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Abstract—In this paper, we study deployment patterns to
achieve full coverage andk-connectivity (k ≤ 6) under different
ratios of the sensor communication range (denoted byRc) to
the sensing range (denoted byRs) for homogeneous wireless
sensor networks (WSNs). In particular, we propose new patterns
for 3- and 5-connectivity. We also discover that there exists a
hexagon-based universally elemental pattern that can generate
all known optimal patterns. The previously proposed Voronoi-
based approach can not be applied to prove the optimality of
the new patterns due to their special features. We propose a new
deployment-polygon based methodology. We prove the optimal-
ity of deployment patterns to achieve three-connectivity,four-
connectivity and five-connectivity for certain ranges ofRc/Rs,
respectively, and prove the optimality of deployment patterns to
achieve six-connectivity under all ranges ofRc/Rs.

Index Terms—Wireless Sensor Networks, Network Topology,
Coverage, Connectivity, Optimal Deployment Pattern

I. I NTRODUCTION

Network topology is a fundamental issue in Wireless Sensor
Networks (WSNs) that affects many facets of network op-
eration, including routing, power management, security, etc.
Broadly, there are two deployment categories in WSNs to
achieve particular network topologies: random and determin-
istic deployments. Random deployments are typically used
when the mission deployment area is physically inaccessible
(e.g., volcanoes, seismic zones, etc.). On the other hand,
deterministic deployments are more likely (and even prefer-
able) in missions when the deployment area is physically
accessible. Missions in which WSNs are deterministically
deployed are becoming increasingly popular today. Examples
include the Line in the Sand [2] sensor network for target
tracking, the CitySense [18] network for urban monitoring,
the Soil Monitoring [6] sensor network, etc., where sensors
are placed by hand at selected spots prior to network op-
eration. The success of such missions is tightly contingent
on the optimality of the deployment patterns. Fundamentally,
knowledge of optimal deployment patterns will help avoid
ad-hoc deployment (and likely inefficient patterns) by pro-
viding sound theoretical bounds. Optimal patterns also have
benefits like cost savings (sensors still cost $100 apiece),
minimizing message collisions, better network management,
etc. Furthermore, the study of optimal patterns gives rise
to tremendous insights into network topology, which will
provide guidelines for subsequent extensions thereof in non-
ideal, practical deployment scenarios.

An earlier version was published in the ninth ACM International Sympo-
sium on Mobile Ad Hoc Networking and Computing (MobiHoc) 2008.

Exploring optimal patterns for WSNs is hard. In general,
this problem is related to the covering problem in compu-
tational geometry. Much work has been done on the issue
of covering points in a plane using a minimum number
of given geometric bodies, e.g., disks [10]–[13], orthogonal
rectangles [14], fat convex bodies [15], [16], etc. However, the
literature in computational geometry only considers coverage,
not connectivity. This is understandable as connectivity is a
typical networking requirement that is out of pure mathemat-
ical interests.

Lacking proper knowledge, works in sensor deployment
have heavily relied on a result presented in1939 [10] for years,
which states that the regular triangular lattice pattern (triangle
pattern for short) is asymptotically optimal in terms of the
number of discs needed to achieve full coverage. This result
naturally provides six connectivity only whenRc ≥

√
3Rs.

However, in practice, values ofRc/Rs can be any positive
number. For example, while the reliable communication range
of the Extreme Scale Mote platform is30 m, the sensing
range of the acoustics sensor for detecting an All Terrain
Vehicle is 55 m [1]. In this case,Rc/Rs is much less than√

3. Progress has been made in exploring optimal patterns
under different values ofRc/Rs in recent years. In2005,
researchers proved that the strip-based deployment pattern is
asymptotically nearly optimal whenRc = Rs [5]. In 2006,
the asymptotic optimality of strip-based deployment pattern
to achieve one and two connectivity and full coverage was
proved [7]. Furthermore, in a paper presented at Infocom
2008 [8], the asymptotically optimal pattern to achieve four-
connectivity and full coverage is explored. With the above
progress, two questions naturally arise:
− The work on exploring optimal patterns in WSNs is

not yet complete. To date, there is no knowledge of optimal
patterns designed for3-connected and5-connected network
topology. And the deployment pattern for6-connectivity when
Rc/Rs <

√
3 is still unknown. Different applications require

different degrees of connectivity. Having a complete set of
optimal patterns can meet different applications’ requirements.
− The previous exploration on optimal patterns has not yet

been conducted systematically. Is there an elemental pattern
that can generate all the patterns designed so far to achievefull
coverage andk-connectivity? The existence of such a pattern
can significantly and systematically assist the exploration of
other unknown patterns.

This paper aims to answer the above questions. In particular,
we make the following contributions:

A complete set of optimal deployment patterns:We propose
new patterns for3-, 4-, 5- and 6-connectivity. We prove the
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optimality of patterns to achieve3-, 4- and 5-connectivity
for a large range ofRc/Rs and the optimality of patterns
to achieve6-connectivity for all ranges ofRc/Rs for homo-
geneous WSNs, which are defined in Section II. With these
new patterns, we have a complete set of optimal deployment
patterns to achievek-connectivity (k ≤ 6), for the first time.

A universally elemental pattern:We discover that there ex-
ists a universally elemental pattern that can be calledhexagon-
based. All known optimal patterns for different connectivity
can be generated by repeating certain specific forms of it.
In fact, we use this result in exploring the pattern for5-
connectivity.

A new proof methodology for optimality:Proof for pattern
optimality is not trivial. Due to the special features of these
new patterns, the necessary conditions to apply the existing
Voronoi-based methodology in [7], [8] are not satisfied. We
design a new deployment-polygon based approach for this
purpose. Our results attest to its success.

The rest of this paper is organized as follows. We provide
the system model in Section II. In Section III, we present
our new proposed patterns for3-, 4-, 5- and 6-connectivity
and a universal elemental pattern behind all known optimal
patterns. Numerical results are also reported. In Section IV, we
prove the optimality of the newly proposed patterns. Section
V concludes the paper.

II. SYSTEM MODEL

In this paper, we make several abstractions in order to
obtain optimal deployment patterns in WSNs. Abstractions are
inevitable in order to achieve enough generality when we are
trying to lay down certain theoretical foundations.

Sensing Model:There exist several practical sensing models
that stem from real device experiments. S. Megerianet al. in
[17] propose that the sensing quality can be expressed asλ/dα,
whereλ andα are sensor dependent parameters andd is the
distance between the sensor and detection target. In this model,
the quality of sensing gradually attenuates with increasing
distance. In [20], Y. Zhouet al.propose a probabilistic sensing
model. In this model, two valuesR1 and R2 (R1 ≤ R2) are
defined from empirical observations. When the distance from
the target to the sensor is less thanR1, it will be detected
with probability 1; when the distance is larger thanR2, the
detection probability is0; when the distance is betweenR1

andR2, the detection probability will exponentially decrease
with the increasing distance similar to that in [17].

We use disc model for sensing in this paper. Each sensor is
capable of detecting points only within distanceRs. The disc
model can be obtained from the above models by first setting
a desirable threshold for sensing quality or probability, and
then exploiting this threshold to determine the largest possible
distance between the sensor and the target. This distance is
then considered sensing rangeRs.

Communication Model:In reality, the communication wire-
less signal undergoes attenuation and various disruptive phys-
ical phenomena. We consider a widely used model suggested
by Zuniga and Krishnamachari in [21]. This model established
the function of the distance between the transmitter and the

Fig. 1. Two examples of regular deployments. Solid lines denote the
established communication links . In (a), each vertex has degree three. In
(b) each vertex has degree five.

receiver and the communication link quality measured by
packet reception rate, PRR. From the experiments, PRR at
distanced can be expressed as

PRR(d) = (1 − 1

2
e−

Pt−PL(d)−Pn

2 )8ℓ, (1)

where Pt is the output power of the transmitter,PL(d) is
the path loss at distanced, Pn is the noise floor andℓ is
the frame length. We can consider a connection established
between two nodes only if the PRR from each other is
above a certain desirable threshold. We then use disc model
for communication in our proof. Each sensor is capable of
communicating only with others within distanceRc.

Disc model for both sensing and communication that pro-
vides a good abstraction from the real world has been widely
adopted, e.g. in [3]–[5], [7], [8].

We study the asymptotical optimality of deployment pat-
terns, that is, a relatively large area compared with sensing
and communication ranges is considered in this paper. The
boundary effect is not important here and can be ignored.

We study the homogeneous wireless sensor networks where
all the sensor nodes are identical in terms of sensing and com-
munication capabilities. Since the sensors are homogeneous, it
is natural to explore certain deployment whereno sensor play
a special role in sensing or communication. For this purpose,
we introduce the concept of regular deployment.

Definition 2.1: Regular Deployment Pattern:A sensor
deployment pattern is called regular if the Voronoi polygon
generated by each sensor has the same shape and size.

When the Voronoi polygon generated by a sensor is given,
its neighboring context, which consists of number of neigh-
bors, Euclidean distances and angle distances between them,
is fixed. In a regular deployment defined in Definition 2.1,
each sensor has the same neighboring context and no sensor
is more important than the other in a network topology view.
Fig. 1 shows the deployment graphs of two possible regular
deployment achieving3 and5-connectivity. We wish to point
out that, all known globally optimal deployment patterns
including the triangular lattice pattern and the ones proposed
in [7], [8] are regular deployment patterns.

Definition 2.2: γ-Optimal Pattern: A regular deployment
pattern is calledγ-optimal if it needs the minimum number
of sensors to achieve a given coverage and connectivity
requirement, among all regular patterns.

Studying γ-optimality of regular patterns is meaningful.
Regular patterns have strong practical indications in homo-
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Fig. 2. The hexagon-based pattern for3-connectivity. A global view is shown in (a). In (b)∼(e), Rs is fixed andRc varies. Patterns are hexagon-based in

some sense. The solid lines construct the patterns, denoting the established links. The dashed straight lines denote the links that can be established.

geneous WSNs. Apparently, global optimality impliesγ-
optimality. In fact, we believeγ-optimality also implies global
optimality. However, exploring (designing and proving)γ-
optimal patterns is not trivial. There are a huge number
of regular patterns for a given coverage and connectivity
requirement, like ones illustrated in Fig. 1. The exploringspace
is large.

III. D EPLOYMENT PATTERNS

In this section, we first present sets of deployment patterns,
then present the numerical results.

A. Deployment Patterns for 3-Connectivity
We present 3-connectivity patterns forRc/Rs ≥ 1.0459

in Fig. 2(b) ∼ (e). Pattern evolution asRc/Rs changes can
be expressed by values of parametersθ1, θ2, θ3 andd, which
are defined in the hexagon-based pattern shown in Fig. 2(b),
a hexagon with all edges equal and opposite edges parallel.
Parametersθ1, θ2, θ3 andd are expressed in (2) forRc/Rs ≥
1.0459. For such value ofRc/Rs, these parameters guarantee
full-coverage and 3-connectivity.
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The hexagon-based pattern exhibits different forms (or
patterns) under different values ofRc/Rs. Fig. 2(b) ∼ (e)
illustrate these variations.
− When1.0459 ≤ Rc/Rs <

√
2: The pattern is a flattened

hexagon with edge lengthRc. The top and bottom inner angles
are4 arcsin(Rc/2Rs) each, and the others are
2 arccos(Rc/2Rs) each.
− WhenRc =

√
2Rs: The pattern is a rectangular with side

lengths2Rc andRc, respectively.
− When

√
2 < Rc/Rs <

√
3: The pattern becomes a

parallelogram still with side lengths2Rc and Rc. Its bigger
inner angle (θ2) is 2 arcsin(Rc/2Rs).
− When

√
3 ≤ Rc/Rs: The pattern maintains a parallel-

ogram but with side lengths2
√

3Rs and
√

3Rs. The bigger
inner angle (θ2) for this parallelogram is2π/3.

The hexagon-based pattern is elemental. Its shape contin-
uously changes in terms ofθ1, θ2, θ3 and d, from a regular
hexagon shape to a parallelogram shape, as the value ofRc/Rs

increases. Full coverage and3-connectivity run through all of
these changes. In this paper, we are able to prove the patterns
are γ-optimal when1.0459 ≤ Rc/Rs. The proof will be
discussed in Section IV-B.
B. Deployment Patterns for 4-Connectivity

We present 4-connectivity patterns forRc/Rs ≥ 1.3903 in
Fig. 3(b)∼ (d). Fig. 3(a) illustrates a global view. It is note-
worthy that these patterns can also be considered as hexagon-
based in some sense, where one hexagon consists of two
rhombuses. Hence, pattern evolution asRc/Rs changes can
be expressed by parametersθ1, θ2, θ3 andd, which are defined
in the hexagon-based pattern shown in Fig. 2(b). Parameters
θ1, θ2, θ3 and d are expressed in (3) forRc/Rs ≥ 1.3903,
which guarantee full-coverage and 4-connectivity.
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The hexagon-based pattern exhibits different forms (or
patterns) under different values ofRc/Rs.
− When 1.3903 ≤ Rc/Rs ≤

√
2: The pattern is a

rectangular with side lengths2Rc andRc, respectively.
− When

√
2 < Rc/Rs <

√
3: The pattern becomes a

parallelogram still with side lengths2Rc and Rc. Its bigger
inner angle (θ2) is 2 arcsin(Rc/2Rs).
− When

√
3 ≤ Rc/Rs: The pattern maintains a parallel-

ogram but with side lengths2
√

3Rs and
√

3Rs. The bigger
inner angle (θ2) for this parallelogram is2π/3.

In this paper, we are able to prove they areγ-optimal when
1.3903 ≤ Rc/Rs. Note that the optimality proof provided in
[8] is for

√
2 ≤ Rc/Rs. The proof will be discussed in Section

IV-B.

C. Deployment Patterns for 5-Connectivity
We present 5-connectivity patterns forRc/Rs ≥ 1.0406

in Fig. 4(b)∼ (d). Fig. 4(a) illustrates a global view. These
patterns can also be considered as hexagon-based in some
sense, where one hexagon consists of two triangles and one
rhombus. Then the pattern evolution can be expressed in term
of θ1, θ2, θ3 andd as follows in (4).
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Fig. 3. The hexagon-based pattern for4-connectivity. A global view is shown in (a). In (b)∼(d), Rs is fixed andRc varies. Patterns are hexagon-based in

some sense. The solid lines construct the patterns, denoting the established links. The dashed straight lines denote the links that can be established.

Fig. 4. The hexagon-based pattern for5-connectivity. A global view is shown in (a). In (b)∼(d), Rs is fixed andRc varies. Patterns are hexagon-based in
some sense. The solid lines construct the patterns, denoting the established links. The dashed straight lines denote the links that can be established.

Fig. 5. The deployment pattern for6-connectivity. It still can be considered
hexagon-based in some sense.

The hexagon-based pattern exhibits different forms under
different values ofRc/Rs.
− WhenRc/Rs ≤

√
2: The rhombus becomes a square.

− When
√

2 < Rc/Rs <
√

3: The bigger inner angle of the
rhombus is2 arcsin(Rc/2Rs), which keeps increasing within
(π/2, 2π/3).
− When

√
3 ≤ Rc/Rs: The bigger inner angle of the

rhombus is2π/3. The rhombus is constructed by putting
together two equilateral triangles.

In this paper, we are able to prove the patterns areγ-optimal
when1.0406 ≤ Rc/Rs in Section IV-B.

D. Deployment Patterns for 6-Connectivity
In Fig. 5, we illustrate a pattern to achieve full coverage

and 6-connectivity general for all values ofRc/Rs. The
triangle-based patterns can be also considered the hexagon-
based pattern in some sense where one hexagon consists of 6
identical equilateral triangles. The pattern can be expressed in
term of θ1, θ2, θ3 andd as follows:

θ1 = π, θ2 =
2π

3
, θ3 =

π

3
, d = min (Rc,

√
3Rs). (5)

These parameters ensure that each point within the hexagon
area is covered by at least one of the sensors located at the
hexagon vertices for any value ofRc/Rs. They also ensure

that each sensor can directly connect with six its neighboring
sensors.

In this paper, we are able to prove the pattern isγ-optimal
for any value ofRc/Rs. We provide the proof in Section IV-B.

E. A Universal Elemental Pattern
We discover that there exists a universally elemental pattern.

The universally elemental pattern is named such since all
known optimal patterns fork-connectivity (k ≤ 6) can be
generated by repeating certain specific forms of this pattern.
The universally elemental pattern is illustrated in Fig. 6(a).

This pattern is a hexagon with opposite sides are both equal
and parallel that stratifies following two conditions: 1) given
Rs, the inner area of this hexagon can be fully covered by
the sensors deployed at the six vertices, and 2) givenRc, the
tessellation constructed by repeating it can satisfy the desired
connectivity.

We denote a specific form of the universally elemental
pattern fork connectivity byHk(θ1, θ2, d1, d2). θ3 can be
decided byθ3 = 2π − θ1 − θ2. By giving corresponding
expressions forθ1, θ2, d1 and d2 in Fig. 6(b), we show all
known optimal deployments can be generated by repeating
certain specific form ofHk.

The discovery of the universally elemental pattern signif-
icantly help to explore unknown optimal patterns. In fact,
following the lead of altering the shape of the universally
elemental pattern to4-connectivity and6-connectivity patterns,
we are able to obtain theγ-optimal pattern for5-connectivity.

F. Numerical Results
In this subsection, we show the sensor number needed to

achieve full coverage and1 ∼ 6 connectivity respectively
by optimal patterns for variousRc/Rs. Sensors each with
sensing rangeRs = 30 m are deployed over a1, 000 m
× 1, 000 m deployment region. The communication range
Rc varies from20 m to 60 m. For illustration purpose, we
use the pattern shown in Fig. 2(b) forRc/Rs ≤ 1.0459 to




