
ComputingtheWrithing Numberof a PolygonalKnot
�

PankajK. Agarwal
�

HerbertEdelsbrunner
���

YusuWang
�

Abstract

The writhing numbermeasuresthe global geometryof a
closedspacecurve or knot. We show that this measureis
relatedto theaveragewindingnumberof its Gaussmap.Us-
ing this relationship,wegiveanalgorithmfor computingthe
writhing numberfor a polygonalknot with � edgesin time
roughlyproportionalto �

��� �

. We alsoimplementadifferent,
simplealgorithmandprovide experimentalevidencefor its
practicalef�ciency.

1 Intr oduction

The writhing numberis an attemptto capturethe physical
phenomenonthata cordtendsto form loopsandcoils when
it is twisted.Wemodelthecordbyaknot,whichwede�ne to
beanorientedclosedcurve in three-dimensionalspace.We
considerits two-dimensionalfamily of parallelprojections.
In eachprojection,we count 	�
 or �

 for eachcrossing,
dependingon whethertheoverpassrequiresa counterclock-
wiseor a clockwiserotation(anananglebetween0 and � )
to alignwith theunderpass.Thewrithing numberis thenthe
signednumberof crossingsaveragedoverall parallelprojec-
tions. It is a conformalinvariantof theknot andusefulasa
measureof its globalgeometry.

The writhing numberattractedmuch attentionafter the
relationshipbetweenthe linking numberof a closedribbon
andthewrithing numberof its axis,expressedby theWhite
formula,wasdiscoveredindependentlyby C�alug�areanu[9],
Fuller [21], Pohl[27], andWhite [33]:
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Herethe linking number,
���

, is half the signednumberof
crossingsbetweenthe two boundarycurvesof the ribbon,
andthetwistingnumber,

���

, is half theaveragesignednum-
berof local crossingbetweenthetwo curves.Thenon-local
crossingsbetweenthe two curves correspondto crossings
of the ribbonaxis,which arecountedby thewrithing num-
ber, ��� . A small subsetof the mathematicalliteratureon
the subjectcanbe found in [3, 20]. Besidesthe mathemat-
ical interest,the White Formula and the writhing number
have receivedattentionboth in physicsandin biochemistry
[17, 23, 26, 30]. For example,they are relevant in under-
standingvariousgeometricconformationswe �nd for circu-
lar DNA in solution,asillustratedin Figure1 takenfrom [7].
By representingDNA asaribbon,thewrithing numberof its

Figure1: CircularDNA takeson differentsupercoilingconforma-
tionsin solution.

axismeasurestheamountof supercoiling,which character-
izessomeof the DNA's chemicalandbiological properties
[5].

This paperstudiesalgorithmsfor computingthewrithing
numberof a polygonal knot. Section2 introducesback-
groundwork and statesour results. Section3 relatesthe
writhing numberof a knot with the winding numberof its
Gaussmap. Section4 shows how to computethe writhing
numberin time lessthanquadraticin thenumberof edgesof
theknot. Section5 discussesasimplersweep-linealgorithm
andpresentsinitial experimentalresults.Section6 concludes
thepaper.



2 Prior and New Work
In this section,we formally de�ne thewrithing numberof a
knotandreview prior algorithmsusedto computeor approx-
imatethatnumber. We concludeby presentingour results.

De�nitions. A knotis acontinuousinjection �����

�����
	

or, equivalently, an orientedclosedcurve embeddedin
��	

.
We usethetwo-dimensionalsphereof directions,�
� , to rep-
resentthefamily of parallelprojectionsin

��	

. Givena knot
� andadirection 
������ , theprojectionof � is anoriented,
possiblyself-intersecting,closedcurve in a planenormalto


 . We assume
 to begeneric,thatis, eachcrossingof � in
thedirection 
 is simpleandidenti�es two orientedintervals
along � , of which theonecloserto theviewer is theover-
passandtheotheris theunderpass. Wecountthecrossingas

	�
 if we canalign thetwo orientationsby rotatingtheover-
passin counterclockwiseorderby an anglebetween� and

� . Similarly, we count the crossingas �

 if the necessary
rotationis in clockwiseorder. Both casesareillustratedin
Figure2. The Tait or directionalwrithing numberof � in

+1 �1

Figure2: The two typesof crossingswhentwo orientedintervals
intersect.

the direction 
 , denotedas �

���


�� , is the sumof crossings
countedas 	�
 or �

 as explained. The writhing number
is the averageddirectionalwrithing number, taken over all
directions
������ ,

���
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We note that a crossingin the projectionalong 
 also ex-
ists in the oppositedirection,along �$
 , andthat it hasthe
samesign. Hence �

�%�


��

�

�

���

�$
�� , which implies that
thewrithing numbercanbeobtainedby averagingthedirec-
tionalwrithing numberoverall pointsof theprojectiveplane
or, equivalently, overall antipodalpointspairs &'
#( �$
*) of the
sphere.

Computing the writhing number. Severalapproachesto
computingthewrithing numberof a smoothknot exactly or
approximatelyhave beendeveloped.Consideranarc-length
parameterization�����

�
���
	

, anduse��+ and
�

+ to denote
the position and the unit tangentvectorsfor ,-�.�

�

. The
following doubleintegral formula for the writhing number
canbefoundin [27, 31]:
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If thesmoothknot is approximatedby a polygonalknot,we
can turn the right handside of (3) into a doublesum and
approximatethewrithing numberof thesmoothknot [6, 26].
This canalsobedonein a way sothatthedoublesumgives
theexactwrithing numberof thepolygonalknot [4, 24, 32].

Alternatively, we may base the computation of the
writhing numberon thedirectionalversionof theWhite for-
mula,

��� �

�

�%�


�� 	

���%�


�� for 
?����� . Recallthatboththe
linking numberandthetwistingnumberarede�ned over the
two boundarycurvesof a closedribbon. Similar to thede�-
nition of �

���


�� , thedirectionaltwisting number,
���%�


�� , is
de�ned ashalf thesumof crossingsbetweenthetwo curves,
eachcountedas 	�
 or �

 asdescribedin Figure2. We get
(1) by integratingover �"� andnotingthatthelinking number
doesnotdependon thedirection.This implies
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To computethe directional and the (averagedirectional)
twisting numbers,we expand� to a ribbon,which amounts
to constructinga secondknot that runsalongsidebut is dis-
joint from � . Expressionsfor thesenumbersthat depend
on how we constructthis secondknot canbefound in [24].
Le Bret [25] suggeststo �x a direction 
 andde�ne thesec-
ondknot suchthatin theprojectionit runsalwaysto theleft
of � . In this casewe have

� �@�


��

�

� and the writhing
numberis the directionalwrithing numberfor 
 minus the
twistingnumber.

A third approachto computingthe writhing numberis
basedon a result by Cimasoni[16], which statesthat the
writhing numberis the directionalwrithing numberfor a
�x eddirection 
 , plus theaveragedeviation of theotherdi-
rectionalwrithing numbersfrom �

���


�� . By observingthat
�

���BA

� is the samefor all directions
A

in a cell C of the
decompositionof �

� formedby theGaussmaps
�

and �

�

(also referredto as the tangent indicatrix or tantrix in the
literature[14, 29]), we get
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where �

�

E is �

� �MA

� for any onepoint
A

in theinterior of
C , and K

E is theareaof C .
If appliedto a polygonalknot, all threealgorithmstake

time thatis at leastproportionalto thesquareof thenumber
of edgesin theworstcase.

Our results. We presenttwo new results. The �rst result
canbeviewedasa variationof (4) anda strongerversionof
(5). For a direction

A

�N�"� not on
�

andnot on �

�

, let
�%�MA

� be its winding numberwith respectto
�

and �

�

. As
explainedin Section3, thismeansthat

�

and �

�

wind
�%�MA

�

timesaround
A

.
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THEOREM A. For a knot � andadirection 
 , we have
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A

�

Observe the similarity of this formula with (4), which sug-
geststhatthewindingnumbercanbeinterpretedasthedirec-
tional twistingnumberfor aribbononeof whosetwo bound-
arycurvesis � . We will proveTheoremA in Section3. We
will alsoextendtherelationin TheoremA to openknotsand
giveanalgorithmthatcomputestheaveragewindingnumber
in time proportionalto thenumberof edges.Our secondre-
sult is an algorithmthat computesthe directionalwrithing
numberfor a polygonalknot in time sub-quadraticin the
numberof edges.

THEOREM B. Givena polygonalknot � with � edgesand
a direction 
 � ��� , �

� �


�� can be computedin time
O

�

�

��� �

���

� , where� is anarbitrarily smallpositivecon-
stant.

Figure3: A knotwhosedirectionalwrithing numberis quadraticin
thenumberof edges.

TheoremsA and B imply that the writhing numberfor a
polygonal knot can be computedin time O

�

�

� � �

���

� . As
shown in Figure3, the numberof crossingsin a projection
canbeaslargeasquadraticin � . Thesub-quadraticrunning
time is achievedbecausethealgorithmavoidscheckingeach
crossingexplicitly. We alsopresenta simplersweep-lineal-
gorithmthatcheckseachcrossingindividually andtherefore
doesnot achieve the worst-caserunning time of the algo-
rithm in TheoremB. It is, however, fastwhentherearefew
crossings.

3 Writhing and Winding

In this section,we develop our geometricunderstandingof
the relationshipbetweenthewrithing numberof a knot and
thewinding numberof its Gaussmap. We de�ne theGauss
map as the curve of critical directions,prove TheoremA,
andgivea fastalgorithmfor computingtheaveragewinding
number.

Critical dir ections. We specify a polygonal knot � by
the cyclic sequenceof its vertices, ��� (��

�

( � � � (	��

�

� in
�
	

. We use indices modulo � and write ,��

� �

���

�

�

�

��� ���

;

���

�

�

�����

;

for the unit vectoralong the edge�������

�

� .
Note that ,�� is alsoa directionin

� 	

anda point in � � . Any
two consecutive points ,�� and ,��

�

� determinea uniquearc,
which, by de�nition, is the shorterpieceof the greatcir-
cle thatconnectsthem.Thecyclic sequence,���(F,

�

( � � � ( ,�

�

�

thusde�nesanorientedclosedcurve
�

in �
� . We alsoneed
theantipodalcurve, �

�

, which is thecentralre�ection of
�

throughtheorigin.

Figure4: In all threecases,the viewing directionslidesfrom left
to right over the orientedgreatcircle of directionsde®nedby the
hollow vertex andthesolid edge.Thedirectionalwrithing number
changesonly in thethird case,wherewe loseapositive crossing.

The directions � on
�

and �

�

are critical, in the sense
that thedirectionalwrithing numberchangeswhenwe pass
through � alonga genericpathin �"� , andthesearetheonly
critical directions[16]. We sketchtheproofof this claim for
thepolygonalcase.It is clearthat �8� �"� is critical only if
it is parallel to a line that passesthrougha vertex ��� anda
point on an edge�������

�

� of the knot that is not adjacentto
��� . Thereare �

�

� ����� suchvertex-edgepairs,eachde�n-
ing a greatcircle in �

� . First, we notethat only � of these
greatcirclesactuallycarrycritical points,namely, thegreat
circles that correspondto �

���

� 
 and �

���

	 � . The
reasonfor this is shown in Figure4, wherewe seethat the
writhing numberdoesnotchangeunless�

� is separatedfrom
�

�
�

�

�

� by only oneedgealongtheknot. Second,assuming
�

�!�

� 
 weobservethatthesubsetof directionsalongwhich
�

� projectsonto �
�

�

�

�
�

�

�

is thearc ,
��"�� from ,

� to thedirec-
tion "��

�N�

�
�

�

�

�#�
�

���

;

�
�

�

�

���
�

;

in �

� , andsymmetrically
the arc �

�

,��
"

� � from � ,�� to �
"

� . The subsetof directions
along which ���

�

�

projectsonto �������

�

� are the arcs "
�B,��

�

�

and �

�

"
�B,��

�

�

� . Thepoints ,�� , "
� , and ,��

�

� lie on a common
greatcircleand "

� liesonthearc ,�� ,��

�

� . Thisimpliesthatthe
concatenationof ,��

"
� and "

�B,��

�

� is thearc ,��B,��

�

� , andthatof
�

�

,
��"��

� and �

�

"��
,

�

�

�

� is thearc �

�

,
�

,
�

�

�

� . It follows that
�

and �

�

indeedcompriseall critical directions.
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Decomposition. Thecurves
�

and �

�

arebothoriented,
which is essential. We say a direction

A

� �"� lies to the
left of anorientedarc "�� if it lies in theopenhemisphereto
the left of theorientedgreatcircle thatcontains"�� . Equiv-
alently,

A

seesthatgreatcircle orientedin counterclockwise
order. If

A

passesfrom theleft of anarc "�� of
�

to its right,
thenweeitherloseapositivecrossing(asin thethird row of
Figure4), or we pick up a negativecrossing.Eitherway the
directionalwrithing numberdecreasesby one. This motion
correspondsto �

A

passingfrom the right of thearc �

�

"�� �

of �

�

to its left. Sincethedirectionalwrithing numbersat
A

and �

A

arethesame,wedecreasethedirectionalwrithing
numberby onein theoppositeview aswell. In otherwords,
if

A

movesfrom the left of an arc of �

�

to its right, then
theeffect on thedirectionalwrithing numberis theopposite
from what it is for anarcof

�

. Thesesimplerulesallow us
to keeptrackof thedirectionalwrithing numberwhile mov-
ing aroundin ��� . Thecurves

�

and �

�

decompose�"� into
cellswithin which thedirectionalwrithing numberis invari-
ant.We canthusrewrite (2) as

���

�




�

�
D

E

�

�

E

K

E

(

wherethesumrangesoverall cells C of thedecomposition,
and �

�

E is thedirectionalwrithing numberof any onepoint
in the interior of C . Equation(5) of Cimasonicannow be
obtainedby subtracting�

� �


�� from �

�

E inside the sum
andaddingit outsidethesum. This reformulationprovides
analgorithmfor computingthewrithing number.

Step 1. Compute�

���


�� for anarbitrarybut �x eddirec-
tion 
 .

Step 2. Constructthedecompositionof �

� into cells,la-
beleachcell C with �

�

E

�-�

���


�� , andform thesum
asin (5).

The running time for Step2 is
�

�

����� in the worst caseas
therecanbequadraticallymany cells. We improve therun-
ning time to O

�

� � and,at thesametime, simplify thealgo-
rithm. Firstwe proveTheoremA.

Winding numbers. We now introducea function
�

over
� � that may be differentfrom �

�

but changesin thesame
way. In otherwords,

�%�BA

���

�%�


��

�

�

�%�BA

� � �

� �


�� for
all

A

(F
?� ��� . This functionis thewindingnumberof apoint
A

�.� � with respectto the two curves
�

and �

�

that do
not contain

A

. Observe that the spaceobtainedby remov-
ing two pointsfrom thetwo-dimensionalsphereis topolog-
ically an annulus. We �x non-critical,antipodaldirections


 and �$
 andde�ne
�%�MA

� equalto the numberof times
�

winds aroundthe annulusobtainedby removing
A

and �$


plus thenumberof times �

�

windsaroundtheannulusob-
tainedby removing

A

and 
 . This is illustratedin Figure5,
where

���


��

� �%�

�$
��

�


 and
�%�MA

�

�

� . Herewe count
thewinding of

�

in counterclockwiseorderasseenfrom
A

�T

T

�z

z

x

Figure5: Thewindingnumbercountsthenumberof times � sepa-
rates� from ��� and �	� separates� from � .

positive,andwinding in clockwiseordernegative. Symmet-
rically, we count the winding of �

�

in clockwiseorderas
seenfrom

A

positive,andwinding in counterclockwiseorder
negative. Imaginemoving a point � along

�

andconnect-
ing

A

to � with a circulararc. Speci�cally, we usethecircle
thatpassesthrough

A

, � , and �$
 andthearcwith endpoints
A

and � thatavoids �$
 . Symmetrically, we move � � along
�

�

andconnect
A

to � � with theappropriatearcof thecir-
cle passingthrough

A

, � � , and 
 . Locally at
A

we observe
continuousmovementsof thetwo arcs.Clockwiseandcoun-
terclockwisemovementscancel,and

�%�BA

� is thenumberof
timesthe �rst arc rotatesin counterclockwiseorderaround

A

plus thenumberof timesthesecondarc rotatesin clock-
wiseorderaround

A

. Thewindingnumberof
A

is alwaysan
integerbut canbenegative.

Observe that
�

indeedchangesin the sameway as �

�

does.Speci�cally,
�

dropsby 1 if
A

crosses
�

from left to
right, andit increasesby 1 if

A

crosses�

�

from left to right.
Startingfrom the de�nition (2) of the writhing number, we
thusget

���

�



�

�

�
�

�

�

���BA

��!

A

�

�

�%�


�� 	




�

�

�
� �

G

�

���BA

� �8�

� �


��JI !

A

�

�

�%�


�� 	




�

�

���
�

G

�%�MA

� �

�%�


��JI !

A

�

�

�%�


�� �

�%�


�� 	




�

�

��� �

�%�BA

��!

A

(

whichcompletestheproofof TheoremA.

Signed area modulo 2. Observe that the writhing num-
berchangescontinuouslyunderdeformationsof theknot,as
long as � doesnot passthroughitself. When � performs
a small motion during which it passesthroughitself there
is a 
 � jump in �

� �


�� , while theaveragewinding number
changesonly slightly. We usetheseobservationsto give a
new proofof Fuller's relation[2, 22],


 	����

�

K�� � � �

��
��

! ���:((6)
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where K��

�

�

�

�

�%�MA

��!

A

is thesignedareaof thecurve
�

in � � . Note �rst that 
�	 ���

�

K � � � �

��
��

! 
�� because
both �

���


�� and
�%�


�� areintegers. We startwith � being
a circle in

�
	

, in which case(6) holds because���

�

�

and K �

�


 � � . Other than continuouschanges,we ob-
serve jumps of 
 � in ��� when � passesthrough itself.
TheoremA togetherwith the fact that the fractional parts
of 
 	 ��� and K�� � � � arethesameimpliesthat(6) is main-
tainedduring thedeformation.Fuller's relationfollows be-
causeeveryknotcanbeobtainedfrom thecircleby continu-
ousdeformation.

Computing the averagewinding number. Threegeneric
points � (��'(��@�-��� de�ne threearcs,which boundthespher-
ical triangle ����� . Recall that the areaof ����� is the sum
of anglesminus � . We de�ne the signedarea of ����� as

K

�	�

	�
 	
� � � if � lies to theleft of theorientedarc ��� ,
andas K

�

�

�

��
 ���
	 � if it lies to theright. Let 
?���"�

bea non-criticaldirection. As shown in Figure6, every arc
,

�
,

�

�

� formsauniquesphericaltriangle
 ,
�

,
�

�

� . Let K
� beits

signedarea.Thecorrespondingarc �

�

,
�

,
�

�

�

� of �

�

forms
theantipodalsphericaltriangle �

�


 ,
�

,
�

�

�

� with signedarea
�$K

� . Thewinding numberof a direction
A�� �


 canbeob-

it

+1i�t
�t i

ti
+1

�z

z

Figure6: Thetwo sphericaltrianglesde®nedby anarcof � andits
antipodalarcof �	� .

tainedbycountingthenumberof sphericaltrianglesthatcon-
tain it. To bemorespeci�c, we call a sphericaltrianglepos-
itive if its signedareais positive andnegative if its signed
areais negative. Let �

�

�BA

� and �
�

�MA

� be the numbersof
positiveandnegativesphericaltriangles
�,

�
,

�

�

� thatcontain
A

, and similarly let � ���

�BA

� and � � �

�MA

� be the numbers
of positive andnegative sphericaltriangles �

�


 ,
�

,
�

�

�

� that
contain

A

. Then

���MA

�

�

G

� �

�BA

� ��� �

�MA

� I �

G

� � �

�BA

� ��� � �

�MA

�JI �

To seethisnotethattheequationis correctfor apoint
A

near

 andremainscorrectas

A

movesaroundandcrossesarcsof
�

andof �

�

. Theaveragewindingnumberis thus




�

�

�
�'�

�%�MA

��!

A �




�

�



�

�

D

���
�

K � �




�

�


��

�

D

���
�

�

�$K �J�

�




� �



�

�

D

���
�

K
�

�

Computingthe sumin this equationis straightforward and
takesonly timeO(� ).

Open knots. We de�ne an openknot asa continuousin-
jection � �

G

�*( 
 I

����	

. Equivalently, it is anorientedcurve,
embeddedin

��	

, with endpoints.The directionalwrithing
numberof � is well-de�ned, andthewrithing numberis the
directionalwrithing numberaveragedover all parallelpro-
jections,asbefore.Assume� is a polygonspeci�ed by the
sequenceof its vertices,� � (��

�

( � � � (�� 
��

� , andlet � be the
knotobtainedby addingtheedge� 

�

�

� � . Thecritical direc-
tionsof � differ in two waysfrom thoseof � :

(i) therearecritical directionsof � thatarenotcritical for
� , namelytheoneswhosede�nition includesapointof

� ����

�

� ;

(ii) therearenew critical directions,namelythosede�ned
by an endpoint(�

� or �


�

� ) andanotherpoint of the
polygonbut noton thetwo adjacentedges.

To seethatthedirectionsin (ii) areindeedcritical for � , ex-
aminethe �rst two rows of Figure4. The hollow vertex is
now anendpointof � , sowe remove oneof thetwo dashed
edges.Becauseof thischange,thedirectionalwrithing num-
berchangesat themomentthehollow vertex passesover the
solid edge.Changingthecritical curve

�

of � to thecriti-
cal curve � of � canthusbeachievedby removing thearcs
of Case(i) and addingthe arcsof Case(ii). We illustrate
this processin Figure 7. To describethe process,we de-

..

tn�1

.3

.

t

t0

t �2n

�3=u �3 wnn

..
.

wn�4

w2

vn�3

nt �3

1

.

u0 = v2

v

.

...
...

.. .

n 0=�1

�u n

nv=�1�t

= vn�2�2

�1 1=�u n w

w

Figure7: Thecritical curvesof theknot � aremarked by hollow
vertices,and the additionsrequiredfor the critical curves of the
openknot � aremarkedby solidblackvertices.

�ne � �

� �

�
�

� ����� �

;

�
�

� ���

;

, for 
�� ��� � � 
 , and
�

�

� �

��

�

�

� �
�

� �

;

��

�

�

� �
�

;

, for �
�

�

� � � � . Ob-
serve that �

�

�

"

� , �



�

�

�

�
"



�

�

, �



�

�

� �

�

�

� ,


�

� ,
�

�

�

�
"


��

� , and
�



�

	

�

"



�

	 . We getthecritical curve
� from

�

by

1. removing the partial arcs "


�

	

,�

�

�

and , �
"

� , andthe
arcs,�

�

�

,�

�

� and ,�

�

�

, � ,
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2. addingthenew paths" �

�

�

�

( �

	

( � � � ( � 

�

�

�

� ,�

�

�

and � ,�
��

�

� �

��(

�

�

( � � � (

�



�

	

�

" 

�

	 .

Note thatStep2 addsa pieceof �

�

, namely �

�

" 

�

�

,�

�

�

�

and �

�

,�

�

�

" 

�

�

� , to the new critical curve � . Symmetri-
cally, weget � � from �

�

. Everythingwesaidearlierabout
the winding numberof the critical curve

�

of � applies
equallywell to the critical curve � of � . Similarly, all al-
gorithmsdescribedin thesubsequentsectionsapplyto knots
aswell asto openknots.

4 Computing Dir ectional Writhing

In thissection,wepresentanalgorithmthatcomputesthedi-
rectionalwrithing numberof a polygonalknot with � edges
in time roughly proportionalto �

��� �

. The algorithm uses
complicatedsubroutinesthatmaynot lendthemselvesto an
easyimplementation.

Reduction to � ve dimensions. Assumewithout loss of
generalitythat we view the knot � from above, that is, in
thedirectionof 


�.�

�#(F�#( �

�� . Eachedge�

�

�

�
�

�
�

�

� of �

is oriented.Anotheredge�

�

�

�
�

�
�

�

� thatcrosses�

� in the
projectioneitherpassesabove or below andit eitherpasses
from left to right or from right to left. The four casesare
illustratedin Figure8 andclassi�edaspositiveandnegative
crossingsaccordingto Figure2. Letting � � and � � be the

+1 �1 �1 +1

Figure8: Thefour waysanorientededgecancrossanother.

numbersof edgesthat form positive andnegative crossings
with �

� , thedirectionalwrithing numberis

�

� �


��

�



�

�


��

�

D

���
�

�
�

�



�

�

D

���
�

�
���

�

To computethe sumsof the �
� and �

� ef�ciently , we map
edgesin

�
	

to pointsandhalf-spacesin
���

. Speci�cally,
let �

� be theorientedline that containstheorientededge �

�

andusePlücker coordinatesasexplainedin [15] to map �
�

to a point � � �

�	�

or alternatively to a half-space
�� in
���

.
Themappinghasthepropertythat � � and � � form a positive
crossingif andonly if � � lies in the interior of 
�� . We use
this correspondenceto compute �

�

� � in two stages:�rst
we collecttheorderedpairsof orientedlinesthatform posi-
tivecrossings,andsecondwecountamongthemthepairsof
edgesthatcross.

Recursive algorithm. It is convenientto explain thealgo-
rithm in a slightly moregeneralsetting,where 
 and � are
setsof

A

and� orientededgesin
��	

. Let �

�


 (��%� denotethe
numberof pairs

�

�

(��6�4��
 3�� thatform positivecrossings,
andnotethat �

�

� �

�

�

�


 (��%� if 
 is thesetof edgesof
the knot � and �

�


 . We map 
 to a set � of points
and � to a set � of half-spacesin

���

. Let ��� � be a
suf�ciently largeconstant.A

�

�

-cuttingof � and � is a col-
lection of pairwisedisjoint simplicescovering � suchthat
eachsimplex intersectsat most ��� � hyperplanesbounding
thehalf-spacesin � . Weusethealgorithmin [1] to compute
a

�

�

-cuttingconsistingof > simplicesin timeO(
A

	 � ), where
> is at most �����

���

� timesa constantindependentof � . For
eachsimplex �! in thecutting,de�ne


" 

�

&

�

� �#
%$&� � �'�( �)�(

�) 

�

&&� � ���*$�+ !,
 �.- �/ 

��10

)�(

2

 

�

&&� � ���*$3�  54 
��0) �

Letting
A

 

�76983:

!;

 and �

 

�<698�:

!=�
 , wehave �

 

A

 

�

A

and �
 

� � � � . By construction,every
�

�

(>�6� �?

 

3

2

 

de�nesa pairof linesthatform apositivecrossing.For each
simplex �

 , we counttheedgepairs
�

�

(>�6� �'

 

3

2

 that
form positive crossings,and let �� be the numberof such
pairs.Then

�

�


 (����

�

5

D

 
�

�

G

�

�


" �(��@ ���	 �	 �I �

Notethat �
 is thenumberof crossingsbetweenprojections

of the line segmentsin 

 and in

2

 . We can therefore
usethe algorithm in [13] to computeall numbers�

 , for

 �

�

� > , in time A

�MA

(��*�

�

O
�BA

��B

	

���>B

	

�

�C� A

	

A

�

���2A

	

�D�

���

�=� . We recurseto computethe �

�


E �(��@ �� andstopthe
recursionwhen ��� � . Therunningtime of this algorithmis
at most F

�MA

(��*�

�

A

�BA

(��=� 	

5

D

 
�

�

F

�MA

 
(�� � �0�

�

O
�

�

�

��G

	

A

�

���

�

A

� (

for any H.� � , provided �

�

�

�

H:� is suf�ciently large.

Impr oving the running time. We improve the running
time of the algorithm by taking advantageof the symme-
try of themappingto

�

�

. Speci�cally, a point �
� lies in the

interior of a half-space
�� if and only if the point � � lies
in the interior of the half-space
�� . We proceedasabove,
but switch the rolesof pointsandhalf-spaceswhen

A

� be-
comesless than � . That is, if

A

��I
� then we map the

edgesin 
 to half-spacesand the edgesin � to points.
By our above analysis,the running time is then less than

F

�

� (

A

�

�

O
�MA

�

��G

	!�;�

�C�

�

�*�

�

O
�

�

�

��G

� . Theoverall run-
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ning time is thuslessthanF

�MA

(��*�

� �

A

�MA

(��*��	 �

5

 �

�

F

�BA

 (��

�

� if
A

��� � (

� �

�

��G

if
A

� I �

�

O
� �MA

�*�

�

� �

���

	

�BA

	 �*�

�

���

�:(

where � is a positive constantand � is any real largerthan H .
It followsthat �

�

� � canbecomputedin timeO(�

� � �

� �

� , for
any constant�'�.� . Similarly, �

�

� � andthereforethedi-
rectionalwrithing number, �

�%�


�� , canbecomputedwithin
thesametimebound,therebyproving TheoremB.

Weremarkthatthetechniquedescribedin thissectioncan
also be usedto computethe linking numberbetweentwo
polygonalknotswith � and 	 ��� edgesin timeO(�

� � �

� �

).

5 Experiments
In this section,we sketcha sweep-linealgorithmthat com-
putesthe writhing numberof a polygonalknot usingThe-
orem A. We implementedthe algorithm in C++ using the
LEDA software library andcomparedit with two versions
of thealgorithmbasedon thedoubleintegral in (3). We did
not implementany versionof Le Bret'salgorithmmentioned
in Section2 sinceit is basedon a formulasimilar to Theo-
remA andcanbeexpectedto performaboutthesameasour
sweep-linealgorithm.

Sweep-linealgorithm. TheoremA expressesthewrithing
numberof a knot � asthesumof threeterms.Accordingly,
we computethewrithing numberin threesteps.

Step 1. Computethedirectionalwrithing numberfor an
arbitrarybut �x ed,non-criticaldirection 
 , �

���


�� .

Step 2. Computethewindingnumberof 
 relativeto the
Gaussmaps

�

and �

�

,
�%�


�� .

Step 3. Computethe averagewinding numberby sum-
mingthesignedareasof thesphericaltriangles
�,��B,��

�

� ,
�

��


�

�

K � .

Return �

���


�� �

�%�


���	

�

��


�

�

K � .

Insteadof usingthealgorithmdescribedin Section4, weim-
plementedStep1 usinga sweep-linealgorithm[18], which
reportsthe 	 crossingpairsformedby the � edgesin time
O

� �

��	�	�� �

�C�

� � . Steps2 and3 arebothcomputedin asin-
gle traversalof the sphericalpolygons

�

and �

�

, keeping
trackof theaccumulatedangleandthesignedareaaswego.
Therunningtimeof thetraversalis only O

�

� � .

Double-sumalgorithm. We comparethe implementation
of thesweep-linealgorithmwith two implementationsof (3).
Write �

�

�

�
�

�

�

� �
� for the unnormalizedtangentvector.

Following [6, 26], wediscretize(3) to

�

A �




�

�



�

�

D

���
�

D

��
 � �

1

�

� 3

�

� (	��� � ���

9

;

���������

;

	

�(7)

Wenotethat �

A

is notthewrithing numberof thepolygonal
knot, but it convergesto the writhing numberof a smooth
knot if thepolygonalapproximationis progressively re�ned
to approachthatknot [12].

Alternatively, we may discretizethe double integral in
sucha way that the resultis thewrithing numberof theap-
proximatingpolygonalknot. Given two edges�

� and �

� ,
we measuretheareaof thetwo antipodalquadranglesin �
�

alongwhosedirectionswe seetheedgescross.Theareaof
oneof the quadranglesis the sumof anglesminusonefull
angle,

�

	�
 	
� 	�� � � � . Theabsolutevalueof thesigned
areaK � � is thesame,andits signdependsonwhetherwesee
a positiveor a negativecrossing.We thushave

���

� 


�

�



�

�

D

��� �

D

��
 � �

K � � �(8)

Straightforward vector geometryand trigonometrycan be
usedto deriveanalyticalformulasfor the K

� � [4, 24].

Comparison. We comparethe threeimplementationsus-
ing asequenceof polygonalapproximationsof anarti�cially
createdsmoothknot. It hastheform of the in�nity symbol,

� , andis fairly �at in
��	

, with only a smallgapin themid-
dle. Becausethe knotsarefairly �at, mostof their parallel
projectionshaveonecrossingandthewrithing numberis just
a little smallerthan 
 � � . Figure9 shows thatthealgorithms

Figure9: Comparingconvergenceratesbetween��� (uppercurve)
and � � (lower curve). For eachtestedapproximationof the � -
knot,we draw thenumberof verticesalongthehorizontalaxisand
thewrithing numberalongtheverticalaxis.

that computethe exact writhing numbersfor polygonalap-
proximationsconvergefasterto the writhing numberof the
smoothknot than the algorithm implementing(7). Figure
10 shows how muchfasterthesweep-linealgorithmis than
bothimplementationsof thedouble-sumalgorithm.Let � be
the numberof edges.The graphssuggestthat the running
time of the sweep-linealgorithm is O(� ) and the running
timesof the two implementationsof the double-sumalgo-
rithm are �

�

� ��� . We observe thelinearboundwheneverwe
approximatea smoothknot by a polygon,sincefor generic
projectionsthenumberof crossingsaswell asthenumberof

7



Figure10: Comparingthe running times of the sweep-linealgo-
rithm (lowercurve)andthetwo implementationsof thedouble-sum
algorithm: approximate(middle curve) and exact (uppercurve).
The � -axisand � -axisrepresentthenumberof verticesin thecurve,
andtherunningtimeof thealgorithmrespectively.

edgessimultaneouslyintersectedby thesweep-lineareinde-
pendentof thetotalnumberof edges.

Protein backbones. We presentsomepreliminaryexperi-
mentalresultsobtainedwith thethreeimplementations.All
experimentsare carriedout on a SUN workstation,with a
333MHz UltraSPARC-IIi CPU,and256MB memory. Short
of conformationdataof long DNA strands,we decidedto
runouralgorithmsonamodestcollectionof openknotsrep-
resentingproteinbackbones,down-loadedfrom the protein
databank[28]. We modi�ed the algorithmsto accountfor
themissingedgein thedata,asexplainedin Section3. Fig-
ure 11 displaysthe four backboneschosenfor our experi-
mentalstudy. Table1 presentssomeof our �ndings.

Data Size Time Writhing #
� � ����� �	��
 �	�
�

��� � �

1AUS 439 122 0.09 3.93 9.28 22.70 17.87
1CDK 343 111 0.06 2.39 5.62 7.96 6.01
1CJA 327 150 0.06 2.19 5.10 12.14 10.43
1EQZ 125 18 0.02 0.31 0.73 4.78 3.37

Table1: Fourproteinbackbonesmodeledby openpolygonalknots.
The size of the problemis measureby the numberof edges,� ,
andthenumberof crossingsin thechosenprojection,� . Thetime
thesweep-line( ����� ), theapproximatedouble-sum( �	�


 ), andthe
exact double-sum( �	�
� ) algorithmstake is measuredin seconds.

� � is anapproximationof thewrithing numberfor polygonaldata.

Thick knots. Eventhoughthewrithing numberof apolyg-
onal knot can be as large as quadraticin the numberof
edges,all four proteinbackbonesin Figure11havewrithing
numbersthat aresigni�cantly smallerthan the numbersof
edges. If a knot is madeout of rope with non-zerothick-
ness,then the quadraticboundcanbe achieved only if the
ratio of lengthover cross-sectionradiusis suf�ciently high.
Speci�cally, thewrithing numberof a knot of length

�

with

Figure 11: The open knots modeling the backboneof the pro-
tein conformationsstoredin thePDB ®les 1AUS.pdb(upperleft),
1CDK.pdb (upper right), 1CJA.pdb (lower left), and 1EQZ.pdb
(lower right).

an embeddedtubular neighborhoodof radius � is lessthan
�

�

� �

��� �
�

B

	

[10]. Such“thick” knotscanbeusedto capture
the fact that the edgesof a protein backboneare aboutas
long as they are thick. A backbonewith � edgesthushas
writhing numberat mostsomeconstanttimes �

�
B

	

. Exam-
pleswhichshow thattheupperboundis asymptoticallytight
canbefoundin [8, 11, 19].

6 Discussion
In thispaper, wehavedescribedtherelationshipbetweenthe
writhing numberof a knot in

��	

andthewinding numberof
its Gaussmap.Basedon this relationship,we have givenan
algorithmthatcomputesthewrithing numberof apolygonal
knot in time lessthanquadraticin thenumberof edges.We
implementeda differentalgorithmwhoserunningtime de-
pendson thenumberof crossingsin a projectionandtested
the software on openknots describingprotein backbones.
It would be interestingto expandtheseexperimentsto see
whetherthereis a correlationbetweenthewrithing numbers
andthecommoncategorizationof folding patternsinto pro-
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tein families. To approachthis question,it might be neces-
saryto considerknotson a rangeof scalelevelsandlook at
thewrithing numberasa functionof scale.

Acknowledgment WethankMichaelLevitt for motivating
us to look at the problemof computingwrithing numbers
andSarielHar-PeledandRobertK.-Z. Tan for helpful dis-
cussions.

References
[1] P. K. AGARWAL AND J. MATOU �SEK . On rangesearching

with semialgebraicsets.DiscreteComput.Geom.11 (1994),
393–418.

[2] J. ALDINGER, I . KLAPPER AND M. TABOR. Formulaefor
thecalculationandestimationof writhe.J. KnotTheoryRam-
i�cations 4 (1995),343–372.

[3] A. M. AMIL IBIA AND J. J. N. BALLESTEROS. The self-
linking numberof aclosedcurve in ��� . J. KnotTheoryRam-
i�cations 9 (2000),491–503.

[4] T. BANCHOFF. Self-linking numbersof spacepolygons.In-
dianaUniv. Math.J. 25 (1976),1171–1188.

[5] W. R. BAUER, F. H. C. CRICK , AND J. H. WHITE. Super-
coiledDNA. Scienti�c American243(1980),118–133.

[6] K. BRAKKE. Surfaceevolver softwaredocumentation.http:-
//www.geom.umn.edu/software/evolver/.

[7] D. BRUTLAG. DNA topology & topoisomerases.http://-
cmgm.stanford.edu/biochem201/Handouts/DNAtopo.html,
2000.

[8] G. BUCK . Four-thirdspower law for knotsandlinks. Nature.
392(1998),238–239.

[9] G. CÆALUG ÆAREANU. Sur les classesd'isotopie desnoeuds
tridimensionnelset leurs invariants. Czech. Math. J. 11
(1961),588–625.

[10] J. CANTARELLA , D. DETURCK AND H. GLUCK . Upper
boundsfor the writhing of knotsand the helicity of vector
®elds.In “Proc.Conf. in Honorof 70thBirthdayof JoanBir-
man”,J.Gilman,X. Lin andW. Menasco(eds.),2000.

[11] J. CANTARELLA , R. KUSNER AND J. SULLIVAN. Tight knot
valuesdeviate from linear relation.Nature 392(1998),237–
238.

[12] J. CANTARELLA .Oncomparingthewritheof asmoothcurve
to thewritheof aninscribedpolygon.Manuscript,submitted,
(arXiv: math.DG/0202236).

[13] B. CHAZELLE. Cuttinghyperplanesfor divide-and-conquer.
DiscreteComput.Geom.9 (1993),145–158.

[14] S. S. CHERN. Curves and surfacesin Euclideanspace.In
Studiesin Global Geometryand Analysis, S. S. Chern(ed.)
Math.Assoc.Amer., 1967,16–56.

[15] B. CHAZELLE, H. EDELSBRUNNER, L . J. GUIBAS, M.
SHARIR, AND J. STOLFI. Linesin space:combinatoricsand
algorithms.Algorithmica15 (1996),428–447.

[16] D. CIMASONI . Computingthewrithe of aknot.J. KnotThe-
ory Rami�cations10 (2001),387–395.

[17] F. H. C. CRICK . Linking numbersandnucleosomes.Proc.
Natl. Acad.Sci.USA73 (1976),2639–2643.

[18] M. DE BERG, M. VAN KREVELD, M. OVERMARS, AND O.
SCHWARZKOPF. ComputationalGeometry:Algorithmsand
Applications. Springer-Verlag,New York, 1997.

[19] Y. DIAO AND C. ERNST. The complexity of lattice knots.
Topology Appl.90 (1998),1–9.

[20] M. H. EGGAR. On White's formula.J. Knot TheoryRami�-
cations9 (2000),611–615.

[21] F. B. FULLER. Thewrithing numberof a spacecurve.Proc.
Natl. Acad.Sci.USA68 (1971),815–819.

[22] F. B. FULLER. Decompositionof the linking numberof a
closedribbon:aproblemfrom molecularbiology. Proc.Natl.
Acad.Sci.USA75(1978),3557–3561.

[23] R. D. KAMIEN. Local writhing dynamics.Europ.Phys.J. B
1 (1998),1–4.

[24] K. KLENIN AND J. LANGOWSKI . Computationof writhe in
modelingof supercoiledDNA. Biopolymers 54 (2000),307–
317.

[25] M. LE BRET. Catastrophicvariation of twist and writhing
of circular DNAs with constraint? Biopolymers 18 (1979),
1709–1725.

[26] M. LEVITT. Proteinfolding by restrainedenergy minimiza-
tion andmoleculardynamics.J. Mol. Biol. 170(1983),723–
764.

[27] W. F. POHL . Theself-linkingnumberof aclosedspacecurve.
J. Math.Mech. 17 (1968),975–985.

[28] PROTEIN DATA BANK . http://www.rcsb.org/pdb/.

[29] B. SOLOMON. Tantricesof sphericalcurves. Amer. Math.
Monthly103(1996),30–39.

[30] D. SWIGON, B. D. COLEMAN AND I . TOBIAS. Theelastic
rod modelfor DNA andits applicationto the tertiary struc-
tureof DNA minicirclesin mononucleosomes.Biophys.J. 74
(1998),2515–2530.

[31] M. TABOR AND I . KLAPPER. The dynamicsof knots and
curves(Part I). NonlinearSci.Today4 (1994),7–13.

[32] A. V. VOLOGODSKI I , V. V. ANSHELEVICH, A. V. LUKA-
SHIN AND M. D. FRANK-KAMENETSKI I . Statisticalme-
chanicsof supercoilsandthe torsionalstiffnessof the DNA
doublehelix. Nature 280(1979),294–298.

[33] J. WHITE. Self-linking andthe Gaussintegral in higherdi-
mensions.Amer. J. Math.XCI (1969),693–728.

9



Appendix A
Table2 providesa list of notationusedin this paper.

�
	

three-dimensionalEuclideanspace
� � sphereof directions

A

(7
 genericdirections
�����

�
���
	

(closed)knot
� �

G

�*( 
 I

� �"	

openknot
�

�

(���� (directional)writhing number
�

A

approximationof ���

� �

(

���

(

�

linking, twisting,windingnumber

��( 	 numberof edges,crossings
��� vertices

�

�

�

� �

�

�

� � � directededges
�

( �

�

( �
( � � curvesof critical directions
, � ( "�� ( � � (

�

� verticesof critical curves
K areaandsignedarea

�
� orientedlinesin

��	

�
�

(�

� points,half-spacesin

�	�


 (��2(

A

(�� sets,numbersof orientededges
�

 
( � simplicesin, qualityof cutting

T, S runningtime
�=( � smallpositiveconstants

Table2: Notationfor importantgeometricconcepts,functions,vari-
ables,andconstants.
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