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Abstract

Many applicationsthat processa point cloud databene t from a reliable normal estimationstep.Givena point
cloud presumablysampledroman unknownsurface the problemis to estimatethe normalsof the surfaceat the
datapoints.Two appmoades,onebasedon numericaloptimizationsand anotherbasedon \oronoi diagramsare
knownfor the problem.Variations of numericalapproadeswork well evenwhenpoint cloudsare contaminated
with noise Recentlya variation of the Voronoi basedmethodis proposedfor noisy point clouds.The centrality
of the normal estimationstepin point cloud processingyegs a thoroughstudyof the two approadessothat one
knowswhich approad is appropriatefor whatcircumstancesThispaperpresentsud results.

Catgyoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.3[ComputerGraphics]:Line andCurve Genera-

tion

1. Intr oduction

In mary problemsdealingwith point cloud data,a normal
estimationstepprecedeshe maintask.For example,in sur
facereconstructionthe quality of the approximationof the
outputsurfacedependn how well the estimatechormals
approximatethe true normalsof the sampledsurface, see
[AKO4, ABCO 01, BC0O0O DS05 for example.Similar cor-
relation exists betweenestimatednormalsand point-based
renderingof surfaces[AAO03]. Being so central to point
cloud processingthe normal estimationstepdeseres spe-
cial attentionon its own right. The problemis compounded
by the fact that the input point cloud can be noisy. There-
fore, we needa normal estimationmethodthat remainsro-
bustagainstnoise.

Thereare two dominantapproachegor estimatingnor-
mals from point clouds; one is numerical applying some
optimizationtechnique the other is mostly combinatorial
applying some Delaunay/\dronoi property The numerical
optimizationbasedapproachs known to work well under
noise.However, it is not establishechow well the Voronoi
basedapproactscaleswith noise.Theoriginal algorithmof
AmentaandBern[AB99] thatusesthe polesin the Voronoi
diagramsworks well with the datathat are not noisy It
doesnot work in principle and in practicewhen databe-
comesnoisy Recently startingwith the work of [DG04],
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Dey and his co-authors[DGS05 DS0 have suggested
a Voronoi/Delaunaybasedmethodfor estimatingnormals

from noisy point cloud data. The centrality of the normal

estimationstepin point cloud processingbegs a compari-

sonof this techniquewith the competitve numericalbased
approachesThe purposeof this paperis to make this com-

parisonstudy

In the numericalapproacha widely usedtechniqueis to
nd a propersetof pointsin the local neighborhoodfor
a point p and then computea planethat best ts to these
chosempoints. The normal of the planeis taken asthe esti-
matednormalat p. This basicplane tting methodhasbeen
mademore effective with sophisticatednodi cations. We
considertwo suchvariations,oneby Pauly, Keiser Kobbelt
and Gross[PKKGO03 andthe otherby Mitra, Nguyenand
Guibas[MNGO04] which have beenshavn to work well in

practice.

2. Plane tting methods

Hoppeet al. [HDD 92] proposedan algorithm wherethe
normal at eachpoint is estimatedas the normalto the t-

ting planeobtainedby applyingthetotalleastsquareamethod
to the k nearesteighborsof the point in the point cloud.
Speci cally for apoint p andits k nearesheighbord pigg‘: T
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they nd the tting planen’x = c for p by minimizing the
error term e(n;c) = éizl(nT pi ©)? underthe constraint
n"n= 1. Noticethatthe normalscomputeddy tting planes
areunorientedThey proposednalgorithmto orientthenor-

malsconsistently

Pauly et al. [PKKGO03 and Mitra et al. [MNGO04] im-
provedthemethodin two differentways.Pauly etal. noticed
thatthe tting planefor a point p shouldrespecthe nearby
pointsmorethanthe distantpointsin the point cloud.Hence
the neighboringpointsareassignediifferentweightsbased
ontheir distancedo p. Thesmallerthedistanceof a sample
from p, thebiggertheweightit has.In otherwords,they re-
de ned theerrortermase(n;c) = 4% ,(n"pi  ¢)%q(kp;
pk), whereq() is a weightingfunction. In their implemen-
tation[PKKGO03, the weightingfunctionis taken as Gaus-

kp pk2
sian,i.e., q(kp; pk) = e p'hizp, whereh? is chosento
be onethird the squaradistancebetweenp andits k-th near
estneighbor We call this methodasweightedplane tting
method,or WPFin short.

Mitra, Nguygenand Guibas noticed that a proper se-
lection of the value of k is crucial to obtain a good nor
mal estimation.Using the samevalue of k at all pointsas
in [HDD 92] could give biased tting especiallyat places
where samplesare arbitrarily dense Hence,insteadof us-
ing k nearesheighborsof the point, they considerthe sam-
ples within a ball of certainradiusr. Under the assump-
tion that the noise has zero meanand standarddeviation
sn, they could get a boundon the anglebetweenthe esti-
matednormalandthe true normalwith a probability almost
one.An optimalradiusr canbe obtainedoy minimizing this
bound,which hasthe following expressionin threedimen-
sionalcaseprovidedthe probabilityis1 e

1 Sn 2 1
r= —C — + CoS 3 2.1
K 1\\9? 2Sn (2.1)

wherer is the local samplingdensity k is the local cunva-
tureandc; andc, aresomeconstantsTheactualalgorithm
takessn asuserinputandevaluates in aniterative manner
Initially r andk areevaluatedbasedonthek(= 15) nearest
neighborsandthenthe radiusr is obtainedfrom equation
2.1 Onceonegetsthe neighborhoodizer, r andk arere-
evaluatedbasedon the sampleswithin this neighborhoodo
getabetterestimatiorof r , k andr. They claimthatthreeit-
erationsn generahreenougho obtaingoodestimationgor
all the quantities We call the abore methodasthe adaptve
plane tting method,or APFin short.

3. Big Delaunayball method

For a"noise-free"point set,Amentaet al. [AB99] proposed
aVoronoibasednethodfor estimatingnormals.For agiven
setof pointsP R3, let VorP andDelP denotethe Voronoi
diagramand its dual Delaunaytriangulationof P respec-
tively. Denotethe Voronoi cell for a point p asVp. Amenta

andBern[AB99] shavedthattheline throughp andthefur-
thestVoronoivertex in Vp, calledits pole, canapproximate
thenormalat p upto orientation Howeverthis propertydoes
not hold for noisy samplesDey and Goswami [DG04] ex-
tendedheideaof polesto the noisysamples.

Call aball Delaunayif its boundarycircumscribes De-
launaytetrahedronor equivalently hasa centerata Voronoi
vertex vandhasaradiuskv  pk wherev2 Vp. By de nition,
theDelaunayballsaremaximallyempty TheDelaunayballs
with polesattheir centersarecalledpolar balls. The obser
vationof AmentaandBerncanbeinterpretedn termsof the
polarballs asfollows. If p is a samplepoint on the bound-
ary of a polar ball B, the sggmentjoining p andthe center
of B estimateghe normaldirectionat p. Dey and Goswami
obsered that, undersomereasonablercisemodel, certain
Delaunayballs remainrelatively big and canplay the role
of polarballs. This suggestsanalgorithmfor estimatingthe
normalsfor the noisy point cloud. Rede ne the pole for a
point p 2 P asthe furthestvertex of its VVoronoi cell whose
dual Delaunayball is big. Similar to the "noise-free"case,
thenormalline at p canbeapproximatedby theline through
p andits pole We call this algorithmBig DelaunayBall al-
gorithm,or BDB in short.

3.1. Algorithm

Thekey to theBDB algorithmis to identify thebig Delaunay
balls. The big Delaunayballs areidenti ed by comparing
theirradii with thenearesheighbordistance®f theincident
samplesSpeci cally, for apointp 2 P, let| p denoteits av-

eragenearestlistancedo the ve nearesheighborsof pin

P. We call aDelaunayball big if its radiusis largerthancl

for at leastone of its incident points p 2 P wherec is an

userde ned parameterA smallvaluefor ¢ makesthe algo-
rithm sensitve to the noisesincethe small Delaunayballs
areidenti ed asbig. On the otherhand,a large valuefor c

malkeslessDelaunayballs marked asbig. As a result,more
pointshave nobig Delaunayball incidentonthemandhence
no normalcanbe estimatedor thesepoints.We x c= 2.5

in our experimentswhich yields the bestnormalestimation
for all themodels.

After we obtainthe estimationfor the normallines, We
adoptthe samemethodasHoppeet. al [HDD 92] to orient
themconsistently The entirealgorithmis describedn Fig-
urel.

3.2. Justi cation

Thejusti cation of theBDB algorithmis givenby aclaimin
[DS03. To understandhe claim, one needsthe de nition
of local featuresizelfs() for a smoothsurfaceS. For ary
pointx 2 S, Ifs(x) is de ned to be the distanceof x to the
medialaxis of S [AB99]. AssumethatP is a noisy sample
of Swhereit satis esthelocally uniform e-samplingcondi-
tions.We referthereaderdo [DS09 for ade nition of this
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BDB(P,c)

ComputeDelP

for eachpointp2 P
computd p
for eachDelaunayball incidenton p

if its radiusr > cl p thenmarkit asbig

endfor

endfor

for eachpoint p incidentto a big Delaunayball
nd thefurthestVoronoivertex cin Vp
computethenormalline astheline throughp andc

endfor

orientthe normalsconsistently

Figure 1: AlgorithmBDB.

samplingcondition.Roughly this samplingconditionmeans
that eachpoint of S hasa samplepoint within a smallfac-
tor (givenby €) of thelocal featuresizeandalsothe sample
pointscannotclustertogetherarbitrarily.

Claim 1 ([DS03) Let p 2 P beincidentto a Delaunayball
with thecenterc andradiusr. Letr > %Ifs( p) wheref is the
closestpoint of p in S. Then,the acuteanglebetweenthe
normalline at p to S andtheline throughp andc is O(e) for
asufciently smalle> 0.

Noticethatsomesamplepointsmayhave nobig Delaunay
ball incidentonthem.Henceno normalcanbe estimatedor
thesepoints.However Claim 2 provedin [DG04] shavs that
therearesufciently mary big Delaunayballsandhencethe
samplepointsto estimatethe normalsof the surfacealmost
everywhere.

Claim 2 ([DGO04]) For eachpointx 2 S, thereis a Delaunay
ball containingamedialaxispointinsideanda samplepoint
ontheboundarywithin O(€) distancerom x.

Claim 1 andClaim 2 justify theBDB method.

4. Comparison

In this section,we comparethe big Delaunayball (BDB)

methodwith theWPFandAPFmethodsSinceBDB method
doesnotestimateahenormalfor all pointsin thepointcloud,
we only comparethe estimatechormalsfor thosepointsat
which the BDB methodestimateghe normals.Notice that,
the normal estimationonly at a subsetof the input points
is not a seriousrestrictionfor the BDB methodasthe nor

malscanbeinterpolatedsuchaswith Gaussiarinterpolation
[AKO04, DGSO09 to obtainnormalsat otherpoints.

4.1. Experimental setup

For comparingthe methodsjdeally we needto measurehe
deviation of the estimatechormalsfrom the “true" surface
normals.But, for point cloud data,often we do not know
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thesampledsurface We compensatéor this shortcomingoy
computinga setof refelentialnormalsasdescribedelow.

For experimentswith noise we obtain noisy data by
addingnoiseto the original point cloud data.The x, y and
z componentf the noiseare independentaind uniformly
distributed. Their amplitudes(noise level) are controlled
by a factorasdescribedater. For referentialnormals, rst
we computea surface from the original data (presumably
no noise)by a surfacereconstructiorsoftware called Co-
CONE [CO(. Then,the averageof the normalsof the tri-
anglesincidentto a vertex p in this surfaceis taken asthe
referentialnormalfor p.

The other surfaceswe considerare someparametrical-
gebraicsurfaces.The true normalsto thesesurfacesarenu-
merically computed.The normalat eachpoint is computed
asthecrossproductof two tangentialvectors.

We de ne theerrorof anestimatechormalata point p as
theangle(in radianspetweerthereferentiainormalandthe
the estimatednormal. Obviously the smallerthe error, the
betterthe normalestimationis.

4.2. Noisy data

In our experiment,we choosethe noiselevel both with re-
spectto aglobalandalocal scale.

For theglobalscale wetake theamplitudeof noiseto bea
factorof thelargestsideof anaxisparallelboundingbox of
thepointcloud.Sincethisglobalyardstickis large,thefactor
needgo be smallsothatthe point cloud after perturbations
remainreasonabléor reconstructionThefactorswe exper
imentwith are0, 0:005,0:01 and0:02. The global scalefor
perturbationss perhapsmore closeto reality. In choosing
the factorwith respecto a local scale,we usethe average
distanceof a point p to its ve nearesneighborsThe point
p is perturbedwith a factorof this distance Four factors0,
0:5, 1 and2 areconsideredor the experimentsin the APF
method,we increasehe value of parametes, accordingly
asthenoiselevel increases.

We use three data sets, TORUS, BIGHAND and MAX-
PLANCK for perturbationsvith noise.Justto give anidea
of the perturbationsseethe renderedpoint cloudsof BIG-
HAND in Figure4 with differentnoiselevels.

Table 1 and Table 2 shav the errorsof differentnormal
estimationmethodsover thesethreepoint cloudswith dif-
ferentnoiselevels.They list theerrorvalues standardalevia-
tionsandtimings. We male severalobserationsfrom these
experimentaldata.Also, we plot the averageerrorsin Fig-
ure2.

First of all, whenthe noiselevel is low, all three meth-
odsestimatenormalswell asindicatedby small meanerror
andsmall standarddeviation. The WPFand BDB methods
performalmostcomparablyln general WPF methodgives
the bestestimatiorwhenthe noiselevel is low. As the noise
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Model #pts Noise MeanError Standardeviation Timing(sec)
Name Level
BDB WPF APF BDB WPF APF BDB WPF APF
0 0.112 0.014 0.080 0.051 0.005 0.069 299 0.61 3.20
0.005 0.167 0.114 0.203 0.124 0.061 0.125 3.00 0.65 2.98
TORUS 3200 0.01 0.258 0.256 0.477 0.209 0.172 0.342 199 0.67 3.12
0.02 0.355 0.622 0.798 0.284 0.396 0.403 1.87 0.68 3.23
0 0.053 0.019 0.032 0.069 0.048 0.073 44.20 6.55 17.65
0.005 0.169 0.094 0.135 0.157 0.119 0.152 44.37 6.18 17.47
BIGHAND 38218 0.01 0.244 0.196 0.508 0.211 0.181 0.379 36.69 6.25 17.80
0.02 0.311 0.455 0.797 0.275 0.324 0.419 35.13 6.67 17.19
0 0.056 0.028 0.034 0.062 0.036 0.045 4599 8.14 21.57
0.005 0.204 0.125 0.202 0.188 0.108 0.205 44.88 8.04 21.49
MAX- 49089 0.01 0.374 0.307 0.759 0.336 0.262 0.410 44.18 8.16 21.53
PLANCK
0.02 0.593 0.664 0.835 0.444 0.398 0.411 4511 8.12 21.93

Table 1: Normalestimatiorerrors (in radians)undernoiselevelsdeterminedvith respecto theglobal scale

Noise
Level

Model
Name

#pts

MeanError

Standardeviation Timing(sec)

BDB WPF

APF BDB WPF APF BDB WPF APF

0.112 0.014

0.080 0.051 0.005 0.069 3.01 0.60 3.20

a1

0.219 0.150

0.259 0.152 0.083 0.162 199 0.63 3.16

TORUS 3200 0.340 0.445

0.753 0.252 0.293 0414 178 066 3.18

0.495 1.023

1129 0.353 0.374 0326 187 0.65 3.19

0.053 0.019

0.032 0.069 0.048 0.073 44.08 6.34 17.37

0.175 0.092

0.139 0.141 0.077 0.129 35.19 6.32 17.35

BIGHAND 38218 0.241 0.198

0.451 0.206 0.143 0.336 33.26 6.50 17.17

0.328 0.524

0.829 0.286 0.348 0.416 34.14 6.66 17.71

0.056 0.028

0.034 0.062 0.036 0.045 4592 8.26 21.37

ol

0.160 0.092

0.132 0.120 0.060 0.095 38.58 8.17 20.99

Plojo | Nklojo | Nk oo
o1

MAX- 49089 0.237 0.197

PLANCK

0.442 0.198 0.123 0.333 39.57 845 21.59

N

0.309 0.573

0.822 0.281 0.372 0417 37.26 8.33 22.08

Table 2: Normalestimationerrors (in radians)undernoiselevelsdeterminedvith respecto thelocal scale

level increasesBDB methodgivesrelatively betterperfor
mance.In generalboth WPF andBDB performbetterthan
the APF method the differencebeingmore pronouncedor
largernoiselevels.

4.3. Specialcases

Otherthanthe noisy point clouds,we experimentwith the
normal estimationmethodson a couple of special point
clouds.In onecasethe point cloud sampleghe surfacevery
unerenly andin the other the point cloud samplesa “thin"

surface,i.e., the surfacehashigh curvatureat someareas.
Thesespecialpoint cloudsare obtainedby samplingsome
parametricsurfacesin aspecialway.

We obtain the rst type of specialpoint cloud TORUS
by samplinga toruswith densesamplesalongthe equator
line, asthe left most picture of the rst row in Figure 3
shaws. Also, we samplea partof a singlesheethyperboloid
wherethepointsline up alongsomecurvesasshavn in Fig-
ure3. ThispointcloudHY PERBOL alsosenesasanexample
wherethe surfacehasboundaries.
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Figure 2: Normal estimationcomparisonunder noise levels with respectto the global scale(upperrow), and the local

scale(bottomow).

For bothof Torus andHYPERBOL, BDB methodworks
betterthan the othertwo methodsas Figure 3 shavs. The
reasoncan be explainedasfollows. All threemethodsuse
somek-nearesneighborgo estimatethe normalsfor some
value of k. While WPF and APF use theseneighborsto
t aplane,BDB usethemto estimatethe local sampling
density Whenpointsline up alonga curve on the surface,
APFandWPFtry to t aplanethroughthepointsalongthe
cune sincek nearesteighbordie alongthatcurve. Conse-
quently this planedeviatesfrom the truetangentplanecon-
siderably Of course|if k is chosenlarge enoughthe prob-
lem goesaway. But, this becomesa seriousissuefor the
usersto supplyanappropriatek andalsoa singlek may not
be appropriatefor all placeson the surface.Bad estimation
of normalsalongthe equatorine of ToruS andalmostall
over HYPERBOL by APF and WPF areresultsof this pro-
nounceddependenconk. We keptk = 40 (thedefaultvalue
in PointShop3Djor WPFmethodandk = 15 (thesuggested
valuein [MNGO04]) for APF method.The BDB method,on
the otherhand,doesnot dependon the choiceof k so sen-
sitively. It only needgo estimatethe averagedistanceto its
local neighborgfor somek neighborsWe keptk = 5 in the
experimentsThearrangemendf pointsalongsomespeci ¢
directions(whichis notrarein scanningorocessesy notso
harmful for the BDB method.In summary BDB doesnhot
rely onlocal informationasmuchasAPF andWPFdo.
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In anotherspecialclassof point clouds,we sampleavery
thin ellipsoid; seethe left most picture of the third row in
Figure3. For a pointatthe high curvatureregion, the neigh-
boring points from the point cloud doesnot lie closeto a
planeandhencethe tting planecomputedoy WPFmethod
or APF methodcould not approximatethe tangentplane
properlyat thosepoints.Of course this problemcanbe at-
tributedto the poor samplingdensityat the high cunature
regionswhich is not again uncommonin the scanningpro-
cessesHowever, BDB methodis not sosensitve to this rel-
atively poorsamplingasFigure3 shaws.

In theabore exampleswe make someexaggeratiorabout
the specialtyof the point cloud for theillustration purpose.
Howeverthesespecialcasesio occurin therealdataupto a
certaindegree.

4.4, Timings

Tables1 and 2 shav the timings for the three methods.
Clearly, the BDB methodis the slowest. The main reason
is thatit emplagys a Delaunaytriangulationprocedureo the
entire point cloud while the othertwo methodscanoperate
very locally. The very reasonof globality for which BDB

works betterthan the other two in specialcasesmales it

slower. However, we mustmentionthatwe usedCGAL 2.3
[CGA] for computingthe Delaunaytriangulations.Recent



T. K. Dey, G. Li & J. Sun/ NormalEstimationfor Point Clouds:A ComparisorStudyfor a Voronoi BasedViethod

Figure 3: The r stcolumnshowshe pointcloudsof TORUS, HY PERBOL and ELL1PSOID. We take thenormalestimatiorerror
asgrey scalecolor for eac pointandrenderthe surfaceswith Gouraud shading Thedarker the surface the betterthenormal
estimation Thecolumntwo, threeandfour showthe normal estimatiorresultsof BDB, WPFand APF methodsespectively

versionsof CGAL arefasterandwe planto testthetimings
on theseversionsin future. On reasonablestate-of-the-art
PCs,the Delaunaytriangulationtakestime in the order of
minutesandhoursfor point cloud datain the rangeof sev-
eralhundredthousandsindmillions respectiely [DGHO01].
Thereforetimings do notbecomea prohibitive issuefor the
pointcloudsupto thisrange.

4.5. Summary

We summarizeour obserationsfrom theexperimentsasfol-
lows. Whenthe noiselevel is low andthe point cloud sam-
plesthe surfacemore or lessevenly, all the threemethods
performalmostequallywell thoughWPF givesthe bestre-
sults. Whenthe noiselevel is relatively high andthe sam-
pling is skewed along somecurvesor is not denseenough
for thin parts,BDB worksthebest.In general|f the sizeof
thepointcloudis nomorethanafew million points( 5 mil-
lion points),BDB is saferto useif onedoesnothave speci ¢
knowledgeaboutthequality of theinput. Otherwise WPFor
APF shouldbe preferred.

5. Applications

In earlier work, normal estimations with numeri-
cal techniques have been used for some applica-

tions [AA03, PKKGO0J. In this section we shov some
example applicationswhere BDB method can be used
effectively.

The rst one is the point cloud rendering. We feed
the point cloud togetherwith the estimatednormals to
PointShop3D andusethe so call "OpenGL preview" tech-
niqueto renderthe point cloud directly. Figure4 shavs the
renderingresultsfor BIGHAND with differentnoiselevels.

Dey andSun[DS05 de ne asmoothMLS (moving least
squares}urfacecalledadaptve MLS (AMLS) basedbnthe
set of points with normalspossibly containingnoise. All
samplepointscanbeprojectedntoanapproximatiorof this
surfaceusinga Newton projectionmethod.Onceall sample
pointsare projected,onecanuseary of the existing recon-
structionalgorithmsto reconstructhe surface.Herewe use
the CocoNE software[ COC] whichcanreconstrucsurfaces
with or withoutboundaryln gure 5, we shav theresultsof
threedifferentpoint clouds:MAX-PLANCK, HYPERSHEET
andLubwiQ. Theleft columnshaws thereconstructiornre-
sultsbeforethe point cloud getssmoothedandtheright col-
umnshaows thereconstructiomesultsaftersmoothing.
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Figure 4: Firsthandfromleft is therenderingresultfor the original smoothpoint cloud. The2nd, 3th and 4th hands(fromleft
to right) are therenderingresultsfor the point cloudswith noiselevels(local scale)0.5,1 and 2 respectively

Figure 5: Smoothreconstructiorfromnoisypoint clouds.
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