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The Moving LeastSquaregMLS) methodhasbeenvery effective

in smoothingpoint cloud datathat may be noisy However, the

quality of this smoothingdependn how well one can estimate
theneighborhooaf thepointsonthesampledsurface.In thiswork

we presenta Delaunaybasedschemehat estimateghis neighbor

hoodfrom point cloudspossiblycorruptedwith noise. This neigh-
borhoodinformation is usedfor designinga very simple kernel
function for the MLS which producesquality approximationand
smoothing.
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Shapemodelingfrom their point sampleshasbecomean effective
paradigmbecauseof its light-weight input speci cation and the
e xibility offeredby the process.The recentwork on surfacere-
construction3, 4, 6, 11, 16, 20], medialaxisapproximatior{5, 9],
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Figure A: Effectivenessf the smoothingtechnique:The verticesof a smoothGARGOY LE(leftmost) are perturbed
with a Gaussiamoise(middle-left). Theseperturbedverticesaretakenasinput point cloud data(middle-right). The
resultafterour MLS smoothingwith Delaunaypreprocessin@rightmost).All picturesare at shadedn this paper

solid modeling[15], rendering[1] areonly a few examplesattest-
ing this fact. The point sample often acquiredby somescanning
process,containsnoise. The Moving LeastSquaregMLS) pio-
neeredy Levin [17, 18] hasbeenproposedo dealwith suchnoisy
sampleshy Alexa et al. [2]. Following this work, someotherre-
sultswereobtainedby this powverful techniqueincludingthe work
of Alexaetal. [1], Pauly etal. [15] andPauly andGross[14].

GivenapointsampleP from asmoothsurfaceS 3, TheMLS
appliedto apoint p P movesit to a smoothsurfaceM that ap-
proximatesS. Thequality of this approximatiordependsiponhow
well the featuresizesof S are approximatedrom P. Thein u-
enceof otherpointson p is capturedby a weight function called
the kernel for p. Ideally, only points from a neighborhoodf p
whichis smallerthanthelocal featuresizesof S shouldhave large
weights. In fact, for reducingcomputationtime only thesepoints
canbeallowedto in uence themovementof p. All previousworks
[2, 14, 15] usek-nearesneighbordor this purpose.However, de-
terminingappropriatek is not alwayseasy

In this paperwe proposea simplekernelfunctionthatusesDe-
launaytriangulationsof the point set. Thecombinationof the MLS
with this Delaunaykernelachiezesquality smoothingandapprox-
imation. The point cloudis processedo extracta subsebf points
anda a preliminary surfaceis computednterpolatingthem. This
surfacemay have undesirablaundulationsdueto noise. Neverthe-
less,the neighborhoof a point determinedoy the Delaunaytri-
angleson this surfacedoesnot exceedthe local featuresize under
areasonabl@oisemodel. This neighborhoods usedto determine
thekernelfunctionfor a subsequerémoothingstep.

Given a point setP 3, the MLS surfaceM is de ned asthe
stationanysetof aprojectoroperato= wherex 3 is projected
byF toF Px M. TheprojectionF P x iscomputedasfollows.
First,aplane

H x 3xn D 0 (1)



Figurel: PointprocessingA noisy point samplealongwith outliers(top-left), small Delaunayballs are shadedwhite (top-right),inner big
Delaunayballs selectedbottom-left),reconstructedhaperom the pointson theseballs (bottom-right).

is determinedby minimizing the weightedsumof the squaredlis-
tances

a pn D% p q )
p P

whereq is the projectionof x ontoH andk is a smoothfunction
calledthe MLS kernel. After transformingall pointsinto alocal co-
ordinatesystemde ned on H, a secondeastsquareoptimization
is carriedout. This optimizationgives a polynomialg uv of a
choserdegreewhich locally approximatedvl. The projectionof x
ontoM isgivenbyF Px g g00 n.

Usuallya Guassiark t  exp t2 s2 is usedwheres is a
parametethat determineghe local featuresizesof M. The local
featureat a point x on a surfacecanbe de ned asthe distanceof x
to the medialaxis of the surface[3]. Ideally s shouldbe adaptve
to thelocal featuresizesof S from whereP is sampledpor atleast
shouldnot exceedthelocal featuresizesof S.

Ourmaincontributionis to shav thatwe canchoosea very sim-
ple k  which respectshe local featuresizesundera reasonable
noisemodel. The noisemodelassumeshat P is perturbedfrom
S within somefraction of the local featuresizes. It formsa dense
sampleof S whenprojectedonto S. Notice that thesetwo condi-
tionsarereasonablasotherwisethe perturbatiorcanbe arbitrarily
large creatinga point cloud without ary resemblanceéo S, or can
bearbitrarily sparsaewithout capturingthe featuresof S.

Weemplg apointprocessingtepfrom [8] to reconstrucs from
P. If Pis noisy thissurfacemayhave noisyundulations Eachpoint
p on this surfacehasa neighborhoodsize proportionalto the sam-
pling density This neighborhoods taken for designingthe kernel
k of theMLS.

If P is noise-free,one could reconstruct surfaceinterpolatingP

usingary of therecentsurfacereconstructioralgorithmsandthen
couldtake the appropriateneighborhoof the pointsfor the ker-

nels[3, 4, 6]. In caseP is noisy this propositionfails unlessan
algorithmis designedo reconstructa surfacefrom noisy sample
points. We usethe algorithmof Dey andGoswami [8] for this pur

pose.

The Delaunaytriangulationof the input point setP is denoted
DelP. Its dual,theVoronoidiagramjs denoted/orP anda Voronoi
cellforapointp Pisdenoted/p. Thecircumscribingoallsof the
DelaunaytetrahedrarecalledDelaunayballs.

To understandhe rationalebehindthe method, rst assumehat
P is noise-free.For a point p P, the inner (outer) pole of p is
the Voronoi vertex that lies inside (outsiderespectiely) S andis
farthestrom p amongall otherverticesof V. The Delaunayballs
centeringhe polesarecalledpolar balls. It is knowvn by aresultof
Amenta,Choi andKolluri [5] thatthe polar balls centeringthe in-
ner(outer)polesapproximatehe shapeboundedoy S (unbounded
componenbf Srespecitiely). It is easyto computethe poles
from the Voronoi diagramVorP. However, in absenceof S, one
needsa mechanisnto separatéhe inner polesfrom the outerones
in orderto obtainanapproximatiorof S. Thepolarballssatisfythe
following intersectiordepthproperty Two inner(outer)polarballs
that cricumscribeadjacentetrahedrantersectdeeplywhile anin-
neranda outerpolar ball intersectonly in a shallov manner The
depthof intersectioris measuredy the angleat which the bound-
ariesof thetwo ballsintersect.A breadth- rstsearchstartingfrom
anunboundedolarball, whichis outerfor sure,cancollectall of
themif thewalk movesfrom anouterpolarball to anadjacenpolar
ball only if they intersecdeeply



Figure2: Spreadradii of the pointsindicatedwith colors. Highest
one-thirdsarecoloredred, middle one-thirdarecoloredgreen,and
lowestone-thirdarecoloredblue.

The above algorithmdoesnot work whenP is noisy A main
reasonfor this is that the intersectiondetweenpolar balls do not
follow the intersectiondepthproperty We circument this dif -
culty by observingthat, even with noisy point samplewherethe
pointsarenot perturbednorethana smallfractionof thelocal fea-
ture sizes,someof the Delaunayballs behae lik e polarballsasin
the noise-freecase. We identify themby their relative sizescom-
paredto the nearesheighbordistances.Let B be a Delaunayball
cricumscribingfour pointsp, i 1 4. We sayB is big if the
radiusof B is morethanr 0O timesbiggerthanthe nearesheigh-
bor distanceof ary p; wherer is aninput parameter In practice
we chooser 15 andinsteadof taking the nearesneighbordis-
tancewetake theaveragedistanceof the5 nearesheighbors After
identifying the big Delaunayballs, we partition themusingthein-
tersectiondepthpropertyasin the noise-freecase. It is provedin
[8] that, underthe noisemodelasdescribedbefore,big Delaunay
balls satisfythe intersectiondepthpropertyandthe union of inner
big Delaunayballs approximateS. In particular one canrecon-
structS from the subsetof P thatlie on the boundaryof the inner
big Delaunayballs. Figure1 shavs the stepsof this algorithm. The
surfaceS whichis outputby this algorithmis usedto determinethe
kernelfor MLS.

The point processingstepis quite robust againstout-
liers. Someof the Delaunayballs incidentto outliersare detected
smallsincetheir averages-nearesheighbordistancesrerelatively
big. Theotherbig Delaunayballsintersecbtherouterballs deeply
andhencearedetectedbuter As aresult,the outliersdo notlie on
inner big Delaunayballs which are usedfor preliminary surface.
Figurelillustratesthis effect.

For eachpointp P we determinethe kernelfunctionasfollows.
In thesumof equationd and2, all pointsof P areconsideredThis
leadsto a prohibitive computationfor moderatelylarge datasets.
To circumwentthis problem,usuallyonly a few neighborssuchas

Figure 3: The preliminary surfacesafter the point processingstep
(left). Thesurfaceswith the samevertex connectiity afterthever
ticesaresmootheddy the MLS with the Delaunaykernels(right).

k-nearesneighborsof p for a pre-assignetiumberk aretakenin
thesesums.Letthesetof pointsof P thatareconsideredvhile com-
putingthe MLS positionof apointbecalledits spread We propose
anatural,adaptve spreador eachp P andthecorrespondindier
nel.

Thedistancebetweera point p on S andits neighborsn Sis less
thanthe local featuresizeof pin S. Usingthis rationale, rst we
eliminatesomeof the pointsfrom P asfollows. Let Q bethevertex
setof S. We collectasubsef P thatlie closeto thesetQ. Let
rp bethedistancebetweena vertex p of S andthe farthestvertex

connectedoit onS. A pointisin P if it lies within rp, distanceof
apointp Q. Obserethatoutliersareeliminatedfrom P asthey
lie far away from all pointsof S. ThesetP is smoothedy MLS.
We determinethe spreaddor eachpointin P asfollows.

If p Q, theneighborsof p on S aretaken asits spread.If p
is notavertex in S, we take s, the nearestvertex of pon S. The
spreadof p is the setof pointslying within a distanceof rs. The
spreaddor two points,oneon the surfaceS andonenoton S, are
indicatedin the bottom-rightpicture of Figure1. The radii of the
spreadsaiscomputedby ourmethodareshavn in Figure2. Regions
with relatively smallfeatureshave smallradii. This helpsin setting
thekernelwidth smallerthanthelocal featuresizes.

Let Np denotethe spreadof p ascomputedabore. The kernel

k p g of pcanbetakenexp P 9 e whereq Np andr isthe
radiusof the spreadInsteadwe simplify thekernelas

lifg Np
0 otherwise

kpq

We call this kernelthe Delaunaykernel Theresultswith this sim-
pli ed kernelsareshavn in Figure3 andFigure4.



Figure4: DRAGON with different noise levels smoothedby our
method. The top row containsa Guassiamoisewith a multiplica-
tive factorof 1000,andthe bottomonewith a multiplicative factor
of 3000.

Figure 5: The surface reconstructecout of the noisy Stanford
Bunry sample(left), the surfaceafter smoothingthe verticeswith
the Delaunaykernel(right).

Weimplementeduralgorithmwith the CGAL library. Thislibrary
provides fast, robust Delaunaytriangulations. For example, for
GARGOY LE with approximatelyl00,000points,theentiresmooth-
ing includingthe point processingteptakes137 secondona 2.8
GHZ pentium4 machingwith 1 GB RAM. Table6 shavs thetimes
for differentmodels.

#points | Time

object (sec.)
VENUS 50K 52.78
GARGOYLE 100K 134.32
DRAGON 100K 134.35
TYRA 100K 137.13
BUNNY 362K 516.36

Figure6: Time data.

We comparedur methodwith the MLS methodimplementedn
PoINTSHOP3D [20]. The MLS kernelin this methodestimateshe
featuresizesusing k-nearesineighbors. It suffers from two dif -

O O

Figure 7: Noisy point cloud of TRICERATOPS (upper left)
smoothedy ourmethod(lower left). MLS with k-nearesheighbor
kernels(uppermiddle) distortshorns, Delaunaykernel preseres
them(lowerright).

Figure8: MLS with k-nearesheighborkernelsdoesnotre-position
someof theoutliers. Theverticesof the GARGOY LE wasperturbed
to createsomeoutliersat the bottom. The surfacewith the original
connectiity after MLS smoothingshavs theoutliersatthe bottom
of GARGOYLE (middle). MLS with Delaunaykernelremovesthe
outliers(right).

culties. First, in thin regionswhereusuallyundersamplingccurs,
k-nearesneighborscanreachbeyond featuresizescreatingsevere
distortionin featuresasFigure7 shavs. Secondlyit cannothandle
outliers. The noiseon the bottomof the GARGOY LE createssome
outliersthatMLS doesnotre-position.Our methodprocessethem
gracefully seeFigure8.

There are a number of techniquesavailable for smoothing
meshed7, 12, 13, 19]. Although we are more concernedwith
smoothingpoint cloud data, we chosethe bilateral meshdenois-



Figure 9: Noisy meshof GARGOYLE after bi-lateral denoising
(top), the meshafter reconstructingvith the verticessmoothedoy
our method(bottom).

ing [10] for a comparisorof the meshqualities. We took the mesh
of GARGOYLE andperturbedt with a Gaussiamoise.Theoutputs
of thebilateraldenoisingmovestheverticestowardssharpfeatures
andtendto producean unezen mesh. We smoothecdthe vertices
rst with our methodandthenreconstructedhe surfaceout of the

smoothpoint sample.The two surfaceswith highlightsareshavn

in Figure9.
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