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Abstract

The writhing number measureghe global geometryof a
closedspacecurve or knot. We shav that this measurds
relatedto theaveragewinding numberof its Gaussnap.Us-
ing thisrelationshipwe give analgorithmfor computingthe
writhing numberfor a polygonalknotwith  edgesn time
roughlyproportionalto . We alsoimplementa different,
simple algorithmand provide experimentalevidencefor its
practicalef ciency.

1 Intr oduction

The writhing numberis an attemptto capturethe physical
phenomenoihata cordtendsto form loopsandcoils when
it is twisted. We modelthecordby aknot,whichwede neto
be anorientedclosedcurve in three-dimensionadpace.We
considerits two-dimensionafamily of parallelprojections.
In eachprojection,we count  or for eachcrossing,
dependingn whetherthe overpassequiresa counterclock-
wise or a clockwiserotation(an an anglebetweer0 and )
to alignwith theunderpassThewrithing numberis thenthe
signednumberof crossingsveragedverall parallelprojec-
tions. It is a conformalinvariantof the knot andusefulasa
measuref its globalgeometry

The writhing numberattractedmuch attentionafter the
relationshipbetweerthe linking numberof a closedribbon
andthe writhing numberof its axis, expressedy the White
formula, wasdiscoveredindependentlypy Calugareany9],
Fuller [21], Pohl[27], andWhite [33]:
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Herethe linking number , is half the signednumberof
crossingsbetweenthe two boundarycurves of the ribbon,
andthetwistingnumber , is halftheaveragesignednum-
berof local crossingbetweerthetwo curves. Thenon-local
crossingsbetweenthe two curves correspondo crossings
of the ribbon axis, which are countedby the writhing num-
ber, . A small subsetof the mathematicaliteratureon
the subjectcanbe foundin [3, 20]. Besidesthe mathemat-
ical interest,the White Formula and the writhing number
have receved attentionbothin physicsandin biochemistry
[17, 23, 26, 30]. For example,they arerelevantin under
standingvariousgeometricconformationsve nd for circu-
lar DNA in solution,asillustratedin Figurel takenfrom [7].
By representinddNA asaribbon,thewrithing numberof its

Figurel: Circular DNA takeson differentsupercoilingconforma-
tionsin solution.

axis measureshe amountof supercoilingwhich character
izessomeof the DNA's chemicalandbiological properties

[5].

This paperstudiesalgorithmsfor computingthe writhing
numberof a polygonalknot. Section?2 introducesback-
groundwork and statesour results. Section3 relatesthe
writhing numberof a knot with the winding numberof its
Gaussmap. Section4 shavs how to computethe writhing
numberin time lessthanquadratian thenumberof edgesof
theknot. Section5 discussea simplersweep-linealgorithm
andpresenténitial experimentatesults.Sectioné concludes
thepaper



2 Prior and New Work

In this section,we formally de ne thewrithing numberof a
knotandreview prior algorithmsusedto computeor approx-
imatethatnumber We concludeby presentingur results.

De nitions. A knotis acontinuousnjection
or, equivalently, an orientedclosedcurve embeddedn

We usethetwo-dimensionabphereof directions, |, torep-
resentthe family of parallelprojectionsn . Givenaknot
andadirection , theprojectionof  is anoriented,

possiblyself-intersectingclosedcurve in a planenormalto
. We assume to begenericthatis, eachcrossingof in
thedirection is simpleandidenti es two orientedintervals
along , of which the onecloserto the viewer is the over
passandtheotheris theunderpassWe countthecrossingas
if we canalign thetwo orientationgby rotatingthe over
passin counterclockwiseorderby an anglebetween and
. Similarly, we countthe crossingas  if the necessary
rotationis in clockwiseorder Both casesareillustratedin
Figure2. The Tait or directionalwrithing numberof in
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Figure2: Thetwo typesof crossingsvhentwo orientedintenals
intersect.

the direction , denotedas , is the sumof crossings
countedas  or as explained. The writhing number
is the averageddirectionalwrithing number taken over all
directions ,

(2) —

We notethat a crossingin the projectionalong also ex-
istsin the oppositedirection,along , andthatit hasthe
samesign. Hence , which implies that
thewrithing numbercanbe obtainedby averagingthedirec-
tionalwrithing numberoverall pointsof the projective plane
or, equivalently, overall antipodalpointspairs of the
sphere.

Computing the writhing number. Severalapproacheto
computingthe writhing numberof a smoothknot exactly or
approximatelyhave beendeveloped.Consideranarc-length
parameterization ,anduse and todenote
the position and the unit tangentvectorsfor . The
following doubleintegral formula for the writhing number
canbefoundin [27, 31]:

@) —

If thesmoothknotis approximatedy a polygonalknot, we
canturn the right handside of (3) into a doublesumand
approximatehewrithing numberof thesmoothknot [6, 26].
This canalsobe donein away sothatthe doublesumgives
theexactwrithing numberof the polygonalknot [4, 24, 32)].
Alternatively, we may base the computation of the
writhing numberon the directionalversionof the White for-
mula, for . Recallthatboththe
linking numberandthetwisting numberarede ned overthe
two boundarycurvesof a closedribbon. Similarto thede -
nition of , the directionaltwisting number , IS
de ned ashalf thesumof crossingdetweerthetwo curves,
eachcountedas or  asdescribedn Figure2. We get
(1) by integratingover  andnotingthatthelinking number
doesnotdependnthedirection. Thisimplies

(4) —

To computethe directional and the (averagedirectional)
twisting numberswe expand  to aribbon,which amounts
to constructinga secondknot thatrunsalongsidebut is dis-
joint from . Expressiondor thesenumbersthat depend
on how we constructthis secondknot canbe foundin [24].
Le Bret[25] suggestso x adirection andde ne thesec-
ondknot suchthatin the projectionit runsalwaysto theleft
of . In this casewe have and the writhing
numberis the directionalwrithing numberfor minusthe
twisting number

A third approachto computingthe writhing numberis
basedon a result by Cimasoni[16], which statesthat the
writhing numberis the directional writhing numberfor a
x eddirection , plusthe averagedeviation of the otherdi-
rectionalwrithing numbersfrom . By observingthat

is the samefor all directions in acell of the

decompositiorof  formedby the Gaussmaps and
(alsoreferredto asthe tangent indicatrix or tantrix in the
literature[14, 29]), we get

(6) —

where is for any onepoint in theinterior of
,and istheareaof
If appliedto a polygonalknot, all threealgorithmstake
time thatis atleastproportionalto the squareof the number

of edgesn theworstcase.

Our results. We presentwo new results. The rst result
canbeviewedasa variationof (4) anda strongerversionof
(5). For adirection noton andnoton , let

beits winding numberwith respecto and . As
explainedin Section3, thismeanghat and  wind
timesaround .



THEOREM A. Foraknot andadirection , wehave

Obsene the similarity of this formulawith (4), which sug-
gestghatthewindingnumbercanbeinterpretedasthedirec-
tionaltwisting numbeifor aribbononeof whosetwo bound-
arycurvesis . Wewill prove TheoremA in Section3. We
will alsoextendtherelationin TheoremA to openknotsand
giveanalgorithmthatcomputesheaveragewvinding number
in time proportionalto the numberof edges.Our seconde-
sult is an algorithmthat computesthe directionalwrithing
numberfor a polygonalknot in time sub-quadratidn the
numberof edges.

THEOREM B. Givenapolygonalknot with edgesand
a direction , can be computedin time
@] , where is anarbitrarily smallpositive con-
stant.

Figure3: A knotwhosedirectionalwrithing numberis quadratian
thenumberof edges.

TheoremsA and B imply that the writhing numberfor a
polygonal knot can be computedin time O . As
shawvn in Figure 3, the numberof crossingsn a projection
canbeaslargeasquadratidn . Thesub-quadraticunning
timeis achievedbecausehealgorithmavoidscheckingeach
crossingexplicitly. We alsopresenta simplersweep-lineal-
gorithmthatcheckseachcrossingndividually andtherefore
doesnot achieve the worst-caserunning time of the algo-
rithm in TheoremB. It is, however, fastwhentherearefew
crossings.

3  Writhing and Winding

In this section,we develop our geometricunderstandingf
the relationshipbetweenthe writhing numberof a knotand
thewinding numberof its Gaussmap. We de ne the Gauss
map as the curve of critical directions,prove TheoremA,
andgive afastalgorithmfor computingthe averagewinding
number

Critical directions. We specify a polygonalknot by
the cyclic sequenceof its vertices, in
We useindicesmodulo  and write

for the unit vectoralongthe edge .
Notethat isalsoadirectionin  andapointin . Any
two consecutie points and determinea uniquearc,
which, by de nition, is the shorterpiece of the greatcir-
cle thatconnectdhem. Thecyclic sequence
thusde nesanorientedclosedcurve in . Wealsoneed
theantipodalcurve, , whichis the centralre ection of
throughtheorigin.
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Figure4: In all threecasesthe viewing directionslidesfrom left
to right over the orientedgreatcircle of directionsde®nedby the
hollow vertex andthe solid edge. The directionalwrithing number
change®nly in thethird casewherewe losea positive crossing.

Thedirections on and are critical, in the sense
thatthe directionalwrithing numberchangesvhenwe pass
through alongagenericpathin , andthesearetheonly
critical directions[16]. We sketchthe proof of this claim for
the polygonalcase.lt is clearthat is critical only if
it is parallelto a line that passeshrougha vertex anda
point on anedge of the knot thatis not adjacento

. Thereare suchvertex-edgepairs, eachde n-
ing agreatcirclein . First, we notethatonly of these
greatcirclesactuallycarry critical points,namely the great
circlesthat correspondo and . The
reasonfor this is shavn in Figure4, wherewe seethat the
writhing numberdoesnotchangeunless is separateffom

by only oneedgealongthe knot. Secondassuming
we obsenethatthesubsebdf directionsalongwhich

projectsonto is thearc from tothedirec-
tion in , andsymmetrically
thearc from to . The subsetof directions
alongwhich projectsonto arethe arcs
and . Thepoints , ,and lie onacommon
greatcircleand liesonthearc . Thisimpliesthatthe

concatenationf and isthearc , andthatof
and is thearc . It follows that
and indeedcompriseall critical directions.



Decomposition. Thecurves and areboth oriented,
which is essential. We say a direction lies to the
left of anorientedarc  if it liesin the openhemisphereo
theleft of the orientedgreatcircle thatcontains . Equiv-
alently seeghatgreatcircle orientedin counterclockwise
order If passedromtheleft of anarc of toitsright,
thenwe eitherloseapositive crossing(asin thethird row of
Figure4), or we pick up a negative crossing.Eitherway the
directionalwrithing numberdecreaseby one. This motion
correspondso passingfrom theright of the arc
of to its left. Sincethe directionalwrithing numbersat
and arethesamewe decreas¢hedirectionalwrithing
numberby onein the oppositeview aswell. In otherwords,
if movesfrom the left of an arc of to its right, then
the effect on the directionalwrithing numberis the opposite
from whatit is for anarcof . Thesesimplerulesallow us
to keeptrack of thedirectionalwrithing numberwhile mov-
ing aroundin . Thecurves and decompose into
cellswithin which thedirectionalwrithing numberis invari-
ant. We canthusrewrite (2) as

wherethe sumrangesoverall cells  of thedecomposition,
and is thedirectionalwrithing numberof any onepoint

in theinterior of . Equation(5) of Cimasonicannow be

obtainedby subtracting from inside the sum

andaddingit outsidethe sum. This reformulationprovides

analgorithmfor computingthe writhing number

Step 1. Compute
tion

for anarbitrarybut x eddirec-

Step 2. Constructhedecompositiorof into cells,la-
beleachcell with , andform thesum
asin (5).

The running time for Step?2 is in the worst caseas
therecanbe quadraticallymary cells. We improve the run-
ningtimeto O  and,at the sametime, simplify the algo-
rithm. Firstwe prove TheoremA.

Winding numbers. We now introducea function  over
that may be differentfrom but changesn the same
way. In otherwords, for
all . Thisfunctionis thewinding numberof a point
with respectto the two curves and that do
not contain . Obsenre thatthe spaceobtainedby remov-
ing two pointsfrom the two-dimensionakphereis topolog-
ically anannulus. We x non-critical,antipodaldirections
and andde ne equalto the numberof times
winds aroundthe annulusobtainedby remaving and
plusthe numberof times winds aroundthe annulusob-
tainedby remoaving and . Thisis illustratedin Figure5,
where and . Herewe count
thewinding of  in counterclockwiserderasseenfrom

Figure5: Thewinding numbercountsthe numberof times  sepa-
rates from  and separates from .

positive,andwindingin clockwiseordernegative. Symmet-
rically, we countthe winding of in clockwiseorderas
seerfrom positive,andwindingin counterclockwis@rder
negative. Imaginemoving a point along andconnect-
ing to with acirculararc. Speci cally, we usethecircle
thatpasseshrough , ,and andthearcwith endpoints

and thatavoids . Symmetricallywe move  along

andconnect to  with theappropriatearcof thecir-

cle passingthrough , ,and . Locally at we obsere
continuousnovementf thetwo arcs.Clockwiseandcoun-
terclockwisemovementscancel,and is the numberof
timesthe rst arcrotatesin counterclockwiserderaround

plus the numberof timesthe secondarc rotatesin clock-

wiseorderaround . Thewinding numberof is alwaysan
integerbut canbe negative.
Obsene that indeedchangesn the sameway as

does.Speci cally, dropsby 1if crosses from leftto
right, andit increaseby 1if crosses fromlefttoright.
Startingfrom the de nition (2) of the writhing number we
thusget

which completeghe proof of TheoremA.

Signed area modulo 2. Obsene that the writhing num-
berchangegontinuouslyunderdeformationof theknot, as
longas doesnot passthroughitself. When performs
a small motion during which it passeghroughitself there
isa jumpin , While the averagewinding number
changesnly slightly. We usetheseobsenationsto give a
new proof of Fuller'srelation[2, 22],

(6)



where - is the signedareaof the curve

in . Note rst that because
both and areintegers. We startwith  being

acirclein , in which case(6) holds because

and . Otherthan continuouschangeswe ob-

sene jumps of in when  passeghroughitself.
TheoremA togetherwith the fact that the fractional parts
of and arethesamempliesthat(6) is main-
tainedduring the deformation. Fuller's relationfollows be-
causevery knot canbe obtainedrom thecircle by continu-
ousdeformation.

Computing the averagewinding number. Threegeneric
points de ne threearcs,which boundthe spher
ical triangle Recall that the areaof is the sum
of anglesminus We de ne the signedarea of as
if liestotheleft of theorientedarc

andas if it liesto theright. Let
be a non-criticaldirection. As shavn in Figure6, every arc
formsauniquesphericatriangle .Let beits
signedarea. The correspondingrc of forms
the antipodalsphericatriangle with signedarea
. Thewinding numberof a direction canbeob-

Figure6: Thetwo sphericatrianglesde®nedby anarcof andits

antipodalarcof

tainedby countingthenumberof sphericatrianglesthatcon-
tainit. To bemorespeci c, we call a sphericaltrianglepos-
itive if its signedareais positive and negativeif its signed
areais negative. Let and be the numbersof
positive andnegative sphericatriangles thatcontain

, and similarly let and be the numbers
of positive and negative sphericaltriangles that
contain . Then

To seethisnotethattheequationis correctfor apoint near
andremainscorrectas movesaroundandcrossesrcsof
andof . Theaveragewinding numberis thus

Computingthe sumin this equationis straightforvard and
takesonly time O( ).

Open knots. We de ne anopenknot asa continuousin-
jection . Equivalently; it is anorientedcurve,
embeddedn , with endpoints. The directionalwrithing
numberof is well-de ned, andthewrithing numberis the

directionalwrithing numberaveragedover all parallel pro-
jections,asbefore. Assume is a polygonspeci ed by the
sequencef its vertices, ,andlet bethe
knotobtainedby addingtheedge . Thecritical direc-
tionsof differin two waysfrom thoseof

(i) therearecritical directionsof thatarenotcritical for
, hamelytheoneswhosede nition includesa point of

(ii)y therearenew critical directions,namelythosede ned
by an endpoint( or ) andanotherpoint of the
polygonbut not on thetwo adjacenedges.

To seethatthedirectionsin (ii) areindeedcritical for , ex-
aminethe rst two rows of Figure4. The hollow vertex is
now anendpointof , sowe remove oneof the two dashed
edgesBecaus®f thischangethedirectionalwrithing num-
berchangeatthe momentthe hollow vertex passesverthe
solid edge. Changingthe critical curve  of  to thecriti-
calcurve of canthusbeachievedby removing thearcs
of Case(i) and addingthe arcsof Case(ii). We illustrate
this processin Figure 7. To describethe processwe de-

o tni=Vap =W
77777 l
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Figure7: Thecritical curvesof theknot  aremarked by hollow
vertices,and the additionsrequiredfor the critical curves of the

openknot aremarked by solid blackvertices.
ne , for , and
, for . Ob-
senethat , , ,
,and . We getthecritical curve
from by
1. removing the partial arcs and , andthe

arcs and ,



2. addingthe new paths
and

Notethat Step2 addsa pieceof  , namely

and , to the new critical curve . Symmetri-
cally weget from . Everythingwe saidearlierabout
the winding numberof the critical curve of  applies
equallywell to the critical curve of . Similarly, all al-
gorithmsdescribedn the subsequergectionsapplyto knots
aswell asto openknots.

4 Computing Directional Writhing

In this sectionwe presentainalgorithmthatcomputeghedi-

rectionalwrithing numberof a polygonalknotwith edges
in time roughly proportionalto The algorithm uses
complicatedsubroutineghat may not lendthemselesto an
easyimplementation.

Reduction to ve dimensions. Assumewithout loss of

generalitythat we view the knot  from above, thatis, in

thedirectionof . Eachedge of

is oriented.Anotheredge thatcrosses in the

projectioneither passesbove or belon andit eitherpasses
from left to right or from right to left. The four casesare

illustratedin Figure8 andclassi ed aspositive andnegative

crossingsaccordingto Figure2. Letting and bethe

+1 1 ‘ 1 +1

Figure8: Thefour waysanorientededgecancrossanother

numbersof edgeshat form positive and negative crossings
with , thedirectionalwrithing numberis

To computethe sumsof the and  efciently, we map
edgesin to pointsand half-spacesn . Speci cally,
let bethe orientedline that containsthe orientededge
andusePliicker coordinatesas explainedin [15] to map
to a point or alternatvely to a half-space in
The mappinghasthe propertythat and form a positive
crossingif andonly if  liesin theinteriorof . We use
this correspondencto compute in two stages: rst
we collectthe orderedpairsof orientedlinesthatform posi-
tive crossingsandsecondve countamongthemthe pairsof
edgeghatcross.

Recursive algorithm. It is corvenientto explainthealgo-
rithm in a slightly moregeneralsetting,where and are
setsof and orientededgesn . Let denotethe
numberof pairs thatform positive crossings,
andnotethat if  isthesetof edgesof

theknot and . Wemap toaset of points
and toaset of half-spacesn . Let be a
sufciently largeconstantA --cuttingof and isacol-
lection of pairwisedisjoint simplicescovering suchthat

eachsimplex intersectsat most hyperplanedounding
thehalf-spacesn . We usethealgorithmin [1] to compute
a —-cuttingconsistingof  simplicesin time O( ), where

is at most timesa constantndependenof . For
eachsimplex in the cutting,de ne
Letting and , we have

and . By constructiongvery
de nesapairof linesthatform a positive crossing.For each
simplex , we countthe edgepairs that
form positive crossingsandlet  be the numberof such
pairs.Then
Notethat isthenumberof crossingbetweerprojections

of the line seggmentsin andin We can therefore
usethe algorithmin [13] to computeall numbers , for
, in time O
. We recurseto computethe andstopthe
recursionwhen . Therunningtime of this algorithmis
atmost

@)

for ary , provided is sufciently large.

Improving the running time. We improve the running
time of the algorithm by taking advantageof the symme-
try of themappingto . Speci cally, apoint liesin the
interior of a half-space if andonly if the point lies
in the interior of the half-space . We proceedasabove,
but switch the roles of pointsandhalf-spacesvhen  be-
comeslessthan . Thatis, if then we map the
edgesin  to half-spacesand the edgesin  to points.
By our above analysis,the running time is thenlessthan

(0] (0] . Theoverallrun-



ningtime s thuslessthan

if
O

where is apositive constantand is ary reallargerthan .
It followsthat canbecomputedn time O( , for
ary constant . Similarly, andthereforethe di-
rectionalwrithing number , canbe computedwithin
the sametime bound therebyproving TheoremB.

We remarkthatthetechniquedescribedn this sectioncan
also be usedto computethe linking numberbetweentwo
polygonalknotswith and edgedn time O( ).

5 Experiments

In this section,we sketcha sweep-linealgorithmthat com-
putesthe writhing numberof a polygonalknot using The-
oremA. We implementedthe algorithmin C++ usingthe
LEDA softwarelibrary and comparedt with two versions
of the algorithmbasedon the doubleintegral in (3). We did

notimplementary versionof Le Bret'salgorithmmentioned
in Section2 sinceit is basedon a formulasimilar to Theo-
remA andcanbeexpectedo performaboutthe sameasour

sweep-linealgorithm.

Sweep-linealgorithm. TheoremA expresseshewrithing
numberof aknot asthesumof threeterms.Accordingly,
we computethewrithing numberin threesteps.

Step 1. Computethedirectionalwrithing numberfor an
arbitrarybut x ed,non-criticaldirection ,

Step 2. Computethewindingnumberof relativetothe

Gaussnaps and

Step 3. Computethe averagewinding numberby sum-
ming the signedareasf thesphericatriangles ,

Return —

Insteadof usingthealgorithmdescribedn Sectiord, weim-
plementedStepl usinga sweep-linealgorithm[18], which
reportsthe  crossingpairsformedby the edgesn time
0] . Steps2 and3 arebothcomputedn asin-
gle traversalof the sphericalpolygons and , keeping
trackof theaccumulateéngleandthe signedareaaswe go.
Therunningtime of thetraversalis only O

Double-sumalgorithm. We comparethe implementation
of thesweep-linaalgorithmwith two implementationsf (3).
Write for the unnormalizedangentvector
Following [6, 26], we discretize(3) to

(7) —

We notethat is notthewrithing numberof thepolygonal
knot, but it corvergesto the writhing numberof a smooth
knotif the polygonalapproximations progressiely re ned
to approachhatknot[12].

Alternatively, we may discretizethe double integral in
suchaway thattheresultis the writhing numberof the ap-
proximating polygonalknot. Giventwo edges and ,
we measureghe areaof the two antipodalquadranglegn
alongwhosedirectionswe seethe edgescross. The areaof
oneof the quadrangless the sumof anglesminusone full
angle, . Theabsolutevalueof thesigned
area isthesameandits signdepend®nwhethemwe see
apositive or a negative crossing.We thushave

(8) —

Straightforward vector geometryand trigonometrycan be
usedto derive analyticalformulasfor the [4, 24].

Comparison. We comparethe threeimplementationsis-
ing asequencef polygonalapproximation®f anarti cially
createdsmoothknot. It hasthe form of thein nity symbol,
,andis fairly at in , with only asmallgapin the mid-
dle. Becauseahe knotsarefairly at, mostof their parallel
projectionshave onecrossingandthewrithing numbertis just
alittle smallerthan . Figure9 showsthatthealgorithms

Figure9: Comparingconvergenceratesbetween  (uppercurwe)
and (lower curwe). For eachtestedapproximationof the -
knot, we draw the numberof verticesalongthe horizontalaxisand
thewrithing numberalongthe verticalaxis.

that computethe exact writhing numbersfor polygonalap-
proximationscorverge fasterto the writhing numberof the
smoothknot than the algorithmimplementing(7). Figure
10 shovs how muchfasterthe sweep-linealgorithmis than
bothimplementationsf thedouble-suralgorithm.Let be
the numberof edges. The graphssuggesthat the running
time of the sweep-linealgorithmis O( ) andthe running
times of the two implementationof the double-sumalgo-
rithm are . We obsenre thelinearboundwheneerwe
approximatea smoothknot by a polygon, sincefor generic
projectionghe numberof crossingsaswell asthe numberof



Figure 10: Comparingthe runningtimes of the sweep-linealgo-

rithm (lower curve) andthetwo implementationsf thedouble-sum
algorithm: approximate(middle curve) and exact (uppercune).

The -axisand -axisrepresenthenumberof verticesin thecurve,

andtherunningtime of thealgorithmrespectiely.

edgessimultaneouslyntersectedy thesweep-lineareinde-
pendenbf thetotal numberof edges.

Protein backbones. We presentsomepreliminaryexperi-
mentalresultsobtainedwith the threeimplementationsAll

experimentsare carriedout on a SUN workstation,with a
333MHz UltraSRARC-Ili CPU,and256MB memory Short
of conformationdataof long DNA strands,we decidedto
run our algorithmsonamodestcollectionof openknotsrep-
resentingprotein backbonesgdown-loadedfrom the protein
databank[28]. We modi ed the algorithmsto accountfor
the missingedgein the data,asexplainedin Section3. Fig-
ure 11 displaysthe four backboneshosenfor our experi-
mentalstudy Tablel presentsomeof our ndings.

Data Size Time Writhing #

1AUS || 439 | 122 || 0.09 | 3.93| 9.28 || 22.70| 17.87
1CDK || 343 | 111 || 0.06 | 2.39 | 5.62 796 | 6.01
1CA 327 | 150 || 0.06 | 2.19| 5.10 || 12.14| 10.43
1EQZ || 125| 18| 0.02| 0.31| 0.73 478 | 3.37

Tablel: Fourproteinbackbonesnodeledby openpolygonalknots.
The size of the problemis measureby the numberof edges, ,
andthe numberof crossingsn thechoserprojection, . Thetime
thesweep-ling ), theapproximatedouble-sun{ ), andthe
exactdouble-sum( ) algorithmstake is measuredn seconds.
is anapproximatiorof thewrithing numberfor polygonaldata.

Thick knots. Eventhoughthewrithing numberof apolyg-
onal knot can be as large as quadraticin the number of
edgesall four proteinbackbonesn Figure11 have writhing
numbersthat are signi cantly smallerthanthe numbersof
edges. If a knot is madeout of rope with non-zerothick-
ness,thenthe quadraticboundcanbe achiesed only if the
ratio of lengthover cross-sectiomadiusis sufciently high.
Speci cally, the writhing numberof a knot of length  with

Figure 11: The open knots modeling the backboneof the pro-
tein conformationsstoredin the PDB ®les 1AUS.pdb(upperleft),
1CDK.pdb (upperright), 1CA.pdb (lower left), and 1IEQZ.pdb
(lowerright).

an embeddedubular neighborhoodf radius is lessthan
- [10]. Such“thick” knotscanbe usedto capture
the fact that the edgesof a protein backboneare aboutas
long asthey arethick. A backbonewith edgesthushas
writhing numberat mostsomeconstantimes . Exam-
pleswhich shawv thattheupperboundis asymptoticallytight
canbefoundin [8, 11, 19.

6 Discussion

In this paperwe have describedherelationshipbetweerthe
writhing numberof aknotin ~ andthewinding numberof
its Gaussmap. Basedon this relationshipwe have givenan
algorithmthatcomputeghewrithing numberof a polygonal
knotin time lessthanquadratican the numberof edges.We
implementeda differentalgorithmwhoserunningtime de-
pendson the numberof crossingsn a projectionandtested
the software on openknots describingprotein backbones.
It would be interestingto expandtheseexperimentsto see
whetherthereis a correlationbetweerthe writhing numbers
andthe commoncateyorizationof folding patternsnto pro-



tein families. To approachthis question,it might be neces-
saryto considerknotson a rangeof scalelevelsandlook at
thewrithing numberasafunctionof scale.
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Appendix A

Table?2 providesalist of notationusedin this paper

three-dimensiongtuclideanspace
sphereof directions
genericdirections

(closed)knot

openknot

(directional)writhing number
approximatiorof

linking, twisting, winding number

numberof edgesgcrossings
vertices

directededges

curvesof critical directions
verticesof critical curves
areaandsignedarea

orientedlinesin

points,half-spaceé

sets,number<f orientededges

simplicesin, quality of cutting
T,S runningtime

smallpositive constants

Table2: Notationfor importantgeometricconceptsfunctions vari-
ables,andconstants.



