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Abstract—In this paper, we study the optimal deployment
pattern problem in wireless sensor networks (WSNs). We propose
a new set of patterns, particularly when sensors' communication
range (r c) is relatively low compared with their sensing range
(r s ), and prove their optimality among regular patterns. In thi s
study, we discover a surprising and interesting phenomenon�
pattern mutation. This phenomenon contradicts the conjecture
presented in a previous work that there exists a universal elemental
pattern among optimal pattern evolution and the pattern evolution
is continuous. For example, we �nd mutation happens among the
patterns for full-coverage and 3-connectivity whenr c=rs = 1 :0459;
among the patterns for full-coverage and 4-connectivity when
r c=rs = 1 :3903; and among the patterns for full-coverage and 5-
connectivity when r c=rs = 1 :0406: To the best of our knowledge,
this is the �rst time that mutation in pattern evolution has b een
discovered. Also, our work further completes the exploration of
optimal patterns in WSNs.

I. I NTRODUCTION

A. Background and Related Work

Deployment is fundamental in the design and operation
of wireless sensor networks (WSNs). For years, works in
sensor deployment have heavily relied on a result presentedin
1939 [11] that states that the regular triangular lattice pattern
(triangle patternfor short) is asymptotically optimal in terms
of the number of discs needed to achieve full coverage. When
r c=rs �

p
3, the triangle pattern achieves 6-connectivity.

However,r c=rs �
p

3 does not always hold. As an example,
while the reliable communication range of the Extreme Scale
Mote (XSM) platform is 30 m, the sensing range of the
acoustics sensor for detecting an All Terrain Vehicle is 55 m
andr c=rs = 0 :545[1]. In practice, the range of possible values
of r c=rs can widely vary. The communication ranger c can be
affected by operating frequency, transmission power level, envi-
ronment, etc. High frequencies with low communication range
have the advantages of small antenna size, frequency reuse,
and low power consumption. Transmission power level is also
critical. For example, the reliable communication range ofthe
TelosB mote [18] can be adjusted to less than 1 meter using the
lowest power level. Finally, the RF channel's communication
range is in�uenced by interference, re�ections, scattering, and
shadowing. In practice, the reliable communication range is
often 60-80% of the claimed value [24]. The sensing ranger s

also varies greatly for different sensor types as well as upmarket
and downmarket products. It can vary from several centimeters
to tens of meters [18]–[21].

Fig. 1. The shaded area indicates the focus of this paper. By our work, the
deployment patterns with proved optimality for all ranges of r c=rs to achieve
full-coverage andk-connectivity (k � 6) are complete.

The study of optimal deployment patterns forr c=rs <
p

3
is hard, and some work remains to be done. In general, this
problem is related to the covering problem in computational
geometry. Much work has been done on the issue of covering
points in a plane using a minimum number of given geometric
bodies, e.g., disks [9], [11], [14], [16], orthogonal rectangles
[8], fat convex bodies [6], [17], etc. However, the computational
geometry literature only considers coverage, not connectivity.
This is understandable, as connectivity is a typicalnetworking
requirement.

In recent years, some progress has been made in exploring
optimal patterns for different values ofr c=rs that are less thanp

3: Fig. 1 presents the state of the art. All these works assume
a disc model for both sensing and communication. In2005,
the triangle pattern was shown to be non-optimal; the strip-
based pattern can outperform it whenr c = r s [10]. In 2006,
the asymptotic optimality of strip-based patterns to achieve full
coverage and 1- and 2-connectivity was proved in [2] for all
ranges ofr c=rs. In 2008, the asymptotically optimal pattern to
achieve full coverage and 4-connectivity forr c=rs >

p
2 was

proposed and proved to be optimal [4]. In [3], a complete set
of deployment patterns for all ranges ofr c=rs to achieve full-
coverage andk-connectivity (k � 6) was proposed. In this set
of patterns, those for3- and5-connectivity were proved to be
optimal forr c=rs � 1 amongregular patterns(the de�nition of
regular patternis given in Section II). The optimality is only
conjectured for patterns to achieve3- and5-connectivity when
r c=rs < 1; to achieve4-connectivity whenr c=rs �

p
2, and to

achieve6-connectivity whenr c=rs �
p

3: Recently, the pattern
to achieve6-connectivity whenr c=rs �

p
3 was provided and

its optimality among regular deployments was proved in [5].
In this paper, we also focus on regular patterns.
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Fig. 2. Mutation in the patterns to achieve full coverage and3-connectivity
when r c=rs = 1 :0459: (a) Hexagon based pattern evolution trend that was
believed for all range ofr c=rs . (b) The hexagon based trend stops and is
replaced by one that is based on a collection of squares, hexagons and octagons.

B. Our Contributions

We have conducted further study that aims to prove the
aforementioned conjectures. However, we discover the smooth
pattern evolution trends are surprisingly broken by a mutation
phenomena that disproves previous conjectures. We highlight
our contributions in this paper as follows.

� New Optimal Patterns.In this paper, we propose new
patterns for full coverage and3-, 4- and 5-connectivity. We
prove their optimality among regular patterns to achieve3- and
5-connectivity whenr c=rs < 1, and to achieve4-connectivity
when r c=rs �

p
2. As illustrated in Fig. 1, with our work,

the deployment patterns with proved optimality among regular
patterns for all ranges ofr c=rs to achieve full coverage and
k-connectivity (k � 6) is complete.

� Pattern Mutation. We discover a surprising and inter-
esting pattern mutation phenomenon in pattern evolution as
r c=rs continuously changes.Pattern mutationmeans that the
continuous trend of pattern evolution suddenly stops at certain
value ofr c=rs , and a new pattern evolution trend appears. Fig. 2
presents an example of mutation that happens in the patternsto
achieve full coverage and 3-connectivity whenr c=rs = 1 :0459:
This newly discovered phenomenon contradicts the conjecture
made in [3] that states that there exists a universal hexagon-
based pattern going through pattern evolution for all ranges of
r c=rs :

� Practical Considerations. We notice that it can be
inconvenient to obtain the positions of sensor nodes in some
new patterns, which can hamper deployment in practice. From
the study on pattern mutation, we design practical patterns
that can balance ef�ciency in terms of the number of required
sensor nodes and deployment convenience. The optimality
proofs in this paper are based on the disc models that are also
adopted by [2], [3], [10], [12], [13], etc. As we know, to build
theoretical foundations, abstraction is inevitable. However, it is
also important to study patterns under more practical models.
In the paper, we also study our proposed patterns under several
practical considerations.

C. Signi�cance

Our work has both theoretical and practical signi�cance.
To the best of our knowledge, no literature establishes funda-
mental principles that consider both coverage and connectivity
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Fig. 3. Number of nodes needed by our new patterns and hexagonpattern
for various values ofr c=rs ; when sensors each withr s = 30 m are deployed
over a1; 000 m � 1; 000 m region.

requirements in the �eld of discrete computational geometry.
This paper and other works [2]–[4] have developed effective
approaches to �nd solutions satisfying both requirements when
such foundations are missing. Meanwhile, our discovery of
pattern mutation sheds light on exploration of other fundamen-
tal issues. In biology,mutation that gives rise to changes in
a gene DNA sequence often re�ects changing environmental
factors, whereas in optimal pattern study, we believe mutation
also occurs because the “environment”, i.e., the coverage and
connectivity factors, changes beyond a certain threshold.Such
a phenomenon piques interest, and necessitates increased rigor
when studying the multiple covering problem in 2D, the cov-
ering problem in 3D space, etc. Aside from pure theoretical
contributions, our results are important for several reasons.
First, sensor nodes are still not cheap enough. Except for low-
end ultrasonic sensors, most sensors usually cost $100 – $300
a piece. Deploying the minimum number of nodes necessary
to achieve coverage and connectivity is important for economic
reasons. As shown in Fig. 3, when the XSM platform to detect
an All Terrain Vehicle is considered wherer c=rs = 0 :545,
our new pattern can save 34% of sensor nodes compared with
the hexagon pattern that is conjectured optimal in [3] for 3-
connectivity. Second, it is now possible to precisely compute
the ef�ciency of some regular patterns of deployment that may
be used in practice for deployment convenience. Third, when
heuristic algorithms are developed for topology control (i.e.,
determining a sleep-wakeup schedule for nodes that preserves
coverage and/or connectivity), it is possible to compute a
precise bound on their performance compared with optimal
performance. When developing these algorithms, the insights
from the optimal deployment pattern proposed in this paper
can be used to improve their performance.

Paper OrganizationWe present system models, de�nitions,
and notations in Section II. In Section III, we introduce thenew
patterns and the mutation phenomenon. Numerical results are
also presented. In Section IV, we prove the asymptotic opti-
mality of these patterns. Practical considerations are discussed
in Section V. We conclude in Section VI.

II. PRELIMINARIES

In our optimal pattern study, we use the disc model for
sensing and communication. Each sensor is capable of detecting
points only within distancer s and communicating with other
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sensors within distancer c. The disc model for both sensing
and communication that provides a useful abstraction from the
real world has been widely adopted, e.g., in [2], [4], [10], [12],
[13]. We will discuss practical considerations in Section V.

We study the asymptotical optimality of deployment patterns,
that is, we consider a relatively large area compared with the
sensing and communication ranges. The boundary effect is not
important here and can be ignored. We study homogeneous
wireless sensor networks where all sensor nodes are identical
in terms of sensing and communication capabilities.

In this paper, we use some key de�nitions in [3] as follows.

De�nition 2.1: Communication Graph:A communication
graph, denoted byGc = ( Vc; Ec), is a graph that is subject to
the following conditions: 1) the elements of its vertex setV
are sensors, and 2) the elements of its edge setE are straight
line segments connecting all pairs of vertices whose Euclidean
distance is no larger thanr c.

De�nition 2.2: Deployment Graph: A deployment graph,
denoted byG = ( V; E), is a planar subgraph ofGc with V =
Vc andE � Ec.

There exists a communication graph,Gc; for any given sen-
sor deployment, from which we can obtain multiple deployment
graphs. We writeGk = ( Vk ; Ek ) to denote a deployment graph
that achievesk-connectivity.

De�nition 2.3: Direct Neighbor: In a deployment graph
G = ( V; E), if there is an edge between two verticesx andy,
thenx andy are direct neighbors of each other.

De�nition 2.4: Angular Distance: The angular distance
between two verticesx andy as measured from a given vertex
z is the size of the angle6 xzy1.

If a vertex x haskx direct neighbors, then we say that the
degree ofx in G is kx . We denote itskx neighbors byn1; n2;
� � � ; nkx in some order. We further denote the angular distance
measured fromx betweenn1 and n2 by � 1x , betweenn2

and n3 by � 2x , � � � , betweennkx � 1 and nkx by � kx � 1 and
betweennkx and n1 by � kx : Now, we are ready to introduce
the de�nition of regular deployment.

De�nition 2.5: Regular Deployment:A sensor deployment
is called regular if it has a deployment graphG where for any
two verticesx and y in G , kx = ky and � 1x = � 1y ; � 2x =
� 2y ; � � � ; � kx = � ky following the same order.

De�nition 2.6: Deployment Polygon: A polygon (i.e., a
simple cycle) in a deployment graph is called a deployment
polygon.

De�nition 2.7: Atomic Deployment Polygon:An atomic
deployment polygon, denoted byPa , is a deployment polygon
that contains no vertex or edge in its enclosed region.

De�nition 2.8: 
 -Optimal Pattern: A regular deployment
pattern is called
 -optimal if it needs the minimum number of
sensors to achieve a given coverage and connectivity require-
ment, among all regular patterns.

1In this paper, we give all angles in degrees. We represent� � by � for
simplicity, e.g., we use 90 to represent90� (�= 2).

Fig. 4. Solid dots denote sensors. Solid lines denote the communication
links established. (a) A deployment graph,G3 , generated by a regular de-
ployment. It can be represented byf 3:3:3:3:3:3g. P a s are triangles. (b)G5
f 6:3� (80) :3� (80) :3:3� (20)g. P a s are hexagons and triangles.

An atomic deployment polygon does not “contain” any other
deployment polygons. We denote a regularPa by Pa

r and an
� -sided Pa by Pa(� ). We denote a
 -optimal pattern that
achieves full coverage andk-connectivity byPo

k :
In this paper, we usevertex con�gurationto represent de-

ployment graphs. It is given in geometry as a sequence of
numbers representing the information of the faces going around
the vertex. A regular� -edged polygon is denoted by� ; an
irregular� -edged polygon is denoted by� � ; if the faces going
around a vertex are a regular� -edged polygon, an irregular
� -edged polygon, and a regular polygon with
 sides, then
the con�guration of this vertex isf �:� � :
 g. We often add
angle information to vertex con�guration. By� � (� ), it indicates
the angle at this vertex of an irregular� -edged polygon is�:
Fig. 4 illustrates two deployment graphs generated by regular
deployments, which can be presented byf 3:3:3:3:3:3g and
f 6:3� (80):3� (80):3:3� (20)g, respectively.

Studying optimality among regular patterns is meaningful.
Regularity has strong practical indications in homogeneous
WSNs. For examples, all known globally optimal deployment
patterns are in fact regular, which include the triangular pattern
[11], strip-based pattern [2], and the 4-connectivity patterns
proposed in [4]. However, the exploration (design and proof)
of optimal patterns is not trivial even among regular ones.

III. PATTERN MUTATION

In this section, we present optimal patterns for all range of
r c=rs and mutation phenomena in pattern evolution for 3-, 4-
and 5-connectivity. We present optimality proofs in Section IV.

A. Optimal Patterns for 3-Connectivity

Fig. 5 shows how optimal patterns that achieve full coverage
and 3-connectivity evolve asr c=rs decreases. We present
pattern description forPo

3 as follows. The distance between
two connected sensors is denoted byd:

–
p

3 � r c=rs : f 6� (60):6� (120):6� (180)g, shown in Fig.
5(a).d =

p
3r s .

–
p

2 � r c=rs <
p

3 : f 6� (� 1):6� (� 2):6� (180)g, shown in
Fig. 5(b), where� 1 = 2 arccos 2r c

r s
, � 2 = 180� � 1: d = r c.
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Fig. 5. Optimal deployment patterns to achieve full coverage and 3-connectivity for a full range ofr c=rs .

Fig. 6. Optimal deployment patterns to achieve full coverage and 4-connectivity for a full range ofr c=rs .

Fig. 7. Optimal deployment patterns to achieve full coverage and 5-connectivity for a full range ofr c=rs .

– 1:0459� r c=rs <
p

2 : f 6� (� 1):6� (� 2):6� (� 2)g, shown in
Fig. 5(c), where� 1 = 4 arcsin r s

2r c
and� 2 = (360 � � 1)=2.

d = r c.

– 0:9462� r c=rs < 1:0459 : f 6:8� (90):8� (150)g (e.g., the
sensor at positionA) and f 6:4:8� (150)g (e.g., the sensor
at positionB ), shown in Fig. 5(d).d = r c.

– 0:7405 � r c=rs < 0:9462 : f 4:8� (� 1):8� (� 2)g, shown
in Fig. 5(e). When0:7655 � r c=rs < 0:9462, � 1 =
2 arcsin

p
2r s

2r c
; � 2 = 270 � � 1; d = 0 :7655r s: When

0:7405� r c=rs < 0:7655; � 1 = � 2 = 135 (i.e., f 4:8:8g),

d = r c.

– 0:7254 � r c=rs < 0:7405 : f 12� (90):12� (162):5g (e.g.,
the sensor at positionA) and f 4:5:12� (162)g (e.g., the
sensor at positionB ), shown in Fig. 5(f). When0:7254�
r c=rs < 0:7403, d = r c. When0:7403� r c=rs < 0:7405,
d = 0 :7403r s.

– 0:4291 � r c=rs < 0:7254 : f 12� (� 1):12� (� 2):3g, shown
in Fig. 5(g) where� 1 and � 2 are denoted by “� ” and
“ � ”, respectively. When0:5176 � r c=rs < 0:7254,
� 1 = 2 arcsin r s

2r c
; � 2 = 300� � 1: When0:4291� r c=rs <
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0:5176; � 1 = � 2 = 150 (i.e., f 3:12:12g). d = r c.

– r c=rs < 0:4291 : f 3:16� (135):16� (165)g (e.g., the sensor
at position A) and f 3:8:16� (165)g (e.g., the sensor at
positionB ), shown in Fig. 5(h). When0:4118� r c=rs <
0:4291, d = 0 :4118r s. Whenr c=rs < 0:4118, d = r c.

Recall the notation of vertex con�guration in Section II,
f 6� (60):6� (120):6� (180)g when

p
3 � r c=rs (shown in Fig.

5(a)) suggests each node is shared by three irregular hexagons
in this pattern. Three inner angles at this node from these
hexagons are 60, 120 and 180, respectively. When0:9462 �
r c=rs < 1:0459(shown in Fig. 5(d)),f 6:8� (90):8� (150)g and
f 6:4:8� (150)g suggest that there are two types of nodes. Each
node of the �rst type is shared by one regular hexagon and two
irregular octagons, while each of the second type is shared by
one regular hexagon, one square and one irregular octagon.

Mutation occurs when some trend of pattern changes is
stopped by another pattern. As shown in Fig. 5(a)–(c), when
r c=rs � 1:0459; there exists a universal hexagon-based pattern
that provides the elementary unit for pattern evolution asr c=rs

decreases. The trend of such variation is to enlarge the areaof
the hexagon with decreasingr c and to keep full coverage at the
same time. This trend was conjectured in [3] to continue for all
ranges ofr c=rs : However, our new patterns show that mutation
happens at the point ofr c=rs = 1 :0459. The aforementioned
trend is stopped by a new pattern shown in Fig. 5(d). In this new
pattern, the hexagon based trend breaks and is replaced by one
that is based on a collection of squares, hexagons and octagons.
Such mutation happens 5 times in the evolution of patterns that
achieve full coverage and 3-connectivity. The mutation points
are1:0459; 0:9462; 0:7405; 0:7254and0:4291:

B. Optimal Patterns for 4- and 5-Connectivity

Fig. 6 shows how the optimal patterns that achieve full
coverage and 4-connectivity evolve asr c=rs decreases. We
present the pattern description forPo

4 as follows.
–

p
3 � r c=rs : f 4� (60):4� (120):4� (60):4� (120)g, shown

in Fig. 6(a).d =
p

3r s .

– 1:3903 � r c=rs <
p

3 : f 4� (� 1):4� (� 2):4� (� 1):4� (� 2)g,
shown in Fig. 6(b). When

p
2 � r c=rs <

p
3; � 1 =

2 arccos2r c
r s

, � 2 = 180 � � 1: When1:3903� r c=rs <
p

2;
� 1 = � 2 = 90 (i.e., f 4:4:4:4g). d = r c.

– 1 � r c=rs < 1:3903 : f 3:6� (� 1):3:6� (� 2)g, shown in Fig.
6(c), where� 1 = 2 arcsin

p
3r s
r c

, � 2 = 240 � � 1. d = r c.

– r c=rs < 1 : f 6:3:6:3g, shown in Fig. 6(d).d = r c.
In these patterns shown in Fig. 6, there exists one mutation

point that isr c=rs = 1 :3903:

Fig. 7 shows how the optimal patterns that achieve full
coverage and 5-connectivity evolve asr c=rs decreases. We
present pattern description forPo

5 as follows.
–

p
3 � r c=rs : f 4� (60):4� (120):3:3:3g, shown in Fig. 7(a).

d =
p

3r s .

–
p

2 � r c=rs <
p

3 : f 4� (� 1):4� (� 2):3:3:3g, shown in Fig.
7(b), where� 1 = 2 arccos 2r c

r s
, � 2 = 180 � � 1: d = r c.
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Fig. 8. Nodes needed inP o
3 ; P o

4 ; and P o
5 when compared with the

conjectured-optimal patterns in [3], respectively. Sensors each withr s = 30
m are deployed over a1; 0002 m2 region. r c is from 0:3r s to

p
2r s .

– 1:0406� r c=rs <
p

2 : f 4:4:3:3:3g, shown in Fig. 7(c).
d = r c.

– r c=rs < 1:0406 : f 6:3:3:3:3g, shown in Fig. 7(d).d = r c.
In these patterns shown in Fig. 7, there also exists only one

mutation point that isr c=rs = 1 :0406:

C. Numerical Results

Fig. 8 illustrates how many sensor nodes can be saved by our

 -optimal patterns when compared with the conjectured optimal
patterns in [3]. Sensors each withr s = 30 m are deployed over
a 1; 0002 m2 region.r c is from 0:2r s to

p
2r s.

– For 3-connectivity, our pattern can save a great amount
of nodes compared with the conjectured optimal hexagon-
based pattern. Whenr c=rs = 0 :3; it can save40:5% of
nodes. Whenr c=rs = 0 :5; it can save35:4% of nodes.

– For 4-connectivity, our pattern can save more than13%
of nodes compared with the conjectured optimal square-
based pattern whenr c=rs � 1.

– For 5-connectivity, our pattern can save around8% of
nodes compared with the conjectured optimal pattern
f 3:3:3:4:4g whenr c=rs � 1.

IV. OPTIMALITY PROOF

In this section, we provide optimality proofs for the patterns
proposed in Section III.
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A. Optimality of 3-Connectivity Patterns

Theorem 4.1:Patterns as shown in Fig. 5 are
 -optimal to
achieve full coverage and 3-connectivity.

We begin by introducing the roadmap of our proof. The op-
timality proof for 3-connectivity patterns consists of twomajor
steps.In the �rst step, we �nd all possible regular patterns that
can satisfy full coverage and connectivity requirements. In this
step, we take advantage of regular deployments' macroscopic
properties to divide the search space into smaller spaces.In
the second step, we compare the patterns obtained from the
�rst step for ranges ofr c=rs to obtain optimality. Comparison
among different patterns is based on the average area that each
sensor covers in these patterns. A basic deployment graph with
a k-connectivity regular pattern consists ofm types of p� s.
If the measure and the edge number of each polygon of the
i th type isSi andei respectively, and the ratio of the number
of polygons in each type isr1; � � � ; rm , then the average area
that each sensor covers isS = k

P m
i =1 r i Si =(

P m
i =1 r i ei ): The

pattern is optimal if and only ifS has the maximal value.
To �nd out all possible regular patterns, the following Lemma

4.1 establishes an important foundation.

Lemma 4.1:In a regular deployment withk-connectivity
(k = 3 ; 4; 5) consisting of n sensors, let! k denote the
average edge number of atomic deployment polygons. Then
limn !1 ! 3 = 6 , limn !1 ! 4 = 4 , andlim n !1 ! 5 = 10=3.

Proof: Any planar deployment graphGk with k > 2 can
be considered as a non-overlapped tiling of a set of deployment
polygons. Let the number of deployment polygons inGk be
denoted byNP , the degree of thei th vertex by� i :

Then from the Euler relationship, we havejVk j�j Ek j+ NP =
1: Since each edge has two vertices,

P jVk j
i =1 � i = 2 jEk j: Replac-

ing it into Euler relationship, we obtain
P jVk j

i =1 (� i � 2) + 2 =
2Np: Hence the average edge number of atomic deployment
polygons inGk is

! =
P jVk j

i =1 � i =Np = (2
P jVk j

i =1 � i )=(
P jVk j

i =1 (� i � 2) + 2) :
By substitutingjVk j = n and � i = m in the above equation
and taking the limit, we obtain the Lemma.

Lemma 4.1 shows the average number of edges ofPas are
asymptotically bounded. It suggests the polygon types in a
regular deployment cannot be random. The following Lemma
4.2 presents all the possible regular patterns.

Lemma 4.2:Among the patterns consisting of equilateral
Pas, all possible regular patterns that can satisfy full cov-
erage and 3-connectivity requirements, besides those ap-
pear in Fig. 5, aref 12:4:6g and f 16� (160):3:10� (140)g (or
f 16� (160):3:16� (140)g, f 10� (160):3:10� (140)g) as shown in
Fig. 9.

The proof of Lemma 4.2 is very long. We defer its proof in
the appendix.

To prove Theorem 4.1, we also need several useful conclu-
sions that have been published. From [3], to search for optimal
patterns, we only need to consider the patterns consisting of
equilateralPas. Also, it has been proved in Theorems 4.1 and
4.5 of [3] that any regular deployment can be considered as

Fig. 9. (a) Thef 12:4:6g pattern. (b) There are three types of vertex con�gu-
rations in this patternf 16� (160):3:10� (140)g or f 16� (160): 3: 16� (140)g
or f 10� (160):3:10� (140)g. The 160 angles are denoted by “� ” and the 140
angles are denoted by “� ”.

a set of atomic deployment polygons covering the same area.
Now we can prove the Theorem 4.1.

Proof: (1) It was proved in the proof of Theorem 4.1 of [5]
that the theorem is true for the cases wherer c=rs � 1:04592,
and whenr c=rs < 1:0459, the average area that each sensor
covers in Fig. 5(d) is bigger than that in Fig. 5(c). Also, it was
proved there that the average area that each sensor of coversin
Fig. 5(d) is(7 + 5

p
3)r 2

c =12 when the edge length of polygons
is r c � r s .

(2) We consider the patternf 4:8� (� 1):8� (� 2)g. We consider
the patternf 4:8:8g �rst. To achieve full coverage, the sensors
placed in the regular octagons' vertices should cover the
octagons' area completely, and hence the distance between the
vertexes and the center of a octagon should not be greater than
r s . This is the case when the edge lengthr c of octagons is not
greater than2 cos 67:5r s and then the average area each sensor
covers is(3 + 2

p
2)r 2

c =4 = 1:4571r 2
c :

When r c=rs > 2 cos 67:5 =
p

2 �
p

2 = 0:7655, one
way to achieve full coverage is by transforming the edger c

into �r c(0 < � < 1) such that�r c=rs = 2 cos 67:5 and
then the average area each sensor covers is� 2(3 + 2

p
2)r 2

c =4.
Another way to achieve full coverage is by keeping the edger c

unchanged while changing the regular octagons into octagons
with two types of inner angles such that the sum of these
angles is270. Denote the smaller inner angles of octagons by
2A (45 < A < 67:5). When the distance between a vertex
with a larger inner angle and the center of a octagon is not
greater thanr s , the sensors placed in the octagons' vertices
cover the octagons's area completely. When this distance isr s ,
A = arcsin(

p
2r s)=(2r c) and the area of an octagon isS8 =

2r 2
s +4 r 2

c sinA cosA: As �r c=rs = 2 cos 67:5 =
p

2 �
p

2, we
�nd that S8 = [(2 +

p
2)� 2 + 2 sin 2A]r 2

c . Hence the average
area that each sensor covers is[(2+

p
2)� 2 +2 sin 2A +1] r 2

c=4.
As 0 < � < 1 and 45 < A < 67:5, this area is greater
than � 2(3 + 2

p
2)r 2

c =4, which means that the average area
that each sensor covers in the latter case is larger than that
in the former case. To make this area larger than the average
area that each sensor covers in the pattern considered in Fig.
5(d), we need[(2 +

p
2)� 2 + 2 sin 2A + 1]=4 � (7 + 5

p
3)=12:

2We keep the �rst four digits after the decimal point in the proofs.
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Since sinA =
p

2r s=(2r c) and �r c=rs = 2 cos 67:5 =p
2 �

p
2, we havesinA = �=

p
4 � 2

p
2. Hence, from the

above inequality we obtain that� = 0 :8089. It follows that
r c=rs = 2 cos 67:5=� � 0:9462:

(3) In the pattern shown in Fig. 5(f), to achieve full coverage,
the distance between two neighboring sensors should not be
larger than0:7403r s. Hence, whenr c=rs � 0:7403; the dis-
tance between two neighboring sensors isr c: The average area
that each sensor covers is(S12 + 2 S5 + 2 S4)=10 = 1:4666r 2

c :
When r c=rs > 0:7403; the distance between two neighboring
sensors is0:7403r s. Let r c=rs = � in this cases. The average
area that each sensor covers is1:4666(0:7403r c=� )2: When
� = 0 :7405; the average area that each sensor covers is larger
than that in pattern shown in Fig. 5(e).

(4) In the pattern shown in Fig. 5(g), to achieve full coverage
in a most ef�cient way, regularPas are desirable. However, to
achieve full coverage in aPa

r (12), the distance between two
neighboring sensors should not be larger than0:5176r s: Hence,
when r c=rs � 0:5176; the distance between two neighboring
sensors isr c: The average area that each sensor covers is(S12+
2S3)=6 = 2:0104r 2

c : Whenr c=rs > 0:5176; there are two ways
to keep full coverage. One is to let the distance between two
neighboring sensors be0:5176r s, and the other is to change the
inner angles ofPa(12) to make it irregular. Calculation reveals
that the later way outperforms the former way in terms of the
average area that each sensor covers. LetA = arcsin( r s=2r c).
The average area is then(6

p
3 sin2 A + 3 sin 2A +

p
3=2)r 2

c =6:
When� = 0 :7254; this areais larger than that in pattern shown
in Fig. 5(f).

(5) In the pattern shown in Fig. 5(h), to achieve full coverage,
the distance between two neighboring sensors should not be
larger than0:4118r s. Hence, whenr c=rs � 0:4118; the dis-
tance between two neighboring sensors isr c: The average area
that each sensor covers is2:1835r 2

c : When r c=rs > 0:4118;
the distance between two neighboring sensors is0:4118r s. Let
r c=rs = � in this cases. The average area that each sensor
covers is2:1835(0:4118r c=� )2: When� = 0 :4291; the average
area that each sensor covers is larger than that in pattern shown
in Fig. 5(g).

(6) We prove neitherf 12:4:6g nor f 16� (160): 3:10� (140)g
(or f 16� (160):3:16� (140)g, or f 10� (160):3:10� (140)g) can be
optimal pattern. We compare thef 12:4:6g pattern with the
pattern considered in Fig. 5(g). To achieve full coverage in
the f 12:4:6g pattern, the distance between a vertex and the
center of the dodecagon is not greater thanr s , which occurs
only when the edge lengthr c of polygons is not greater thanp

2 �
p

3r s = 0 :5176r s. Then the pattern considered in Fig.
5(g) should bef 12:12:3g. Since in thef 12:4:6g pattern, the
ratio of dodecagons, hexagons and squares is 1:2:3, the average
area that each sensor covers is(3 tan 75+3 tan 60+3) r 2

c =12 =
1:6160r 2

c ; while in patternf 12:12:3g, the ratio of dodecagons
and triangles is 1:2, the average area that each sensor covers is
(3 tan 75 + tan 60=2)r 2

c=6 = 2:0103r 2
c . Since the latter one

is bigger than the former one, thef 12:4:6g pattern is not
optimal. Similarly, compare patternf 16� (160):3:10� (140)g (

or f 16� (160):3:16� (140)g, or f 10� (160):3:10� (140)g) with the
pattern considered in Fig. 5(g), we can prove this pattern isnot
optimal neither.

By Lemma 4.2 and steps (1)–(4) above, we have proved
Theorem 4.1.

Remarks:(1) Pattern mutation derives from the fact that
the average area that each sensor covers in different patterns
changes in different speed asr c=rs varies, as illustrated in
our proof. (2) In [3], we ignored the patterns considered in
Fig. 5(d) and declared that the hexagon pattern is optimal when
r c=rs � 1. This error was corrected in [5].(3) In the example
of [1] which we mentioned in Section I,r c=rs = 0 :545and the
optimal pattern in this case isf 12� (133):12� (167):3g. When
the edge length of polygons isr c, the average area each sensor
covers is1:9672r 2

c in this pattern, while the average area each
sensor covers is only1:2990r 2

c in the hexagon pattern. That
veri�es our new pattern can save around34% of sensor nodes
compared with the hexagon pattern.

B. Optimality of 4- and 5-Connectivity Patterns

Theorem 4.2:Patterns as shown in Fig. 6 are
 -optimal to
achieve full coverage and 4-connectivity.

Proof: By Lemma 4.1, we �nd that the average edge
number of all atomic deployment polygons is 4. We �rst
consider the case where allPas have 4 edges. When1 <
r c=rs <

p
2; the maximum area occurs whenPas are squares.

As r c=rs further increases, the maximum area occurs asPas
are rhombuses. It was proved in [4], the pattern shown in Fig.
6(a) and (b) are optimal whenr c=rs >

p
2:

We then consider the case where there arePas with n edges
(n > 4). By our assumption, eachn-sidedPa must be paired
with n � 4 triangles. Whenn > 6, 3(n � 4) > n . Hence,
among the four angles that share one vertex, there must be two
60 angles and the other two with average120: This implies
that the polygon consisting of these two angles whose average
is not greater than120, which is a contradiction forn > 6:
Hence, we only need to considern = 5 andn = 6 :

We then �rst considern = 5 : If an equilateral pentagon
is irregular, it must have at least three types of inner angles,
among which there exist three angles whose sum is larger than
324. This is impossible, since there will be no60 angles. If a
pentagon is regular, then among the four angles that share one
vertex, there is at least one60 angle, one108 angle. The left
two angles cannot be both60 nor one60 and one108. So there
must be another type of polygon whose edge number is larger
than3. Since it has been shown this type of polygon can only
be a hexagon and the average of a hexagon's inner angles is
120, it is impossible. Hence, onlyn = 6 should be considered.

When n = 6 ; among the four angles that share one vertex,
there are two60 angles, and the other two have average120:
The pattern isf 6:3:6:3g. When r c � r s ; if the hexagon is
regular with edge lengthr c; then the sensors located in the
hexgaon's vertices can cover its area completely. Since theratio
of triangles to hexagons is 2:1 in this pattern, the average area
that each sensor covers is2

p
3

3 r 2
c = 1 :1547r 2

c . Whenr c > r s ;
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the �rst way to achieve full coverage is by transforming the
edger c into kr c (0 < k < 1) such thatkr c = r s . In this
case, the average area that each sensor covers is2

p
3

3 k2r 2
c . The

second way to achieve full coverage is by changing the inner
angles of regular hexagons into two types of inner angles such
that the sum of two types of inner angles is240while keeping
the edger c unchanged. This pattern isf 3:6� (� 1):3:6� (� 2)g,
where� 1 = 2 arcsin

p
3r s
r c

, � 2 = 240 � � 1. With arguments that
are similar to that in the second step in the proof for Theorem
4.1, we are able to prove the average area that each sensor
covers in the second way is larger than that in the �rst way and
larger than that in the rhombus pattern whenr c=rs < 1:3903.

Theorem 4.3:Patterns as shown in Fig. 7 are
 -optimal to
achieve full coverage and 5-connectivity.

Proof: Theorem 4.3 has the same proof road map. By
Lemma 4.1, we may assume that the average edge number
of all atomic deployment polygons is10=3, and hence, there
exist triangles in the pattern. Denoten the edge number of
the polygons with the biggest edge number. Ifn > 6 and the
ratio of triangles to polygons withn-edges is k:1, then we have
(n + 3 k)=(1 + k) = 10 =3, or k = 3 n � 10. Each triangles has
three angles with60, and eachn-edge polygon hasn inner
angles, Hence, among the �ve angles that share one vertex,
the ratio of 60 angles to inner angles ofn-edge polygons is
3k=n = (9 n � 30)=n = 9 � 30=n > 4, which is impossible.
Therefore,n � 6.

When n = 4 , the polygons with edge number 4 are rhom-
buses. Since the average edge number of all atomic deployment
polygons is10=3, each rhombus must be paired with 2 triangles,
and hence among the �ve angles that share one vertex, there
must be three60 angles and two inner angles of rhombuses.
This pattern isf 4� (� 1):4� (� 2):3:3:3g where� 1 = 2 arccos 2r c

r s
;

and � 2 = � � �: When r c=rs �
p

2, the maximum area
occurs when rhombuses are squares of edge lengthr c. This
pattern isf 4:4:3:3:3g and the average area each sensor covers
is

p
3+2
4 r 2

c = 0 :9330r 2
c .

Whenn = 5 , no matter the pentagons are regular or not, this
kind of regular patterns does not exist.

Whenn = 6 , each hexagon must be paired with 8 triangles,
and hence the ratio of60 angles and the inner angles of
hexagons is 4:1. In this case, the inner angles of hexagons
must be120 and hence hexagons must be regular. This pattern
is f 6:3:3:3:3g. When the edge length of polygons isr c and
r c=rs � 1, the sensors located in the vertexes of a hexagon can
cover the area of the hexagon completely and and the average
area each sensor covers is7

p
3

12 r 2
c = 1 :0103r 2

c .
When r c > r s ; to achieve full coverage, we can change

the edger c into kr c(0 < k < 1) such thatkr c = r s , and
the average area each sensor covers isk2 7

p
3

12 r 2
c . If the pattern

f 6:3:3:3:3g is optimal, thenk2 7
p

3
12 >

p
3+2
4 ; or k >

q
3

p
3+6

7
p

3
.

That means whenr c=rs <
q

7
p

3
3

p
3+6

= 1 :0406, the pattern
f 6:3:3:3:3g is optimal.

Fig. 10. (a) This pattern can be easily deployed based on the location of
sensors in lines and the distance between lines. (b) In this pattern, the number
of lines and the positions of sensors (particularly the �rstsensor) at each line
are not easy to obtain.

Fig. 11. Patterns we design for full-coverage and 3-connectivity. (a) For
0:6184 � r c=rs < 0:8089. (b) For r c=rs < 0:4813.

V. PRACTICAL CONSIDERATIONS

A. Pattern Deployment

In this section, we show how to deploy sensors following the
above optimal patterns and present some practical deployment
patterns designed for the purpose of deployment convenience.

Due to regularity of the proposed patterns, we can deploy
sensors along certain lines. We call these linesdeployment lines.
For example, to deploy the pattern shown in Fig. 10(a), we can
�rst deploy sensors along the dashed lines and then repeat this
process. More speci�cally, we have two types of lines in this
example according to the sensor node positions along the line.
The horizontal positions of each sensor on one line are in the
middle of two neighboring sensor nodes on the other line. To
deploy such a pattern, we only need to control the locations
of sensor nodes in the line (particularly the �rst sensor) and
the distance between lines. Deployment can be facilitated by
repeating the process of deploying sensors at multiple lines.
However, in some optimal patterns there are several deployment
lines and the positions of sensors are not easy to obtain, e.g., the
pattern shown in Fig. 10(b). This may hamper such patterns'
applications in spite of their optimality.

From our study of pattern mutation, we tackle this problem
by designing new patterns that can balance deployment con-
venience and optimality in terms of how many sensor nodes
are needed. Fig. 11(a) shows the pattern that we design for
0:6184 � r c=rs < 0:8089 for 3-connectivity. In this pattern,
to achieve full coverage, the distance between two neighbor-
ing nodes should not be larger than0:7655r s: Then when
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Fig. 12. Number of nodes needed in optimal patternsP o
3 ; our designed

practical patterns, and the hexagon pattern. Sensors each with r s = 30 m are
deployed over a1; 000 m � 1; 000 m region.r c varies from0:3r s to

p
2r s .

0:6184� r c=rs < 0:7655, d = r c. The average area that each
sensor covers is1:4571r 2

c : When 0:7655 � r c=rs < 0:8089,
d = 0 :7655r s. Let r c=rs = � . The average area that each
sensor covers is1:4571(0:7655r c=� )2: Fig. 11(b) shows the
pattern that we design forr c=rs < 0:4813: In this pattern, to
achieve full coverage, the distance between two neighboring
nodes should not be larger than0:4531r s: When r c=rs <
0:4531, d = r c: The average area that each sensor covers is
1:8321r 2

c : When 0:4531 � r c=rs < 0:4813, d = 0 :4531r s:
Let r c=rs = � . The average area that each sensor covers is
1:8321(0:4531r c=� )2: When 0:4813 � r c=rs < 0:6184, the
pattern that we design is similar to Fig. 11(b) that consistsof
squares, equilateral octagons and equilateral dodecagonswith
two squares at each side (in Fig. 11(b) there are three squares
at each side). In this pattern, to achieve full coverage, the
distance between two neighboring nodes should not be larger
than 0:5858r s: When 0:4813 � r c=rs < 0:5858, d = r c.
The average area that each sensor covers is1:6238r 2

c : When
0:5858� r c=rs < 0:6184, d = 0 :5858r s. Let r c=rs = � . The
average area that each sensor covers is1:6238(0:5858r c=� )2:
The above ranges are determined by comparing the average
area that each sensor covers. These patterns are easy to deploy.
Each pattern has two types of deployment lines.

Fig. 12 shows the number of nodes needed with the optimal
patternsPo

3 ; our designed practical patterns, and the hexagon
pattern that was conjectured optimal in [3], respectively.Com-
pared with the hexagon pattern, these patterns can save16%
sensor nodes whenr c=rs = 0 :6, around20% when r c=rs =
0:5; and around29:2% whenr c=rs = 0 :4.

B. Other Practical Considerations

In reality, the sensing range may follow certain statistical
models [15], [22]. The disc model can be obtained from these
models by �rst setting a desirable threshold for sensing quality
or probability, and then exploiting this threshold to determine
the largest possible distance between the sensor and the target.
This distance is considered the sensing ranger s . In some cases,
the sensing area is non-disc even after a threshold has been set.
Caoet al. in [7] suggest the sensing capability roughly follows
a Gaussian distribution over different directions. We study
by simulation the impact from such sensing irregularity on
coverage in our optimal deployment patterns. Due to the space

limitation, the results are not shown in this paper. From the
simulation results, we observe that higher sensing irregularity
will result in lower overall coverage and a smallerr c value can
help overcome the decreased coverage shrinking brought by
sensing irregularity. These observations can be explainedfrom
the view of overlapping areas. The deployment patterns that
generate more overlapping area are more tolerant to sensingir-
regularities. Given each sensor's sensing can be irregular, there
are naturally two ways to increase overlapping areas in optimal
deployment patterns: (1) adopt a smaller communication range
such that sensors are closer to each other; (2) adopt deployment
patterns that can achieve higher connectivity such that more
sensors overlap.

To consider a practical communication model, we use a
widely used model suggested by Zuniga and Krishnamachari
in [23]. This model established the function of the distance
between the transmitter and the receiver and the communication
link quality measured by thepacket reception ratePRR. At
distanced, the PRR can be expressed asP RR(d) = (1 �
exp(� Pt � P L (d) � Pn

2 )=2)8` ; where Pt is the output power of
the transmitter,P L(d) is the path loss at distanced, Pn is the
noise �oor and` is the frame length. We run simulations for
each sensor to establish local 1–6 connectivity, respectively. We
consider the connection established whenP RR � 0:95. We let
r c=rs vary from0:3–1:8 such that all patterns are covered. We
pick the transmission powerPt in the above model to illustrate
its impact since it is an adjustable property of a physical device
and does not depend on the external environment. For each
combination ofPt and an optimal pattern, we run simulations
10; 000 times. The probability is then the ratio of the number
of times when a link withP RR � 0:95 can be established to
10; 000: Other parameters are from empirical data in [23].
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Fig. 13. The probability for a sensor to establish links withPRR � 0:95 to
three speci�c neighbors for different transmission powerPt and distanced.
r s = 30 m.

In our simulation results, as the transmission power increases
for a given optimal pattern decided byr c=rs , we notice that
the probability transition from 1 to 0 gets slightly sharper
as the connectivityk increases. Due to space limitations, we
only show this for 3-connectivity in Fig. 13. The smoothly
changing surfaces also illustrate that, if we want to ensurelocal
k-connectivity (and hence globalk-connectivity) in practice
with high probability, the output powerPt should satisfy
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1� P[F (r c; r s ; Pt ) � x]k � � , where the functionF calculates
the PRR,x denotes a threshold of the PRR above which the
link quality is considered acceptable, and� is a small positive
number.

Pattern deployment can be affected by other practical factors.
First, individual sensors sometimes will not be exactly deployed
at the precalculated locations due to deployment errors. Denote
the maximum random error by" . To ensure the coverage and
connectivity, we can user 0

s = r s � " and r 0
c = r c � " to

decide the optimal pattern that should be chosen. Second, the
sensor deployment �eld can be small and boundaries can not
be ignored. There is another type of geographical constraints.
In some �elds, sensors cannot be placed in practice at desired
spots (due to rocks, ponds, etc.), although theoretically those
spots are optimal. With the above constraints, optimal deploy-
ment cannot be achieved. However, the optimal deployment
patterns can act as references to guide real-world deployment
to avoid ad-hoc deployments. Third, sensor nodes may not
be homogenous. It may also happen that there are certain
gateways (a multi-tiered sensor network structure), wherethe
gateway routes data between sensors and the base station. In
such cases, optimality must be provided to both sensors and
gateways. Our proposed optimal patterns are still valuable. We
can consider the sensor to gateway communication range as
r s , and the gateway to gateway communication range asr c.
Ensuring that the full network is full-covered (with coverage
ranger s) with k-connectivity (with communication ranger c)
means that each sensor in the network can communicate with
at-least one gateway, while each gateway hask-connectivity to
other gateways. There can be other enormous speci�c scenarios
of heterogeneity in sensor nodes. Exploring optimal patterns for
all these scenarios is hard, if not impossible.

VI. CONCLUSION

In this paper, we present and study a surprising and interest-
ing pattern mutation phenomenon discovered in our exploration
of pattern optimality. This phenomenon contradicts the conjec-
tures presented in a previous work that there exists a universal
elemental pattern among optimal pattern evolution and the pat-
tern evolution is continuous. Our work also further completes
the exploration of optimal patterns in WSNs. Searching for
optimal patterns among all patterns (beyond regular constraints)
and proving their optimality are part of our future work. We
will also extend our proposed patterns under practical models.

VII. A PPENDIX

In this appendix, we present the proof for Lemma 4.2. To
prove it, we need several lemmas.

Lemma 7.1:If atomic deployment polygons of a regular
deployment satisfying full coverage and3-connectivity consists
of 3 types of regular polygons, then all the edge numbers of
these regular polygons are even.

Proof: Assume that the edge numbers of polygons are
m; n; p and the inner angles of polygons area; b; c, and we
assumem = 2 k+1 is odd. Denote the vertexes of a regular with

m edges asd(1); d(2); ; d(2k + 1) and assume the another side
of edged(1)d(2) is a regular withn edges. Then the another
side of edged(2)d(3) is a regular polygon withp edges, since
the three angles in a vertex must bea; b; c. Continue in this way,
the another side of edged(2k)d(2k + 1) is a regular polygon
with p edges. If the another side of edged(2k + 1) d(1) is
a regular polygon withn edges, then there are twob angles
in vertex d(2), it is impossible; If the another side of edge
d(2k +1) d(1) is a regular polygon withp edges, then there are
two c angles in vertexd(2), it is also impossible.

Lemma 7.2:Let a1a2 � � � an andb1b2 � � � bn be polygon have
n edges. (1) If all the corresponding edges of them are equal
and all the other corresponding angles of them are equal except
three pairs, thena1a2 � � � an and b1b2 � � � bn are congruent.
(2) If all the other corresponding edges and all the other
corresponding angles of them are equal except one edge and
two angle on the two ends of this edge, thena1a2 � � � an and
b1b2 � � � bn are congruent.

Proof: We prove Lemma by induction.
(1) Assumption is obviously true whenn = 3 . If assumption

is true whenn = k � 1 � 3, then among the corresponding
angles ofa1a2 � � � ak and b1b2 � � � bk , there exists at least one
pair of equal corresponding angle and we may assumea1 = b1.
Thena2ak andb2bk are equal. Hence, by the inductive assump-
tion, polygonsa2a3 � � � ak andb2b3 � � � bk are congruent, and it
follows thata1a2 � � � ak andb1b2 � � � bk are also congruent.

(2) Assumption is also obviously true whenn = 3 . If
assumption is true whenn = k � 1 � 3. We may assume
ak a1 andbk b1 are not equal. Consider polygonsa1a2 � � � ak � 1

and b1b2 � � � bk � 1. By the inductive assumption, there two
polygons are congruent and hencea1ak � 1 = b1bk � 1 and
a1ak � 1ak = b1bk � 1bk . It follows thata1ak � 1ak andb1bk � 1bk

are congruent.

Corollary 7.1: In a equilateral polygon with even number of
edges, if its inner angles are all equal except two angles, then
these two inner angles must be equal and opposite.

Proof: Assume that all its inner angles are all equal except
two anglesai andaj in a equilateral polygona1a2 � � � a2k . If ai

andaj are not opposite, we connectai and its opposite vertex
with line segment̀ . From Lemma 7.2(1), now we can have two
congruent polygons sharing̀. However, it is impossible since
only one polygon has angleaj : Hence, two anglesai and aj

must be opposite. Then we connectai and aj : From Lemma
7.2(1), we can have two congruent polygons. Hence, anglesai

andaj are equal.

Lemma 7.3:(1) If an equilateral polygon with even edges
number only has two types inner angles and the numbers of
these two types angles are different, then number of each type
angles is even. (2) There exists no equilateral polygon with
even edges such that all the other inner angles are equal except
one angle.

Proof: We only present the proof for (2) since the proof
for (1) is similar. Leta1a2 � � � ak be such a polygon. Assume
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Fig. 14. Patternf 4� :8� :8� (180)g, which is a special case of pattern
f 4� :8� (� 1 ):8� (� 2 )g that is shown in Fig. 5(e).

the other inner angles are equal excepta1. Let a0
1a0

2 � � � a0
k be

a regular polygon with the same edge length asa1a2 � � � ak .
We may assume thata1 > a 0

1. Then ai < a 0
i (i = 2 ; 3; � � � k).

Consider line segmenta2ak . As an edge ofa2a1ak , we have
a2ak > a 02a0

k . On the other hand, as an edge of polygon
a2a3 � � � ak , we havea2ak < a 02a0

k . This is a contradiction.

Remember that we denote a regularPa by Pa
r and an� -

sidedPa by Pa(� ). We also denote that thePas with edge
number smaller than� by Pa(< � )s.

Lemma 7.4:In the deployment patterns satisfying full cov-
erage and 3-connectivity, ifPas are equilateral andPa(< 6)s
are not regular, then deployment pattern isf 4� :8� :8� (180)g as
shown in Fig. 14. (This pattern is represented by Fig. 5(e).)

Proof: Pa must bePa(4) or Pa(5). ConsiderPa(5) �rst.
Irregular equilateralPa(5) must have at least three types of
inner angles. Since it is in the pattern for 3-connectivity,it
has at most three types of inner angles sum of which is 360.
Hence,Pa(5) has three types of inner angles. Since the sum of
all inner angles of a pentagon is 540, then the left two angles
have sum 180. Since these two angles must be two of three
angles surrounding a vertex, then the third angle is 180. It is
impossible. Now considerPa(4). Irregular equilateralPa(5)
must be a rhombus, where two different inner angles sum up to
180. Hence there must be one 180 angle surrounding a vertex.
Its deployment pattern then must bef 4� :8� :8� (180)g as shown
in Fig. 14.

Note that patternf 4� :8� :8� (180)g is a special case of pattern
f 4� :8� (� 1):8� (� 2)g that is shown in Fig. 5(e).

Lemma 7.5:In the deployment patterns satisfying full cov-
erage and 3-connectivity, ifPas are equilateral and thePas
with the largest number of edges are regular, patterns are
f 6:6:6g, f 12:12:3g, f 4:8:8g, f 4:6:12g, and f 6� (90):8:8g or
f 6� (135):4:8g. (These patterns are represented by Fig. 5(c),
Fig. 5(g), Fig. 5(e), Fig. 9(a) and Fig. 5(d), respectively.)

Proof: Note there are at most three different types ofPas.
We proof this lemma by considering the following cases. 1.
There is only one type ofPas. 2. There are two types ofPas.
They are both regular (By Lemma7.4 and our assumption, this
is the only case for existing two types ofPas). 3. There are
three types ofPas. They are all regular. 4. There are three types
of Pas, among which at least one type is irregular.

Case 1. There is only one type ofPas. From Lemma 4.1,
thesePas are regular hexagon, as shown in Fig. 15. This case is

Fig. 15. Pattern f 6:6:6g, which is a special case of pattern
f 6� (� 1 ):6� (� 2 ):6� (� 2 )g that is shown in Fig. 5(c).

Fig. 16. Pattern f 12:12:3g, which is a special case of pattern
f 12� (� 1 ):12� (� 2 ):3g that is shown in Fig. 5(g).

a special case of patternf 6� (� 1):6� (� 2):6� (� 2)g that is shown
in Fig. 5(c).

Case 2. There are two types ofPa
r s. Denote the number of

edges of onePa with smaller number of edge number byn.
From lemma 4.1,n < 6.

Case 2.1.n = 3 . One of the three angles at each vertex is 60.
The other two are 150 each. The pattern isf 12:12:3g shown in
Fig. 16, which is a special case of patternf 12� (� 1):12� (� 2):3g
that is shown in Fig. 5(g).

Case 2.2.n = 4 . If only one of the three angles at each
vertex is 90, then the other two are 135 each. The pattern is
f 4:8:8g shown in Fig. 17, which is a special case of pattern
f 4:8� (� 1):8� (� 2)g that is shown in Fig. 5(e). If two of the three
angles at each vertex are 90, then the third one is 180 that is
impossible for a regular polygon.

Case 2.3.n = 5 . If only one of the three angles at each
vertex is 108, then the other two are(360� 108)=2 = 126 each,
which is impossible for a regular polygon. If two of the three
angles at each vertex are 108, then the third one is 144 that is
the inner angle for a regular decagon. However,Pa

r (10)s and
Pa

r (5)s cannot construct a tessellation.

Fig. 17. Patternf 4:8:8g, which is a special case of patternf 4:8� (� 1 ):8� (� 2 )g
that is shown in Fig. 5(e).
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Fig. 18. Pattern f 6� (90) :8:8g (e.g., the sensor at positionA) or
f 6� (135):4:8g (e.g., the sensor at positionB ). This pattern is represented
by the one shown in Fig. 5(d).

Case 3. There are three types ofPa
r s. From Lemma 7.1,

the number of edges of therePa
r s are even. Since the sum

of the inner angles of three differentPa
r s are 360, they are

square, regular hexagon and regular dodecagon, respectively.
The pattern isf 12:4:6g as shown in Fig. 9(a).

Case 4. There are three types ofPas, among which at least
one type is irregular. Assume thePas with the largest number
of edges arem-sided, thenm > 6 and there must be one type
of Pas whose number of edges are less than 6. From Lemma
7.4, we only need to consider the case when this type ofPas
is regular, denoted byPa

r (n), wheren = 3 ; 4; or 5. Denote
the number of edges of the irregularPa type by k. We have
n < k < m:

Case 4.1.n = 5 . If there are only two types of angles, the
angles at each vertex must be 108, 126, 126 or 108, 108, 144.
Since 126 is not an inner angle of any regular polygons, we only
need to consider the latter case. Then we havem = 10: Then
Pa(k) can only be a octagon with two its inner angles 108 each
and the other six 144 each, or a hexagon with four its inner
angles 108 each and the other two 144 each. From Corollary
7.1, the angles that are 108 in the octagon are opposite, and
the angles that are 144 in the hexagon are also opposite. It is
impossible for this type of octagon or hexagon to construct a
tessellation withPa

r (10)s andPa
r (5)s.

Now we consider the case there ate three types of angles.
Whenm = 7 , k = 6 : Three angles are 108,900=7 and864=7.
There is no hexagon that contains these three types of inner
angles. Whenm = 8 , if k = 6 ; then three angles are 108, 135
and 117. From Lemma 4.1, the ratio of the number ofPa

r (5)
to the number ofPa

r (8) should be2 : 1. Note that the number
of each type of angles are the same. Hence, in the hexagon,
the number of the inner angles that are 108 should be less than
that of the inner angles that are 135. Such hexagon does not
exist. Similarly, we are able to prove that it is impossible to
construct a desirable network whenm = 8 and k = 7 , and
whenm > 8:

Case 4.2.n = 4 . If there are only two types of angles,
the angles at each vertex must be 90, 90, 180 or 90, 135, 135.
We only need to consider the latter case since 180 is not an
inner angle of any regular polygon. The pattern of the latter
case isf 6� (90):8:8g (e.g., the sensor at positionA in Fig. 18)
or f 6� (135):4:8g (e.g., the sensor at positionB in Fig. 18).
This pattern is represented by the one shown in Fig. 5(d).

Now we consider the case when there are three types of
angles. Denote the degree of the inner angle of thePa

r (m) by
A. We then haveA = 180� 360

m : Denote the degree of the third
angle that besides angles that areA or 90 byB . We then have
B = 360 � A � 90 = 90 + 360

m : Since the average number of
edges forPas is 6 from Lemma 4.1, the ratio of the number
of Pa

r (m) to that of Pa
r (4) is 2 : m � 6; and the ratio of the

number ofPa(k) to that ofPa
r (4) is 2 : k � 6: Since at each

vertex there are aA angle, aB angle and a 90 angle, the total
number ofA andB angles are twice the number of 90 angles.
If k � 12, then m > 12; and thenm + k � 12 squares has
4(m + k � 12) 90 angles that is larger than2(m + k), i.e., the
sum of the inner angles of twoPa

r (m)s and twoPa
r (k)s. It is a

contradiction. Hence, we considerk < 12: Denote the number
of A angles, the number ofB angles, and the number of90
angles in aPa(k) by a; bandc: Then we havea+ b+ c = k and
a(180� 360=m)+ b(90+360=m)+90 c= 180(k � 2): Denote
the ratio of the number of thePa

r (m)s to that of thePa(k)s by
1 : p: Then we havem + ap = bp= 2[m � 6 + p(k � 6)] + cp:
Since the average ofA and B is 135, k can only be 6 or 7.
Purely from the above equations, we obtain all the possible
values for< m; k; a; b; c; p > as follows.

Case 4.2.1:< 8; 6; 0; 4; 2; 2 > ;
Case 4.2.2:< 8; 6; 1; 3; 2; 4 > ;
Case 4.2.3:< 10; 6; 0; 5; 1; 2 > ;
Case 4.2.4:< 12; 6; 0; 6; 0; 2 > ;
Case 4.2.5:< 12; 6; 1; 4; 1; 4 > ;
Case 4.2.6:< 12; 6; 1; 5; 0; 4 > ;
Case 4.2.7:< 8; 7; 0; 6; 1; 4=3 > ;
Case 4.2.8:< 8; 7; 1; 5; 1; 2 > ;
Case 4.2.9:< 8; 7; 2; 4; 1; 4 > ;
Case 4.2.10:< 10; 7; 1; 6; 0; 2 > ;
Case 4.2.11:< 12; 7; 2; 5; 0; 4 > .

From Lemma 7.3, case 4.2.3, case 4.2.6, case 4.2.7, and case
4.2.10, are impossible. Similarly, the hexagon in case 4.2.5, and
the heptagon in case 4.2.8, case 4.2.9 and case 4.2.11 do not
exit. The pattern for case 4.2.4 is in factf 4:6:12g that is shown
in Fig. 9(a). In case 4.2.1 and case 4.2.2,A = B = 135 which
contradicts the condition that there are three types of angles.

Case 4.3.n = 3 . There should not be an inner angle of
Pa(k) that is 60, otherwise connecting the other end points
of the edges of the 60 angle brings another communication
link. We let A; a; p have the same meaning as in Case 4.2.
Denote the degree of the third angle besidesA and 60 byB .
B = 360 � A � 60 = 120 + 360

m . Let b; c be the number ofB
angles and the number of 60 angles in aPa(k): We then have
a + b+ c = k, a(180 � 360=m) + b(120 + 360=m) + 60 c =
180(k� 2), andm+ ap = bp= [ m� 6+ p(k� 6)]+ cp:When we
replacec by 0, there is no proper solution from these equations.

Lemma 7.6:In the deployment patterns satisfying full cover-
age and 3-connectivity, ifPas are equilateral and thePas with
the largest number of edges are irregular, patterns are those
shown in Fig. 5(d)–(h) and Fig. 9(b).
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Proof: Note there are at most three different types ofPas.
We prove this lemma by considering the following cases. 1.
There is only one type ofPas. 2. There are two types ofPas.
From Lemma 7.4, we only need to consider the case when the
Pa(< 6)s are regular. 3. There are three types ofPas.

Case 1. There is only one type ofPas. From Lemma
4.1, these Pas are hexagons. In this case, patterns are
f 6� (� 1); 6� (� 2); 6� (� 2)g (� 1+2 � 2 = 360) as shown in Fig.5(c).

Case 2. There are two types ofPas. If the atomic polygons
with smaller number of edges, i.e.,Pa(< 6)s, are irregular, we
have the pattern shown in Fig. 14 from Lemma 7.4. Hence,
we only need to consider the case when thePa(< 6)s are
regular. Denote these two types of atomic polygons byPa

r (n)
andPa(m) wheren < 6 < m:

Case 2.1.n = 5 : In this case, the ratio of the number of
the Pa(m)s to that of thePa

r (5)s is 1 : m � 6 (otherwise, the
average number of edges of them cannot be 6).

If among the three angles at each vertex there is only one 108
angle, then the other two must be fromPa(m)s. Then the total
number of the inner angles of all thePa(m)s will be at least
twice the total number of the inner angles of all thePa

r (5)s,
that is,m � 10(m � 6). It contradicts to6 < m: Then among
the three angles at each vertex there are two 108 angles. The
other one is 144 that is from thePa(m). Denote the number of
the 144 angles and the number of 108 angles bya andm � a
respectively. Then we have5(m � 6) + ( m � a) = 2 a, i.e.,
a = 2 m � 10: Sincea � m; we havem � 10. If m = 10; then
a = 10. Pa(10) is regular, which contradicts to the condition
stated in this lemma. Ifm = 9 , a = 8 : There does not exist an
equilateral nonagon with eight 144 angles and one 108 angle.
If m = 8 , a = 6 : From Corollary 7.1, two 108 angles must
be opposite. This type of octagons cannot construct tessellation
with regular pentagons. Ifm = 7 ; a = 4 : There does not exist
an equilateral heptagon with four 144 angles and three 108
angles.

Case 2.2.n = 4 : In this case, the ratio of the number of
thePa(m)s to that of thePa

r (5)s is 1 : (m � 6)=2. Among the
three angles at each vertex there are one 90 angle. The other
two angles are fromPa(m)s with average 135. Denote the
number of the 90 angles in onePa(m) by a (a � 0). We have
2[2(m� 6)+ a] = m� a from the fact that the numbers of three
types of angles should be the same. That is,3m + 3 a = 24.
Sincem > 6, we havem = 7 ; a = 1 or m = 8 ; a = 0 . There
does not exist an equilateral heptagon that have one 90 inner
angle and the other two types of angles with average 135 and
the number of each type is three. Whenm = 8 ; a = 0 , the
pattern isf 4:8� (� 1):8� (� 2)g that is shown in Fig. 5(e).

Case 2.2.n = 3 : Among the three angles at one vertex
there is one 60 angle, and the average of the other two is 150.
Due to the same reason stated in the proof for Case 5.3 of
Lemma 7.5, there is no 60 inner angle in thePa(m)s. We
havem = 12: Two of the three angles at one vertex are the
inner angels of thePa(12)s. This implies the total number of
the inner angles of all thePa(12)s is twice that of all the
Pa

r (3)s, which further indicates the ratio of the number of

Fig. 19. Patternf 12� (120):12� (180):3g, which is a special case of pattern
f 12� (� 1 ):12� (� 2 ):3g that is shown in Fig. 5(g).

Pa(12)s to that ofPa
r (3)s is 1 : 2: Meanwhile, the smaller

inner angles in onePa(12) should be at least 120. When they
are 120, the bigger inner angles are 180 and the pattern is
f 12� (120):12� (180):3g shown in Fig. 19, which is a special
case of patternf 12� (� 1):12� (� 2):3g shown in Fig. 5(g). When
the smaller inner angles are larger than 120, we have the pattern
f 12� (� 1):12� (� 2):3g shown in Fig. 5(g).

Case 3. There are three types ofPas. There are three cases.
First, two types are regular and thePas with the largest number
of edges are irregular. Second, only one type is regular. From
Lemma 7.4, we only need to consider the case where thePas
with the number of edges less than 6 are regular. Third, they are
all irregular, which we do not need to consider due to Lemma
7.4.

Case 3.1. Two types are regular and thePas with the largest
number of edges are irregular. It is impossible that all the inner
angles of the irregularPa are the same as those in two types of
regular ones, since the average of the inner angles of a polygon
increases as its number of edges increases. Hence, the irregular
Pa has two types of inner angles only one of which is the same
as the inner angle in one type of regularPa , or it has three
types of inner angles two of which are the same as the inner
angles in two types of regularPas. Denote three types ofPas
by Pa

r (n), Pa
r (k), and Pa(m), wheren < k < m . We then

haven < 6:
Case 3.1.1.n = 3 : In this case,k must be� 6 otherwise

there will be one angle that is larger than 180. Note thatPa(m)
should not have 60 inner angles. We �rst consider the case when
k is odd. Without loss of the generality, letk = 2 j + 1 and the
vertices inPa(m) ared1d2 � � � d2j +1 and d1d2 is shared with
a Pa

r (3): Then d2d3 is shared with aPa(m); d3d4 is shared
with a Pa

r (3); � � � ; d2j d2j +1 is shared with aPa(m); d2j +1 d1

is shared with aPa
r (3), d1d2 is then shared with aPa(m)

which is the contradiction. Hence,k must be even. Similarly,
m must be even.

When k = 6 , the three angles at one vertex are 60, 120
and 180.Pa(m) then have 120 and 180 inner angles and
becomes a regular hexagon with each edge twice the length
of communication edge. SuchPa(m) together withPa

r (3) and
Pa

r (6) cannot construct a tessellation.
Whenk = 8 ; the three angles at one vertex are 60, 135 and

165. Pa(m) then have 135 and 165 inner angles. Denote the
number of 135 inner angles in onePa(m) by p. p must be
even sincePa(m) is equilateral. The values ofm and p can
only be m = 20; p = 2 ; or m = 12; p = 6 ; or m = 16; p = 4 :
Considerm = 20; p = 2 �rst. From Corollary 7.1, two 135
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angles are opposite. SuchPa(20) cannot construct a tessellation
with Pa

r (3) andPa
r (8). Considerm = 12; p = 6 : In this case,

the total number of 135 angles will be larger than that of 165
angles, which contradicts to the requirement that the number of
each type of angle should be equal. Considerm = 16; p = 4 :
In this case, the pattern is shown in Fig. 5(h).

Whenk = 10; Pa(m) then have 144 and 156 inner angles.
Denote the number of 144 inner angles in onePa(m) by p.
p must be even sincePa(m) is equilateral. Then we have
180(m � 2) = 144 � p + 156(m � p), i.e., 30 = p + 2 m:
The the values form and p can only bem = 12; p = 6 or
m = 14; p = 2 : Both cases cannot construct a tessellation.

Whenk � 12; the inner angles of thePa
r (k) are not less than

150, then the average of inner angles of aPa(m) is less than
150. We havem � k which is contradicts to the assumption
m > k:

Case 3.1.2.n = 4 . We �rst consider the case when
k is odd. Denote the number of 90 inner angles inPa(m)
by p, the number of180(k � 2)=k angles byq: When k = 5 ;
180(k� 2)=k = 108: The third type of angles is 162. The values
of m; p and q, < m; p; q > , can be the following:< 17; 0;
1 > , < 14; 0; 2 > , < 11; 0; 3 > , < 8; 0; 4 > , < 16; 1; 0 > ,
< 13; 1; 1 > , < 10; 1; 2 > , < 7; 1; 3 > , < 12; 2; 0 > , < 9; 2;
1 > , and< 8; 3; 0 > . In above cases, onlyPa(m) with m =
12; p = 2 ; q = 0 is possible and can together withPa

r (5) and
Pa

r (4) construct a tessellation. The pattern is shown in Fig. 5(f).
When k = 7 , the third type of angle at each vertex is 990/7.
Then m < 10: There does not exist an equilateral octagon or
nanogan that consists 990/7 inner angles and at least one type
of the inner angles inPa

r (7) andPa
r (4): Whenk � 9, the third

type of angle at each vertex is not great 130. Thenm < 8
which contradicts tom > k .

Now we consider the case whenm is even. Whenk = 6 ; the
third type of angle at each vertex is 150. Denote the number of
90 inner angles inPa(m) by p, the number of 120 angles by
q: The values ofm; p andq, < m; p; q > , can be the following:
< 10; 0; 2 > , < 9; 0; 3 > , < 8; 0; 4 > , < 7; 0; 5 > , < 9; 1; 1 > ,
< 8; 1; 2 > , < 7; 1; 3 > , < 8; 2; 0 > , and< 7; 2; 1 > . In above
cases, onlyPa(m) with m = 8 ; p = 2 ; q = 0 is possible and
can together withPa

r (6) and Pa
r (4) construct a tessellation.

The pattern is shown in Fig. 5(d). Whenk � 8, Pa(m)s with
inner angles from 90,180� 360=k and90+360=k andm > k
do not exist.

Case 3.2. Only one type ofPas is regular. Denote three
types ofPas by Pa

r (n), Pa(k) andPa(m). From Lemma 7.4,
we only need to considern < 6 and6 � k < m .

When n = 5 , the ratio of the number of thePa(m)s to
that of thePa

r (5)s is 1 : m � 6, and the ratio of the number
of the Pa(k)s to that of thePa

r (5)s is 1 : k � 6. Denote the
ratio of the number of thePa(m)s to that of thePa(k)s by
1 : p: Among the three angles at each vertex there is one 108
angle. Assume that neitherPa(m) nor Pa(k) does not have
108 inner angles, we have10[m � 6 + p(k � 6)] = m + kp,
i.e., 9m + 9 kp = 60(p+ 1) . Whenk � 7; we obtain9m < 60;
which contradicts to6 � k < m . Hence,k = 6 : Denote the

other two type of angles byA and B (A < B ), the number
of A angles inPa(6) by a. From A + B = 252 anda 6= 0 ; 1
(if a = 0 , Pa(6) is regular; if a = 1 , Pa(6) does not exist),
we obtain the average of the inner angles inPa(6) equals to
120 only whenA = 108 and a = 2 : This contradicts to the
assumption. We have actually proved thatPa(k) can only be
Pa(6) with two inner angles that are 108 and four inner angles
that are 126. Hence, there are only two types of angles among
the three angles at each vertex. They are 108 and 126. Hence,
Pa(m) can only have these two types of inner angles, which
contradicts tom � 7.

Whenn = 4 ; denote the other two types of angles byA and
B . If A < B , we obtaink < 8 since the average ofA andB is
135 and theA inner angles must be more thanB inner angles
in the Pa(k) (becausem > k ). SuchPa(k)s do not exist. If
A = B , the three angles at each vertex is 90, 135 and 135. The
pattern is shown in Fig. 17, which contradicts to the condition
stated in this lemma.

Whenn = 3 ; denote the other two types of angles byA and
B . If A < B , we obtaink < 12 since the average ofA and
B is 150 and theA inner angles must be more thanB inner
angles in thePa(k) (becausem > k ). Denote the number of
A inner angles in thePa(k) by a. Pa(k) and Pa(m) do not
have 60 inner angles. Whenk = 9 ; 11, equilateralPa(k)s with
A andB inner angles do not exit. Whenk = 10; there is one
type of equilateralPa(10) with A and B inner angles. This
type of Pa(10) has eight 140 inner angles and two 160 angles
that are opposite. The pattern in this case is shown in Fig. 9(b).
When k � 8; equilateralPa(k)s with A and B inner angles
do not exit.

The proof for Lemma 4.2 are directly from Lemma 7.5 and
Lemma 7.6 by combining them together.

REFERENCES

[1] A. Arora et al. ExScal: Elements of an Extreme Scale Wireless Sensor
Network. In Proc. of IEEE RTCSA,2005.

[2] X. Bai, S. Kumar, D. Xuan, Z. Yun and T. H. Lai. Deploying Wireless
Sensors to Achieve Both Coverage and Connectivity. InProc. of ACM
MobiHoc, 2006.

[3] X. Bai, D. Xuan, Z. Yun, T. H. Lai and W. Jia. Complete Optimal De-
ployment Patterns for Full-Coverage and k-Connectivity (k� 6) Wireless
Sensor Networks. InProc. of ACM MobiHoc,2008.

[4] X. Bai, Z. Yun, D. Xuan, T. H. Lai and W. Jia. Deploying Four-
Connectivity And Full-Coverage Wireless Sensor Networks.In Proc.
of IEEE INFOCOM,2008.

[5] X. Bai, D. Xuan, Z.Yun, T. Lai, and W. Jia. Complete Optimal
Deployment Patterns for Full-Coverage andk-Connectivity (k � 6)
Wireless Sensor Networks.Technical Report. Athttp://www.cse.ohio-
state.edu/� baixia/publications/ TR09-1-Complete.pdf.

[6] K. L. Clarkson and K. Varadarajan. Improved Approximation Algorithms
for Geometric Set Cover, In Proceedings ofACM Annual Symposium
on Computational Geometry,2005.

[7] Q. Cao, T. Yan, J. A. Stankovic and T. F. Abdelzaher. Analysis of Target
Detection Performance for Wireless Sensor Networks. InProc. of DCOSS,
2005.

[8] T. Gonzalez. Covering a Set of Points in Multidimensional Space.
Information Processing Letters,vol. 30, no. 1, 1991.

[9] D. S. Hochbaum and W. Maass. Approximation Schemes for Covering
and Packing Problems in Image Processing and VLSI.Journal of the
ACM, vol. 32, no. 1, 1985.



The Ohio State University Technical Report Draft 2009 15

[10] R. Iyengar, K. Kar and S. Banerjee. Low-coordination Topologies for
Redundancy in Sensor Networks. InProc. of ACM MobiHoc,2005.

[11] R. Kershner. The Number of Circles Covering a Set.American Journal
of Mathematics,vol. 61, 1939.

[12] S. Kumar, Ten H. Lai, and Jozsef Balogh. On k-Coverage ina Mostly
Sleeping Sensor Network. InProc. of ACM MobiCom,2004.

[13] S. Kumar, Ten H. Lai, and Anish Arora. Barrier Coverage With Wireless
Sensors. In Proc. of ACM MobiCom,2005.

[14] J. B. M. Melissen and P. C. Schuur. Improved Coverings ofa Square
with Six and Eight Equal Circles.Electronic Journal of Combinatorics,
vol. 3, no. 1, 1996.

[15] S. Megerian, F. Koushanfar, G. Qu, G. Veltri and M. Potkonjak. Exposure
in Wireless Sensor Networks: Theory and Practical Solutions. Wireless
Networks,vol. 8, no. 5, 2002.

[16] K. J. Nurmela and P. R. J.•Osterg	ard. Covering a Square with Up
to 30 Equal Circles.Research Report A62,Laboratory for Theoretical
Computer Science, Helsinki University of Technology, 2000.

[17] G. F. Toth. Covering with Fat Convex Discs.Journal of Discrete and
Computational Geometry,vol. 34, no. 1, 2005.

[18] Web: http://www.xbow.com.
[19] Web: http://www.wolfautomation.com.
[20] Web: http://samraksh.com.
[21] Web: http://zuff.info/RangeFinderCOmpE.html.
[22] Y. Zhou and K. Charkrabarty. Sensor Deployment and Target Localization

Based on Virtual Force. InProc. of IEEE INFOCOM,2003.
[23] M. Zuniga and B. Krishnamachari. Analyzing the Transitional Region

in Low Power Wireless Links.Technical Report.University of Southen
California, 2004.

[24] J. Zhao and R. Govindan. Understanding Packet DeliveryPerformance
in Dense Wireless Sensor Networks. InProc. of ACM SenSys,2003.


