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FigureA: Effectivenessof the smoothingtechnique:The verticesof a smoothGARGOYLE(leftmost)areperturbed
with a Gaussiannoise(middle-left). Theseperturbedverticesaretakenasinput point clouddata(middle-right).The
resultafterour MLS smoothingwith Delaunaypreprocessing(rightmost).All picturesare�at shadedin this paper.
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TheMoving LeastSquares(MLS) methodhasbeenvery effective
in smoothingpoint cloud datathat may be noisy. However, the
quality of this smoothingdependson how well onecan estimate
theneighborhoodof thepointsonthesampledsurface.In thiswork
we presenta Delaunaybasedschemethatestimatesthis neighbor-
hoodfrom point cloudspossiblycorruptedwith noise.This neigh-
borhoodinformation is usedfor designinga very simple kernel
function for the MLS which producesquality approximationand
smoothing.

CR Categories: [ComputerGraphics]:Modeling—Point-based
Graphics,SurfaceReconstruction.

Keywords: smoothing,point cloud,meshing.

N OQP

FHGJRTS6UVKMFXWYR

P

Shapemodelingfrom their point sampleshasbecomeaneffective
paradigmbecauseof its light-weight input speci�cation and the
�e xibility offeredby the process.The recentwork on surfacere-
construction[3, 4, 6, 11, 16, 20], medialaxisapproximation[5, 9],
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solid modeling[15], rendering[1] areonly a few examplesattest-
ing this fact. The point sample,often acquiredby somescanning
process,containsnoise. The Moving LeastSquares(MLS) pio-
neeredby Levin [17,18] hasbeenproposedto dealwith suchnoisy
samplesby Alexa et al. [2]. Following this work, someotherre-
sultswereobtainedby this powerful techniqueincludingthework
of Alexaetal. [1], Paulyet al. [15] andPaulyandGross[14].

GivenapointsampleP from asmoothsurfaceS []\

3, TheMLS
appliedto a point p [ P moves it to a smoothsurfaceM that ap-
proximatesS. Thequalityof thisapproximationdependsuponhow
well the featuresizesof S are approximatedfrom P. The in�u-
enceof otherpointson p is capturedby a weight function called
the kernel for p. Ideally, only points from a neighborhoodof p
which is smallerthanthelocal featuresizesof S shouldhave large
weights. In fact, for reducingcomputationtime only thesepoints
canbeallowedto in�uence themovementof p. All previousworks
[2, 14, 15] usek-nearestneighborsfor this purpose.However, de-
terminingappropriatek is not alwayseasy.

In this paperwe proposea simplekernelfunction thatusesDe-
launaytriangulationsof thepoint set.Thecombinationof theMLS
with this Delaunaykernelachievesquality smoothingandapprox-
imation. Thepoint cloudis processedto extracta subsetof points
anda a preliminarysurfaceis computedinterpolatingthem. This
surfacemayhave undesirableundulationsdueto noise.Neverthe-
less,theneighborhoodof a point determinedby the Delaunaytri-
angleson this surfacedoesnot exceedthe local featuresizeunder
a reasonablenoisemodel.This neighborhoodis usedto determine
thekernelfunctionfor a subsequentsmoothingstep.
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Given a point set P [�\

3, the MLS surfaceM is de�ned as the
stationarysetof aprojectoroperatorF g-h i wherex []\

3 is projected
byF to F g Pj xiH[ M. TheprojectionF g Pj xi is computedasfollows.
First,a plane

H k!l x [T\

3 m x h n n D k 0o (1)
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Figure1: Pointprocessing:A noisypoint samplealongwith outliers(top-left), smallDelaunayballsareshadedwhite (top-right),innerbig
Delaunayballsselected(bottom-left),reconstructedshapefrom thepointson theseballs(bottom-right).

is determinedby minimizing theweightedsumof thesquareddis-
tances

å
p p P

g p h n n D i

2k grq p n q q
isj (2)

whereq is the projectionof x onto H andk is a smoothfunction
calledtheMLS kernel.After transformingall pointsinto alocalco-
ordinatesystemde�ned on H, a secondleastsquareoptimization
is carriedout. This optimizationgives a polynomial g g u j vi of a
chosendegreewhich locally approximatesM. Theprojectionof x
ontoM is givenby F g Pj xitk q u g g 0 j 0ivh n.

Usually a Guassiank g t iwk exp g-n t2 x s 2
i is usedwheres is a

parameterthat determinesthe local featuresizesof M. The local
featureat a point x on a surfacecanbede�ned asthedistanceof x
to themedialaxisof thesurface[3]. Ideally s shouldbeadaptive
to the local featuresizesof S from whereP is sampled,or at least
shouldnotexceedthelocal featuresizesof S.

Ourmaincontribution is to show thatwecanchooseaverysim-
ple k g-h i which respectsthe local featuresizesundera reasonable
noisemodel. The noisemodelassumesthat P is perturbedfrom
S within somefractionof the local featuresizes. It formsa dense
sampleof S whenprojectedonto S. Notice that thesetwo condi-
tionsarereasonableasotherwisetheperturbationcanbearbitrarily
large creatinga point cloud without any resemblanceto S, or can
bearbitrarily sparsewithout capturingthefeaturesof S.

Weemploy apointprocessingstepfrom[8] to reconstructSfrom
P. If P is noisy, thissurfacemayhavenoisyundulations.Eachpoint
p on this surfacehasa neighborhoodsizeproportionalto thesam-
pling density. This neighborhoodis taken for designingthekernel
k of theMLS.
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If P is noise-free,onecould reconstructa surfaceinterpolatingP
usingany of therecentsurfacereconstructionalgorithmsandthen
could take theappropriateneighborhoodof thepointsfor theker-
nels [3, 4, 6]. In caseP is noisy, this propositionfails unlessan
algorithm is designedto reconstructa surfacefrom noisy sample
points.We usethealgorithmof Dey andGoswami [8] for this pur-
pose.

The Delaunaytriangulationof the input point setP is denoted
DelP. Its dual,theVoronoidiagram,is denotedVorP andaVoronoi
cell for apoint p [ P is denotedVp. Thecircumscribingballsof the
DelaunaytetrahedraarecalledDelaunayballs.

To understandtherationalebehindthemethod,�rst assumethat
P is noise-free. For a point p [ P, the inner (outer)pole of p is
the Voronoi vertex that lies inside (outsiderespectively) S and is
farthestfrom p amongall otherverticesof Vp. TheDelaunayballs
centeringthepolesarecalledpolar balls. It is known by aresultof
Amenta,Choi andKolluri [5] that thepolarballscenteringthe in-
ner(outer)polesapproximatetheshapeboundedby S (unbounded
componentof \

3
n S respectively). It is easyto computethepoles

from the Voronoi diagramVorP. However, in absenceof S, one
needsa mechanismto separatetheinnerpolesfrom theouterones
in orderto obtainanapproximationof S. Thepolarballssatisfythe
following intersectiondepthproperty. Two inner(outer)polarballs
that cricumscribeadjacenttetrahedraintersectdeeplywhile an in-
neranda outerpolarball intersectonly in a shallow manner. The
depthof intersectionis measuredby theangleat which thebound-
ariesof thetwo balls intersect.A breadth-�rstsearchstartingfrom
anunboundedpolarball, which is outerfor sure,cancollectall of
themif thewalk movesfrom anouterpolarball to anadjacentpolar
ball only if they intersectdeeply.



Figure2: Spreadradii of thepointsindicatedwith colors. Highest
one-thirdsarecoloredred,middleone-thirdarecoloredgreen,and
lowestone-thirdarecoloredblue.

The above algorithmdoesnot work whenP is noisy. A main
reasonfor this is that the intersectionsbetweenpolar balls do not
follow the intersectiondepthproperty. We circumvent this dif�-
culty by observingthat, even with noisy point samplewherethe
pointsarenotperturbedmorethanasmallfractionof thelocal fea-
turesizes,someof theDelaunayballsbehave like polarballsasin
the noise-freecase.We identify themby their relative sizescom-
paredto the nearestneighbordistances.Let B be a Delaunayball
cricumscribingfour points pi j i k 1 jQ•€•€j 4. We say B is big if the
radiusof B is morethanr • 0 timesbiggerthanthenearestneigh-
bor distanceof any pi wherer is an input parameter. In practice
we chooser k 1 • 5 andinsteadof taking thenearestneighbordis-
tance,wetaketheaveragedistanceof the5 nearestneighbors.After
identifying thebig Delaunayballs,we partition themusingthein-
tersectiondepthpropertyasin the noise-freecase.It is proved in
[8] that,underthe noisemodelasdescribedbefore,big Delaunay
ballssatisfythe intersectiondepthpropertyandtheunionof inner
big Delaunayballs approximateS. In particular, one can recon-
structS from thesubsetof P that lie on theboundaryof the inner
big Delaunayballs.Figure1 shows thestepsof thisalgorithm.The
surfaceŜ which is outputby thisalgorithmis usedto determinethe
kernelfor MLS.
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The point processingstepis quite robust againstout-
liers. Someof theDelaunayballs incidentto outliersaredetected
smallsincetheiraverage5-nearestneighbordistancesarerelatively
big. Theotherbig Delaunayballsintersectotherouterballsdeeply
andhencearedetectedouter. As a result,theoutliersdo not lie on
inner big Delaunayballs which are usedfor preliminary surface.
Figure1 illustratesthis effect.
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For eachpoint p [ P we determinethekernelfunctionasfollows.
In thesumof equations1 and2, all pointsof P areconsidered.This
leadsto a prohibitive computationfor moderatelylarge datasets.
To circumvent this problem,usuallyonly a few neighborssuchas

Figure3: Thepreliminarysurfacesafter thepoint processingstep
(left). Thesurfaceswith thesamevertex connectivity afterthever-
ticesaresmoothedby theMLS with theDelaunaykernels(right).

k-nearestneighborsof p for a pre-assignednumberk aretaken in
thesesums.Let thesetof pointsof P thatareconsideredwhile com-
putingtheMLS positionof apointbecalledits spread. Wepropose
anatural,adaptivespreadfor eachp [ P andthecorrespondingker-
nel.

Thedistancebetweenapoint p onŜandits neighborsin Ŝ is less
thanthe local featuresizeof p in S. Using this rationale,�rst we
eliminatesomeof thepointsfrom P asfollows. Let Q bethevertex
setof Ŝ. We collecta subsetP“v” P that lie closeto thesetQ. Let
rp be thedistancebetweena vertex p of Ŝ andthe farthestvertex
connectedto it on Ŝ. A point is in P“ if it lies within rp distanceof
a point p [ Q. Observe thatoutliersareeliminatedfrom P“ asthey
lie far away from all pointsof Ŝ. ThesetP“ is smoothedby MLS.
Wedeterminethespreadsfor eachpoint in P“ asfollows.

If p [ Q, the neighborsof p on Ŝ aretaken asits spread.If p
is not a vertex in Ŝ, we take s, the nearestvertex of p on Ŝ. The
spreadof p is the setof points lying within a distanceof rs. The
spreadsfor two points,oneon thesurfaceŜ andonenot on Ŝ, are
indicatedin thebottom-rightpictureof Figure1. The radii of the
spreadsascomputedby ourmethodareshown in Figure2. Regions
with relatively smallfeatureshavesmallradii. Thishelpsin setting
thekernelwidth smallerthanthelocal featuresizes.

Let Np denotethe spreadof p ascomputedabove. The kernel
k g p j qi of p canbetakenexp •Y–~—

p
–

q
—

2 ˜Y™ r2
whereq [ Np andr is the

radiusof thespread.Insteadwe simplify thekernelas

k g p j qišk 1 if q [ Np j

k 0 otherwise•

We call this kerneltheDelaunaykernel. Theresultswith this sim-
pli�ed kernelsareshown in Figure3 andFigure4.



Figure 4: DRAGON with different noise levels smoothedby our
method.Thetop row containsa Guassiannoisewith a multiplica-
tive factorof 1000,andthebottomonewith a multiplicative factor
of 3000.

Figure 5: The surface reconstructedout of the noisy Stanford
Bunny sample(left), thesurfaceafter smoothingtheverticeswith
theDelaunaykernel(right).
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Weimplementedouralgorithmwith theCGAL library. This library
provides fast, robust Delaunaytriangulations. For example, for
GARGOYLE with approximately100,000points,theentiresmooth-
ing including thepoint processingsteptakes137secondson a 2.8
GHZ pentium4 machingwith 1 GB RAM. Table6 shows thetimes
for differentmodels.

# points Time
object (sec.)

VENUS 50K 52.78
GARGOYLE 100K 134.32
DRAGON 100K 134.35

TYRA 100K 137.13
BUNNY 362K 516.36

Figure6: Time data.

Wecomparedourmethodwith theMLS methodimplementedin
POINTSHOP3D [20]. TheMLS kernelin this methodestimatesthe
featuresizesusingk-nearestneighbors. It suffers from two dif�-

Figure 7: Noisy point cloud of TRICERATOPS (upper left)
smoothedby ourmethod(lowerleft). MLS with k-nearestneighbor
kernels(uppermiddle) distortshorns,Delaunaykernel preserves
them(lower right).

Figure8: MLS with k-nearestneighborkernelsdoesnotre-position
someof theoutliers.Theverticesof theGARGOYLE wasperturbed
to createsomeoutliersat thebottom.Thesurfacewith theoriginal
connectivity afterMLS smoothingshows theoutliersat thebottom
of GARGOYLE (middle). MLS with Delaunaykernelremovesthe
outliers(right).

culties. First, in thin regionswhereusuallyundersamplingoccurs,
k-nearestneighborscanreachbeyondfeaturesizescreatingsevere
distortionin featuresasFigure7 shows. Secondly, it cannothandle
outliers. Thenoiseon thebottomof theGARGOYLE createssome
outliersthatMLS doesnotre-position.Ourmethodprocessesthem
gracefully, seeFigure8.

There are a number of techniquesavailable for smoothing
meshes[7, 12, 13, 19]. Although we are more concernedwith
smoothingpoint cloud data,we chosethe bilateral meshdenois-



Figure 9: Noisy meshof GARGOYLE after bi-lateral denoising
(top), themeshafter reconstructingwith theverticessmoothedby
ourmethod(bottom).

ing [10] for a comparisonof themeshqualities.We took themesh
of GARGOYLE andperturbedit with aGaussiannoise.Theoutputs
of thebilateraldenoisingmovestheverticestowardssharpfeatures
and tend to producean uneven mesh. We smoothedthe vertices
�rst with our methodandthenreconstructedthesurfaceout of the
smoothpoint sample.Thetwo surfaceswith highlightsareshown
in Figure9.
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