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Figure1: Thestepsof thealgorithmareshown on anexampledatasetCLUB. Startingwith aninput setof pointssampledfrom thesurface
(a), themedialaxisin theinterior of theshapeis computed(b). Thealgorithmthendetectsthesetof index 1 andindex 2 saddlepointslying
on theinteriormedialaxisandcomputestheunstablemanifoldof thesesaddlepoints(c). Theunstablemanifoldof anindex 1 saddlepoint is
two dimensional(green)andtheunstablemanifoldof anindex 2 saddlepoint is onedimensional(red).Thealgorithmthencollectsthelocal
maximalying on theboundariesof thesetwo typesof unstablemanifoldsandtag themasfalling into two differentcategories. Thestable
manifoldsof thesemaximaarethenusedto mapthe2-dimensionaland1-dimensionalpartof themedialaxisbackto thesurface.The �at
portionon thesurfaceis coloredcyanandthetubular region is coloredgolden(e).

Abstract

We presentanalgorithmto identify the �at andtubular regionsof
a threedimensionalshapefrom its point sample.We considerthe
distancefunction to the input point cloud andthe Morsestructure
inducedby it onR3. Speci�cally wefocusontheindex 1 andindex
2 saddlepointsandtheir unstablemanifolds. The unstablemani-
foldsof index 2 saddlesareonedimensionalwhereasthoseof index
1 saddlesaretwo dimensional.Mappingtheseunstablemanifolds
backontothesurface,wegetthetubularand�at regions.Thecom-
putationsarecarriedouton theVoronoidiagramof theinputpoints
by approximatingthe unstablemanifoldswith Voronoi faces.We
demonstratetheperformanceof ouralgorithmonseveralpointsam-
pledobjects.
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1 Intro duction

Problem and motivation. Many applicationsin shapemodel-
ing requireto identify thesalientfeaturesof a givenshape.Some
of themsuchasassemblyplanning,featuretracking,animations,
structureelucidationof bio-molecules,human-bodymodelingben-
e�t from a semanticannotationof the features.Onesuchnatural
annotationis achieved by classifyingthe featuresas`tubular' and
`�at'. Obviously, this annotationis ambiguoussincethe feature-
spaceis a continuumresulting into featuresthat cannotbe sim-
ply classi�ed astubular or �at. Nevertheless,many designedand
organic shapeshave pronouncedfeaturesthat areperceived to be
tubular and �at. We seekto identify thesefeaturesusinga topo-
logical method. The unstablemanifoldsinducedby a shapedis-
tancefunction identify someone-andtwo-dimensionalsubsetsof
themedialaxis.Thepreimageof a functionthatmapsthepointson
thesurfaceto themedialaxisprovidesanassociationof theshape
to theseone-and two-dimensionalsubsets.The preimageof the
one-dimensionalsubsetis called tubular whereasthat of the two-
dimensionalsubsetis called �at. Our experimentalresult shows
that this classi�cation can be effectively approximatedfor many
datasetsin practice.

Previous results. Becauseof the signi�cance of the problem,
quitea few work spanningvariousapproacheshave beenreported



in theliterature.To mentiona few, we refer to thecurvaturebased
methodsof [Váradyetal. 1997]and[Mortaraetal. 2004a;Mortara
et al. 2004b],the fuzzy clusteringmethodof [Katz andTal 2003],
the methodbasedon PCA of surfacenormalsby [Pottmannet al.
2004], the hybrid variationalsurfaceapproximationby [Wu and
Kobbelt2005] andthe Reebgraphapproachof [Shinagawa et al.
1996] and[VerroustandLazarus2000]. Remarkablythe distance
function over R3 which is de�ned by the distanceto the bound-
ary of theshapehasnot beenfully usedfor featureannotation.In
thecontext of surfacereconstruction,topologicalstructuresinduced
by distancefunctionshave beenanalyzedby Edelsbrunner[Edels-
brunner2002],Chaine[Chaine2003]andGiesenandJohn[Giesen
andJohn2003]. ChazalandLieutier [ChazalandLieutier 2004]
andSiddiqi et al. [Siddiqi et al. 1998]have usedit for medialaxis
approximations.Dey, GiesenandGoswami usedthe topological
structuresinducedby thedistancefunctionto segmentashape[Dey
et al. 2003]. However, this work stopsshortof usingthe topolog-
ical structuresfor featureannotations.In this paperwe complete
thisstep.

Results. Givena compactsurfaceS smoothlyembeddedin R3,
adistancefunctionhS canbeassignedoverR3 thatassignsto each
point its distanceto S.

hS : R3 ! R; x 7! inf
p2S

kx� pk

In applications,S is oftenknown via a �nite setof samplepointsP
of S. Thereforeit is quitenaturalto approximatethefunctionhS by
thefunction

hP : R3 ! R; x 7! min
p2P

kx� pk

whichassignsto eachpoint in R3 thedistanceto thenearestsample
point in P.

In this paper, we startwith a �nite sampleP of S andidentify the
index 1 andindex 2 saddlepointsof hP from theVoronoidiagram
VorP andits dualDelaunaytriangulationDelP of P. We thense-
lect only thesaddlepointsof bothindiceswhich lie on theinterior
medialaxis of S andcomputetheir unstablemanifolds. The un-
stablemanifoldof index 1 saddlepoints(U1) aretwo dimensional
whereasthoseof index 2 (U2) areonedimensional.Exactcomputa-
tionsof U1 is proneto numericalerror. So,wepresentanalgorithm
to computethemapproximately. Wethenmapthepointsbelonging
to U1 andU2 backto S. Theimageof U1 underthemappinggives
the�at regionsof S andthatof U2 givesits tubular regions.

Thus,themaincontributionsof thispaperare:

� Algorithmsto computetheunstablemanifoldsof theindex 2
saddlespointsof hP exactly andthoseof the index 1 saddle
pointsapproximately,

� Identi�cation of thetubularand�at featuresof Sfrom itspoint
sampleP via theunstablemanifoldsof thesaddlepoints,

� Experimentalresultsexhibiting theperformanceof our algo-
rithm onseveralpoint sampledobjects.

Thepaperis organizedasfollows. In Section 2 westatesomedef-
initions andexplain the termssuchasVoronoi-Delaunaydiagram,
induced�o w, stable/unstablemanifoldsetc. In Section 3 we de-
scribethe relationbetweenthe Voronoi-Delaunaydiagramof the
point set P and the induced�o w. In Section 4 we describethe
structureof the unstablemanifoldsof index 1 andindex 2 saddle
pointsandpresentanalgorithmto computethem.In Section 5 we
giveanalgorithmto maptheunstablemanifoldsbackto thesurface
to identify its �at andtubularfeatures.In Section6 wedemonstrate

the resultsof our algorithmon several modelsrangingfrom CAD
objectsto proteinmolecules.Weconcludein Section 7.

2 Preliminaries

2.1 Voronoi-Delaunay Diagram of P

In thispaperwealwaysassumethedistancemetricto beEuclidean
unlessotherwisestated. For a �nite set of points P in R3, the
Voronoicell of p 2 P is

Vp = f x 2 R3 : 8q 2 P� f pg; kx� pk � kx� qk)g:

If the pointsare in generalposition, two Voronoi cells with non-
emptyintersectionmeetalongaplanar, convex Voronoifacet,three
Voronoi cells with non-emptyintersectionmeetalonga common
Voronoi edgeandfour Voronoi cells with non-emptyintersection
meetat a Voronoi vertex. A cell decompositionconsistingof the
Voronoi objects, that is, Voronoicells,facets,edgesandverticesis
theVoronoidiagramVorP of thepoint setP.

The dual of VorP is the DelaunaydiagramDelP of P which is a
simplicial complex when the points are in generalposition. The
tetrahedraaredualto theVoronoivertices,thetrianglesaredualto
theVoronoiedges,theedgesaredualto theVoronoifacetsandthe
vertices(samplepointsfrom P) aredual to the Voronoi cells. We
alsoreferto theDelaunaysimplicesasDelaunayobjects.

2.2 Induced Flow

ThedistancefunctionhP inducesa �o w ateverypointx 2 R3. This
�o w hasbeencharacterizedearlier [GiesenandJohn2003]. See
also[Edelsbrunner2002]. For completenesswe brie�y mentionit
here.

Critical Points. Thecritical pointsof hP arethosepointswhere
hP hasno non-zerogradientalong any direction. Theseare the
pointsin R3 which lie within the convex hull of its closestpoints
from P. It turnsout thatthecritical pointsof hP aretheintersection
pointsof theVoronoiobjectswith their dualDelaunayobjects.

� MaximaaretheVoronoiverticescontainedin theirdualtetra-
hedra,

� Index 2 saddleslie at the intersectionof Voronoi edgeswith
their dualDelaunaytriangles,

� Index 1 saddleslie at the intersectionof Voronoi facetswith
their dualDelaunayedges,and

� Minima arethe samplepointsthemselvesasthey arealways
containedin theirVoronoicells.

In this discretesetting,the index of a critical point is the dimen-
sionof the lowestdimensionalDelaunaysimplex thatcontainsthe
critical point.

Flow. For everypointx 2 R3, letV(x) bethelowestdimensional
Voronoiobjectthatcontainsx andD(x) beits dual. Now driver of
x, denotedasd(x), is de�ned as

d(x) = argminy2D(x)kx� yk



The directionof steepestascentcanbe uniquelydeterminedby a
unit vectorin thedirectionof x� d(x). Thecritical pointscoincide
with their drivers.Now onecanassigna vectorv at every x with a
zerovectorassignedat thecritical points.Theresultingvector�eld
is notnecessarilycontinuous.Nevertheless,it inducesa �ow in R3.
This �o w tells how a point x movesin R3 alongthesteepestascent
of hP andthecorrespondingpathis known astheorbit of x. Wecan
alsode�ne aninvertedorbit of x wherex movesin thedirectionof
steepestdescent.

Stable and Unstable Manifolds. For a critical point c its sta-
blemanifoldis thesetof pointswhoseorbitsendatc. Theunstable
manifoldof a critical point c is thesetof pointswhoseinvertedor-
bits endat c. The structureandcomputationof stablemanifolds
of the critical points of hP were describedin [Giesenand John
2003]. They can be computedfrom the Delaunaytriangulations
of the given point setsthoughthey may not be subcomplexes of
the Delaunaytriangulations. For computationaladvantagesthey
arealsoapproximatedby Delaunaysubcomplexesasin [Dey et al.
2003].

We are interestedin computingunstablemanifoldsand their ap-
proximations. As the DelaunayandVoronoi diagrams,the struc-
turesof stableandunstablemanifoldshave a duality. Interestingly,
onecancomputetheunstablemanifoldsandtheir approximations
from theVoronoidiagrams.Herewe statesomeof thefactsabout
theunstablemanifoldsof thecritical points.

1. MAXIMA. Theunstablemanifoldis thelocalmaximumitself.

2. INDEX 2 SADDLES. Theunstablemanifoldof anindex 2 sad-
dle point is a polyline startingat thesaddlepoint andending
atamaximum.

3. INDEX 1 SADDLES. Theunstablemanifoldof anindex 1 sad-
dlepoint is atwo dimensionalsurfacepatchwhichis bounded
by theunstablemanifoldof index 2 saddlepoints.

4. M INIMA. The unstablemanifold of a local minimum is a
threedimensionalpolytopeboundedby theunstablemanifold
of critical pointswith higherindices.

In Section 4 thecomputationof theunstablemanifoldof index 1
andindex 2 saddlepointsis described.

3 Flow on Voronoi Objects

Before we statethe connectionbetweenthe �o w inducedby hP
andthe Vor-Del diagramof P, we would like to statesomefacts
abouttherelative positionof VoronoiandDelaunayobjects.These
relative positionscandescribethe natureof �o ws in the Voronoi
objects.Thesefactswereclearlyexplainedin [Edelsbrunner2002]
for amoregeneralsettingof powerdistance.

Fact 1 Theunorientednormalto thesupportingplaneof a Voronoi
facetis alongits dualDelaunayedgeandtheplanepassesthrough
themidpointof theedge. TheDelaunayedge, though,mayor may
not intersectthedualVoronoi face.

Figure 2 illustratesthe two possibilitiesthat may arise. The left
�gure correspondsto thesituationthatresultsin anindex 1 saddle
point.

Fact 2 Thesupportingline of a Voronoiedgealwaysintersectsthe
planeof thedualDelaunaytriangleat its circumcenterandis along
its unorientednormal. TheVoronoi edge mayor maynot intersect
theinterior of theDelaunaytriangle.
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Figure2: Relative positionof a Voronoi facetF with respectto its
dual Delaunayedgepq. The left pictureshows the creationof an
index 1 saddlepoint. The right pictureshows the positionof the
driverd of F.

Figure 3 lists thefour possiblescenarios.Thebottomright corre-
spondsto thegenerationof anindex 2 saddlepoint.
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Figure 3: Relative position of a Voronoi edgee with respectto
its dual Delaunaytriangle pqr. The blue circles denotethe two
Voronoi verticesde�ning e. The driver of e is marked d andthe
supportingplaneof trianglepqr is drawn in cyan.

Wehavealreadyseenthatthecritical pointsof hP canbecomputed
from VorP andDelP. Also, thedriver of a point x comesfrom the
Delaunayobjectdualto theVoronoiobjectx lies in. In thiscontext
we would like to statethe following lemmawhich is key to the
furthercomputations.

Lemma 1 All interior points of a Voronoi object havethe same
driver.

This result can be easily proved by consideringall the different
casesregardingthe dimensionof the Voronoi objectandits posi-
tion with respectto its dualDelaunayobject.



By Lemma 1 andFacts 1 and 2 wecanlist thepossiblepositionof
thedriversof thepointslying in theinteriorof acertaindimensional
Voronoiobject.

Position of Drivers

VoronoiCell

For a Voronoi cell Vp, the dual Delaunayobject is a singletonset
containingthesamplepoint p andthereforeall pointsx in theinte-
rior of Vp hasp astheirdriver.

VoronoiFacet

Considera Voronoifacetin theintersectionof Vp andVq. Thedual
Delaunayedgeis pq andthe midpoint of pq is the driver of all x
lying in theinteriorof theVoronoifacet(Figure 2(right) ).

VoronoiEdge

Next, considera Voronoiedgein the intersectionof Vp;Vq;Vr . As
Fact 2 andFigure 3 indicate,the in�nite line segmentcontaining
theVoronoiedgemayor maynot intersecttheconvex hull of p;q; r
leadingto two differentpossibilities

Case1.1 In caseof intersection,the circumcenterof pqr is the
driver. SuchVoronoi edgeswill be termednon-transversal
edgesasthe �o w is alongtheedgeitself. TheVoronoiedge
hastwo Voronoiverticesasits endpoints.If bothof themare
in thesamehalf-spacede�ned by pqr, thecloserVoronoiver-
tex is calledsource andthe further oneis calledterminusof
theVoronoiedgebecausethe�o w is directedfrom thecloser
to thefurthervertex. Figure 3 (top right) illustratesthiscase.

Case1.2 If the Voronoi edgedoesnot intersectthe af�ne hull of
p;q;andr, themidpointof theedgeoppositeto thelargestan-
gle of pqr is thedriver. TheseVoronoiedgeswill be termed
astransversal. If any point x moving alongits orbit hits one
suchedge,the positionof the driver implies that it will en-
ter the Voronoi facetdual to the Delaunayedgeoppositeto
the largestanglein pqr. SuchVoronoi facetwill be termed
acceptorfacetsof that transversal Voronoi edge. Figure 4
illustratesthesituation.

VoronoiVertex

Thecaseof Voronoivertex againrequirestheanalysisof two differ-
entcases.Weassume,thatit is outsideits dualtetrahedronbecause
otherwiseit is alocalmaximumandhenceis its own driver. Let v be
aVoronoivertex with thedualtetrahedrons whosefour neighbors
ares i ; i = 1: : :4. Further, let thecorrespondingsharedtrianglesbe-
tweens ands i beti ; i = 1: : :4 wherewi ; i = 1; : : :4 is its opposite
vertex in s .

Case2.1 Thereis only onetriangleti of s for which theVoronoi
vertex v andthe oppositevertex wi lie in two differenthalf-
spacesde�ned by ti . Let ei betheVoronoiedgebetweenthe
dualsof s ands i . Then,thedriver for v (dual to s ) is same
asthedriver of ei . In suchcases,ei is termedastheoutgoing
Voronoiedgeof v. Seetoprow of Figure 5 for anillustration.

Case2.2 Therearetwo trianglesti ; t j of s for which theVoronoi
vertex vandtheoppositevertex (wi andw j ) lie in twodifferent
half-spacesde�ned by thecorrespondingtriangles.Let ei ;ej
betheVoronoiedgesde�nedasin Case2.1.Note,in thiscase,
bothei ;ej aretheoutgoingVoronoiedgesof v. Therearetwo
possibilitiesthatweneedto considerfurther.

Case2.2.1 Both ei ;ej aretransversal: In this casethe ac-
ceptors of both of them is dual to the Delaunayedge

e

F

F

F
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2

Figure4: TransversalVoronoi edgee is shown in red with three
incidentVoronoifacets.Flow directionis shown with arrows. Flow
from eitherof F1 or F2 hitseandentersF3, theacceptorof e.

ti \ t j and the correspondingdriver is the midpoint of
ti \ t j . Seebottom-leftsub�gureof Figure 5.

Case2.2.2 Oneof ei ;ej is transversal: Thedriver is sameas
that of the non-transversalVoronoi edge. Seebottom-
right sub�gureof Figure 5.

v

e e1 2 e1e
2

Figure5: Possibledriver positionsof a Voronoi vertex v accord-
ing to thecases2:1 and2:2:(1� 2). TheacceptorVoronoi facetis
shown in pink. The �o w alonga non-transversalVoronoi edgeis
shown with adoublearrow. Thedriver is shown in redcircle.

In this context we stateanotherlemmathat is importantfor subse-
quentdevelopments.

Lemma 2 Let F bean acceptorVoronoi Facetfor the transversal
Voronoiedgese1 = (v1;v2) : : :ek = (vk;vk+ 1) aroundit.



1. TheVoronoi edgese1 : : :ek form a continuouschain around
F.

2. TheVoronoi verticesv2 : : :vk fall in the category 2.2.1. The
Voronoi verticesv1 andvk+ 1 fall in thecategory2.2.2.

3. F, e1 : : :ek, v2 : : :vk havesamedriver which is themidpointof
theDelaunayedgedual to F.

Weomit theproofsof all of theaboveclaims.

4 Computing Unstable Manifolds

4.1 Unstable Manifold of Index-2 Saddle Points

In this sectionwe describethe structureand computationof the
unstablemanifoldsof index 2 saddlepoints.

The unstablemanifold of an index 2 saddlepoint is one dimen-
sional.In ourdiscretesettingit isapolylinewith oneendpointatthe
saddlepointandtheotherendpointat a local maximum.Thepoly-
line consistsof segmentsthatareeithersubsetsof non-transversal
Voronoiedgesor lie in theVoronoifacets.Dueto thelatercase,the
polylinemaynotbeasubcomplex of VorP.

Let us consideran index 2 saddlepoint, c, at the intersectionof
a Delaunaytrianglet with a Voronoi edgee. Let the two tetrahe-
dra sharing f be s1;s2. The edgee hasthe endpointsat the dual
Voronoiverticesof s1 ands2, denotedasv1;v2 respectively. The
unstablemanifoldU(c) of c, hastwo intervals - onefrom c to v1
andtheotherfrom c to v2. We look at thestructureof oneof them,
saytheonefrom c to v1, andtheotheroneis similar.

At any point on thesubsegmentcv1, the �o w is towardv1 from c.
Oncethe�o w reachesv1, thesubsequent�o w dependsonthedriver
of v1. Insteadof just looking at v1, we considera genericstep,
wherethe�o w reachesat a Voronoivertex v andwe enumeratethe
possiblesituationsthat might occurdependingon the positionof
driver of v. If v is a local maximum,the �o w stopsthere,as the
driverof v is v itself. Otherwisetherearetwo casesto consider.

� v falls into Case2.1: Let the dual tetrahedronbe s and
the driver of v is sameas that of the Voronoi edgee which
is betweenthedualof s andoneof its neighbors,says 0. If
e is non-transversal,the �o w will bealongtheVoronoiedge
e till it hits the Voronoi vertex at the otherendpoint(dual to
s 0). Otherwise,the �o w enterstheacceptorVoronoi facetF
of e. Dueto Lemma 2, thedriver of F is sameasthedriver
of e. Thereforethenext pieceof theunstablemanifoldcanbe
uniquelydeterminedby thedriverof e, sayd andtheVoronoi
vertex v. It is thesegmentbetweenv andthepoint wherethe
ray

�!
dv intersectsaVoronoiedgeof F.

� v falls under Case2.2.x: This situationis similar to theone
describedabove. In caseof bothof theVoronoiedgesbeing
transversal (Case2.2.1),the�o w enterstheacceptorVoronoi
facet.In theothercase(Case2.2.2),the�o w follows thenon-
transversalVoronoiedge.

Somesegmentsof U(c) arenotalongtheVoronoiedges.Wherever
the �o w encountersa transversalVoronoiedge,it seizesto follow
theVoronoiedgeandentersa Voronoi facetwhich is acceptorfor
that Voronoi edge. This calls for the analysisof the �o w when
it crossesan acceptorVoronoi facetandhits a Voronoi edge. We
have alreadycharacterizedthepositionof thedriver for a Voronoi
edgeandtherebyclassi�edthoseedgesaseithertransversalor non-
transversal.If thecurrentedgeintersectedby therayfromthedriver

to v is a non-transversaledge,the �o w will follow that Voronoi
edgeandhit a Voronoivertex. Otherwise,it will entertheacceptor
Voronoi facetof the Voronoiedgeagain. Thereis a technicaldif-
�culty we needto point out. Unlessthe acceptorfor this Voronoi
edgeis different from the Voronoi facetthe �o w camefrom, we
may encountera cycle. The following lemmasavesus from this
awkwardsituation.

Lemma 3 Let F be a Voronoi facetand let d be its driver. Let e
bea Voronoi edge for which F is acceptorandx beanypoint on e.
Alsoassumetheray fromd to x intersectsa Voronoiedgee0. If e0 is
transversal, theacceptorof e0 is differentfromF.

index 2 saddle

maximum

Figure6: UnstablemanifoldU(c) of an index 2 saddlepoint c. c
is drawn with a cyancircle. Theportionof U(c) which is a collec-
tion of Voronoiedgesis drawn in greenwith intermediateVoronoi
verticesdrawn in blue.Thepink circle is a Voronoivertex onU(c)
wherethe �o w entersa Voronoi facet. Theportionof U(c) which
lies insidetheVoronoi facetsis drawn in magenta.Thetransversal
Voronoiedgesintersectedby thisportionof U(c) aredashed.U(c)
endsata localmaximumwhich is drawn in red.

Figure 6 shows anexampleof theunstablemanifoldof anindex 2
saddlepoint.

Following theabove discussionon thestructureof U(c) we devise
thealgorithmto computetheunstablemanifoldof an index 2 sad-
dle point c. We assume,thesaddlepoint c carriesthe information
about the two neighboringtetrahedras1;s2 and additionally we
have accessto DelP which is usedto evaluatethe utility routines
like acceptor(), terminus()etc. Thepseudo-codeof thealgorithm
is givenin Figure 7.

4.2 Unstable Manifold of Index-1 Saddle Points

UnstableManifold of index 1 saddlepointsare two dimensional.
Due to hierarchicalstructure,they are boundedby the unstable
manifoldof index 2 saddlepoints. In this sectionwe �rst describe
the structureof the unstablemanifoldsandthendescribean algo-
rithm thatcomputesanapproximationof theunstablemanifoldof
anindex 1 saddlepoint.

Let us consideran index 1 saddlepoint, c. This point lies at the
intersectionof a Voronoi facetF and a Delaunayedge. For any
point x 2 F nc, the driver is c. For all suchx, if they areallowed
to move in the directionof �o w, they will move radially outward
andhit theVoronoiedgesboundingF. ThusF is in U(c). Now we
analyzethe�o w whenapointhitsaVoronoiedge.

Wehavecharacterizedthepositionof thedriversfor aVoronoiedge
andwe have alsoseenthat dependingon the driver, onecanclas-
sify the Voronoi edgesinto two categories- transversalandnon-



UM INDEX 2(c)
1 U1 = cv1 andU2 = cv2
2 v = v1
3 end(U1) = v1
4 while (v is notamaximum)do
5 if(v is notaVoronoivertex)
6 e= Voronoiedgecontainingv
7 if(e is non-transversal)
8 end(U1) = terminus(e)
9 U1 = U1 [ segment(v;end(U1)

10 v = terminus(e)
11 else
12 F = acceptor(e)
13 d = driver(F) = driver(e)
14 x =

�!
dv\ e06= /0, e0 is aVoronoiedgeof F

15 end(U1) = x
16 U1 = U1 [ segment(v;end(U1)
17 v = x
18 else
19 if(v fallsunderCase2.1)
20 e= outgoingVoredge(v)
21 repeatsteps7-17.
22 elseif(v fallsunderCase2.2)
23 F = acceptor(v)
24 repeatsteps13-17.
25 endwhile
26 Similarly computeU2.
27 returnU1 [ U2.

Figure7: Pseudo-codefor computationof unstablemanifoldof an
index 2 saddlepoint.

transversal. For a non-transversalVoronoi edge,the �o w is along
theVoronoiedge.SuchVoronoiedgeslie on theboundaryof U(c).
Ontheotherhand,U(c) growsvia theacceptorfacetsof transversal
Voronoiedges.Dependingon thepositionof thedriver, which by
Lemma 2 is samefor boththeedgeandtheacceptorfacet,a trun-
catedconede�nes theextensionof U(c) into theacceptorVoronoi
facet.Considertheconede�nedby thetwo raysemanatingfromthe
driverandpassingthroughtheendpointsof thetransversalVoronoi
edge.The intersectionof the acceptorfacetwith the conede�nes
the truncatedcone. The truncatedconehits a continuouschainof
Voronoiedgesin theacceptorfacet.Someof themarecompletely
containedin the truncatedconeandsomeof themareintersected
by the two raysandhencearepartially containedin it. This chain
of edgesde�nesthenew boundaryof U(c) throughsomeof which
U(c) canbeextendedfurtherrecursively. Figure 8 showsanexam-
ple truncatedconein a VoronoifacetF by thedriver d andtheend
Voronoiverticesof thetransversalVoronoiedge(green).

To computeU(c) accurately, one thereforeneedsto computethe
intersectionof a ray anda line segmentin threedimension.Such
computationsareproneto numericalerrors.Therefore,we rely on
anapproximationalgorithmthatcomputesa supersetof U(c). The
algorithmworksasfollows.

Startingfrom theVoronoifacetF containingc, wemaintainalist of
Voronoifacetswhicharealreadyin U(c) andalist of activeVoronoi
edgeswhich aretransversaledgesandlie on the boundaryof the
currentapproximationof U(c). Throughthesetransversaledgeswe
collect their acceptorfacetsandgrow U(c). Insteadof computing
thenew setof activeedgesby anexpensivenumericalcalculationof
ray-segmentintersection,wecollectall thetransversaledgesof this
new acceptorVoronoi facets.This way we grow U(c) recursively

p qd
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Figure8: (a) TruncatedCone. Accuratecomputationselectsonly
the pink region from the yellow Voronoi facetaspart of unstable
manifoldof anindex 1 saddlepoint c (not shown). (b) Snapshotof
approximatecomputationof U(c) atagenericstage.

till wehaveasetof Voronoifacetswhichareboundedby only aset
of transversalVoronoiedges.

Figure 8(b) illustratesan intermediatestageof this computation.
The index 1 saddlepoint c is containedin the blue Voronoi facet.
Theyellow Voronoifacetsarealreadyin U(c). Therededgesdes-
ignatethestaticboundaryasthey arenon-transversalandthegreen
edgesdesignatetheactive boundarythroughwhich thepink facets
are includedin U(c) in the later stageof the algorithm. Follow-
ing is thepseudo-codefor this algorithm. Givenanindex 1 saddle
point c it computesan approximationof U(c). We assumec also
hasinformationabouttheVoronoifacetF it is containedin.

APPROX UM INDEX 1(c)
1 U = F
2 B = Voronoiedgesof F
3 while (B 6= /0) do
4 e= pop(B)
5 if (e is transversal)
6 U = U [ acceptor(e)
7 B = B[ unvisitededgesof acceptor(e)
8 endwhile
9 returnU.

Figure 9: Pseudo-codefor approximatecomputationof unstable
manifoldof anindex 1 saddlepoint.

4.3 Classi�cation of Medial Axis

In theprevioustwo subsectionswehavedescribedthestructuresof
theunstablemanifoldsof anindex 1 andindex 2 saddlepoints.We
have alsogivenanaccurateandanapproximatealgorithmto com-
putethem. Our goal is to identify theunstablemanifoldsnearthe
medialaxis of S. Ultimately thesemanifoldsaremappedbackto
S for the featureannotation.For this we �rst computea Voronoi
subcomplex that approximatesthe medialaxis MS andtheniden-
tify differentregionsof this approximatemedialaxisastheunsta-
ble manifoldscomputedby thetwo subroutinesUM INDEX 2 and
APPROX UM INDEX 1.



Beforewe describeour approach,we brie�y mentiona recentre-
sult by Dey, Giesen,RamosandSadri[Dey etal. 2005]wherethey
provedthatundersuf�cient samplingof SbyP, thecriticalpointsof
hP lie eithercloseto S or closeto MS. Thismotivatesourapproach.
Applying thesameresult,we �lter out only the index 1 andindex
2 saddlepointsnearMS insteadof S. Further, we consideronly
thecomponentsof MS which lie in theinteriorof thesolidbounded
by S. For this purposewe usethe TIGHTCOCONE algorithmby
Dey andGoswami [Dey andGoswami 2003]. Theimplementation
of this algorithmis freely availablein the public domain[Cocone
] alongwith thesoftwarefor medialaxisapproximationswhich is
computedasa Voronoisubcomplex accordingto thealgorithmby
Dey andZhao[Dey andZhao2004].For thepurposeof reconstruc-
tion,any otherreconstructionalgorithmalsocouldbeused[Bernar-
dini et al. 1999;Bajaj et al. 1995]. Applying TIGHTCOCONE fol-
lowedby medialaxisapproximationwe get theapproximateinte-
rior medialaxisof S. We performthecritical point detectiononly
within theVoronoisubcomplex thatapproximatesthis medialaxis.
Let uscall this setof index 1 saddlepointsC1 andthatof index 2
saddlepointsC2. WethenapplyUM INDEX 2(c) for all c2 C2 and
APPROX UM INDEX 1(c) for all c 2 C1. U(c 2 C1) is two dimen-
sionalandU(c 2 C2) is onedimensional.Therefore,by restricting
the unstablemanifoldcomputationonly within MS we obtaintwo
subsetsof MS. In thenext section,we describehow this classi�ca-
tion canbemappedbackto S for automaticidenti�cation of its �at
andtubular regions.

Figure10: Removal of smallpatchesin thetubular region via star-
ring. Magentacirclesindicatethecentroidsof thesepatches,green
circlesaretheboundaryverticeswhich connecta patchwith a lin-
earportion(redline) andcyancircle indicateswheretwo different
patchesjoin at a commonvertex. Blue lines arethe replacements
of thesesmallpatchesobtainedby thestarringprocess.

Becauseof samplingartifacts,sometimestheinteriormedialaxisin
thetubular regionshave a few index 1 saddlepoints. Theunstable
manifold of thesesaddlepointsneedto be detectedandapproxi-
matedby lines. We partition the setC1 basedon the connectivity
of their unstablemanifoldsvia a commonedgeandevery partition
createsa patchwhich is theunionof theunstablemanifoldsof all
the index 1 saddlepointsfalling into thatpartition. We furtheras-
signanimportancevaluebasedontheareaof thepatchandsortthe
patchesaccordingto theirimportance. Onecouldalsoemploy other
attributeslike diameter, width etc. to evaluatetheimportance.The
smallclustersarethendetectedeitherby a user-speci�edthreshold
valueor by simplyselectingthek-smallestclusterswherek is alsoa
user-suppliedparameter. Theseinsigni�cant planarregionsarethen
approximatedby asetof straightlinesemanatingfrom thecentroid
of thepatchto theboundarypointswhich areconnectedto eithera
polyline (greencirclesin Figure 10) or anotherpatch(cyancircle
in Figure 10). Wecall thisprocessstarring.

Theresultingonedimensionalandtwo dimensionalsubsetsof the
interior medialaxisis shown in Figure 11. Left columnshows the
approximatemedialaxiscomputedby [Dey andZhao2004]. The

right columnshows the subsetof medialaxis capturedby U(C2)
andU(C1).

Figure11: Resultsof Medial Axis classi�cation. Top row shows
theresultfor HEADLESS MAN. Two closeupshave beenshown to
highlight the planarclustersin the palm of the handandthe feet.
Thecloseupof handhasbeenrotatedfor visualclarity. Themiddle
row shows the resulton HAND datasetandthebottomrow shows
theresultonamoleculedata1BVP.

5 Feature Annotation Algorithm

5.1 Mapping of Unstable Manifolds to S

Thereis a naturalassociationbetweenthe medialaxis MS andS
via themapf : S ! MS wheref (x) is thecenterof themedialball
touchingS at x. Following this map,any subsetA � MS canbe
associatedwith f � 1(A) � S. Let A1 andA2 be the closureof the



unstablemanifoldsof index 2 andindex 1 saddlesin MS de�ned
by the distancefunction hS. Recall that, generically, A1 is one-
dimensionalandA2 is two-dimensional.Ideally, we would like to
identify f � 1(A1) � S astubular andf � 1(A2) � S as�at. As we
have anapproximationof hS by hP, we computethesetubular and
�at regions for the unstablemanifoldsin the approximatemedial
axiswhichwedenotealsoasMS for convenience.

We facea dif�culty to computeanapproximationof thepreimage
of f from the approximatemedialaxis MS. We are interestedin
computingan approximationof the preimageof M0

S = A1 [ A2 �
MS underthemapf .

Unfortunately, this requiresanexpensive computationto cover the
entireM0

S which oftenspansa substantialportionof MS. A naive
approachis to take only a sampleof M0

S, namelytheVoronoiver-
tices,andthenassociatethemto P, a sampleof S, via theVoronoi-
Delaunayduality. This alsoprovesuselessbecauseM0

S doesnot
containall theVoronoiverticesandthereforemany pointsin P can-
notbecoveredby thisVoronoi-Delaunayduality.

It turnsout that thedistancefunctionhP again provesto beuseful
to establisha correspondencebetweenS andM0

S. Recallthat, the
stablemanifold of a critical point is a collectionof pointswhose
orbits terminateat that critical point. Let X andY be the set of
maximain A1 � M0

S andA2 � M0
S respectively. Considerthestable

manifoldsof the maximain X andY. The points in P that arein
the stablemanifoldsof X areassociatedwith the tubular regions
andthosein the stablemanifoldsof Y areassociatedwith the �at
regions. If a point belongsto the stablemanifoldsof maximain
X aswell asin Y, we tag it arbitrarily. Thesepointsbelongto the
regionswherea tubular partmeetsa �at part. Subsequently, every
triangleof thesurfacereconstructedby TIGHT COCONE is tagged
as�at or tubular if at leasttwo of its verticesarealreadymarkedas
�at or tubular respectively.

Computationof stablemanifold of maximahasbeendescribedin
[GiesenandJohn2003] andits approximationwasgiven in [Dey
et al. 2003]. We follow theapproximatealgorithmto computethe
stablemanifoldsof thelocalmaximalying onM0

S.

Figure 12: One dimensionalsubsetof the interior medial axis is
drawn in red and the two dimensionalsubsetof the medial axis
is drawn in greenfor the moleculedata1IRK. The right sub�g-
ureshows theselectionof local maximaof thedistancefunctionin
thosetwo parts,coloredaccordingly.

Figure 12 shows the setM0
S of the moleculedata1IRK, andthe

setof maximabelongingto thatsetandidenti�ed aslinearor pla-
nar. Thecorresponding�at andtubularportionsof thesurfacecap-
turedby themappingvia stablemanifoldof thesemaxima- colored
goldenandcyan respectively - areshown in Figure 14. We col-
lectedtheproteinfrom ProteinDataBank[Bermanetal. 2000]and
blurredthe moleculeat a resolution8 angstrom.Furtherwe took

thevertex setof asuitablelevel setastheinput to ourprogram.We
veri�ed the resultwith the existing literaturein structuralbiology
andwe have seenthat the �at regionsidenti�ed by our algorithm
correspondto theb-sheetsof theproteinmolecule.

5.2 Annotation Algorithm

Themodulesdescribedin theprevioussectionsandsubsectionscan
thusbecombinedto deviseanalgorithmfor automaticfeaturean-
notationof S. Wegivethepseudo-codeof thisannotationalgorithm
here.

IDENTIFY FLAT AND TUBULAR REGIONS(P)
1 ComputeVorP andDelP.
2 ComputetheinteriorMedialAxis MS

by TIGHTCOCONE AND MA (P)
3 C1 = setof index 1 saddlepointslying onMS and

C2 = setof index 2 saddlepointslying onMS,
4 A1 = A2 = /0
5 for all c 2 C2
6 A1 = A1[ UM INDEX 2(c)
7 for all c 2 C1
8 A2 = A2[ APPROX UM INDEX 1(c)
9 X = maximain A1

10 Y = maximain A2
11 STubular = MAPPING VIA STABLE MANIFOLD(A1)
12 SFlat = MAPPING VIA STABLE MANIFOLD(A2)
13 returnSTubular andSFlat.

Figure13: Pseudo-codeof thefeatureannotationalgorithm.

6 Results

6.1 Implementation Issues

The algorithmworks on the Voronoi-Delaunaydiagramof the set
of samplepoints lying on the surface. To robustly computethe
Delaunaytriangulationandits dual Voronoi diagramfor the input
setof pointsweusethelibrary CGAL [CGAL Consortium] which
is freelyavailable.

Evenin CGAL-framework,wesometimesfacethedegeneratecase
of � ve or morepointsbeingcospherical.This casehasto behan-
dledwith specialcarebecauseonly oneVoronoivertex is repeated
andthereforethe �o w alongtheVoronoiedgesis not well-de�ned
anymore. To dealwith suchsituations,we modify the algorithm
slightly. At thestartof thealgorithmwe collectthesetsof tetrahe-
drawhich arecospherical.While computingtheunstablemanifold
of index 2 saddlepoints,if thepolylinehitsaVoronoivertex whose
dual is a memberof one suchcosphericalcluster, the algorithm
automaticallyadvancesthroughthenon-degenerateVoronoiedges
whicharedualto thetrianglesboundingthecosphericallump. This
degeneracy posesa moreseriousthreatto the computationof un-
stablemanifoldof index 1 saddlepointsandat thisstage,wedonot
extendthemanifold throughany VoronoiedgewhosedualDelau-
naytriangleis sharedby two cosphericaltetrahedra.

Therearesomeparametersinvolved in the full featureannotation
process.For surfacereconstructionandmedialaxisapproximation
we usedthe software [Cocone]. The parametersfor theserou-
tines are describedin [Dey and Goswami 2003], [Dey and Zhao



2004]. For noisy inputswe replaceTIGHT COCONE by ROBUST
COCOCNE andthe parametersfor that stepareagain describedin
[Dey andGoswami 2004]. Therestof thealgorithmrequiresonly
oneparameterk which is thenumberof �at regionsto beoutput.

6.2 Performance

(a)
(b)

(c) (d)

(e) (f)

Figure14: Performanceof the featureannotationalgorithm. The
modelsare (a) PIN, (b) MUG, (c) molecule1CID (d) molecule
1IRK, (e) HAND, (f) ALIEN

Figure 14 shows the performanceof the annotationalgorithmon
six datasets.The datasetshave beenchosento representdifferent
domainsthis algorithmcanpossiblybe appliedin. PIN is a CAD
datasetwhich hastwo tubular partsjoined in themiddle througha
�at portion. The algorithmcanidentify themcorrectly. Similarly
themethodcancorrectlyidentify thehandleasthetubular andthe
body as the �at region for the MUG dataset. In the secondrow
we show theperformanceof our methodon two proteinmolecules
obtainedfrom ProteinDataBank[Bermanetal.2000].Wetookthe
crystalstructureof thesetwo molecules(PDBID 1CID and1IRK)
andblurredthemwith Gaussiankernel.We furthertook a level set
whichrepresentsamolecularsurfaceandusedthevertex setof that
isosurfaceastheinput to ouralgorithm.The�at featuresidenti�ed

byourmethodcorrespondto theb-sheetsof thesecondarystructure
of thosetwo proteins.In thelastrow weshow theresultontwo free
form objectscontainingboth �at andtubular features.As we can
see,the palm of the HAND hasbeendetectedas �at whereasthe
�ngers have beendetectedastubular. Our methodcanalsocapture
themajor�at andtubular featuresof ALIEN.

We purposefullyshow theperformanceof thealgorithmon ALIEN
as it brings forth the limitations of our algorithm. We seethat a
portion of the arm hasbeenidenti�ed as�at. This is becausethe
initial reconstructionphasecouldnot separatethebeginningof the
arm from the torsodueto lack of sampling. Secondly, oneof the
feet could not be fully identi�ed as�at by our algorithm. This is
becausethe approximatemedialaxis, that we startedwith, is not
a closeapproximationof the truemedialaxis in that region, again
dueto lack of sampling.Becauseof that,our methodfails to col-
lect suf�ciently many index 1 saddlepointsleadingto incomplete
identi�cation of �at featuresin thatregion.

Figure 15 shows theperformanceof our methodon noisydataset
HORSE. Insteadof applyingTIGHT COCONE, we �rst markthein-
teriorandexteriorof theclosedsurfacefrom its noisypointsample
by ROBUST COCONE ([Dey andGoswami 2004])andthenobtain
theinterior medialaxisandproceedfurtherwith theunstableman-
ifold computationandfeatureidenti�cation. Originally therewere
somethin �at regionsdueto theunstablemanifoldof someindex 1
saddlepointsnearthehind legswhichwe �ltered outby threshold-
ing in orderto geta cleanskeletonof theHORSE. In therightmost
picturewe seesomewhite trianglesneartheears.Thesetriangles
appearasthe mappingvia stablemanifold missessomepointson
thesurfacein thatportion.

6.3 Timings

The time andspacecomplexity of the algorithmis dominatedby
thecomplexity of Delaunaytriangulation.Wereportthetimingsof
theentireexecutioninto four majorsteps

1. Step1: Building theVoronoi-Delaunaydiagramof thepoint
set(Line 1 of Figure 13).

2. Step2: Computationof interior medialaxis. (Line 2 of Fig-
ure 13).

3. Step3: Computationof unstablemanifold of index 1 and
index 2 saddlepointslying on theinterior medialaxis. (Line
3-8of Figure 13).

4. Step4: Mappingthemaximain theplanarandlinearportion
of the medialaxis backto the surface. (Line 9-13 of Figure
13).

Webuilt thecodeusingCGAL [CGAL Consortium] andgnuC++
libraries. Thecodeis compiledat anoptimizationlevel � O2. We
runtheexperimentsin amachinewith INTEL XEON processorwith
1GB RAM runningat 1GHz cpuspeed.Table 1 reportsthe time
taken in the four stepsof the algorithmfor a numberof datasets.
It is clear from the breakupof timing that the �rst two stepsof
building theDelaunaytriangulationandthencomputingtheinterior
medialaxis arethe two mostexpensive steps.For noisy datasets,
additionally ROBUST COCONE is usedto obtainan initial in-out
marking.This stepis comparatively inexpensive. For example,for
NOISY HORSE (48,000points) this steponly adds10 secto the
wholecomputationtimewhich is approximately100sec.



Figure15: ResultsonNoisyData.

# points Step1 Step2 Step3 Step4
object (sec.) (sec.) (sec.) (sec.)
1CID 5170 7.59 15.63 6.69 0.39
1IRK 13940 29.88 43.93 15.63 1

HEADLESS 16287 18.63 51.30 16.01 1.26
MAN
PIN 15530 15.73 41.4 21.53 0.92

CLUB 16864 20.54 47.3 19.83 1.24
MUG 27109 37.68 83.28 47.14 2.19
HAND 40573 53.48 120.16 40.67 2.69

P8 48046 33.46 136.59 39.97 3.22
1BVP 53392 148.18 159.52 62.19 3.53
ALIEN 78053 102.62 242.33 64.11 5.4

Table1: Timings

7 Conclusions

In this work, we �rst describedthe structureof the unstableman-
ifold of index 1 andindex 2 saddlepointsof thedistancefunction
inducedby asetof pointssampledfrom asurface.We furtherused
this analysisto computethe unstablemanifold of an index 2 sad-
dle point exactly and the unstablemanifold of an index 1 saddle
point approximately. We thenusedtheunstablemanifoldof index
1 andindex 2 saddlepointsnearthe medialaxis of the surfaceto
automaticallydetectthe�at andtubular featuresof theshape.

We believe that this work will be useful in many areasof science
andengineering.Onenaturalconnectionto structuralbiologyis the
elucidationof secondarystructuralpropertiesof proteinmolecules.
Secondarystructureof a proteinmoleculeis madeup of a collec-
tion of a -helicesandb-sheets.a -helicesaretubular andb-sheets
are �at. The resultsof our algorithm on protein moleculeshave
beenveri�ed againstthe truestructuralinformationobtainedfrom
ProteinDataBank[Bermanet al. 2000]andtheexisting literatures
in structuralbiology. We have seenthat our methodcan identify
thesecondarystructuralmotifs correctly. Oftentheapplicationsin
structuralbiology requireto elucidatethe secondarystructuralin-
formationin theabsenceof atomiclevel representationof aprotein
molecule.This is particularlythecasewhena proteinmoleculeis
presentin a larger assemblysuchasin virus capsidandthe input
is obtainedonly at a resolutioncoarserthan4 angstromvia elec-
tron microscopy. This methodwill prove fruitful in analyzingthe
secondarystructuralpropertiesin suchsituations.

This work hastriggeredseveral questions.We have collectedthe

initial setof index 1 andindex 2 saddlepointsonly from theinterior
medialaxis computedby [Dey andZhao2004]. This is only an
approximationof the true medialaxis. As a result, the collection
thusobtainedoften missessomecritical pointswhich arecloseto
thetruemedialaxisbut donot lie on theapproximation.Oneneeds
to deviseanalgorithmto collectall thecritical pointsnearthetrue
medialaxisef�ciently , sayby thecritical pointseparationalgorithm
of Dey et al. [Dey et al. 2005]. Most likely this will improve the
performanceof ouralgorithm.

Thealgorithmsometimesfails to collecta �at regioncompletelyas
canbeseenfrom thefeetof ALIEN in Figure 14. This is partlydue
to thefact thatwe mapthe linearandplanarregionsof themedial
axisvia thestablemanifoldof themaximalying in thoseregions.
Weapplytheapproximationalgorithmof [Dey etal. 2003]to com-
pute the stablemanifoldsof the maxima. This methodcomputes
thesestablemanifoldsapproximatelyassubcomplexesof DelP. To
improve theperformanceof our algorithm,while still maintaining
ef�ciency, we plan to investigatehow we canusethe exact com-
putationpresentedin [GiesenandJohn2003]only for thoselocal
maximathatborderaone-andatwo-dimensionalregion in theme-
dial axis.
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