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Figurel: Thestepsof thealgorithmareshavn on anexampledataseCLuB. Startingwith aninput setof pointssampledrom the surface
(a),themedialaxisin theinterior of the shapds computedb). The algorithmthendetectshe setof index 1 andindex 2 saddlepointslying
ontheinterior medialaxisandcomputeghe unstablemanifold of thesesaddlepoints(c). Theunstablenanifoldof anindex 1 saddlepointis
two dimensionalgreen)andthe unstablemanifold of anindex 2 saddlepointis onedimensionalred). Thealgorithmthencollectsthelocal
maximalying on the boundarief thesetwo typesof unstablemanifoldsandtag themasfalling into two differentcateyories. The stable
manifoldsof thesemaximaarethenusedto mapthe 2-dimensionahnd 1-dimensionapart of the medialaxis backto the surface. The at
portionon the surfaceis coloredcyanandthetubular region is coloredgolden(e).

Abstract

We presentan algorithmto identify the at andtubular regionsof

athreedimensionakhapefrom its point sample.We considerthe
distancefunction to the input point cloud andthe Morse structure
inducedby it onR3. Speci cally we focusontheindex 1 andindex

2 saddlepointsandtheir unstablemanifolds. The unstablemani-
foldsof index 2 saddlesareonedimensionaivhereaghoseof index

1 saddlesaretwo dimensional.Mappingtheseunstablemanifolds
backontothesurface we getthetubularand at regions.Thecom-
putationsarecarriedout on the Voronoidiagramof theinputpoints
by approximatingthe unstablemanifoldswith Voronoifaces. We

demonstratéheperformancef ouralgorithmonseveralpointsam-
pledobjects.
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1 Intro duction

Problem and motivation. Many applicationsin shapemodel-
ing requireto identify the salientfeaturesof a givenshape.Some
of themsuchas assemblyplanning,featuretracking, animations,
structureelucidationof bio-moleculeshuman-bodymodelingben-
et from a semanticannotationof the features.One suchnatural
annotationis achiesed by classifyingthe featuresas ‘tubular' and
“at'. Obviously, this annotationis ambiguoussincethe feature-
spaceis a continuumresultinginto featuresthat cannotbe sim-

ply classi ed astubular or at. Neverthelessmary designecand
organic shapeshave pronouncedeaturesthat are perceved to be

tubular and at. We seekto identify thesefeaturesusing a topo-
logical method. The unstablemanifoldsinducedby a shapedis-

tancefunction identify someone-andtwo-dimensionakubsetf

themedialaxis. Thepreimageof afunctionthatmapsthepointson

the surfaceto the medialaxis providesan associatiorof the shape
to theseone-and two-dimensionakubsets. The preimageof the
one-dimensionasubsets called tubular whereaghat of the two-

dimensionalsubsetis called at. Our experimentalresult shavs

that this classi cation can be effectively approximatedor mary

datasetén practice.

Previous results. Becauseof the signi cance of the problem,
quite a few work spanningvariousapproachesave beenreported




in theliterature. To mentiona few, we referto the curvaturebased
methodof [V aradyetal. 1997]and[Mortaraetal. 2004a;Mortara
etal. 2004b],the fuzzy clusteringmethodof [Katz and Tal 2003],
the methodbasedon PCA of surfacenormalsby [Pottmannet al.
2004], the hybrid variational surface approximationby [Wu and
Kobbelt2005] andthe Reebgraphapproachof [Shinagwa et al.
1996] and[Verroustand Lazarus2000]. Remarkablythe distance
function over R® which is de ned by the distanceto the bound-
ary of the shapehasnot beenfully usedfor featureannotation.In
thecontet of surfacereconstructiontopologicalstructuresnduced
by distancefunctionshave beenanalyzedoy EdelsbrunnefEdels-
brunner2002],Chaine[Chaine2003]andGiesenandJohn[Giesen
andJohn2003]. Chazaland Lieutier [Chazaland Lieutier 2004]
andSiddigi et al. [Siddiqi etal. 1998] have usedit for medialaxis
approximations.Dey, Giesenand Goswami usedthe topological
structuresnducedby thedistancdunctionto sggmentashapgDey
etal. 2003]. However, this work stopsshortof usingthe topolog-
ical structuredfor featureannotations.In this paperwe complete
this step.

Results. GivenacompactsuriaceS smoothlyembeddedn R3,
adistancefunctionhg canbeassignedver R® thatassigngo each
pointits distanceto S.

hs : R3! R: x7! infkx pk
s RO Rix7gioc p

In applications S is oftenknown via a nite setof samplepointsP
of S. Thereforet is quite naturalto approximatehefunctionhg by
thefunction
hp : R®! R; x7! minkx pk
p2P

whichassigngo eachpointin R3 thedistanceto thenearessample
pointin P.

In this paper we startwith a nite sampleP of S andidentify the
index 1 andindex 2 saddlepointsof hp from the Voronoidiagram
VorP andits dual DelaunaytriangulationDelP of P. We thense-
lectonly the saddlepointsof bothindiceswhich lie on theinterior
medial axis of S and computetheir unstablemanifolds. The un-
stablemanifold of index 1 saddlepoints(U;) aretwo dimensional
whereaghoseof index 2 (U,) areonedimensional Exactcomputa-
tionsof U; is proneto numericalerror So,we presentinalgorithm
to computethemapproximatelyWe thenmapthepointsbelonging
to U; andU, backto S. Theimageof U; underthe mappinggives
the at regionsof S andthatof U, givesits tubular regions.

Thus,themaincontritutionsof this paperare:

Algorithmsto computethe unstablemanifoldsof theindex 2
saddlegpointsof hp exactly andthoseof the index 1 saddle
pointsapproximately

Identi cation of thetubularand at featureof Sfromits point
sampleP via the unstablemanifoldsof the saddlepoints,

Experimentakesultsexhibiting the performanceof our algo-
rithm on several point sampledbjects.

The paperis organizedasfollows. In Section 2 we statesomedef-
initions andexplain the termssuchasVoronoi-Delaunaydiagram,
induced o w, stable/unstablenanifoldsetc. In Section 3 we de-
scribethe relation betweenthe Voronoi-Delaunaydiagramof the
point setP andthe induced ow. In Section 4 we describethe
structureof the unstablemanifoldsof index 1 andindex 2 saddle
pointsandpresentanalgorithmto computethem. In Section 5 we
give analgorithmto maptheunstablenanifoldsbackto thesurface
toidentify its at andtubularfeaturesln Section6 we demonstrate

the resultsof our algorithmon several modelsrangingfrom CAD
objectsto proteinmoleculesWe concludein Section 7.

2 Preliminaries

2.1 Voronoi-Delaunay Diagram of P

In this paperwe alwaysassumehedistancemetricto be Euclidean
unlessotherwisestated. For a nite setof pointsP in R3, the
Voronoicellof p2 Pis

Vp=fx2R3:8q2P fpgkx pk kx ak)g:

If the pointsarein generalposition, two Voronoi cells with non-

emptyintersectiormeetalonga planar corvex Voronoifacetthree
Voronoi cells with non-emptyintersectionmeetalonga common
Voronoi edgeand four Voronoi cells with non-emptyintersection
meetat a Voronoivertex. A cell decompositiorconsistingof the

\oronoi objects thatis, Voronoicells, facets edgesandverticesis

theVoronoidiagramVorP of the point setP.

The dual of VorP is the DelaunaydiagramDelP of P which is a
simplicial complex whenthe pointsarein generalposition. The
tetrahedraredualto the Voronoivertices the trianglesaredual to
the Voronoiedgesthe edgesaredualto the Voronoifacetsandthe
vertices(samplepointsfrom P) aredualto the Voronoicells. We
alsoreferto the DelaunaysimplicesasDelaunayobjects

2.2 Induced Flow

Thedistanceunctionhp inducesa o w atevery pointx 2 R3. This

o w hasbeencharacterizectarlier [Giesenand John2003]. See
also[Edelsbrunne2002]. For completeneswe brie y mentionit
here.

Critical Points. Thecritical pointsof hp arethosepointswhere
hp hasno non-zerogradientalong ary direction. Theseare the
pointsin R3 which lie within the convex hull of its closestpoints
from P. It turnsoutthatthecritical pointsof hp aretheintersection
pointsof the Voronoiobjectswith their dual Delaunayobjects.

Maximaarethe VVoronoiverticescontainedn their dualtetra-
hedra,

Index 2 saddledie attheintersectionof Voronoi edgeswith
their dualDelaunaytriangles,

Index 1 saddledie atthe intersectionof Voronoifacetswith
theirdualDelaunayedgesand

Minima arethe samplepointsthemselesasthey arealways
containedn their Voronoicells.

In this discretesetting,the index of a critical point is the dimen-
sionof the lowestdimensionaDelaunaysimplex thatcontainsthe
critical point.

Flow. Foreverypointx2 R3, letV(X) bethelowestdimensional
Voronoiobjectthatcontainsx andD(x) beits dual. Now driver of
X, denotedasd(x), is de ned as

d(x) = amgmin,ppykx vk



The directionof steepesaiscentcanbe uniquely determinecby a
unit vectorin thedirectionof x  d(x). Thecritical pointscoincide
with their drivers. Now onecanassigna vectorv at every x with a
zerovectorassigneatthecritical points. Theresultingvector eld
is notnecessarilgontinuous Neverthelessit inducesa ow in R3.
This o w tells haw a pointx movesin R3 alongthe steepesascent
of hp andthecorrespondingathis known astheorbit of x. We can
alsode ne aninvertedorbit of x wherex movesin thedirectionof
steepestlescent.

Stable and Unstable Manifolds. For acritical pointc its sta-
ble manifoldis thesetof pointswhoseorbitsendatc. Theunstable
manifold of a critical point ¢ is the setof pointswhoseinvertedor-

bits endat c. The structureand computationof stablemanifolds
of the critical points of hp were describedin [Giesenand John
2003]. They canbe computedfrom the Delaunaytriangulations
of the given point setsthoughthey may not be subcomplges of

the Delaunaytriangulations. For computationaladvantageshey

arealsoapproximatedy Delaunaysubcomplgesasin [Dey etal.

2003].

We areinterestedin computingunstablemanifoldsand their ap-

proximations. As the Delaunayand Voronoi diagramsthe struc-

turesof stableandunstablemanifoldshave a duality. Interestingly

onecancomputethe unstablemanifoldsandtheir approximations
from the Voronoidiagrams.Herewe statesomeof the factsabout

the unstablemanifoldsof thecritical points.

1. MAXIMA. Theunstablenmanifoldis thelocal maximumitself.

2. INDEX 2 SADDLES. Theunstablemanifoldof anindex 2 sad-
dle pointis a polyline startingat the saddlepoint andending
atamaximum.

3. INDEX 1 SADDLES. Theunstablemanifoldof anindex 1 sad-
dle pointis atwo dimensionakurfacepatchwhichis bounded
by the unstablemanifold of index 2 saddlepoints.

4. MINIMA. The unstablemanifold of a local minimum s a
threedimensionapolytopeboundedy theunstablemanifold
of critical pointswith higherindices.

In Section 4 the computationof the unstablemanifold of index 1
andindex 2 saddlepointsis described.

3 Flow on Voronoi Objects

Before we statethe connectionbetweenthe ow inducedby hp

andthe Vor-Del diagramof P, we would like to statesomefacts
abouttherelative positionof VoronoiandDelaunayobjects.These
relative positionscan describethe natureof o ws in the Voronoi
objects.Thesefactswereclearly explainedin [Edelsbrunne002]
for amoregenerakettingof power distance.

Fact1 Theunorientechormalto thesupportingplaneof a Voronoi
facetis alongits dual Delaunayedg andthe planepasseshrough
the midpointof theedge. TheDelaunayedge, though,mayor may
notintersectthedual \Voronoiface

Figure 2 illustratesthe two possibilitiesthat may arise. The left
gure correspondso the situationthatresultsin anindex 1 saddle
point.

Fact2 Thesupportingline of a Voronoi edge alwaysintersectsthe
planeofthedual Delaunaytriangle atits circumcenteandis along
its unorientednormal. TheVoronoi edge mayor maynot intersect
theinterior of the Delaunaytriangle.
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Figure2: Relative positionof a VoronoifacetF with respecto its
dual Delaunayedgepg. The left picture shavs the creationof an
index 1 saddlepoint. The right picture shavs the position of the
driverd of F.

Figure 3 lists thefour possiblescenarios The bottomright corre-
spondgo thegeneratiorof anindex 2 saddlepoint.
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Figure 3: Relative position of a Voronoi edgee with respectto
its dual Delaunaytriangle pgr. The blue circles denotethe two
Voronoi verticesde ning e. The driver of e is marked d andthe
supportingplaneof triangle pgr is drawvn in cyan.
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We have alreadyseerthatthecritical pointsof hp canbecomputed
from VorP andDelP. Also, thedriver of a pointx comesfrom the
Delaunayobjectdualto the Voronoiobjectx liesin. In this context

we would like to statethe following lemmawhich is key to the
furthercomputations.

Lemmal All interior points of a Voronoi object havethe same
driver.

This result can be easily proved by consideringall the different
casegegarding the dimensionof the Voronoi objectandits posi-
tion with respecto its dualDelaunayobject.



By Lemma 1 andFacts 1 and 2 we canlist thepossiblepositionof
thedriversof thepointslying in theinterior of acertaindimensional
Voronoiobject.

Position of Drivers
VoronoiCell

For a Voronoi cell Vp, the dual Delaunayobjectis a singletonset
containingthe samplepoint p andthereforeall pointsx in theinte-
rior of Vp hasp astheir driver.

VoronoiFacet

Considera Voronoifacetin theintersectiorof V, andVy. Thedual
Delaunayedgeis pg andthe midpointof pqis the driver of all x
lying in theinterior of the Voronoifacet(Figure 2(right)).

VoronoiEdge

Next, considera Voronoiedgein the intersectionof Vp; Vq; Vr. As
Fact 2 andFigure 3 indicate,thein nite line segmentcontaining
theVoronoiedgemay or maynotintersectheconvex hull of p;q;r
leadingto two differentpossibilities

Casel.l In caseof intersection,the circumcenterof pgr is the
driver. SuchVoronoi edgeswill be termednon-transvesal
edgesasthe ow is alongthe edgeitself. The Voronoiedge
hastwo Voronoiverticesasits endpoints.If bothof themare
in thesamehalf-spaceale ned by pgr, thecloserVoronoiver-
tex is calledsource andthe further oneis calledterminusof
the Voronoiedgebecauseghe o w is directedfrom the closer
to thefurthervertex. Figure 3 (top right) illustratesthis case.

Casel.2 If the Voronoi edgedoesnot intersectthe af ne hull of
p; g; andr, the midpointof the edgeoppositeto thelargestan-
gle of pgr is thedriver. TheseVoronoiedgeswill betermed
astransvesal. If ary point x moving alongits orbit hits one
suchedge,the position of the driver implies thatit will en-
ter the Voronoi facetdual to the Delaunayedgeoppositeto
the largestanglein pgr. SuchVoronoifacetwill betermed
acceptorfacetsof thattransvesal Voronoi edge. Figure 4
illustratesthe situation.

VoronoiVertex

Thecaseof Voronoivertex againrequiregheanalysisof two differ-
entcasesWe assumethatit is outsideits dualtetrahedrorbecause
otherwisét is alocalmaximumandhences its own driver. Letv be
aVoronoivertex with thedualtetrahedrors whosefour neighbors
aresj;i = 1:::4. Further letthecorrespondingharedrianglesbe-
tweens ands; bet;;i = 1:::4 wherew;;i = 1;:::4 is its opposite
vertexin s.

Case2.1 Thereis only onetrianglet; of s for which the Voronoi
vertex v andthe oppositevertex w; lie in two differenthalf-
spacegle ned by t;. Let g bethe Voronoiedgebetweerthe
dualsof s ands;. Then,thedriver for v (dualto s) is same
asthedriver of . In suchcasesg is termedasthe outgoing
Voronoiedgeof v. Seetop row of Figure 5 for anillustration.

Case2.2 Therearetwo trianglestj;t; of s for which the Voronoi
vertex vandtheoppositevertex (wj andwi) lie in two different
half-spacesle ned by the correspondingriangles.Let g;; g;
betheVoronoiedgesie nedasin Case2.1. Note,in thiscase,
bothe; e arethe outgoingVoronoiedgesf v. Therearetwo
possibilitiesthatwe needto consideffurther.

Case2.2.1 Both g;¢j aretransvesal. In this casethe ac-
ceptoss of both of themis dual to the Delaunayedge

Figure 4: Trans\ersalVoronoi edgee is shawvn in red with three
incidentVoronoifacets Flow directionis shavn with arrows. Flow
from eitherof F, or F, hits e andenters3, theacceptoof e.

ti\ tj andthe correspondingiriver is the midpoint of
ti\ tj. Seebottom-leftsub gure of Figure 5.

Case2.2.2 Oneof g gj istransvesal Thedriveris sameas
that of the non-transersalVoronoi edge. Seebottom-
right sub gure of Figure 5.

Figure 5: Possibledriver positionsof a Voronoi vertex v accord-
ing to thecasex:1 and2:2:(1 2). TheacceptoVoronoifacetis
shown in pink. The ow alonga non-transersalVoronoi edgeis
shavn with adoublearrav. Thedriveris shavn in redcircle.

In this context we stateanothedlemmathatis importantfor subse-
quentdevelopments.

Lemma?2 LetF bean acceptorVoronoi Facetfor the transvesal
\oronoiedgese; = (V1;V2) :::ex = (Vk; Viks+ 1) aroundit.



1. TheVoronoi edgese; :::g form a continuouschain around
F.

2. The\Voronoi verticesvy::: v fall in the category 2.2.1. The
Voronoi verticesvy andvi. 1 fall in the category 2.2.2.

3. F,er:iie, Vo1 v havesamedriver which is themidpointof
theDelaunayedge dualto F.

We omit the proofsof all of theabove claims.

4 Computing Unstable Manifolds

4.1 Unstable Manifold of Index-2 Saddle Points

In this sectionwe describethe structureand computationof the
unstableanmanifoldsof index 2 saddlepoints.

The unstablemanifold of anindex 2 saddlepoint is one dimen-
sional.In ourdiscretesettingit is apolylinewith oneendpointatthe
saddlepointandthe otherendpointat alocal maximum.The poly-
line consistsof sggmentsthatare eithersubsetof non-transersal
Voronoiedger lie in theVoronoifacets Dueto thelatercasethe
polyline maynot beasubcomplg of VorP.

Let us consideran index 2 saddlepoint, ¢, at the intersectionof

a Delaunaytrianglet with a Voronoiedgee. Let the two tetrahe-
drasharingf be s1;s,. The edgee hasthe endpointsat the dual
Voronoiverticesof s1 ands,, denotedasvy; Vv, respectiely. The
unstablemanifold U (c) of ¢, hastwo intervals - onefrom c to vq

andtheotherfrom c to v,. We look at the structureof oneof them,
saytheonefrom c to v1, andthe otheroneis similar.

At ary point on the subsgmentcvy, the o w is toward vy from c.
Oncethe o w reachews, thesubsequenb w depend®nthedriver
of v1. Insteadof just looking at v1, we considera genericstep,
wherethe o w reachesta Voronoivertex v andwe enumeratéhe
possiblesituationsthat might occur dependingon the position of
driver of v. If v is alocal maximum,the o w stopsthere,asthe
driver of vis v itself. Otherwisetherearetwo casego consider

v falls into Case2.1: Let the dual tetrahedrorbe s and
the driver of v is sameasthat of the Voronoi edgee which
is betweerthe dual of s andoneof its neighborssays© If

e is non-transersal,the o w will be alongthe VVoronoiedge
eftill it hits the Voronoi vertex at the otherendpoint(dual to

59. Otherwisethe o w entersthe acceptoi/oronoifacetF

of e. Dueto Lemma 2, thedriver of F is sameasthe driver
of e. Thereforethenext pieceof theunstablemanifoldcanbe
uniquelydeterminedy thedriver of g, sayd andthe Voronoi
vertex v. It is the sgmentbetweerv andthe pointwherethe

ray dv intersectsa Voronoiedgeof F.

v falls under Case2.2.x: This situationis similarto theone
describedabore. In caseof both of the Voronoiedgesheing
transvesal (Case2.2.1),the o w entersheacceptoNoronoi
facet.In theothercasg(Case2.2.2),the o w follows thenon-
trans\ersalVoronoiedge.

Somesegmentf U(c¢) arenotalongthe VoronoiedgesWherever
the o w encounters trans\ersalVoronoiedge,it seizeso follow
the Voronoi edgeandentersa Voronoi facetwhich is acceptorfor
that Voronoi edge. This calls for the analysisof the ow when
it crossesan acceptoVoronoifacetand hits a Voronoi edge. We
have alreadycharacterizedhe positionof the driver for a VVoronoi
edgeandtherebyclassi edthoseedgesaseithertrans\ersalor non-
trans\ersal.If thecurrentedgeintersectedy therayfromthedriver

to v is a non-transersaledge,the ow will follow that Voronoi
edgeandhit a Voronoivertex. Otherwisejt will entertheacceptor
Voronoifacetof the Voronoi edgeagain. Thereis a technicaldif-

culty we needto point out. Unlessthe acceptoffor this VVoronoi
edgeis differentfrom the Voronoi facetthe o w camefrom, we
may encountera cycle. The following lemmasaesus from this
awkward situation.

Lemma3 LetF bea Voronoi facetandlet d beits driver. Lete
be a \oronoi edge for which F is acceptorandx beanypointone.
Alsoassumeheray fromd to x intersectsa Voronoiedge €°. If e2is
transvesal, the acceptorof eis differentfromF.

index 2 saddfe™ ® b

maximum
Ve

Figure6: UnstablemanifoldU (c) of anindex 2 saddlepointc. ¢
is dravn with a cyancircle. The portionof U(c) whichis acollec-
tion of Voronoiedgess dravn in greenwith intermediaté/oronoi
verticesdravn in blue. The pink circle is a Voronoivertex onU (c)

wherethe o w entersa Voronoifacet. The portion of U(c) which
lies insidethe VVoronoifacetsis dravn in magentaThetrans\ersal
Voronoiedgesntersectedy this portionof U(c) aredashedU(c)

endsatalocal maximumwhichis drawn in red.

Figure 6 shavs anexampleof the unstablemanifold of anindex 2
saddlepoint.

Following the above discussioron the structureof U (c) we devise
the algorithmto computethe unstablemanifold of anindex 2 sad-
dle pointc. We assumethe saddlepoint ¢ carriesthe information
aboutthe two neighboringtetrahedras1; s, and additionally we
have accesgo DelP which is usedto evaluatethe utility routines
like acceptor(), terminus()etc. The pseudo-codef the algorithm
is givenin Figure 7.

4.2 Unstable Manifold of Index-1 Saddle Points

UnstableManifold of index 1 saddlepointsaretwo dimensional.
Due to hierarchicalstructure,they are boundedby the unstable
manifold of index 2 saddlepoints. In this sectionwe rst describe
the structureof the unstablemanifoldsandthendescribean algo-
rithm that computesan approximatiorof the unstablemanifold of

anindex 1 saddlepoint.

Let us consideranindex 1 saddlepoint, c. This point lies at the
intersectionof a Voronoi facetF anda Delaunayedge. For ary
pointx 2 F nc, thedriveris c. For all suchx, if they areallowed
to move in the directionof o w, they will move radially outward
andhit theVoronoiedgeshoundingF. ThusF isin U(c). Now we
analyzethe o w whena pointhits aVoronoiedge.

We have characterizethe positionof thedriversfor aVoronoiedge
andwe have alsoseenthat dependingon the driver, onecanclas-
sify the Voronoi edgesinto two cateyories- trans\ersaland non-



UM_INDEX_2(c)

1 Ui;=cvpandU; = cw

2 v=Vvp

3 endUy)=wvg

4 while (vis notamaximum)do

5 if(v is nota Voronoivertex)

6 e= Voronoiedgecontainingv
7 if(eis non-transersal)

8 endU;) = terminuge)

9 U; = Uz [ segmenty,endU;)
10 v = terminuge)

11 else

12 F = acceptofe)

13 d= Idriver(F) = driver(e)

14 x= dv\ €26 0, s aVoronoiedgeof F
15 endU;) = x

16 U; = Uz [ segmenty,endU;)
17 V=X

18 else

19 if(v fallsunderCase2.1)

20 e= outgoingVoredge(v)

21 repeaistepsr-17.

22 elseif(v falls underCase2.2)
23 F = acceptofv)

24 repeatstepsl3-17.

25 endwhile

26  Similarly computeUs.
27 returnUq[ Uo.

Figure7: Pseudo-codér computatiorof unstablemanifold of an
index 2 saddlepoint.

trans\ersal. For a non-transersalVoronoi edge,the o w is along
theVVoronoiedge.SuchVoronoiedgedie ontheboundaryof U (c).
Ontheotherhand U (c) growsvia theacceptofacetsof trans\ersal
Voronoi edges.Dependingon the positionof the driver, which by
Lemma 2 is samefor boththe edgeandthe acceptofacet,a trun-
catedconede nesthe extensionof U(c) into the acceptoNoronoi
facet.Considettheconede nedby thetwo raysemanatingromthe
driver andpassinghroughtheendpointwf thetrans\ersalVoronoi
edge. The intersectionof the acceptoifacetwith the conede nes
the truncatedcone. The truncatedconehits a continuouschain of
Voronoiedgesn the acceptoffacet. Someof themarecompletely
containedin the truncatedconeand someof themareintersected
by the two raysandhenceare partially containedn it. This chain
of edgedde nesthenew boundaryof U (c) throughsomeof which
U(c) canbeextendedurtherrecursvely. Figure 8 shavs anexam-
ple truncatedconein a VoronoifacetF by thedriverd andtheend
Voronoiverticesof thetrans\ersalVoronoiedge(green).

To computeU(c) accurately onethereforeneedsto computethe
intersectionof aray anda line segmentin threedimension. Such
computationsareproneto numericalerrors. Thereforewe rely on
anapproximatioralgorithmthatcomputesa supersebf U(c). The
algorithmworksasfollows.

Startingfrom theVoronoifacetF containingc, we maintainalist of
Voronoifacetavhicharealreadyin U (c) andalist of active Voronoi
edgeswhich aretrans\ersaledgesandlie on the boundaryof the
currentapproximatiorof U(c). Throughtheserans\ersaledgesve
collecttheir acceptorfacetsandgrow U(c). Insteadof computing
thenew setof active edgedy anexpensve numericalkcalculationof
ray-s@mentintersectionyve collectall thetrans\ersaledgef this
new accepton/oronoifacets. This way we grow U (c) recursvely

(b)

Figure8: (a) TruncatedCone. Accuratecomputationselectsonly
the pink region from the yellow Voronoifacetaspart of unstable
manifold of anindex 1 saddlepoint ¢ (notshawn). (b) Snapshobf
approximatecomputatiorof U (c) atagenericstage.

till we have asetof Voronoifacetswhich areboundedy only aset
of trans\ersalVoronoiedges.

Figure 8(b) illustratesan intermediatestageof this computation.
Theindex 1 saddlepoint ¢ is containedn the blue Voronoifacet.
Theyellow Voronoifacetsarealreadyin U(c). Therededgesles-
ignatethe statichoundaryasthey arenon-transersalandthegreen
edgedesignatehe active boundarythroughwhich the pink facets
areincludedin U(c) in the later stageof the algorithm. Follow-

ing is the pseudo-codéor this algorithm. Givenanindex 1 saddle
point ¢ it computesan approximationof U(c). We assumee also
hasinformationaboutthe VoronoifacetF it is containedn.

APPROX_UM_INDEX_1(C)
1 U=F

2 B= Voronoiedgesof F

3 while (B6 0)do

4 e= pop(B)

5 if (eis trans\ersal)

6 U = U[ acceptofe)

7 B = B[ urvisitededgef acceptofe)

8 endwhile

9 returnU.

Figure 9: Pseudo-codéor approximatecomputationof unstable
manifoldof anindex 1 saddlepoint.

4.3 Classication of Medial Axis

In the previoustwo subsectionsve have describedhe structuref

theunstablananifoldsof anindex 1 andindex 2 saddlepoints. We

have alsogivenanaccurateandan approximatealgorithmto com-
putethem. Our goalis to identify the unstablemanifoldsnearthe
medialaxis of S. Ultimately thesemanifoldsare mappedbackto

S for the featureannotation. For this we rst computea Voronoi
subcomplg that approximateghe medial axis Ms andtheniden-
tify differentregionsof this approximatemedialaxis asthe unsta-
ble manifoldscomputecby thetwo subroutinesJM _INDEX _2 and
APPROX_UM_INDEX_1.



Beforewe describeour approachwe brie y mentiona recentre-
sultby Dey, GiesenRamosandSadri[Dey etal. 2005]wherethey
provedthatundersufcient samplingof Sby P, thecritical pointsof
hp lie eithercloseto S or closeto Mg. This motivatesour approach.
Applying the sameresult,we Iter outonly theindex 1 andindex
2 saddlepoints nearMg insteadof S. Further we consideronly
thecomponent®f Mg whichlie in theinterior of thesolid bounded
by S. For this purposewe usethe TIGHTCOCONE algorithm by
Dey andGoswami[Dey andGoswami 2003]. Theimplementation
of this algorithmis freely availablein the public domain[Cocone
] alongwith the softwarefor medialaxis approximationsvhich is
computedasa Voronoi subcomplg accordingto the algorithmby
Dey andZhao[Dey andZhao2004]. For thepurposeof reconstruc-
tion, ary otherreconstructioralgorithmalsocouldbeusedBernar
dini etal. 1999;Bajaj et al. 1995]. Applying TIGHTCOCONE fol-
lowed by medialaxis approximationwe getthe approximatente-
rior medialaxisof S. We performthe critical point detectiononly
within the Voronoisubcomplg thatapproximateshis medialaxis.
Let uscall this setof index 1 saddlepointsC; andthatof index 2
saddlepointsC,. WethenapplyUM _INDEX _2(c) for allc2 C, and
ApPPROX_UM _INDEX_1(c) forallc2 C;. U(c2 C;) is two dimen-
sionalandU(c 2 Cy) is onedimensional.Therefore by restricting
the unstablemanifold computationonly within Mg we obtaintwo
subset®f Ms. In the next section,we describehow this classi ca-
tion canbe mappedackto S for automatiddenti cation of its at
andtubularregions.

Figure10: Remaal of smallpatchesn thetubular region via star
ring. Magentacirclesindicatethe centroidsof thesepatchesgreen
circlesarethe boundaryverticeswhich connecta patchwith alin-
earportion (redline) andcyancircle indicateswheretwo different
patchegoin at a commonvertex. Blue lines arethe replacements
of thesesmallpatcheobtainedby the starringprocess.

Becausef samplingartifacts sometimesheinteriormedialaxisin
thetubular regionshave a few index 1 saddlepoints. The unstable
manifold of thesesaddlepoints needto be detectedand approxi-
matedby lines. We partition the setC; basedon the connectvity
of their unstablemanifoldsvia a commonedgeandevery partition
createsa patchwhich is the union of the unstablemanifoldsof all
theindex 1 saddlepointsfalling into that partition. We further as-
sighanimportancevaluebasedntheareaof the patchandsortthe
patchesaccordingo theirimportance Onecouldalsoemploy other
attributeslik e diameterwidth etc. to evaluatetheimportance.The
smallclustersarethendetecteckitherby a userspeci edthreshold
valueor by simply selectinghek-smallestlustersvherek is alsoa
usersuppliedparameterThesensigni cant planarregionsarethen
approximatedy a setof straightlinesemanatingrom the centroid
of the patchto the boundarypointswhich areconnectedo eithera
polyline (greencirclesin Figure 10) or anotherpatch(cyancircle
in Figure 10). We call this processstarring.

Theresultingonedimensionabndtwo dimensionakubsetof the
interior medialaxisis shavn in Figure 11. Left columnshavsthe
approximatenedialaxis computedby [Dey andZhao2004]. The

right column shawvs the subsetof medial axis capturedoy U (Cy)
andU (Cy).

Figure 11: Resultsof Medial Axis classi cation. Top row shows
theresultfor HEADLESS MAN. Two closeupshave beenshovn to
highlight the planarclustersin the palm of the handandthe feet.
Thecloseupof handhasbeenrotatedfor visualclarity. Themiddle
row shavs theresulton HAND datasetandthe bottomrow showvs
theresultonamoleculedatalBVP.

5 Feature Annotation Algorithm

5.1 Mapping of Unstable Manifolds to S

Thereis a naturalassociatiorbetweenthe medial axis Mg and S
viathemapf : S! Mg wheref (X) is the centerof themedialball
touchingS at x. Following this map, ary subsetA Mg canbe
associatedvith f 1(A) S. Let A; andA; bethe closureof the



unstablemanifoldsof index 2 andindex 1 saddlesn Mg de ned
by the distancefunction hs. Recallthat, generically A; is one-
dimensionabndA; is two-dimensional.ldeally, we would like to
identify f 1(A;) Sastubularandf 1(A;) Sasat. Aswe
have anapproximatiorof hg by hp, we computethesetubular and
at regionsfor the unstablemanifoldsin the approximatemedial
axiswhich we denotealsoasMg for corvenience.

We faceadif culty to computeanapproximationof the preimage
of f from the approximatemedial axis Ms. We areinterestedn
computingan approximationof the preimageof Mg =AM A
Ms underthemapf .

Unfortunately this requiresan expensve computatiorto cover the
entireM2 which often spansa substantiaportion of Ms. A naive
approachs to take only a sampleof Mg, namelythe Voronoiver
tices,andthenassociatéhemto P, a sampleof S, via the Voronoi-
Delaunayduality. This also proves uselessbecausd\/lg doesnot
containall the Voronoiverticesandthereforemary pointsin P can-
notbe coveredby this Voronoi-Delaunayuality.

It turnsout thatthe distancefunction hp again provesto be useful
to establisha correspondencbetweenS andM32. Recallthat, the
stablemanifold of a critical point is a collection of pointswhose
orbits terminateat that critical point. Let X andY be the setof
maximain A; M2 andA, M2 respectrely. Considertthestable
manifoldsof the maximain X andY. The pointsin P thatarein

the stablemanifoldsof X are associatedvith the tubular regions
andthosein the stablemanifoldsof Y areassociateavith the at

regions. If a point belongsto the stablemanifoldsof maximain

X aswell asin Y, we tagit arbitrarily. Thesepointsbelongto the
regionswherea tubular partmeetsa at part. Subsequentlyevery
triangleof the surfacereconstructedby TIGHT COCONE is tagged
as at ortubularif atleasttwo of its verticesarealreadymarkedas
at ortubularrespectiely.

Computationof stablemanifold of maximahasbeendescribedn
[Giesenand John2003] andits approximatiorwasgivenin [Dey
etal. 2003]. We follow the approximatealgorithmto computethe
stablemanifoldsof thelocal maximalying on Mg.

Figure 12: Onedimensionalsubsetof the interior medial axis is
drawn in red and the two dimensionalsubsetof the medial axis
is drawn in greenfor the moleculedatallRK. The right sub g-
ure shawvs the selectionof local maximaof the distancegunctionin
thosetwo parts,coloredaccordingly

Figure 12 shows the setMg of the moleculedatallRK, andthe
setof maximabelongingto thatsetandidenti ed aslinear or pla-
nar Thecorrespondingat andtubular portionsof the surfacecap-
turedby themappingvia stablemanifoldof thesemaxima- colored
goldenand cyan respectiely - are shavn in Figure 14. We col-
lectedtheproteinfrom ProteinDataBank[Bermanetal. 2000]and
blurredthe moleculeat a resolution8 angstrom.Furtherwe took

thevertex setof a suitablelevel setastheinputto our program.We
veri ed theresultwith the existing literaturein structuralbiology
andwe have seenthatthe at regionsidenti ed by our algorithm
correspondo the b-sheetf the proteinmolecule.

5.2 Annotation Algorithm

Themodulesdescribedn theprevioussectionsaandsubsectionsan
thusbe combinedto devise an algorithmfor automaticfeaturean-
notationof S. We give thepseudo-codef thisannotatioralgorithm
here.

IDENTIFY _FLAT_AND_TUBULAR_REGIONS(P)

1 ComputeVorP andDelP.

2 Computetheinterior Medial Axis Mg

by TIGHTCOCONE_AND_MA (P)
3 C; = setof index 1 saddlepointslying on Mg and
C, = setof index 2 saddlepointslying on Mg,

4 A1 = A2 =0

5 forallc2C,

6 A1 = A;[ UM_INDEX_2(c)

7 forallc2 Cy

8 Ao = A[ APPROX_UM _INDEX_1(C)

9 X =maximain A;
10 Y =maximain Ay
11 Stupular = MAPPING_VIA_STABLE_MANIFOLD(A;)
12 Sgjat= MAPPING_VIA_STABLE_MANIFOLD(A))
13  returnStypylar aNdSgat-

Figure13: Pseudo-codef thefeatureannotatioralgorithm.

6 Results

6.1 Implementation Issues

The algorithmworks on the Voronoi-Delaunaydiagramof the set
of samplepoints lying on the surface. To robustly computethe
Delaunaytriangulationandits dual Voronoi diagramfor the input
setof pointswe usethelibrary CGAL [CGAL Consortium which
is freely available.

Evenin CGAL-framework, we sometimegacethedegeneratease
of ve or morepointsbeingcospherical.This casehasto be han-
dledwith specialcarebecaus®nly oneVoronoivertex is repeated
andthereforethe o w alongthe Voronoiedgess not well-de ned
arymore. To dealwith suchsituations,we modify the algorithm
slightly. At the startof thealgorithmwe collectthe setsof tetrahe-
drawhich arecospherical While computingthe unstablemanifold
of index 2 saddlepoints,if thepolyline hitsaVoronoivertex whose
dual is a memberof one suchcosphericalcluster the algorithm
automaticallyadwanceshroughthe non-dgyeneraté/oronoi edges
which aredualto thetrianglesboundingthe cosphericalump. This
degenerag posesa more seriousthreatto the computationof un-
stablemanifoldof index 1 saddlepointsandatthis stage we do not
extendthe manifold throughary Voronoiedgewhosedual Delau-
naytriangleis shareddy two cosphericatetrahedra.

Thereare someparametersnvolved in the full featureannotation
process For surfacereconstructiorandmedialaxis approximation
we usedthe software [Cocone]. The parameterdor theserou-
tines are describedn [Dey and Goswami 2003], [Dey and Zhao



2004]. For noisy inputswe replaceTIGHT COCONE by ROBUST
CococNE andthe parametergor that stepare again describedn
[Dey and Goswami 2004]. Therestof the algorithmrequiresonly
oneparametek whichis thenumberof at regionsto beoutput.

6.2 Performance

b;
@ (b)

© @

(e) ®

Figure 14: Performanceof the featureannotationalgorithm. The
modelsare (a) PIN, (b) Mug, (c) molecule1CID (d) molecule
1IRK, (e)HAND, (f) ALIEN

Figure 14 shaws the performanceof the annotationalgorithmon
six datasets.The datasethrave beenchosento representlifferent
domainsthis algorithmcanpossiblybe appliedin. PIN is a CAD
datasetvhich hastwo tubular partsjoinedin the middle througha
at portion. The algorithmcanidentify themcorrectly Similarly
the methodcancorrectlyidentify the handleasthe tubular andthe
body asthe at region for the MuG dataset. In the secondrow
we shov the performanceof our methodon two proteinmolecules
obtainedrom ProteinDataBank[Bermanetal. 2000]. We took the
crystalstructureof thesetwo molecule§PDBID 1CID and1IRK)
andblurredthemwith Gaussiarkernel. We furthertook a level set
whichrepresenta molecularsurfaceandusedthevertex setof that
isosurbiceastheinputto ouralgorithm.The at featuresdenti ed

by ourmethodcorrespondo the b-sheet®f thesecondargtructure
of thosetwo proteins.In thelastrow we show theresultontwo free
form objectscontainingboth at andtubular features.As we can
see,the palm of the HAND hasbeendetectedas at whereashe
ngers have beendetectedastubular. Our methodcanalsocapture
themajor at andtubularfeaturesof ALIEN.

We purposefullyshaw the performancesf thealgorithmon ALIEN

asit bringsforth the limitations of our algorithm. We seethat a
portion of the arm hasbeenidenti ed as at. Thisis becausehe
initial reconstructiorphasecould not separatehe beginning of the
arm from the torsodueto lack of sampling. Secondly one of the
feet could not be fully identi ed as at by our algorithm. This is

becausehe approximatemedial axis, that we startedwith, is not
a closeapproximationof the true medialaxisin thatregion, again
dueto lack of sampling. Becauseof that, our methodfails to col-

lect sufciently mary index 1 saddlepointsleadingto incomplete
identi cation of at featuresn thatregion.

Figure 15 shaws the performanceof our methodon noisy dataset
HORSE. Insteadof applying TIGHT COCONE, we rst markthein-
terior andexterior of the closedsurfacefrom its noisy point sample
by RoBusT CocoNE ([Dey and Goswami 2004]) andthenobtain
theinterior medialaxisandproceedurtherwith the unstableman-
ifold computatiorandfeatureidenti cation. Originally therewere
somethin at regionsdueto theunstablenanifoldof someindex 1
saddlepointsnearthe hind legswhichwe Itered out by threshold-
ing in orderto geta cleanskeletonof the HORSE. In therightmost
picturewe seesomewhite trianglesnearthe ears. Thesetriangles
appearasthe mappingvia stablemanifold missessomepointson
thesurfacein thatportion.

6.3 Timings

The time and spacecomplity of the algorithmis dominatedby
thecompleity of Delaunaytriangulation.We reportthetimings of
the entireexecutioninto four majorsteps

1. Stepl: Building the Voronoi-Delaunayiagramof the point
set(Line 1 of Figure 13).

2. Step2: Computatiorof interior medialaxis. (Line 2 of Fig-
ure 13).

3. Step3: Computationof unstablemanifold of index 1 and
index 2 saddlepointslying on theinterior medialaxis. (Line
3-8of Figure 13).

4. Step4: Mappingthemaximain the planarandlinearportion
of the medialaxis backto the surface. (Line 9-13 of Figure
13).

We built thecodeusingCGAL [CGAL Consortium andgnuC++
libraries. The codeis compiledat an optimizationlevel 02. We
runtheexperimentsn amachinewith INTEL XEON processowith
1GB RAM runningat 1GHz cpuspeed.Table 1 reportsthe time
takenin the four stepsof the algorithmfor a numberof datasets.
It is clear from the breakupof timing that the rst two stepsof
building the Delaunaytriangulationandthencomputingtheinterior
medial axis arethe two mostexpensve steps. For noisy datasets,
additionally RoBusT COCONE is usedto obtainan initial in-out
marking. This stepis comparatrely inexpensve. For example,for
Noisy HORSE (48,000points) this steponly adds10 secto the
whole computatiortime whichis approximatelylOOsec.



Figure15: Resultson Noisy Data.

#points | Stepl | Step2 | Step3 | Stepd
object (sec.) | (sec.) | (sec.) | (sec.)
1CID 5170 7.59 1563 | 6.69 0.39
1IRK 13940 | 29.88 | 43.93 | 15.63 1

HEADLESS | 16287 | 18.63 | 51.30 | 16.01 | 1.26
MAN
PIN 15530 | 15.73 | 414 | 21.53 | 0.92
CLuB 16864 | 20.54 | 47.3 | 19.83 | 1.24
MuG 27109 | 37.68 | 83.28 | 47.14 | 2.19
HAND 40573 | 53.48 | 120.16| 40.67 | 2.69
P8 48046 | 33.46 | 136.59| 39.97 | 3.22
1BVP 53392 | 148.18| 159.52 | 62.19 | 3.53
ALIEN 78053 | 102.62| 242.33| 64.11 | 5.4

Tablel: Timings

7 Conclusions

In this work, we rst describedhe structureof the unstableman-
ifold of index 1 andindex 2 saddlepointsof the distancefunction
inducedby a setof pointssampledrom a surface.We furtherused
this analysisto computethe unstablemanifold of anindex 2 sad-
dle point exactly and the unstablemanifold of anindex 1 saddle
point approximately We thenusedthe unstablemanifold of index

1 andindex 2 saddlepoints nearthe medial axis of the surfaceto

automaticallydetectthe at andtubular featuresof theshape.

We believe that this work will be usefulin mary areasof science
andengineeringOnenaturalconnectiorto structurabiologyis the
elucidationof secondargtructuralpropertieof proteinmolecules.
Secondarystructureof a proteinmoleculeis madeup of a collec-
tion of a-helicesand b-sheets.a-helicesaretubular and b-sheets
are at. Theresultsof our algorithm on protein moleculeshave
beenveri ed againstthe true structuralinformationobtainedfrom
ProteinDataBank[Bermanetal. 2000]andthe existing literatures
in structuralbiology. We have seenthat our methodcanidentify
the secondarystructuralmotifs correctly Oftenthe applicationsn
structuralbiology requireto elucidatethe secondanstructuralin-
formationin theabsencef atomiclevel representatioof a protein
molecule. Thisis particularlythe casewhena proteinmoleculeis
presentn a larger assemblysuchasin virus capsidandthe input
is obtainedonly at a resolutioncoarserthan4 angstronvia elec-
tron microscopy. This methodwill prove fruitful in analyzingthe
secondangtructuralpropertiesn suchsituations.

This work hastriggeredseveral questions.We have collectedthe

initial setof index 1 andindex 2 saddlepointsonly from theinterior

medial axis computedby [Dey and Zhao 2004]. This is only an

approximationof the true medialaxis. As a result,the collection
thus obtainedoften missessomecritical pointswhich arecloseto

thetruemedialaxisbut do notlie ontheapproximationOneneeds
to devise analgorithmto collectall the critical pointsnearthetrue

medialaxisef ciently, sayby thecritical pointseparatioralgorithm
of Dey etal. [Dey et al. 2005]. Most likely this will improve the

performancef our algorithm.

Thealgorithmsometimegailsto collecta at regioncompletelyas
canbeseernfrom thefeetof ALIEN in Figure 14. Thisis partlydue
to the factthatwe mapthe linearandplanarregionsof the medial

axisvia the stablemanifold of the maximalying in thoseregions.

We applytheapproximatioralgorithmof [Dey etal. 2003]to com-

pute the stablemanifoldsof the maxima. This methodcomputes
thesestablemanifoldsapproximatelyassubcomplgesof DelP. To

improve the performanceof our algorithm,while still maintaining
efciency, we planto investicgate how we canusethe exact com-

putationpresentedn [Giesenand John2003] only for thoselocal

maximathatbordera one-andatwo-dimensionategionin theme-

dial axis.
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