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Abstract

Mary applicationssuchastopologyrepair modelediting, surface
parameterizationand featurerecognitionbene t from computing
loops on surfacesthat wrap aroundtheir “handles'and “tunnels'.

Computingsuchloopswhile optimizing their geometriclengthsis

dif cult. On the otherhand, computingsuchloops without con-
sideringgeometryis easybut may not be very useful. In this pa-

per we strike a balanceby computingtopologically correctloops
that are alsogeometricallyrelevant. Our algorithmis a novel ap-
plication of the conceptsfrom topological persistencentroduced
recentlyin computationatopology The usability of the computed
loopsis demonstratedvith someexamplesin featureidenti cation

andtopologysimpli cation.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometry and Object Modeling—Cune, Surface, Solid, and Object
Representationd;3.4 [ComputerGraphics]: GraphicsUtilities—
GraphicsEditors

Keywords: Surfaceloop, topology persistenthomology shape
analysistopologyrepait featureidenti cation

1 Introduction

Mary applicationssuchastopologyrepairof 3D models[Bischof
and Kobbelt 2005; Zhou et al. 2007], surface parameteriza-
tion [Ben-Chenretal. 2008;Gu etal. 2002; Shefer andHart2002],
andfeaturerecognition[Biasotti etal. 2008;Dey etal. 2007]bene-
t from automatiadetectionof loopson surlaceshatareassociated
with featuressuchas handles'and tunnels'. A 3D modelcreated
from a point cloud dataoften containsspurioustopology suchas
tiny handlesandtunnels[Levoy et al. 2000]. If appropriatdoops
aroundthesefeaturescan be computedthey canbe eliminatedto
cleanup themodel. In surfaceparameterizatiormary algorithms
needto cut a surfaceinto a disk. Thesecutting loops shouldbe
smallto lessertheeffectof discontinuityin parameterizatioacross
the boundary Again, if theseloopsare chosenaroundsmall parts
of the handlesandtunnels,the length of the boundaryin the at-
teneddisk remainssmall. Featurerecognitionsuchasidentifying
handlesandtunnelsin a3D modelcanusearepresentate loop for
eachsuchfeature.

It is known thata closedsurfaceof genugg canbecutinto adiskby
cutting it along2g loops. If oneis only concernedvith the genus
reductionin topology simpli cation, these2g loops can be com-
putedeasilywithout beingawareof the geometry However, aswe
amuedabove, mostapplicationscannotbe geometry-obirious and
shouldchoosetheseloopsto be small andrespecthe embedding
of the shape.For example,to remove a handlein a 3D shapeasin
Figurel, we needto identify a smallloop aroundthe handlewhich
spansa “surface'in theinterior of the shape.Similarly, to closea
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Figurel: ComputinghandleandtunnelloopsonBotijo. Fromleft
toright: Inputmodelhandle(green)andtunnel(red)loops,handle
featues(green)identi ed on Botijo.

smalltunnelasin Figure7, we needto identify a smallloop around
thetunnelwhich spansa “surface'in the exterior of the shape.

Therequirementhatthe loopsspana “surface'in the complement
spaceof the input surfacedisallovs mary loopswhich would oth-
erwisebeeligible for simplifying thetopologyof thesurfacealone.
Since3D modelsnotonly embodytheboundingsurfacebut alsothe
spacesurroundedy it, the cuttingloopsalsoshouldtake into ac-
countthe embeddingf the surface. To reachthis goal,theauthors
in [Dey etal. 2007]de ned a classof loopsonasurfaceM  R3,
called handleandtunnelloopsin termsof a homologygroup. A
loop is a handleif it spansa surface,sayD, in the boundedspace
borderedby M but doesnotdo soin M itself. If onecutsM along
suchaloopand lls theboundariesvith two copiesof D, oneelim-
inatesa handle.Similarly, aloop is a tunnelif it spansa surfacein
the unboundedpaceborderecby M anddoesnotdo soin M. lts
removal eliminatesa tunnel. Themiddle picturein Figurel shavs
suchhandleandtunnelloopsfor the modelBatijo.

Contrib ution.  In this paperwe presentan algorithmto compute
handleand tunnelloops basedon persistentiomology pioneered
by EdelsbrunnerLetscher and Zomorodian[Edelsbrunneret al.

2002]. Thealgorithmcomputes setof well de ned g handleandg

tunnelloopsfor aclosedsurfaceof genusg in R3. Comparedo the
earliermethodspur algorithmhasthe advantagethatit providesa

mathematicafjuaranteen detectinghandleandtunnelloopsand
doesnotrequirecomputingary extra structuresuchasReebgraph,
medial axis, or curve skeletons. Further it doesnot imposeary

restrictionon the classof input 3D modelsasin someof the earlier
works.

Our useof persistenhomologyenablesisto computethe g handle
andg tunnelloopswhich are topologically correctand geometri-
cally small. A geodesianeasureassociatedvith the loopscanbe
usedto simplify featureshasedon their sizes. The methodis sim-
ple andis generalenoughto be appliedto ary surfacemeshthat
conformsto anassociatedolumemesh. Speci cally, theinputM
shouldbe a subcomplg of a complex K that tessellateshe con-
vex hull of M. The actualinput surfacemay satisfythis condition
directly or may needpreprocessintp satisfyit.



If the input surface M is a sub-complg of the Delaunaytrian-
gulation of its vertex set, the complex K representinghe vol-
ume meshis immediatelyobtainedfrom the Delaunaytriangula-
tion. For example, mary Delaunaybasedsurfacereconstruction
algorithms[Dey 2007]andmeshingalgorithms[Alliez etal. 2005;
Chengetal. 2007;0Oudotetal. 2005]producesuchsurfacemeshes.
If the inputis aniso-surfice extractedfrom a scalargrid data,a
volumemeshconformingto the surfacecanbe easilygeneratedy
computingintersectionsbetweencubic facesand the iso-surfice.
The mostdemandingcaseariseswhenthe input surfaceis neither
Delaunaynor aniso-surfice. In this caseonemay remestthe sur
facesothatit becomesa Delaunaymeshusingary of the existing
algorithmgAlliez etal.2005;Chengetal. 2007;0udotetal. 2005].
In our experimentswe usethe Delaunaymeshmethodof [Cheng
etal. 2007]sinceit canhandlenon-smoottsurfaceswith arbitrary
smallinput angles.Alternatively, onemay usethe scan-cowmersion
algorithmasin [Bischof andKobbelt2005; Zhou et al. 2007]to
createavolumedataout of a surfacemeshandapplyour algorithm
asin theiso-surficecase.

Becauseof its simplicity, our algorithmappliesto a large classof

input. It runsreasonablyfastin practice. In particular it scales
well with large datasetsfor the iso-surcecase.We shav exam-

pleswherethe computedoopsareusedto simplify topologyor to

identify featuressuchas handles'and tunnels'in a 3D model.

Previous work. Variousalgorithmsfor computingdifferenttypes
of non-trivial loopson surfaceshave beenproposedn recentyears,
e.g.,seglEricksonandWhittlesey 2005;ChenandFreedmar2008;
Ni etal. 2004;Eric Colin de VerdiereandLazarus2005; Zomoro-
dianandCarlssor2007]andthereferencesherein. Thealgorithms
of [EricksonandWhittlesey 2005; Chenand Freedmarf008; Eric
Colin de Verdiere and Lazarus2005] computeloops on surfaces
which areoptimalwith somegeometriomeasuresTheseworksdo
not guaranteehandleandtunnelloopsaswe de ne. Furthermore,
resultsonpracticalvalidity of thesealgorithmsarenotyetavailable.

Severalapproachesf computingnon-trivial loopson suriaceshave
beenproposedn the contet of topology simpli cation. In [El-
SanaandVarshng 1997], EI-Sanaand VVarshng usethe concept
of a-hullsto identify smalltunnelsandconcaities thatarenot ac-
cessibleby auserspeci edball rolling on the surface.Guslov and
Wood[Guslkov andWood2001]proposeasurfacegrowing strategy
to remove smallhandlescontaineccompletelyin ameshneighbor
hood of a given size. Nooruddinand Turk [Nooruddinand Turk
2003] apply somemorphologicaloperationssuchas openingand
closingon the volume meshego remove small handles.Wood et
al.[Woodetal. 2004]usecyclesin the Reebgraphto computehan-
dlesandperformadisk- lling procedurdo remose handlesThese
works do not provide ary mathematicauarantee®sf producing
handleandtunnelloopsaswe aimfor. Someof themmayalsogen-
eratenev handlesandtunnels [Nooruddinand Turk 2003; Wood
etal. 2004]asa sideeffect of remaving others.

Anothersetof algorithmsusessomekind of graphstructuresouilt
from theinput modelto computethe handlesandtunnels.Shattuck
andLeahy[ShattuckandLeahy2001] build a graphfrom a Reeb
graphand remove handlesby breakingthe cyclesin this graph.
Although a rohust algorithm for computingReebgraphsis avail-
able[Pascucciet al. 2007], choosingan appropriatesweepingdi-
rectionto build the Reebgraphremainsa challenge Zhou, Ju,and
Hu [Zhou et al. 2007] proposea repairtechniquebasedon detect-
ing loopsin the medialaxis. This method because®f its useof the
medial axis, cannotbe appliedto a classof modelswhosemedial
axis form closedsurfaces. Moreover, the constructionof medial
axis with reasonableccurag is a non-trivial task. Dey, Li, and
Sun|[Dey et al. 2007] proposean algorithmwhich requirescom-

puting a contractionof the medialaxis for producingcurve skele-
tons[Dey andSun2006]. It alsosuffersfrom the problemof com-
putingthesestructuresobustly.

2 Cycle, boundar y and homology

In this section, we give a very brief introductionto homology
throughanintuitive examplesincehandleandtunnelloopsarede-
ned via homology For a formal treatmenton homology readers
arereferredto [Hatcher2002].

In a simplicial comple K, a p-chain ¢

is aformal sumof p-simplicesin K, i.e.,

c= 4;&s;j wheres;j isap-simplexin K

anda; is anintegermodulo2. Consider
thesimplicialcomplex K in the gure on

right. Herevg is a0-chainand(ep + €3)

is a 1-chain. Two p-chainsare added
component-wisd,e.,if = &;a%; thenc+ = & (a+ a)s;. No-

tice that,becaus®f modulo2 addition,we havec+ c= 0. Theset
of p-chainstogetherwith the additionoperationform the group of

p-chainsdenotedasCp. Theboundaryof a p-simplex is the sumof

its(p 1)-dimensionafaces.Speci cally, for thesimplex spanned
by theverticesvg upto vp,

p
fos = Tolvosve;  vpl= &vo; V% vl
=0

where the hat indicatesthat v; is dropped. For example, Tt =

(ex+ e3+ &4). By linearextensiona p-chainc= §; g sij hasbound-
ary floc = &;a Tpsi. Forexample, (ep+ €1+ €1) = (Vo+ Vo) +

(Vo+ v1) + (v1+ v») = 0. Thus,we relatechaingroupsusingthe
boundarymap fp : Cp! Cp 1. Theindex of the boundaryoper
ator f, canbe droppedfor conveniencesinceit is implied by the
dimensionof the chain.

A p-chaincis a p-cycleif fc= 0. Forexample,(ep+ 1+ &) isa
1-gycle. A p-chaincis a p-boundanyif thereexistsa(p+ 1)-chain
d with c= 1d. Forexample(e, + e3+ &4) isal-boundaryOnecan
verify thata p-boundaryhasto bea p-cycle. Thesetof all p-cycles,
denotedby Zy, is the kernelof the pth boundarymap,i.e., Z, =
Ker fp. Thesetof all p-boundariesdenotedoy By, is theimage
of the (p+ 1)th-boundarymap,i.e., Bp = Img fp+1. Thus,Bp
Zp. The homologygroupsare de ned asquotients,H, = Zp=Bp
for eachp. Onecanthink eachelementin Hp asan equivalent
class. Two p-cyclesc; andc, arein the sameequialentclassif
thedifferencebetweerthemis a p-boundaryi.e.,c; ¢ 2 By, For
example(eg+ €1+ €4) and(ey + €1+ e+ e3) areequialent. It
is customaryto use[c] to denotethe equivalentclassrepresented
by a p-cycle c. A p-cycle c is trivial in Hp if [c] representshe
zeroelementin Hp. Any p-boundaryis trivial in Hp. For example,
[ex+ e3+ e4] is trivial in Hy(K). In our settind, Hp simply is a
vector spacegeneratedy a basis. The numberof elementsin a
basisof Hp, is its dimension/ank which is alsoknown as pth Betti
numberbyp. In our example,H;(K) is only one dimensionaland
[ep+ €1+ eq] is abasis.

In this paperwe areinterestedn the rst homologygroupH;. We
give a 1-cycle a moreintuitive name,loop. Now we give aformal
de nition of handleandtunnelloopsfor a surfacein R3.

3 Handle/Tunnel loops

We areinterestedn computingarepresentationf handlesandtun-
nelsin a shape.Toward this goal we usethe de nition of handle

1Theassumptiorhata;'s areintegersmodulo2



andtunnelloopsintroducedin [Dey etal. 2007]andpresentsome
explanationswvhy suchde nition is useful.

Let M bea closed(compactandwithout boundary)surfacein R3.
For simplicity, we assumeéM is connected.In caseM is not con-
nected,our resultcanbe appliedcomponent-wiseThe genusg of
M is themaximumnumberof disjoint simpleloopswhoseremoval
doesnot disconnecM. M separate®? into two parts: insidede-
notedl andoutsidedenotedO bothincludingM.

De nition 1 Aloopin M is atunnel loop if it is trivial in Hy(O)
andnontrivial in H1(M).

De nition 2 Aloopin M is a handle loop if it is trivial in Hy(1)
andnontrivial in H1(M).

By de nition, atunnelloop spangheunion

of a setof trianglesin O since,beingtriv-

ial in O, it hasto bounda 2-chain. Simi-

lar statemenholdsfor handleloops. These
propertiescommensuratgith the require-

ment that the handleloops should bound

“surfaces'in | whereagunnelloopsshould

boundthemin O. The setof tunnelloops

aredisjoint from the setof handleloops,i.e.,nolooponM canbe
bothhandleandtunnel. Thisfactfollows from Theoreml. By de -
nition, atunnelloop or ahandleloop mustbenontrivial in Hy(M).
However, anontrivial looponM mayneitherbehandlenortunnel.
For example,theloop shavn onthetorusis neithera handlenor a
tunnelsinceit is nontrivial in both H1(1) andH1(O). Suchloop
is notdesirabldn someapplicationssuchastopologicalsimpli ca-
tion sinceafter cutting the surfaceM alongsuchloop one cannot
Il theboundarywith adisk withoutintersectingM.

Thefollowing theoremelucidatessomestructuralpropertiesabout
the spacegeneratedy handleandtunnelloops. It canbe derived
from MayerVietorissequencgivenby M = I\ O; see[Dey etal.
2007]for aline of proof.

Theorem1 For anyconnectedtlosedsurfaceM RS2 of genusg,
Hy(M) isthedirectsumof the spacegieneatedby handleandtun-
nelloopsead of which is g-dimensional Moreover, handleloops
generte Hy (O) andtunnelloopsgeneate H(1).

4 Positive/Negative simplices

Ouralgorithmis basednapairingof simpliceswhichis akey con-
ceptin computingpersistenhomology[Edelsbrunneetal. 2002].
A ltr ation of asimplicial comple K is anestedsequencef com-
plexes,
0=K 1 Ko Kip Kn= K:

Theinclusionmap f : K; 1} K;j dened by f(x) = x inducesa
mapbetweerthehomologygroups:f :Hp(Kj 1) ! Hp(Kj). The
nestedsequencef complexescorrespondso asequencef homol-
ogy groupsconnectedy theinducedmaps,

0= Hp(K 1)! Hp(Ko)! ' Hp(Kn) = Hp(K):

Persistenhomology basically studieshow the homology groups
changeover the Itration. In this paper we only explain the pair
ing conceptin persistenhomologyrelevantto our algorithm. For
a formal treatmentof persistenthomology readersare referred
to [Edelsbrunneetal. 2002;ZomorodianandCarlssor2005].

Wemayassume&; K; 1= sj,i.e.,addingasinglesimplex each
timein the ltration. Only two possiblechangesanhappenvhen
a singlesimplex s; of dimensionp is addedto K; 1. Oneis the

\ \
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V1 V3| vy
L] 1]
e
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Figure 2: Redsimplicesare positiveand blue onesare negative
The simplicesare indexed to coincidewith their order in the I-

tration. ( ;) in eath subcomple showsthe pairing betweerthe
positiveand the negative The secondcomponenmissingin the
parenthesishowsheintroducingof a positivesimple.

creationof a non-boundaryp-cycle whens; is calleda positive p-
simplex. Theotherchangds thekilling of anexisting(p 1)-cycle
whens; is calleda negative p-simplex.

We elaboratethe above two changeghroughan exampledepicted
in Figure 2. When one maves from Kg to K7, a non-boundary
loop whichis a 1-cycle (e4 + &5+ €5+ €7) is createdafter adding
edgeey. Strictly speakinga positive p-simplex may createmore
thanone p-cycle. Only oneof themis independenaindthe others
areits linear combinationswith the existing onesin K; ;. From
K7 to Kg, the introductionof edgeeg createstwo non-boundary
loops (e4 + &5+ €g) and (eg + €7+ eg). But ary one of them
is the linear combinationof the other one with the existing loop
(e4+ e5+ g5+ €7). Noticethatthereis no canonicalay to choose
anindependenbne. However, the creationof a loop is re ected
in the increaseof the dimensionof Hy. In otherwords,in general,
the Betti numberby, increasesy 1 for a positive simplex. For a
negative simplex, we getthe oppositeeffect. In this casebp, ; de-
creasedy 1 signifying adeathof a cycle. However, unlike positive
simplices thekilled cycle is determineduniquelyup to homology
whichis the equivalentclasscarriedby the boundaryof s;. For ex-
ample,in Figure2, theloop (eg + €7 + eg) getskilled by triangletg
whenwe gofrom Kg to Kg.

By the theory of persistenthomology[Edelsbrunneset al. 2002],
a neggative p-simplex s is always paired with a unique positive
(p 1)-simplex s9wheres kills a(p 1)-cycle createdby s
Thepairingof positive simpliceswith negative simplicesis the key
conceptin persistenhomology Eachpair tells the birth time of a
non-boundangcycle aswell asits deathtime in the Itration. The
life time of anon-boundaryycle measuregs persistence.

Pairing algorithm.  The goal of the persistencealgorithmis to
computeall the pairingsbetweenpositive and negative simplices.
Of course,oneneedsto determineif a simplex is positive or neg-
ative. It turnsout that this goal canbe achieved by applyingthe
following simple procedureto eachsimplex in the orderof Itra-
tion. We sayasimplex s is younger thanasimplex s 0if s appears
laterthans “in the lItration.

Let us again considerthe example in Figure 2 and seehow the
algorithm PaIrR works. From Kg to K7, €7 is added. Its bound-
aryis c= (v1+ v3). The vertex v3 is the youngestpositive ver-
tex in ¢ but it is pairedwith eg in Kg. Thus, ¢ is updatedto
(v2+ v3+ v3+ vp) = (V2 + vp). Thevertex v, becomesheyoungest



Algorithm 1 PAIR(S)
1. c= Tps

2: distheyoungespositive (p 1)-simplexin c.

3: while d is pairedandc is notemptydo

4:  Letc%bethecyclekilled by thesimplex pairedwith d
5:  c= c% c n thisadditionmaycancelsimplicesn

6: Updated to betheyoungespositive (p 1)-simplexin c
7: endwhile

8: if cis notemptythen

9: s isaneyative p-simplex andpairedwith d

10: else

11: s isapositive p-simplex

12: endif

positive onebut it is pairedwith 4. So,c is updatedo (vp + vi).
The vertex v1 becomeghe youngestpositive one but it is paired
with e5. So,cisupdatedo empty Hencee; is apositive edge.Now
we examinethe addition of the trianglet;o from Kg to K1g9. The
boundaryof t1g is c = (&4 + es+ eg). Theyoungestositive edge
eg is pairedwith tg. Thus,c is updatedby addingthecyclekilled by
toto (e4+ &5+ 5+ €7). Sinceey is theyoungespositive edgethat
is notyet paired,tjo nds e; asits pairedpositive edge. Obsere
that,we nally obtainaloop thatis killed by addingthe negative
triangle. For example,we obtainthe loop (e4+ e5+ €5+ €7) by
addingtyo. Thefollowing factaboutsuchloopis usedaterto prove
thecorrectnessf ouralgorithm.

Fact1 The paired positiveedge in a killed loop is the youngest
amongall edgesin theloop.

We areinterestedn thekilled loops. The handleandtunnelloops
are actually chosenfrom them. In fact, we get a seriesof loops
in the procedurdor nding the pairedpositive edgefor a negative
triangle,aswe canseefrom the while-loopin PAaIR. Theseloops
arehomologousi.e., they belongto the samehomologyclass.Al-
thoughthey aretopologically equivalent, we needto chooseone
amongthemthatis alsogoodgeometrically

The persistenceanalsobe explainednicely in termsof matrix op-
erations. The interestedreadersare referredto [Zomorodianand
Carlssor2005;Cohen-Steineetal. 2006].

5 Computing handle and tunnel loops

In this sectionwe describeanalgorithmfor computinga setof gen-
eratinghandleandtunnelloops on arbitrary closedsurfaces. We
rst describeanalgorithmthatcomputegopologicallycorrecthan-
dle andtunnelloops.Wethenre ne thealgorithmby incorporating
geometry As aresult,we obtaina setof handleandtunnelloops
thataregeometricallymeaningful.

In orderto applythe algorithmfor persistenceywe assumehatthe
input surfaceM s presentedvith a simplicial complex K which
tessellateshe corvex hull of M andM is asubcomplg of K. This
meanghatwe have the explicit simplicial representationfor both
insidespacel andoutsidespaceO. Actually, we only needthe 2-
skeletonof thecomplex K for thealgorithm.As we have discussed
in theintroduction,onemay have sucha simplicial complex K for
freein caseM is a Delaunaymesh.If M is aniso-surficeassoci-
atedwith somescalarvolumedatawe obtainthedesired2-skeleton
(trianglesonly) of K by intersectingthe cubic faceswith M and
producinga 2D triangulationof the polygonsandsquaregrivially.
For all other surfacemeshM, one may obtain K by using exist-
ing Delaunaymeshingalgorithms[Alliez et al. 2005; Chenget al.
2007; Oudotet al. 2005]. In our experiments,we use DELPSC
algorithm/softvareof [Chengetal. 2007].

5.1 Topological algorithm

AssumeK is given. We only needto considerthe 2-skeleton
(points, edgesand triangles)of K sincewe are only interestedn
obtaining1-cycles/loops.We build the Itration of the 2-skeleton
of K in thefollowing threesteps.

Stepl: ThesimplicesonthesurfaceM areaddednto the Itration
in ary arbitraryorder SinceH;(M) is of rank 2g, the algorithm
PAaIR generate®g numberof unpairedpositive edges. Figure 3
shavs theseunpairedpositive edgesor the modelMother.

Step 2: The simplicesup to dimension2 in | are addedinto the
Itration. SinceH(l) is of rank g, half of 2g positive edgesgen-
eratedin Stepl getpairedwith the negative trianglesin |. Each
pair correspondso a killed loop. Thuswe obtaing loops,denoted
fhy g?: ,- Figure3 shavs theseg loopsaswell asthe pairednegative
trianglesfor the modelMother. Theorem2 saysthattheseg loops
areasetof generatinghandleloops.

Step3: Thesimplicesupto dimensior2in O areaddednto the |-
tration. SinceH4 (K) is trivial, theremaininghalf of positive edges
generatedn Stepl getpairedwith the negative trianglesin O. As
beforewe obtainanotherg loops,denoted tig?: ,- Figure3 shavs
theseg loopsaswell asthe pairednegative trianglesfor the model
Mother. Theorem2 saysthattheseg loopsarea setof generating
tunnelloops.

Obsere thatloopskilled by negative trianglesin | andO have all
their edgedying in M becausall edgesof M including the posi-
tive onesareaddedbeforeary otheredgein K andFact1 applies.
Obsere alsothatonecanskip addingsimplicesfrom | or O once
half of theunpairededgesarepaired.

Theorem?2 Theloopsfhigl, andftigl ; are handleandtunnel
loopsforminga basisfor H1(O) andH4(l) respectively

Proof1 AsweobservedbyFactl, ead h; andt; lie onthesurface
M. By constructionh;s (resp.t;s) form a basisof the kernel of the
mapfromH1(M) toH1 (1) (resp.H1(0)) inducedbyinclusion.That
is, they respectivelyform basesof the spacegyeneated by handle
loopsandby tunnelloops. Theconclusionfollowsfromtheoem1.

5.2 Bringing geometry

Althoughthe handleandtunnelloopsascomputedn the previous
sectionare guaranteedo be topologically correct, they may not
be very good geometricallyas seenin Figure 3. Our goalis to

computehandleandtunnelloopsof smallsize.Oneway to achieve
thisgoalwould beto tightenthecomputedoops. Somemethodgo

tightenloopswithin the samehomotojy type by utilizing universal
cover is known, see [Yin et al. 2007; Eric Colin de Verdiereand
Erickson2006]for example.However, thereis noknown algorithm
to tightenthe loopsup to homology We suspecthatthis problem
is very hard. Thus, insteadof computingthe universal cover or
emplgying an optimizationstepwhich would addan extra level of

complicationto the algorithm,we exploit a e xibility built into the
algorithmfor persistenceFirst, we choosea speci ¢ loop among
all the loops encounterediuring the searchfor a loop killed by a
negative triangle. Secondywe control the orderof the simplicesin

I andO addedinto the Itration sothatthe negative trianglesare
locatedat the placeswherethe shapeis of smallsize. For this, we
needthe notion of geodesicsize

GeodesicSize. First, we assigneachedgein K a geodesicsize
asfollows. Considerthe casethatK hasall verticeson the surface
M asshawvn in Figure4. This caseoccurs,for example,whenK

is a Delaunaytriangulationof a setof verticeson M. For ary edge
e with endpointsa andb, we de ne the geodesicsizeg(€) asthe



Figure 3: Handleandtunnelloopscomputedvith thetopolagical algorithm on Mother model(g = 4). Fromleft to right: Input model,2g
unpaired positiveedgeson M, handleloopsare geneatedafter g unpaired edgesget paired with g negativetrianglesin I, tunnelloopsare
genertedafter therestof g unpaired edgesget paired with g negativetrianglesin O.

minimal geodesidistancebetweena andb over the edgesof the

surfaceM (usingDijkstra's shortesipath). For a generalK where
the endpointsa andb may not be on the surfaceM (Figure5), we

nd the closestpointson M for two endpointsdenoteda® and b°

respectiely, andde ne g(e) asthe minimal geodesidistancebe-

tweena’andb® Now we assigreachtrianglethemaximalgeodesic
sizeof its edgesnpamelyg(t) = maxptg(e) for atrianglet.

Figure 4: Six triangles (blue) in the Delaunaytriangulation of
Mother with the geodesiccurves(red) determiningtheir geodesic
sizes.

Figure5: Computationof g(t) for a trianglet in O of the scalar
volumedata Atom.

We male two re nementsto the topologicalalgorithmto incorpo-
ratethegeometry

Re nement 1: In the pairing algorithm,we obtaina seriesof ho-

mologousloopswhile searchingor the pairedpositive edgefor a
negative triangle s (the while-loop in PAIR). This is a seriesof

expandingloopssinceeachloop is obtainedby addinga boundary
loop into the previous one. Among thoseconsiderthe onesthat
lie completelyon the surfaceM. We know thatthis setcannotbe
emptyastheloopkilled by s liescompletelyin M. Let " 1; 2;::5;
be this setof loopssortedin the sequencehey are found during

thesearch.This meanghattheyoungesedgein *; appeardaterin

the ltration thantheyoungestdgein "+ 1. In otherwords, 1 is
the rst loop obtainedduring expansiorwhich hasall edgeson M.

We write “(s) = "1 andre ne Step2 and3 by outputtingh; or t;

as (s). Thereasorfor sucha choiceover the onecontainingthe
positive edgeis thatwe wanttheloop to lie ascloseaspossibleto

thenegative triangle. Thelocationof the negative triangleindicates
small size of the shapeby Re nement2 whereasve cannotmake

ary suchassumptioraboutthe positive edge. Figure 6 (top row)

shavs how theloopsin Figure3 aretightenedby Re nement1.

Figure 6: Toprow: Handleandtunnelloopscomputedafter Re-
nementl. Bottomrow: Handleandtunnelloopscomputedafter
Re nementd and2.

Re nement 2: In this re nementwe addthetrianglesin | or O in
the increasingorder of their geodesicsizesinto the ltration. The
intuition of this re nementis basedon the following obseration.
LetD K form a2-chainin | or O with boundaryin M. Abusing
notations,we call D a crosssectionfor M. A positive edgesur
vived after Step1 getspairedonly whena crosssectionof M gets
lled. Addingthetrianglesin theorderof increasinggeodesisize
forcesthe crosssectionswith small sizeto get lled rst, which
malesthe negative trianglesto be at placesadmittingsmall cross
sections Figure6 shavs how thetheloopsmove to smallerregions
dueto Re nement2. ThealgorithmHANTUN representshe entire
procedurewith re nements.

We implementecbur algorithmHANTUN in C++, andrana series
of testson both Delaunaymeshesandscalarvolumedata. All ex-
perimentswere doneon a Dell PC with 2.0GHzIntel Xeon CPU
and2GB RAM. The numberof detectechandleandtunnelloops
in all modelsagreeswith the genusof the modelwhich we veri-



Algorithm 2 HANTUN(K )

Require: M is asubcomplg of K

Ensure: fhjg andftijg area setof generatinchandlesandtunnels
of smallsizerespectiely.

. Computethe geodesisizefor edgesandtrianglesin | andO

: Foreachsimplex s onM, Pair(s)

. Let E bethesetof theunpairedpositive edges.

. In the orderof increasinggeodesicsize,Pair(s ) for eachsim-

plexs 21

if s is negative andits pairedpositive edgeis in E then

Outputtheloop *(s) asahandleloop h.

endif

. In the orderof increasinggeodesicsize,Pair(s ) for eachsim-
plexs 2 O
9: if s is negative andits pairedpositive edgeis in E then

10:  Outputtheloop *(s) asatunnelloopt;.

11: endif

BwNBR

oNou

ed with Euler's characteristic.The timesaresummarizedn Ta-

ble 1. Obsenre thatour methodrunsfasterthanthe methodin [Dey

et al. 2007]which also computeshandleand tunnelloopsbut for

a smallerclassof inputs. In mostcasegyeodesicsizecomputation
dominateghe computatiortime. Thetimesfor surfacemeshesio

notscaleasgoodasin thevolumedata.

| Data | Size [ Ptime | Geod | Loop [ DLS |
Knotty cup 5.4k,31.9k 6.9 3.2 0.8 fail
Mother 19.5k,117k 30.3 13.9 4.1 46.5
Molecule 19.9k,115k 35.8 55 0.9 29.8
Botijo 30k, 176k 77.1 20.6 2.3 75.0
Casting 31.9k,169k 92.7 25.2 14.0 84.91
Buddha 109k,614k 1377.1 168.7 16.2 543.27
Hip 173k,996k 2400.0 648.1 265.5 fail
Children 199k,1168k 12.5 1350.8 2267.3 fail
Gearbox 478k,2582k | 23759.9 | 2058.6 | 33769.1 fail
Colon 854k,4966k | 30572.2 | 12103.9 | 37093.4 fail
Atom 3.3k,41.8k 0.5 0.3 0.2 fail
Aneurism 23k,5210k 3.1 9.1 73.0 fail
Enginel 157k,2766k 3.2 520.0 207.1 fail
Engine2 629k,20040k 11.3 7812.6 | 3392.6 fail

Table 1: Times(secondsprokeninto two parts,onefor geodesic
size computations(Geod), and the other for loop computations
(Loop). (n;m) in Sizecolumnindicatesn surfacetrianglesin M
and m volumetrianglesin K nM. Ptime columnshowsthe pre-
processingimefor producingvolumemeshe$romthesurface For
point cloud data Children this is simplythe time for a Delaunay
basedsurfacereconstruction(CocoNE softwae). DLS column
showghetimefor themethodn [Dey etal. 2007] denotecasDLS
algorithm.

6 Feature identi cation and simpli cation

In this sectionwe applythe handleandtunnelloopsfor computing
handleandtunnelfeatureson 3D models.We alsoshav how these
featurescanhelpin modifying thetopologyof the 3D models.

To identify thehandleor tunnelfeaturesyve sweepa handleor tun-
nel loop on both sidesover the surface. We run Dijkstra's shortest
pathalgorithmwith multiple sourcesnhamelytreatingall vertices
onahandleor tunnelloop assourcesAt ary momentof thesweep,
themodi ed Dijkstra's algorithmmaintainsawave front of shortest
distanceto theinitial loop. The propagatiorcontinuesuntil thera-

Figure 7: Fromleft to right: handleand tunnelloopscomputed
on Casting,tunnelfeatuesare identi ed, smalltunnelfeatuesare
lled.

Figure8: Threesmalltunnelsin Buddhaare lled.

tio betweerthelengthof the wave front andthatof theinitial loop
exceedsa userde ned threshold.We take the region sweptby the
two wave frontson eachsideasthefeaturerepresentedly thisloop.
Figuresl and 7 shav the handleandtunnelfeaturesrespectiely
computedwith this method.

Oncethehandleandtunnelfeaturesarecomputedpnecanperform

simple topology simpli cations locally by eithercutting a handle
featureor lling atunnelone.This canbeeasilydonewith thehelp

of thevolumerepresentatioof the shape For example,in thecase
of aDelaunaysurface all Delaunaytetrahedraessellatehevolume
either inside or outsidethe surface. To Il a tunnelfeature,we

rst detectall the outsidetetrahedrahathave four verticeson this

tunnelfeature,thentransferthem from outsidevolumeto inside.
As aresult,atunnelis lled. Similar operationfor handlefeatures
eliminatesa handle. For the caseof iso-surficein a volumedata,
topologysimpli cation canbeachievedin a similarway.

Figure 8 shaws the handleand tunnelloops on a Buddhamodel
computedwith our algorithm. Threesmall tunnelsconsiderecas
noisesare lled up.

7 More results

Figure 9 shaws only the tunnelscomputedon the scalarvolume
dataEngineof size256 256 256. All 20 tunnelsof this model
of genus20 have beendetected. The small tunnelin the second
closeupview is actuallylying insidewhich, if notdetectedis dif -
cultto seewith usualvisualizationtools.

Figure10(left) shavsthehandleandtunnelloopsfor anotheiscalar



Figure9: Closeupviewsof smalltunnelsin Engine.

volumedataAneurism Notice that, althoughthereare mary tiny
isolatedcomponent®n thisiso-surice,ouralgorithmhasno prob-
lem in capturingnice handleandtunnelloops. Figure 10 (right)
shaws thatour algorithmcancomputehandleandtunnelsloopson
knottedmodelswhich is not possiblewith the algorithm of [Dey
etal. 2007].

Figure 10: AneurismandKnotty Cup.

Figurell: Gearbox:genus78surfacemesheavith (478K,2582K)
Delaunaytriangles.

Figure11shawvs handleandtunnelloopscomputedoy HANTUN in
a CAD modelof genus78. We remeshedhe original surfacewith
DELPSC to produceabout478K surfacetrianglesand 2.5 million

Figure 12: Colon: genus160surfacemeshedvith (854K,4966K)
Delaunaytriangles. Three closeupviews showthe small handle
andtunnelloopsdetected.

volume triangleson which HANTUN wasrun. Figure 12 shavs
anotherarge modelof genusl60with about854K surfaceand4.9
million volumetriangles.The high genusof this surfaceis aresult
of nearbypiecesof the surfacegettingjoined asan artifact of the
dataacquisition.

OuralgorithmHANTUN is stableagainsthegranularityof the sur
facemeshM andthe volumemeshK. Figure 13 exempli es this
point. Handleandtunnelloopsshavn in the highlightedboxes of
theHip modelremainmostly stableat differentdensitiesf thesur
facemesh. Similar stability is obsered for the Molecule under
differentvolumemeshing.

8 Conclusions

We have designeda persistencéasedalgorithmto computewell

de ned handleandtunnelloopsfor a 3D model. The methodde-
rivesits simplicity and generalityfrom the algorithm for persis-
tence.Thealgorithmrunsfastandscalesvell with volumedatasets
(12 minutesfor volume datasetswith 2.8 million triangles). With

Delaunaysurfacemeshesthealgorithmtakesmoretime asevident
from data.Oneshortcomingpf themethodis thatit requiresto con-
verta surfacemeshinto a volumemeshwhich, in somecasesmay
incur notsongyligible pre-processingverhead.

We incorporategeometryby a geodesianeasure.Although intu-
itively it is clearwhy sucha measuregyivesgoodloops,it would be
niceto have aformal prooffor this factalongtheline of [Erickson
andWhittlesey 2005].

Our algorithmworks on ary valid 3D modelboundedby a closed
surface. If the surfacehasboundariesthe algorithmasdescribed
doesnotwork. Sincethereis no spaceboundedby sucha surface,
de nitions of handleandtunnelloopsbecomeinvalid. Also, one
cannotpartition the simplicesasbeingpart of inside or outsideto
run the persistencédasedalgorithm. However, the algorithmcan
be easilymodi ed to handlesuchsurfacesand even simplicial 2-
compleesasfollows. AssumeM, a2-comple, is asubcomplg of
K. After runningthe pairingalgorithmon M, simply addsimplices
from K withoutdistinguishingnsideandoutside.Theresultof this
minor modi cation is shavn in Figure 14. Of coursehandleand
tunnelloopsarenot differentiatedhoughthey aredetectedevenin
the presencef boundarieandnon-manifolds.

References

ALLIEZ, P, COHEN-STEINER, D., YVINEC, M., AND DESBRUN, M. 2005. Varia-



Figure 13: Hip: Loopscomputedvith differentsurfacemeshdensities Molecule: Volumemeshedlifferently

Figure 14: Children: Delaunaysurfacemeshreconstructedrom
pointclouddatahasartifactsasholesand nonmanifolds.

tional tetrahedrameshing.In Proc. SIGGRAPH005 617-625.

BEN-CHEN, M., GOTSMAN, C., AND BuUNIN, G. 2008. Conformal attening by
curvatureprescriptionandmetric scaling. ComputerGraphicsForum(Proc. Euro-
graphics)27.

BIASOTTI, S., GIORGI, D., SPAGNUOLO, M., AND FALCIDIENO, B. 2008. Reeb
graphsfor shapeanalysisandapplications.Theoetical Comput.Sci.392, 5-22.

BISCHOFF, S., AND KOBBELT, L. 2005. StructurepreservingCAD model repair
Comput.GraphicsForum24, 527-536.

CHEN, C., AND FREEDMAN, D. 2008. Quantifyinghomologyclasses.In Sympos.

Theoetical AspectComput.Sci, 169-180.

CHENG, S.-W., DEY, T. K., AND LEVINE, J. A. 2007.A practicalDelaunaymeshing
algorithmfor alargeclassof domains.n Proc.16thinternat.MeshingRoundtable
477-494.

COHEN-STEINER, D., EDELSBRUNNER, H., AND MOROZzOV, D. 2006. Vinesand
vineyardsby updatingpersistencén lineartime. In Proc.22ndAnn.SymposCom-
put. Geom, 119-126.

DEey, T. K., AND SuUN, J. 2006.De ning andcomputingcurve-steletonswith medial
geodesidunction. In Proc. SymposGeom Processing143-152.

DEey, T. K., LI, K., AND SuN, J. 2007. On computinghandleandtunnelloops. In
IEEE Proc. Internat. Conf Cyberworlds 357-366.

DEey, T. K. 2007. Curveand surfacereconstruction:algorithmswith mathematical
analysis CambridgeUniversity Press.

EDELSBRUNNER, H., LETSCHER, D., AND ZOMORODIAN, A. 2002. Topological
persistencandsimpli cation. DiscreteComput.Geom.28, 511-533.

EL-SANA, J.,, AND VARSHNEY, A. 1997. Controlledsimpli cation of genusfor
polygonalmodels.In Proc. IEEE Visualization 403-412.

ERIC COLIN DE VERDIERE, AND ERICKSON, J. 2006. Tighteningnon-simplepaths
andcycleson surfaces. In Proc. ACM-SIAM SymposDiscrete Algorithms 192—
201.

ERIC COLIN DE VERDIERE, AND LAZARUS, F. 2005. Optimal systemof loopson
anorientablesurface. DiscreteComput.Geom.33, 507-534.

ERICKSON, J., AND WHITTLESEY, K. 2005. Greedyoptimalhomotoy andhomol-
ogy generatorsin Proc. ACM-SIAMSymposDiscreteAlgorithms 1038-1046.

Gu, X., GORTLER, S., AND HOPPE, H. 2002. Geometryimages. In Proc. SIG-
GRAPH2002 355-361.

Guskov, |., AND WooD, Z. 2001. Topologicalnoiseremoval. In Proc. Graphics
Interface2001, 19-26.

HATCHER, A. 2002.Algebraic Topolagy. CambridgeUniversity Press.

Levoy, M., PuLLl, K., CURLESS, B., RUSINKIEWICZ, S., KOLLER, D., PEREIRA,
L., GINZTON, M., ANDERSON, S., DAVIS, J., GINSBERG, J., SHADE, J., AND
FuLK, D. 2000.Thedigital Michelangelgproject: 3d scanningof large statuesin
Proc. SIGGRAPH200Q 131-144.

NI, X., GARLAND, M., AND HART, J. C. 2004. Fair morsefunctionsfor extracting
thetopologicalstructureof a surfacemesh.In Proc. SIGGRAPH2004 613-622.

NOORUDDIN, F. S., AND TURK, G. 2003. Simpli cation andrepairof polygonal
modelsusing volumetrictechniques. IEEE Trans.Mis. Comput.Graph. 9, 191—
205.

OupoT, S, RINEAU, L., AND YVINEC, M. 2005. Meshingvolumesboundedby
smoothsurfaces.In Proc. 14thInternat. MeshingRoundtable203-219.

Pascuccl, V., SCORZELLI, G., BREMER, P.-T., AND MASCARENHAS, A. 2007.
Rohust on-line computationof Reebgraphs: simplicity and speed. ACM Trans.
Graphics.58, 1-9.

SHATTUCK, D. W., AND LEAHY, R. M. 2001. Automatedgraph-basednalysisand
correctionof corticalvolumetopology IEEE Trans.Med.Imaging 20, 1167-1177.

SHEFFER, A., AND HART, J. 2002. Seamsterinconspicuougow-distortiontexture
seamlayout. In Proc. |[EEE Misualization 291-298.

WooD, Z., HOPPE, H., DESBRUN, M., AND SCHRODER, P. 2004.Remaing excess
topologyfrom isosurbces.ACM Trans.Graphics23, 511-533.

YIN, X., JN, M., AND Gu, X. 2007. Computingshortestcyclesusinguniversal
coveringspace Visual Computer23, 999-1004.

ZHou, Q.-Y., Ju, T., AND Hu, S.-M. 2007. Topologyrepairof solid modelsusing
skeletons.IEEE Trans.\is. Comput.Graph.13, 675-685.

ZOMORODIAN, A., AND CARLSSON, G. 2005. Computingpersistenthomology
DiscreteComput.Geom.33, 249-274.

ZOMORODIAN, A., AND CARLSSON, G. 2007.Localizedhomology In Proc. Shape
Modelinginternat, 189-198.



