established within the same line
(Fig. 5). In the LCP, a certain sensorC forms a bidirectional
connection with one neighborB (Fig. 6). In order to connect
with the other neighborD , C uses a multi-hop routeC !
B ! D . Note that routeC ! B ! D and routeD ! E ! C
construct a local loop (circulation). In the LCP, the antenna
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d1

d1

2

d2

2

d2

Fig. 5. Line patterns. The two connections of a node is different, so they
are delineated in different style.

Fig. 6. Connection edges and sensing Voronoi polygon for thetwo
variants of line patterns, i.e. LCP. The shaded sector beloweach letter is
the communication range

orientation is easy to ascertain. Nodes in a line alternately
point left or right (Fig. 6). To be more exact, according to
their relative position, nodes should include the left or right 2
neighbors in their communication range. In the LCP, there is
no special requirement for the communication angle so long
as it is larger than0.

Remark.1) The values ofd1, d2, d3 and � in the SWP and
the GWP depend on each other. The values ofd1 andd2 in the
LCP also depend on each other. The patterns are considered
valid only when the above parameters are all positive. This
rule applies hereafter.2) The wave patterns (the SWP and the
GWP) and the line pattern (the LCP) for full coverage and 1-
connectivity are similar to their 2-connectivity counterparts.
The only difference lies with the boundary strips. For 2-
connectivity, two strips are required to form two vertical
connections, so removing any node from the strip will not
result in loss of connectivity. However, for 1-connectivity, only
one strip is required to ensure connectivity.

B. Pattern Comparison and Evolution

In this section, we compare the above proposed patterns and
discuss their evolution.

1) Comparison:We �rst compare the SWP and the GWP.
A closer look at a single node gives a better view and
understanding of wave patterns. It also helps explain the
difference between the SWP and the GWP. Fig. 4 shows each
sensor with its connection edges and sensing Voronoi polygon.
The Voronoi polygon can be thought of as the region for which
it is exclusively responsible for sensing. For the nodes in the

SWP, the two connection edges cross two neighboring hexagon
edges (Fig. 4(a)). Meanwhile, in the GWP, the hexagon edges
crossed by connection edges are separated by another edge
(Fig. 4(b)). Thus the SWP has a smaller angle� than the
GWP does, which means the SWP will be more “jagged”.
Recall that in Fig. 4(a) two crossed Voronoi polygon edges of
sensorB are adjacent to each other. This means that compared
with the GWP, two sensorsA and C in the SWP connected
to B are “closer” to each other. SensorA and C can be
covered by the communication sector ofB with a smaller
communication angle� c. So the SWP is more tolerant to
constraints on� c, given suf�cient larger c=rs . Conversely, the
GWP is more tolerant to constraints onr c=rs , given suf�cient
large � c, since we can observe from Fig. 4 that the distance
betweenA and B or C and B in the GWP is smaller than
that in the SWP. Nevertheless, if� c is small, i.e.,� c < �= 3,
neither the SWP nor the GWP can simultaneously satisfy the
coverage and connectivity requirements.

In the LCP, each node must reach two neighbors in the
same direction, which requires a greaterr c=rs than wave
patterns. This pattern is designed under special consideration.
Bidirectional links between nodes are often established in
multi-hop connections (Fig. 6). The reason for picking such
a detour course is that this pattern even works when� c

approaches 0, since the LCP only depends on the value of
r c=rs and has no requirement on� c. Furthermore, the number
of hops for long distance transmission between two nodes can
be reduced (when proper scheduling is applied) since each
node can directly connect to its neighbor's neighbor.

2) Evolution: When r c=rs and � c are large, the SWP is
the best candidate to achieve optimality since the overlapping
areas among sensing discs in the SWP is small. However, as
the constraints increase, other patterns must be used. Along
the r c=rs dimension, the GWP can complement the SWP,
given that the communication angle� c is large enough. With a
relative large� c, the GWP is more compatible with lowr c=rs

values. Along the� c dimension, we can resort to the LCP for
connected coverage whenr c=rs is large enough. However, in
the regions where bothr c=rs and � c are small, the pattern
transition is not clear-cut. In these regions, the three patterns
may “compete” to achieve optimality.

C. Theorems and Conjectures

The following theorems state the optimality of the patterns
we proposed.

Theorem3.1. To achieve full coverage and 2-connectivity, the
SWP is the asymptotically optimal pattern for regionRSW P ,
the GWP is the asymptotically optimal pattern for region
RGW P , and the LCP is the asymptotically optimal pattern
for region (0; �

3 ] � [2
p

3; 1 ).

In Theorem 3.1, regionRSW P is de�ned in Eq. 1 and region
RGW P is de�ned in Eq. 2.

The following theorem states the patterns we proposed also
optimally achieve full coverage and 1-connectivity in WSNs
with directional antennas.
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Theorem3.2. The patterns as well as their respective optimal
regions in Theorem 3.1 are asymptotically optimal for achiev-
ing full coverage and 1-connectivity.

We defer the theorem proofs to Section IV. The optimality
regions described in Theorem 3.1 and Theorem 3.2 cover
most of ther c=rs � � c space. However, in other regions, only
conjectured optimal patterns can be given.

Conjecture3.1. For the subregions of(0; 2� ]� (0; 1 ) that are
not covered in Theorem 3.1, one of the SWP, the GWP and the
LCP is asymptotically optimal to achieve full coverage and 1-
or 2- connectivity.

From the optimality and conjecture regions given in Theo-
rem 3.1, Theorem 3.2 and Conjecture 3.1, we can observe that
the SWP covers the largest area in ther c=rs � � c region, i.e.,
covers[ �

3 ; 2� ]� [
p

3; 1 ). The LCP is responsible for a narrow
band of (0; �

3 ] � [2
p

3; 1 ). These two patterns together can
handle all larger c=rs values, even to1 . The GWP covers
a small irregular region whenr c=rs is small and� c is fairly
large. The conjectured area covers the regions with both small
r c=rs and� c values.

IV. OPTIMALITY ANALYSIS

A. Road Map

In order to prove pattern optimality, we �rst derive a lower
bound on the covering density of all possible patterns, given
ther c=rs constraints. This is done by calculating the maximum
area of the sensing Voronoi polygon of each node. Then we
try to adjust the shape of the sensing Voronoi polygon and
orientation of the communication sector to achieve this lower
bound. If we manage to achieve the lower bound through such
adjustments, then we claim that we have found the optimal
pattern for that particular combination ofr c=rs and� .

B. Preliminaries

We introduce the following de�nitions and notations before
detailed proofs.

De�nition 1. [Connection Chord] A common chord between
two intersecting sensing discs is called a connection chordif
the distance between the two sensors is not larger thanr c.

De�nition 2. [Convex Disc, n-gon, K (n)] A convex disc is
a compact convex set with non-empty interior. Ann-gon is a
polygon with at mostn sides in the Euclidean plane.K (n) is
then-gon with maximum area that is inscribed in convex disc
K .

De�nition 3. [Cross] Two convex discs are called cross if
removing their intersection separates each disc into two parts.

De�nition 4. [Packing, Covering, Tiling, Tile] A packing of
the plane with copies ofK is a family f K i g of plane sets
congruent toK whose interiors are mutually disjoint. A
covering of the plane with copies ofK is a family f K i g of
sets congruent toK whose union is the plane. A familyf K i g
that is both a packing and a covering is called a tiling. Any
convex body for which there is a tiling is called a (convex)
tile.

Fig. 7. (a) is a part of a packing, there is no overlapping among circles. (b)
is a part of a covering, all the circles added together can cover a certain space,
(c) is a tiling combining the feature of (a) and (b). (d) showsa p-hexagon,
which has two equal parallel edges.

De�nition 5. [p-hexagon] A p-hexagon is a hexagon with a
pair of parallel opposite sides of equal length, where “op-
posite” means separated by two sides in each clockwise and
counterclockwise direction.

A p-hexagon is a tile. Fig. 7 illustrates the above de�nitions
on packing, covering, tiling, tile andp-hexagon.

De�nition 6. [Covering Density] Let C = f C1; C2; :::; Cn g be
a collection of convex bodies in a plane that covers regionD.
The density ofC related toD is de�ned as

� (C;D ) = (
P n

i =1 kCi k)=kDk.

We usekRk to denote the area of regionR, and we use
intR to denote the collection of points which lie inR but not
on the boundary ofR. Lower covering density implies higher
ef�ciency with which convex bodies cover an area.

C. Optimality Proof

In order to prove Theorem 3.1, we �rst introduce several
lemmas.

Lemma4.1. Let K 1,...,K N be convex discs covering a convex
hexagonH . Suppose that no pair of the discsK 1,...,K N cross
and no proper subset of them coversH . Then it is possible to
construct convex polygonsD1,...,DN with the number of sides
n1,...,nN such that
1) D i � K i \ H for i 2 f 1; :::; N g;
2)

S N
i =1 D i = H ;

3) (intD i ) \ (intD j ) = ; , for eachi; j 2 f 1; :::; N g; i 6= j ;
4)

P N
i =1 ni � 6N:

Lemma 4.1 is a direct citation of Proposition 3 in [21]. It
is used to prove the following Lemma 4.2.

Lemma4.2. If a tessellation consists of convex polygons and
covers a convex hexagon, then the average side number of all
polygons cannot exceed6.

Proof: Let H be a convex hexagon, andT = f Ti : i =
1; :::; N g be a tessellation coveringH , whereTi is a convex
polygon. It is clear thatT satis�es the requirements of Lemma
4.1. Thus we can use Lemma 4.1 to obtainD = f D i : i =
1; :::; N g with the number of sidesn1,...,nN such that all the
conclusions in Lemma 4.1 hold.

Since(intT i ) \ (intT j ) = ; (i 6= j ) andD i � Ti , in order
for D to coverH , it follows that 8i 2 f 1; :::; N g; Ti = D i .
Then for the side numbersm1,...,mN of T , mi = ni ; i 2
f 1; :::; N g and

P N
i =1 mi � 6N .
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Fig. 8. (a) and (b) illustrateCi and C � . d1 and d2 denote the connection
chords. In (c), (d) and (e), the bold segments denote the connection chords.
The hexagons in (b),(c),(d) and (e) have the same property: two bold sides
have the same length and the other four sides are also of equallength.

Lemma4.3. The sequencekK (n)k is concave for all convex
discsK : kK (n + 1) k � k K (n)k � k K (n)k � k K (n � 1)k for
n � 4.

Lemma 4.4 is a direct citation of Proposition 5 in [21]. It
provides the condition to apply Jensen's Inequality toK (n).
Now we are ready to prove Theorem 3.1.

Proof: The proof is divided into two steps. The �rst step
is establishment of the lower density bound and the second is
the pattern design to achieve this bound.

We simply take the lower density bound derived by Ker-
shner's optimal pattern [13], whenr c=rs �

p
3. Kershner's

pattern provides the lowest possible density to cover a space,
given a certainr s . We then calculate the lower bound for
r c=rs <

p
3.

Let O = f Oi : i = 1 ; :::; N g where eachOi is the sensing
disc of a nodei with a given � c and r c=rs. All Oi 's are
assumed to be the same inO. A �xed region D is covered
by O. As the regionD covered by sensors is large enough,
we can assume it to be a hexagon1. The Voronoi polygons
generated byf Oi : i = 1 ; :::; N g are f Pi : i = 1 ; :::; N g. Let
ni be the side number ofPi for eachi 2 f 1; :::; N g. It follows
from Lemma 4.2 that

P N
i =1 ni =N � 6.

On the other side, in order to get two connections, we
must have two connection chords. The distance of these two
connection chords to the disc centers are limited byr c, i.e.,
the distance cannot exceedr c=2. So this constraint actually
con�nes the sensing polygons within these two chords. We
denote the region of a sensing discOi “cut” by these two
chords asCi (e.g., Fig. 8(a)). It is easy to see thatPi � Ci .
Let C = f Ci : i = 1 ; :::; N g. Different members ofC may
vary greatly in shape. However, we can �nd a convex discC �

generated by the sensing disc such thatkC � (ni )k � k Pi k for
eachi 2 f 1; :::; N g. C � is achieved when two con�ning chords
are pushed as far as allowed from the center and converge
at one point on the disc perimeter. Fig. 8(b) illustratesC � ,
in which d1 = d2 = 2

p
r 2

s � (r c=2)2 and � is not greater
than� c according to different combinations ofr c=rs and� c.
kC � (ni )k � k Pi k follows from the Lagrange multipliers. We
emphasize thatC � , as we construct here, still has the property:
kC � (ni )k � k Pi k, wherePi is any possible Voronoi polygon
generated by a sensor with given� c and a certainr c=rs <

p
3.

1Even if the target region is a square, we can clip two very small corners,
e.g., with sides of several millimeters, to make a hexagon, which will not
affect the pattern optimality

Next, we calculate a lower bound of the covering density
based onC � . First, The covering density ofP overO is given
by:

� (O ;P ) =
N � kOi k

P N
i =1 kPi k

(3)

From Equation 3 andkC � (ni )k � k Pi k, we have

� (O ;P ) �
N � kOi k

P N
i =1 kC � (ni )k

: (4)

Use Lemma 4.4 and Jensen's inequality, we obtain
NX

i =1

kC � (ni )k � N � kC � (
P N

i =1 ni

N
)k � N � kC � (6)k:

This means that with more average sides,C � (i ) will have a
larger average area. So together with Equation 4, we can get
the lower bound of� (O ;P ) , and it is achieved withC � (6):

� (O ;P ) �
N � kOi k

N � kC � (6)k
=

kOi k
kC � (6)k

: (5)

Now that we have the lower bound of� (O ;P ) , we can derive
patterns achieving this lower bound.

When r c=rs �
p

3, we simply have the regular hexagon
in the sensing disc as the sensing Voronoi polygon. When
r c=rs <

p
3, we check whetherC � (6) is a p-hexagon. If it

is, we keepC � (6) as the sensing Voronoi polygon. If not, we
“taper” it into a p-hexagon with two connection chords and
without changing the overall area. Herep-hexagons are chosen
because they can always form a tile of the space. For every
combination ofr c=rs and � , the speci�c C � (6) is different
and the handling can be classi�ed into three categories:

1. When(� c; r c
r s

) 2 [ �
3 ; 2� ] � [

p
3; 1 ), C � (6) is actually

a regular hexagon, which is already ap-hexagon. So we just
keep the polygon, as well as the connection chords (Fig. 8(c)).
The resulting deployment is aSW P.

2. When(� c; r c
r s

) 2 [�; 2� ] � (0;
p

3)_ ( 2�
3 � � c < � ^

� c � �
2 + arccos r c

2r s
), C � (6) is not ap� hexagon.d1 andd2

are longer than other four equal sides and none of them are
parallel. So we re-arrange the position of the sides to get a
p-hexagon (Fig. 8(d)). The arrangement shown in Fig. 8(d) is
the only way to both form ap-hexagon and have connections
corresponding tod1 and d2 covered by the communication
sector, which is restrained in angle. The resulting patternis a
GW P.

3. When (� c; r c
r s

) 2 (0; �
3 ] � [2

p
3; 1 ), C � (6) is also a

regular hexagon (Fig. 8(e)). However, due to angle restriction,
we cannot span the sector to cover both connections corre-
sponding tod1 and d2. So we orient the antenna to reach
one neighbor on one side and then form a circulation �ow to
reach another neighbor on the other side. That is why one of
the connection chords in Fig. 8(e) is solid, while the other is
dashed. The resulting pattern is aLCP .

This concludes the proof of Theorem 3.1.

The proof of Theorem 3.2, which is provided below, is
also based on construction: �rst bound establishment and
then pattern design. We �nd that the lower density bound
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with 1-connectivity patterns is actually the same as with 2-
connectivity patterns, so the optimal patterns designed for 2-
connectivity can also be used for 1-connectivity.

Proof: In order to prove Theorem 3.2, we �rst derive the
lower covering bound for full coverage and 1-connectivity,
based on [13] and [2]. As with 2-connectivity, we take the
lower density bound derived by Kershner's optimal pattern,
when r c=rs �

p
3. For r c=rs <

p
3, we refer to [2] for a

lower bound. In Lemma 4.2 of [2], Bai et al. gave the largest
average area of the sensing Voronoi polygons, i.e., the lower
covering density bound for a network with full-covering and
1-connected. However, to obtain the lower covering density
bound, Lemma 4.2 requires a critical assumption that the
average side number of the Voronoi polygons should not
exceed6. In fact, we have shown in Lemma 4.2 that the
requirement on average side number is satis�ed when the
target area is large enough. So the covering density bound
given by Bai et al. is universally correct and can apply in our
case. We �nd that this density bound is the same as the bound
given in Theorem 3.1. As the optimal patterns designed in
Theorem 3.1 all achieve this bound, we conclude that they are
also optimal to achieve full coverage and 1-connectivity.

D. Conjecture Analysis

In regions with smallr c=rs and� c values, the lower bound
of covering density is unknown. The reason why this bound
cannot be derived is that the sensing Voronoi polygons are
not inscribed in the sensing disc. This detachment introduces
much uncertainty of the connection chord length and position.
Without a determined lower bound, the optimality of the
constructed pattern is hard to prove.

Although these regions with smallr c=rs and� c values are
small, we believe answers for optimality are still valuable.
Conjecture 3.1 states for these regions the lower bound of the
covering density� optimal satis�es

� optimal = min f � GW P ; � SW P ; � LCP g:

Conjecture 3.1 is partially derived from the following Propo-
sition 4.1.

Proposition4.1. If the following conditions are satis�ed:
1) 1

3 � � � c � 2
3 � ;

2) 2r c sin � c
2 �

p
3r s ;

3) r c cos � c
2 �

p
r 2

s � (r c sin � c
2 )2 � r s � r c cos � c

2 +p
r 2

s � (r c sin � c
2 )2;

4) r c

q
1 + 8 sin2 � c

2 � 2r s ,
then we can give a deployment pattern of sensors, which is a
SWP, with smaller 2-overlap area than any other deployment
pattern whose sensing Voronoi polygon is a tile.

To prove proposition 4.1, the following Lemma 4.4, Lemma
4.5, and Lemma 4.6 are needed.

Lemma4.4. Let OA , OB , OC and OD be four circles that
center at points A, B, C and D, respectively. Assume the
positions ofA, B and D are �xed, andOC whose center C
is at OD intersects withOA and OB at E and F (as shown

Fig. 9. CirclesOA , OB , OC and OD center at points A, B, C and D,
respectively. (a) The positions ofA , B and D are �xed, and OC whose
center C is atOD intersects withOA andOB at E andF . (b) The positions
of pointsA andB are �xed. CG? AB andOC intersects withOA andOB
at E , F andG. (c) Three circlesOA , OB andOC intersect each other. (d)
Diagram used for the proof of Lemma 4.6 Case 2.

in Fig. 9(a)). Then thekOA \ OC k+kOB \ OC k is minimal
whenCE? AB .

Proof: Let \ DAE = � , \ DBF = � and \ DAB =
\ DBA = 
 . WhenAC is aboveAD andBC is aboveBD ,
we have� + � + 2 
 = � . Then,

kOA \ OC k + kOB \ OC k

= 2(
1
2

�r 2 �
1
2

r 2 sin � ) + 2(
1
2

�r 2 �
1
2

r 2 sin � )

= r 2(� � 2
 � sin � � sin(� + 2 
 ))

= r 2(� � 2
 � 2 sin(� + 
 ) cos
 ):

We have� + 
 = �
2 when CE? AB , which follows that

kOA \ OC k+kOB \ OC k is minimal whenCE? AB . It is
obvious thatkOA \ OC k+kOB \ OC k increases whenC crosses
AB or BD .

Lemma4.5. Let OA , OB , OC and OD be four circles that
center at points A, B, C and D, respectively. Assume the
positions of pointsA and B are �xed, CG? AB and OC

intersects withOA and OB at E , F and G (as shown in
Fig. 9(b)). LetkOA \ OC k+ kOB \ OC k+ kOA \ OB k = f (d),
where d = jAB j, then f (d) decreases in interval(0;

p
3r ),

increases in interval(
p

3r; 2r ) and takes its minimal at
d =

p
3r .

Proof: Let \ ABG = � and\ BCG = � . Then

f (d) = 2( �r 2 �
r 2

2
sin(2� )) + 4( �r 2 �

r 2

2
sin(2� ))

= r 2(2� + 2(
�
2

� � ) � sin(2� ) � 2 sin(
�
2

� � ))

= �r 2 �
d
p

4r 2 � d2

2
� rd:

f 0(d) = � r +
d2

2
p

4r 2 � d2
�

p
4r 2 � d2

2
:

f 00(d) =
d3

2(4r 2 � d2)
3
2

+
3d

2
p

4r 2 � d2
:

We havef 0(x) < 0 for eachx 2 (0;
p

3r ) and f 0(x) > 0
for eachx 2 (

p
3r; 2r ) sincef 0(

p
3r ) = 0 andf 00(x) > 0 for

eachd 2 (0; 2r ).
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Lemma4.6. LetOA , OB andOC be three circles that intersect
each other (shown in Fig. 9(c)). Let\ BAC = � , \ BAF = � ,
\ BCG = 
 , jAC j = jAE j = d andjAB j = x. If dsin �

2 < r ,
thenkOA \ OC k + kOB \ OC k + kOA \ OB k decreases when
D moves fromA to E if OA , OB and OC keep intersected
with each other.

Proof: Let f (x)=kOB \ OC k + kOA \ OB k. Then

f (x) = 2( �r 2 �
r 2

2
sin(2� )) + 2( 
r 2 �

r 2

2
sin(2
 ))

= 2 r 2(� + 
 � sin � cos� � sin 
 cos
 )

= 2 r 2(arccos
x
2r

+ arccos

p
d2 + x2 � 2dx cos�

2r

�
x
2r

r

1 �
x2

4r 2 �

r

1 �
d2 + x2 � 2dx cos�

4r 2 �
p

d2 + x2 � 2dx cos�
2r

)

sincejBC j =
p

d2 + x2 � 2dx cos� .
Then we have

f 0(x)
2r 2 = �

p
4r 2 � x2

2r 2

�
(x � dcos� )(

p
4r 2 � d2 � x2 + 2 dx cos� )

2r 2
p

d2 + x2 � 2dx cos�
:

In the following, we provef 0(x) < 0 for eachx 2 (0; d).
Case 1: Whenx � dcos� � 0, it is trivial to seef 0(x) < 0;
Case 2: Whenx � dcos� < 0, consider the geometrical

meaning of formulaf 0(x)=(2r 2) in Fig.9(d) and we have
(1)

p
r 2 � ( x

2 )2 = j LF j
2 ;

(2) dcos� � x = jBD j, whereCD? AB ;
(3)

p
4r 2 � d2 � x2 + 2 dx cos� =jHGj.

From the above (1), (2) and (3), we can see
f 0(x)=(2r 2)=

�
� j LF j

2 + jHG j
2 cos\ CBE

�
=2r .

Draw two lines GK and HK such thatHK==LF and
GK ? HK . We obtain\ GHK = \ CBE sinceBC ? GH and
LF ? AE . Clearly, jHG j

2 cos\ CBE = jHG j
2 cos\ GHK <

j LF j
2 , so f 0(x) < 0 whenx � dcos� < 0.

Now we are ready to present the proof of Proposition 4.1
as follows.

Proof: Let C be a deployment of sensors satisfying the
conditions of Proposition 4.1 and achieving full coverage of
a given regionD and two connectivity. LetOD be arbitrary
sensor ofC, then there exists circles intersecting withOD as
Fig.10(a) since conditions (2) and (3) stated in the proposition.

We call a sensor deployment is regular if the Voronoi
polygons generated by the sensors are congruent. Therefore,
to prove Proposition 4.1, we only need to consider the regular
sensor deployments.

Since we just consider regular deployment,OD must con-
tains at least the following kinds of regions:OF \ OC ,
OF \ OD , OC \ OD , OB \ OD , OB \ OE and OD \ OE ;
or, OG \ OD , OG \ OE , OD \ OE , OA \ OC , OA \ OD

and OC \ OD . This property is based on the symmetry of
regular deployment and the fact the sides number of Voronoi

Fig. 10. LetOD be arbitrary sensor ofC, then there exists circles intersecting
with OD as shown in (a).jKL j = jLP j, jMN j = jNQ j, jKM j = jP Qj
andKM==P Q in (b).

polygon is not more than six by Lemma 4.2. As Lemma 4.4,
Lemma 4.5, Lemma 4.6 and condition (1), the two overlap
intersection area ofOD with the other sensors is minimal when
the sensors are deployed as Fig.10(b).kOB \ OD k + kOB \
OE k + kOD \ OE k is minimal by Lemma 4.4 and Lemma
4.5.kOF \ OC k+ kOF \ OD k+ kOC \ OD k is minimal since
Lemma 4.6.kOB \ OD k+ kOB \ OE k+ kOD \ OE k+ kOF \
OC k + kOF \ OD k + kOC \ OD k is minimal because of 4.4,
Lemma 4.5, Lemma 4.6 and condition (1).

We prove that the 3-overlap area of this deployment pattern
is not larger than the optimal deployment pattern next.

Suppose that the density of the deployment pattern showed
in Fig.10(b) is � � . Its 4-overlap area is zero since condition
(4) is satis�ed. Here,

� � = 1 +

P
1� i<j � n kCi \ Cj k

kDk

�

P
1� i<j<k � n kCi \ Cj \ Ck k

kDk
:

If there is an optimal deployment pattern with density� 0.
For this optimal deployment

P
1� i<j<k<l � n kCi \ Cj \ Ck \ Cl k

kDk
(6)

+ � � � �
(� 1)n k

T n
i =1 Ci k

kDk
� 0: (7)

Then� 0(2) � � 0(3) � � � (2) � � � (3), where� 0(2) and� 0(3)
denote the area of 2-overlap area and 3-overlap area. Then we
have � 0(3) � � � (3) since � � (2) is minimal among all the
regular deployment pattern.

The proposition provides a good candidate for optimal
patterns in the conjectured region. It is intuitive that to achieve
optimality, the deployment should have as little 2-overlap
regions as possible.

In the following, we brie�y present how we obtain the
conjecture besides rigorous mathematical analysis. We �rst
extend the three optimal patterns� the SWP, the GWP and
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the LCP� beyond their optimality regions. In the conjectured
region, some deployment formulas of the SWP, the GWP and
the LCP may yield imaginary results ford1, d2, d3 or the
covering density. We exclude these cases and then compare
the valid covering densities of the three patterns for every
possible combination ofr c=rs and � c. The pattern with the
lowest covering density is conjectured to be optimal. We �nd
that the same pattern is very likely to be optimal near the
optimality bound. However, after reaching the “hinterland” of
the conjecture area, no general rules can be inferred as to
which pattern is observably better than the other two. Pattern
mutation often takes place. Thus comparison needs to be
carried out for each combination ofr c=rs and � c, in order
to �nd the optimal pattern.

Remark. Though the optimality of the conjectured patterns
cannot be proved, in a certain region of the conjectured area,
pattern optimality can be proven given an intuitive assumption
that optimality is achieved when 1) there is no area covered
by four or more sensing discs, 2) the area covered by three
sensing discs is minimal, 3) all sensing Voronoi polygons are
the same. Of course, to look for a better deployment, we only
need to consider those patterns with smaller difference of 2-
overlap area and 3-overlap area. Then we can prove that the
following wave pattern can achieve optimality for over 1/3 of
the conjecture region.

d1 = r s + r c cos
�
2

+

r

r 2
s � (r c sin

�
2

)2;

d2 = 2 r c sin
�
2

; d3 = r c cos
�
2

:

This fact can be deduced from the proof of Proposition 4.1.
The covering density of this pattern fully complies with the
covering density derived by our conjectured patterns in the
region under question.

V. PRACTICAL CONSIDERATIONS

In this section, we discuss some practical issues beyond our
mathematical abstraction.

A. Discussions of the Proposed Patterns

� On the long path problem:As we have discussed above,
extra nodes are needed at the boundaries for connectivity in
our proposed optimal patterns. These nodes are expected to
form one or several vertical lines to hold together all horizontal
strips. It is obvious that the number of nodes needed to cover
lines is negligible compared with the number needed to cover
a 2-D space. Consider the following example. With a speci�c
GWP patternr c=rs = 2 , � = �= 2 andr s = 30 m, 1:34� 105

nodes are required to cover a10 km � 10 km area and the
needed additional nodes to form a connected line are roughly
350. Under any circumstances, about2%� 3% of nodes are
suf�cient to solve the long path problem.

� On adjustable directional antennas:In most current
literature featuring WSNs with directional antennas, either
a steerable antenna or an array of selectable antennas is
employed. Adjustable orientation for directional antennas,

enabled by steerability or selectability, is a generally adopted
assumption in many related researches [10]. While granting
the theoretical signi�cance behind this assumption, we argue
that it is still worthwhile to conduct research based on static
directional antennas. First, many problems and more overhead
will arise with the introduction of adjustable directionalanten-
nas, typically in the MAC layer. Numerous efforts are needed
for peer detection and connection establishment. Besides,
manufacturing technologies for adjustable antennas are not
suf�ciently mature to enable large-scale deployment. Thusit
is neither economical nor practical to use adjustable antennas
to form a real WSN at the moment. Second, no matter what
mechanism a WSN with adjustable antennas uses, it should
have a good plan of initial deployment, otherwise the general
topology of the WSN can be easily ill-formed. In this case,
our proposed patterns can be of great reference value.

B. Sensing and Communication Model

� On realistic sensing models:The assumption of a clean
disc sensing model is not appropriate under some cases. For
example, common Passive Infra-Red (PIR) sensors have a
sensing range of only 90 degrees [22]. In fact, sensors in
WSN nodes exhibit a much higher degree of heterogeneity
than antennas, since they are designed to perform diversi�ed
tasks. In this light, the need of including considerations of
the sensing angle is expressed by Han et al. [11]. More-
over, sensing capability at different distance and in different
angle may vary widely. One typical model re�ecting this
phenomenon is presented by Cao et al. [6]. In a particular
direction, the probability for sensing rangeX beingx is given

by Pf X = xg = e� ( x � � ) 2

2 � 2 =(�
p

2� ).
Though a comprehensive evaluation of realistic sensing

model is very complicated and well beyond the scope of this
paper, we give a preliminary study of two special cases here to
illustrate the impact of sensing angle and sensing irregularity
on the coverage under our optimal patterns (Fig. 11). We take
two typicalr c=rs values for illustration, namelyr c=rs = 1 and
r c=rs = 2 . For the sensing angle� , we choose2�= 3, which
is the most common angle with currently available directional
antennas. The combinations of these twor c=rs values and
one� value virtually cover all types of our proposed optimal
patterns. Two types of sensing orientation are considered.One
is to align the sensors with the antennas. The other is a
random orientation between0 and2� . The sensing irregularity
is measured by the standard deviation of the sensing range,
which is re�ected by� in the �gures.

Two general observations can be made regarding Fig. 11.
First, the optimal pattern does affect sensing coverage. Lines
with different r cs are very different. This necessitates a coor-
dinated study of both sector-based sensing models and sector-
based communication models, which is also a part of our
future work. Second, small deviation and random orientation in
sensing range may lead to better linearity between the sensing
angle � and the coverage percentage. It is a quite intuitive
result that sensing capability depends linearly on the sensing
angle if sensors are randomly deployed and oriented. However,
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(a) r c=rs = 2 , sensing orientation
same as communication orientation
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(b) r c=rs = 1 , sensing orientation
same as communication orientation
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(c) r c=rs = 2 , random sensing ori-
entation between0 and2�
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(d) r c=rs = 1 , random sensing ori-
entation between0 and2�

Fig. 11. Sensors each with� = 30 m are deployed in a10002m2 square
following our proposed patterns. The coverage in percentage is obtained by
generating105 points within the square, and then checking how many of
them are covered.

with larger sensing irregularity or more restricted orientation,
the coverage becomes more dependent on sensor deployment
patterns.

� On realistic communication models:In reality, the com-
munication range of directional antennas is very complicated.
Roughly speaking, it can be described as several petal-like
lobes, which may differ in size, aligned around a central point
(Fig. 12(a)). It is very hard to determine an optimal pattern
under this model. Combining considerations of computational
convenience and realistic exactitude, Ramathan et al. proposed
a doorknob-shaped antenna model in [19] (Fig. 12(b)). Its 2D
projection is a sector with a smaller circle centered at its origin
(Fig. 12(c)). Besides, for a more realistic wireless channel
model, we adopt the well known log-normal shadowing path
loss model expounded by Zuniga and Krishnamachari [25].
Detailed derivations and parameter settings are given there.

We investigate by simulation the effect of the above model
on the probability for one sensor node in our proposed pattern
to connect with 2 neighbors. The whole space of numerical
results demonstrate high degree of conformity to several
rules, which we illustrate in Fig. 13, wherer c=rs are set
as the most common value of 1. Two rules are explicitly
shown in the �gure. First, the transitional region between
the reliable communication area and outlying areas is very
narrow. The slope of transmission attenuation is fairly sharp
when transmission power reaches a critical low level. Second,
the connectivity of the whole network is highly dependent on
the deployment pattern. The most striking feature of the two
sub�gures is the discontinuity of connectivity at certain faces,
e.g.,� = �= 3. According to our optimal pattern evolution, the
LCP is used when� � �= 3, and the GWP or the SWP are
generally used otherwise. It can be observed from the �gures

(a) (b) (c)

Fig. 12. The Communication Range of Direction Antennas. (a)shows the
communication pattern of a typical directed antenna. (b) shows a doorknob-
shaped 3D radiation model for directional antenna. (c) shows the 2D projection
of the doorknob model.
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Fig. 13. A connection is considered established when the Packet Reception
Ration is greater than 0.95. For each combination of transmission power and
� , we run simulation 100 times. The probability is then the percentage of
nodes capable of connecting with 2 neighbors averaged over 100 times. Other
parameters are from empirical data [25].

that nodes in the LCP pattern have a better chance to be 2-
connected, which can be explained by the fact that the LCP
has higher node interconnection.

We also simulate a pure sector model, which can be
achieved by setting the strength of side lobes to�1 . As the
results are highly similar to, if not the same as, those presented
in Fig. 13, we do not present them here. The underlying reason
is simple. In order to cover a larger area and connect more
nodes, nodes are generally placed as far as the sector range
allows. Thus it is very unlikely for other nodes to fall in the
much smaller, e.g., 20 dB less, circle in the doorknob model,
which is another justi�cation for adopting a pure sector model
for the communication range.

VI. CONCLUSION

In this paper, we studied the problem of connected coverage
in WSNs with directional antennas. We de�ned and formulated
the problem of optimal sector-based connected coverage. To
the best of our knowledge, we are the �rst to propose and prove
a series of optimal deployment patterns that achieve full cove-
rage and low-connectivity in WSNs with directional antennas.
Several practical settings for realistic WSN con�gurationand
deployment were also evaluated in the paper. This is the �rst
step towards exploring optimality for connected coverage in
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WSNs with directional antennas. Studying optimal patterns
that with higher connectivity is part of our future work.
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