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Abstract
Manyapplicationsin geometricmodeling, computergraphics,visualizationandcomputervisionbene�t froma re-
ducedrepresentationcalledcurve-skeletonsof a shape. Thesearecurvespossiblywith brancheswhich compactly
representtheshapegeometryandtopology. Thelack of a propermathematicalde�nition hasbeena bottleneck in
developingandapplyingthethecurve-skeletons.A setof desirablepropertiesof theseskeletonshasbeenidenti-
�ed andtheexistingalgorithmstry to satisfythesepropertiesmainlythrougha procedural de�nition. We de�ne a
functioncalledmedialgeodesiconthemedialaxiswhich leadsto a methematicalde�nition andanapproximation
algorithm for curve-skeletons.Empirical studyshowsthat the algorithm is robust againstnoise, operateswell
with a singleuserparameter, and producescurve-skeletonswith the desirable properties.Moreover, the curve-
skeletonscan be associatedwith additional attributesthat follow naturally from the de�nition. Theseattributes
captureshapeeccentricity, a local measureof howfar a shapeis awayfroma tubular one.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Line andCurve Genera-
tion

1. Intr oduction

Theproblemof representinga threedimensionalshapewith
a onedimensionalgeometry(curves)appearsin variousap-
plicationsof geometricmodeling,computergraphics,visu-
alization and computervision. For example, in animation
andtrackinga `stick-�gure' is immenselyusefulwhich rep-
resentsthemaingeometricentitiesof ashapewith theircon-
nectivities. It allows registrations,deformations,matching
andotheroperationsin a morecontrolledmannerbecause
of the reduceddimension.The conceptof curve-skeleton
was born from thesevariousneedswhich, roughly speak-
ing, shouldbeacurvepossiblywith branchesin the`center'
of theshape.A relatedandmuchmorewell de�ned concept
is themedialaxiswhich is alsoreferredastheskeleton.The
medialaxisconsistsof thecentersof themaximalballs in-
scribedinsidetheshape.For a threedimensionalshape,the
medialaxis,in general,hastwo dimensionalcomponentsof-
tenreferredasmedialsurface.Therefore,medialaxiscannot
beasubstitutefor onedimensionalskeletons.

A main problemwith computingcurve-skeletonsis that

† Dept.of CSE,TheOhio StateUniversity, Columbus,OH 43210.
{tamaldey,sunjia}@cse.ohio-state.edu

they arenot well de�ned. Although desirablepropertiesof
theseskeletonshave beenidenti�ed basedon differentap-
plications,no mathematicalde�nition hasbeenformulated.
To �ll this void different proceduralde�nitions leadingto
differentmethodshave beenproposedfor computingcurve-
skeletons.They include,to nameafew, topologicalthinning
[BNB99], distance�eld basedmethods[ZT99] [BKS01]
[BST03] [HF05], potential�eld basedmethods[CSYB05],
andothers[OK95] [Cos99] [VL00]. Corneaet al. [CSM05]
give a comprehensive survey of thesetechniques.Although
many of thesemethodsproducecurve-skeletonswith a set
of desirableproperties,they arenot completelysatisfactory
as pointedout in Corneaet al. [CSM05]. We believe that
this limitation stemsfrom thelackof a propermathematical
de�nition of curve-skeletons.

In this paper, we give a mathematicalde�nition of the
curve-skeletons.Sincethe curve-skeletonshouldbe in the
`middle' of the shapeit is naturalto de�ne it assomesub-
setof themedialaxis.Whatwe aim for is to determinethe
`middle' of the medialaxis. Algorithms to thin the medial
axisbasedonthedistancesfrom theboundaryhavebeende-
signedon this principle.Themainproblemin this approach
is that a large part or the entire medial axis may have the
samedistancefrom theboundary;e.g.,themedialsurfaceof
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Figure 1: (a) Femalemodel,(b) approximatedmedialaxis
renderedwith MGF values,(c) extractedcurve-skeletonren-
dered with the eccentricityvalues,Coloring scheme:red
tone : big values,blue tone : small values,green tone :
mediumvalues.

a thin plate.It is not clearhow the thinningprocessshould
proceedin suchcases.Oneof our main contributionsis to
de�ne afunctiononthemedialaxiswhosesingularitybrings
out its `middle'. The function is basedon thegeodesicdis-
tancesbetweenpointswherethemaximalballsde�ning the
medialaxistouchtheshapeboundary. We call it themedial
geodesicfunction(MGF). In a sense,the medial geodesic
function combinesthe intrinsic property of the bounding
surface(by geodesicdistances)with its embeddingin three
space(by the medialaxis) therebycapturingthe shapein-
formationcomprehensively. Justasthesingularpointsof the
standarddistancefunctiongivesthemedialaxis,thesingular
pointsof this functiongivesthecurve-skeleton.Figure1(b)
and (c) show the medial geodesicfunction and the curve-
skeletonof theFemalemodelrespectively.

Our de�nition allows additional shapeinformation to
be associatedwith the curve-skeleton. First, the medial
geodesicfunctionvaluesgivenby theshortestgeodesicdis-
tancesbetweenthepointswherethemaximalballstouchthe
surfacegive thesizeinformationof theshape.Second, the
ratiosbetweenthegeodesicandtheEuclideancirclespass-
ing throughthesetouchingpoints tell how far the shapeis
locally away from a tubularone.Wereferto this ratioasec-
centricity. Thecoloring in Figure1(c) shows theeccentric-
ity valuesassociatedwith the curve-skeleton.Furthermore,
Our de�nition allows to mapthecurve-skeletonbackto the
surfaceeasily. Theseextra featuresareusefulfor variousap-
plications.

2. De�nition

Let O � R3 beaspacecalledshapeboundedby aconnected
manifoldsurfaceS. ThemedialaxisM � O is thesetof cen-
tersof themaximalballsinscribedin O.

Giblin andKimia [GK04] show that,generically, M con-

sistsof � ve typesof points giving it a strati�ed structure.
Onetypeform two dimensionalsheets,two of thetypesform
curvesandtheresttwo typesremainasisolatedpointsonthe
medialaxis.Figure2(a) shows four of thesetypes.
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Figure 2: (a) Thestrati�ed structure of the medialaxis of
a rectangularblock. (b) Onesheetof the medialaxis. Red
pointsx, y, z are on this sheet.Greenpointsare their corre-
spondingcontactpointson thesurfaceandblack pathsare
theshortestgeodesicpathsbetweenthesecontactpoints.(c)
Medial axisrenderedwith MGF valuesfollowing thecolor-
ing schemeof the title �gur e. (d) Redlines, blue lines and
greenpointsareSk2, Sk3 andthelimit pointsof their union,
respectively.

First we focuson thepointsthatform sheets;shown with
grey in Figure 2(a). The maximal inscribedballs of such
pointstouchthesurfaceSat exactly two distinctpoints.Let
M2 � M be the setof suchpoints.Eachpoint in M2 hasa
neighborhoodwhich is an opendisk andhenceM2 is a 2-
manifold.SinceM nM2 hasmeasurezeroin M, in general,
M2 coversmostof M.

2.1. Medial GeodesicFunction (MGF)

For apointx 2 M2, let Bx bethemaximalinscribedball cen-
teredat x and ax and bx be the two points of S whereBx
meetsS. De�ne f (x) to bethelengthof theshortestgeodesic
pathon Sbetweenax andbx. We call f themedialgeodesic
function, MGF, of O. Figure2(b) shows the corresponding
shortestgeodesicpathsfor several pointson M2. If a point
x 2 M2 have morethanoneshortestgeodesicpathsbetween
ax andbx, their lengthsareequal.HenceMGF is well de-
�ned on M2. Figure2(c) shows the renderingof M2 based
on theMGF value.We will de�ne thecurve-skeletonin M2
asthesingularsetof f . Severalpropertiesof thissingularset
(someobservedandsomeproved)motivatesthisde�nition.
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By our assumptionthe surfaceS is connected,compact,
andwithout boundary. Further, we assumethatS is smooth
(C¥ ). The function f is de�ned on M2. De�ne f : M2 !
S� S, x 7! (ax;bx). Using a techniquesimilar to Attali et
al. [AJDL03], it canbeshown thatM2 is asmoothmanifold
andf is differentiableprovidedS is smooth.We denotethe
lengthsof theshortestgeodesicbetweentwo pointsx andy
in S, M2, andR2 by dS(x;y), dM(x;y), andd(x;y) respec-
tively. ConsideringdS asa functionfrom S� Sto R wehave
f = dS � f . Let a : M2 ! R2 be the local coordinatefunc-
tion for x 2 M2. The mapa is a diffeomorphismsinceM2
is a smoothmanifold. We usea to de�ne f̃ : R2 ! R so
that f̃ (a(x)) = f (x). Fromstandardde�nition in differential
geometry f is calleddifferentiableat x if andonly if f̃ is
differentiableata(x).

We arguethat thesingularitiesof f , i.e., thepointsin M2
where f is not differentiablehasa Lebesguemeasure zero.
Thiswouldmeanthatthesingularitiesof f constitutecurves
or isolatedpoints on M2, which we de�ne as the curve-
skeletonin M2.

Property 1 Thesingularityof f hasmeasurezeroin M2.

To prove that the singularityof f hasmeasurezero,we
show that f̃ is locally k-Lipschitz (de�ned below) for some
k > 0. For then the singularset of f̃ hasmeasurezeroby
Rademacher's theorem[Fed96]. It follows that thesingular
setof f hasmeasurezeroby local coordinatemaps.

A functiong: Rn ! R is calledlocally k-Lipschitzneara
point x 2 Rn if for somee> 0

g(x) � g(y) � kkx� yk

for any y 2 Rn wherekx� yk � e.

Observation 1 The function f̃ : R2 ! R is locally k-
Lipschitzfor somek > 0.

Proof For somee> 0 anda point x 2 M2, let y beany point
whered(a(x);a(y)) � e. Considertheshortestgeodesicsgx
betweenax andbx, andgy betweenay andby. The lengths
jgxj andjgyj satisfy

jgxj � jgyj + dS(ax;ay) + dS(bx;by):

Sincef is differentiable,thereis somek1 > 0 sothatwehave
maxf dS(ax;ay);dS(bx;by)g � k1dM(x;y) whenx andy are
suf�ciently close.Also sincethe local coordinatefunction
a is differentiable,we have dM(x;y) � k2d(a(x);a(y)) for
somek2 > 0. Therefore,

f̃ (a(x)) = jgxj � jgyj + 2k1k2d(a(x);a(y))

= f̃ (a(y)) + 2k1k2d(a(x);a(y))

proving that f̃ is locally 2k1k2-Lipschitz.

Wedonothaverigorousmathematicalproofsfor thenext
two propertiesthoughwe conjecturethem to be true. We
haveobservedthepropertiesfrom experimentsaswell.

Property 2 Thereis no localminimumof f in M2.

Thispropertycanbearguedroughlyasfollows.SinceM2
is amanifold,any pointx in M2 hasaneighborhoodN � M2,
which is a disk. Let g be the geodesicpathbetweenax and
bx. In any smallenoughneighborhoodof x, thereis a point
y suchthatay is ong. If by is alsoongthen f (x) > f (y) and
we aredone.However, in general,by maynot beon g. But
we observe that by is closeto g andhenceit is likely that
f (x) > f (y) still holds.

Property 3 At eachsingularpointx of f therearemorethan
oneshortestgeodesicpathsbetweenax andbx.

A rough argumentwhy the above property is true may
proceedas follows. We have f = dS � f and f is differen-
tiableonM2. Therefore,f is differentiableatapointx 2 M2
if dS is differentiableat f (x). Supposethat thereis only a
singleshortestgeodesicpathg betweenax andbx. Thenin
a suf�ciently small neighborhoodN of (ax;bx) in S� S, all
geodesicpathsbetweena andb for (a;b) 2 N smoothlycon-
vergeto g as(a;b) approachesto (ax;bx). This meansdS is
smoothat (ax;bx) and so is f at x contradictingthat f is
singularat x.

2.2. Skeletonde�nition

We observe that the behavior of the medialgeodesicfunc-
tion is likeadistancefunction.First,MGF is continuousand
differentiableeverywhereonM2 exceptatameasurezeroset
in M2. Second,wehave observedthatproperty2 and3 hold
in practice.This meansMGF hasno local minimumon M2
which is openin M andthesingularityof f occursroughly
in the`middle' of M2.

We de�ne the curve-skeletonin M2, denotedby Sk2, as
thesetof singularpointsof MGF onM2. To extendthede�-
nition beyondM2, we usea differentcharacterizationof the
singularpointsby meansof divergence.It is reminiscentof
theuseof divergencefor de�ning medialaxisby Siddiqi et
al. [SBTZ99]. The gradientof MGF, Ñ f , de�nes a vector
�eld on M2 exceptat thesingularpoints.Thedivergenceof
thevector�eld at point x, div(x), is thenetoutward�ux per
unit areaon M2 taken over a neighborhoodD shrinkingto
zero,i.e.,

div(x) := l imA! 0

R
C < Ñ f ;n > dC

A

whereA is the areaof D, C is the boundaryof D andn is
theoutwardnormalat a point onC asshown in Figure3(a).
Thedivergenceis negativeat thesingularpointsbut 0 every-
whereelse.In otherwords,Sk2 consistsof thepointswhere
thegradient�o w of MGF sinksinto.

Next weconsiderthesetof pointsM3 � M whereM3 con-
stitutescurveslying attheintersectionof theclosureof three
sheetsin M2. The thick black lines in Figure2(a) aresuch
curves.Themaximalinscribedball of suchapoint touchesS
at threepoints.AlthoughMGF is not well de�ned for these
points,we considerMGF de�ned on their neighborhoods.
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Figure3: (a) Neighborhoodof a point in M2. (b) Neighbor-
hoodof a point in M3.

Let x be sucha point. The neighborhoodof x in M2 con-
sistsof threetopologicalhalf disks.Consideroneof them,
sayHD. We de�ne thedivergencewith respectto HD for x,
div(x)jHD, asfollows.

div(x)jHD := l imHA! 0

R
HC < Ñ f ;n > dHC

HA
whereHA is theareaof thehalf disk HD, HC is thebound-
ary of HD on M2 as in Figure3(b). The point x is on the
curve-skeleton if div(x)jHD is negative for all three half
disksin theneighborhoodof x. Basically, x is on thecurve-
skeletonif the gradient�o w of MGF from all three local
neighboringsheetssink into it. Let Sk3 denotesuchsetof
points.

Now considerthe restof the typesof points in M. One
type of points form the boundarycurves of M wheretwo
contactpointsof themaximalinscribedball with thesurface
coincide.In caseof the rectangularblock shown in Figure
2(a), thesecurvesarethetwelveedgesof theblock.Therest
two typesof pointsaretheisolatedpointsonthemedialaxis
whereat leasttwo curvesmeet.We do not explicitly de�ne
thecurve-skeletonfor thesethreetypesof pointssincethey
areeithertheboundaryor the isolatedpointson themedial
axis. A point of one of thesethreetypesis on the curve-
skeletonif it is thelimit pointof Sk2 or Sk3.

Finally, wede�ne thecurve-skeletonof O, SkO astheclo-
sureof Sk2 [ Sk3. Figure2(d) shows thecurve-skeletonfor
a rectangularblock.

3. Algorithm Overview

In generalit is extremelyhardto computethecurve-skeleton
exactly as we de�ned. It is well known that exact medial
axis computationis harddueto numericalinstability asso-
ciatedwith the computations.Performingan exact compu-
tation basedon the analysisof a function de�ned on the
medialaxiswould beevenharder. We bypassthis dif�culty
by computingan approximationof the curve-skeleton.Ex-
tensive experimentsshow that the algorithmis effective in
practice.

Assumethattheinput is ashaperepresentedby apolygo-
nal surface.Ideally, theapproximationalgorithmcanbede-
scribedin thefollowing threesteps.First, computea polyg-
onalapproximationof themedialaxis.Second,computethe
gradientof MGF for the centerof eachmedial axis facet

(a) (b) (c) (d)

Figure 4: (a) and (b) two different polygonalapproxima-
tion of the medialaxis.Thesmall black lines starting from
thecenters of thepolygonsrepresentthegradientvectorof
MGF at thesecenters. Red line segmentsare the marked
skeletonedgeswhere thedivergenceof thegradientof MGF
is negative, (c) erodedmedialaxis,(d) bluesegmentsare the
skeletonedgescollectedduringerosion.

(polygon),which approximatesthegradientfor all pointsin
that facet.Third, mark the edgesof the medialaxis facets
with negativedivergenceasskeletonedge.Theoutputcurve-
skeletonconsistsof all marked skeletonedges.Figure4(a)
illustratesacurve-skeletoncomputedwith thisstrategy. This
result,however, is anaccident.In practice,thepolygonalap-
proximationof themedialaxiswill mostlikely beworseand
hencethe computationof the gradientof MGF will be less
accurate.As a result, the curve-skeletoncomputedby the
above threestepswill mostlikely bedisconnectedasFigure
4(b) illustrates.To overcomethis problemcausedby dis-
cretizationandapproximationerror, we introducean addi-
tionalstepof medialaxiserosionto recoverthemissingpart.
The medialgeodesicfunction guidesthe erosion,which is
the reasonwhy the curve-skeletonis roughly in the middle
of the medial axis. Speci�cally, the erosiononly removes
piecesof the medialaxis from the boundaryof the subset
thathasyet not beeneroded.Also, amongall erodableele-
ments,theonewith thesmallestMGF valueis eroded�rst.
At thesametimetheedgesmarkedin thethird steparenever
allowedto beeroded.Figure4(c) shows a stagewherethree
facetsstill needto beeroded.Figure4(d) showstheextracted
curve-skeleton.

ExtractionAlgorithm:

step1: (MA approximation)Computea polygonalapproxi-
mationof themedialaxisusingtheinputpolygonalsurface.

step 2: (MGF approximation) Approximate the medial
geodesicfunctionandits gradientfor thepointsinsideeach
medialaxisfacet.

step3: (Marking) Mark the edgesof the medialaxis facets
with negativedivergenceasskeletonedges.

step4: (Erosion)Erodethemedialaxisin theincreasingor-
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Figure 5: The�r st row showsthe extractedcurve-skeletonsfor surfaceswith genus0. Thesecondrow showsthe extracted
curve-skeletonsfor surfaceswith genusmore than1. Theskeletonedgesarecoloredbasedon their eccentricityvalues.

der of its MGF valuefrom the boundarywhile keepingthe
edgesmarked in thestep(3) intact.Outputtheedgesof the
medialaxisthatsurvive theerosionasthecurve-skeleton.

Figure5 shows thecurve-skeletonextractedby theabove
algorithmfor anumberof shapes.

Before we detail eachstep of the extraction algorithm
in section5, we illustrate several propertiesof the curve-
skeletonextractedby ouralgorithm.

4. Properties

In anicesurvey, N.D. Corneaetal. [CSM05] compileda list
of desirablepropertiesfor thecurve-skeletonsbasedon nu-
merousapplications.In general,it is desirablefor a curve-
skeletonto be homotopy equivalent to the shape,invariant
underisometrictransformations,thin, centered,junctionde-
tective, stable(robust) and connected.Our curve-skeleton
enjoysall of theseproperties.

It is obvious that our algorithm guaranteesthat the ex-
tractedcurve-skeletonis invariant under isometric transfor-
mation, connected andthin.

Thehomotopy equivalence followsfromthefollowingob-
servation.Firstof all themedialaxisis adeformationretract
of theshape.Second,theerosionis implementedwith acol-
lapseoperationthatgivesadeformationretractof themedial
axis (seethedetaileddescriptionin section5.4). Hencethe
curve-skeletonis actuallyadeformationretractof theshape.
Figure5 shows thatthecurve-skeletonshave thesamenum-
berof loopsasthenumberof tunnelsin their corresponding
shapes.

The extractedcurve-skeletonis centered becauseof the
following two reasons.First of all, the curve-skeletonis a
subsetof theapproximatedmedialaxisandhenceis centered
with respectto thedistance�eld de�nedby thesurface.Sec-
ond,by property3, a point x in M2 is on thecurve-skeleton
only if thereare multiple shortestgeodesicpathsbetween
two touchingpoints,ax and bx. This meansthat the point
x is in the middle of M2. Differentexamplesgiven in this
paperalsoshow thecenterednessof thecurve-skeleton.

A curve-skeleton should remain stable against small
changesin the shape.In particular, small changesintro-
ducedby noiseshouldnot affect the curve-skeletonsignif-
icantly. Although the medial axis basedon which we ex-
tract the curve-skeletonis not stableundershapeperturba-
tions[Wol92,ACK02,AJDE04], thecurve-skeletonremains
stable.Thereasonis thattheunstablepartsof themedialaxis
do not contribute to our curve-skeleton.Figure6(a) and(b)
show a noisyHand(we generateit by perturbingthepoints
of a smoothHandshown in Figure13) andits medialaxis
respectively. As we canseethemedialaxishasa numberof
spikesbecauseof noise.However, thesespikesarecloseto
the boundaryandhencehave small MGF valueasthe col-
oring of themedialaxisshows. Theerosionprocesserodes
thesespikesbeforereachingthe“middle” of themedialaxis,
wherethe curve-skeletonis. Figure 6(c) shows the curve-
skeletonof noisyHand,which is almostthesameastheone
of smoothHandin Figure8 thoughit hasmorewiggles.

The curve-skeletoncomputedby our algorithm remains
stableundercertaindeformationswherethetopologyof the
shapedoesnot changeand the geodesicdistancebetween
any two pointson thesurfacedoesnotchangemuch.Defor-
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(a) (b) (c)

Figure 6: (a) NoisyHand,(b) themedialaxisof thenoisy
Handcoloredwith MGF values,(c) thecurve-skeleton.

mationsin animatedcharactersmostly belongto this cate-
gory. Figure7 shows thecurve-skeletonsfor a seriesof de-
formedhorsesgeneratedby SumnerandPopovic [SP04]. As
we cansee,the structureof the curve-skeletonremainsun-
changedasthe horsesurfacedeforms.Although the curve-
skeletonsaredeformed,the lengthof eachcomponentand
its eccentricityvalue (the coloring of the curve-skeletons)
almostremainthesame.

Figure7: Thecurve-skeletonsfor theanimatedhorses.

A curve-skeletonis junction detective if it encodesthedif-
ferent logical componentsof the shape.Although the def-
inition of the logical componentsof a 3D shapeis vague
in general,it is often obvious for someclassesof shapes.
We observe from variousexamplesthat the curve-skeleton
as computedby our algorithm is junction detective. Since
the curve-skeleton is a 1D curve, thereare threetypesof
curve-skeletonpoints:boundarypointsthathaveahalf inter-
val neighborhoodon thecurve-skeleton,regularpointsthat
have an interval neighborhoodand the restcalled junction
points.The junction pointsattachdifferentbranchesof the
curve-skeleton.As shown in Figure 8, the logical compo-
nentsof Armadillo, including torso, arms,legs, tail, ears,
mouth,�ngers andtoes,have a one-to-onecorrespondence
with thebranches(coloreddifferently)of thecurve-skeleton.

Thecurve-skeletonsof othermodelsin thispapersuchasFe-
male,Boy, HandandHorsealsoshow their ability to detect
thejunctions.Junctiondetectionis akey propertyof acurve-
skeletonwhich many applicationsdependon suchasmesh
decompositionandshapematching.

4.1. Shapeeccentricity

In addition to those mentionedin [CSM05], the curve-
skeletonextractedby our algorithmcanbe associatedwith
two otherattributes,which make themencodeshapeinfor-
mationmorecomprehensively. Ourde�nition andalgorithm
allow easycomputationof thesetwo quantitiesfor each
skeletonedge.Considerthe handin Figure 8. We approx-
imatethemedialaxisusinga subsetof theVoronoidiagram
andhenceeachskeletonedgeE is a Voronoi edge,whose
dual Delaunaytriangle t hasthreeverticeson the surface
(redpoints).Thegeodesicpathsbetweeneachpair of them
togetherform a`circle' (redcircles),calledthegeodesiccir-
cleof E. Thelengthof thiscircle,denotedg(E), capturesthe
local sizeof OE � O whereOE correspondsto theskeleton
edgeE. Let c(E) denotethelengthof thecircumcircleof the

dual trianglet (bluecircles).Theratio g(E)
c(E) essentiallytells

how muchOE deviatesfrom a tubular shape.We call this
ratio theeccentricityof E, denotedby e(E). In Figure8, the
�ngers have small eccentricityvalueandarecloseto tubu-
lar shapewhile thepalmhasa big eccentricityvalueandis
more�at. In Section5.6 we detail thealgorithmfor identi-
fying tubular/�at regionsof ashapeusingeccentricity.

Armadillo Hand

Figure 8: Armadillo: the branchesof the curve-skeleton
correspond to logical componentsof the shape. Hand:
geodesiccircles,colorsof thecurve-skeletonindicatetheec-
centricityvalues.

5. Algorithm details

In thissectionwegivethedetaileddescriptionof eachstepof
theextractionalgorithmdescribedin section3. We assume
thattheinputsurfaceis aconnectedtriangulatedsurface,de-
notedby T.
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5.1. Medial axisapproximation

In thiswork wefollow theVoronoidiagram�ltration of Dey
andZhao [DZ03] to approximatethemedialaxis.This ap-
proach�lters the Voronoi diagramof a set of verticeson
the surfaceand retainsa set of Voronoi facetsto approxi-
matethe medial axis. The main problemwith this medial
axiscomputationis thatthe�ltration, oftenguidedby some
input parameters,leave someunwantedspikes or holesin
theapproximatemedialaxis.However our algorithmis not
affectedby this shortcomingaswe avoid the �ltration and
insteadtake all theVoronoi facetsinsidethespacebounded
by T asa preliminaryapproximationof themedialaxis,de-
notedby MT . Eventually this supersetof the medial axis
getserodedby ouralgorithm.Figure6(b) andFigure9(a),(b)
show theapproximatedmedialaxesof HandandT-shapere-
spectively.

Note that the medialaxis of a trianguledsurfacecanbe
computedexactly [CKM04]. However, this exact computa-
tion is expensive.Fortunately, themedialaxisapproximated
by the Voronoi diagramserves our purposeas long as the
verticesof the trianguledsurfaceform a densesamplingof
theoriginalobject.

5.2. MGF Approximation

For a Voronoi facetF on theapproximatedmedialaxis, let
aF andbF betwo endpointsof thedualDelaunayedgeof F,
asin Figure9(c). Wecomputetheshortestgeodesicdistance
f (F) betweenaF andbF by usingthe algorithmpresented
by V. Surazhsky et. al [SSK� 05]. Theblackcurve in Figure
9(a) shows the shortestgeodesicpath betweenaF and bF
computedby their algorithm. We approximatethe medial
geodesicfunction for any point insideF with this quantity
f (F). Themedialaxisin Figure9(b) is renderedwith differ-
entcolorsfor differentrangesof MGF values.

We approximatethe gradientof the MGF for any point
insidea Voronoi facetF asfollows. First, we computethe
tangentdirectionsva andvb of theshortestgeodesicpathat
the two endpointsaF andbF respectively. Next, we project
thesetwo vectorsontotheVoronoifacetF andapproximate
thegradientÑ f for any point insideF usingthenormalized
summationv(F) of thesetwo projectedvectors.The white
arrows in Figure9(e) show thevectorv(F) for theVoronoi
facetsinsidethewhitecirclemarkedin Figure9(b).

5.3. Marking

Becauseof theerosionprocess,we do not needto markall
skeletonedgesin this step.In fact,theactualpurposeof the
markingstepis to �nd thoseskeletonedgeswhich form the
boundaryof thecurve-skeleton.Considera VoronoiedgeE
and let F be any Voronoi facetincidenton it as shown in
Figure9(d). Thedot productdE(F) of v(F) andthe inward
normal n of the edgeE towardsF, approximatesthe �ux

vb

va

v (F)
v (F)

F

Fa

bF

n
E F

(c) (d)

(a) (b)

(e)

Figure9: (a) T-shape:themedialaxis,markingstepmarked
theredskeletonedges,(b) themedialaxisrenderedwith the
MGF values,cyanskeletonedgescollectedduring erosion,
(c) illustration for the MGF gradientcomputationfor each
Voronoifacet,(d) illustrationfor thedivergencecomputation
for each Voronoiedge, (e)zoomedareaof thewhitecircle in
(b).

�o wing into any pointonE from theneighborhoodin F. We
marktheVoronoiedgeE asaskeletonedgeif dE(F) < q for
any incidentVoronoi facetF whereq is aninput parameter.
Actually q is the only input parameterfor the entirecurve-
skeletonextractionalgorithm.Wewill show its effect laterin
this section.In addition,to avoid smallbranchesin the�nal
curve-skeleton,at mostoneedgeis allowedto bemarkedas
skeletonedgefor aVoronoifacetin thisstep.Also wedonot
mark edgeson the boundaryof MT . Notice that,whenever
anedgeis marked,its two endpointsarealsomarked.Figure
9(a) shows the skeletonedges(red) marked after this step.
As wecanseethey arein the`middle' of themedialaxisbut
aredisconnected.SinceMGF hasno local minimumin M2
asProperty2 claims,theskeletonedgesmarkedin this step
cannot form a loop.

5.4. Erosion

The erosionproceedsby collapsingfacets,edgesand ver-
tices from MT gradually. ConsiderMT as a cell complex
consistingof threetypesof cells: Voronoi facets,Voronoi
edgesandVoronoivertices.A cell t is a faceof anothercell
s if t is on theboundaryof s. We alsosays is a cofaceof
t . A pair (t ;s) is a face-cofacepair if t is a faceof s. In our
case,therearethreetypesof suchpairs:(edge,facet),(ver-
tex,facet)and(vertex,edge).The erosionactuallyproceeds
by collapsingface-cofacepairs.Onewayto think of collaps-
ing a pair (t ;s) is to pushevery point on s andt onto the
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Model #V MA MGF Erosion Total
Genus3 6652 0:03 1:13 0:0 1:17
Female 8904 0:08 4:44 0:0 4:52
Horse 15563 0:18 8:31 0:0 8:51

Armadillo 25001 0:18 10:04 0:01 10:25
RockerArm 40171 0:34 36:19 0:01 36:56

Table1: Computationtimes(minutes:seconds)ona 2.8GHz
PCwith 1GHzRAM.

otherboundaryof s, seeFigure10. It is thesameass and
t beingeroded.A face-cofacepair (t ;s) is collapsible if s
is theonly cofaceof t thathasnot beencollapsedso far. If
weonly collapsethecollapsiblepairs,thespacesbeforeand
afterthecollapseremainhomotopy equivalent.

The MGF value guidesthe erosion.The assignmentof
MGF valueto every facetin MT is describedin section5.2.
An edgeand a vertex is assignedan MGF value equal to
themaximalof theMGF valuesof the facetsincidentto it.
The erosionremovesa pair (t ;s) wheret is not a marked
skeletonedgeor a vertex in the markingphaseand f (t ) is
theleastamongall suchcollapsiblepairs.

step 1: Initialize a priority queueQ with all the initial col-
lapsiblepairs,theonehaving thesmallestf (t ) beingat the
top. Thesepairsarethe edgeson the boundaryof MT and
their cofaces.

step 2: Popthetopelement(t ;s) outof Q anderodes andt .
Theerosionof thesetwo cellsmaymakesomeadjacentpairs
collapsible.If neitherof the two cells in a new collapsible
pair hasbeenmarkedin themarkingstep,pushthepair into
Q. Repeatstep2 until Q is empty.

t s

(a) (b)

collapse

Figure 10: (a) Collapsing(t ;s), (b) a seriesof collapses,
rededgesandverticesaremarkedin themarkingstep.

Table 5.4 shows the timing of the algorithm for some
models.

5.5. Effect of q

Finally we describethe effect of the only userparameter
q, which is usedin the markingstepto identify the points
with certain negative divergenceof the gradient �eld of
MGF. As q decreases,theconditionfor pointsbeingon the
curve-skeletonbecomesmorestrict andtheresultingcurve-
skeletonbecomesless detailed.Formally, let SKq

O be the
curve-skeletonof a shapeO extractedwith parameterq. We

have SKq1
O � SKq2

O if q1 < q2. Figure11 shows a seriesof
curve-skeletonsof Proteinwith differentq values.As q de-
creases,thecurve-skeletoncorrespondingto thelesspromi-
nentfeaturesgo away. Whenq reachesa valuea little less
than� 1, no edgeandpoint is marked in the markingstep
sincetheconditiondE(F) < q is notsatis�edfor any edgeE
andany of its incidentfacetF andthecurve-skeletonreaches
its simplestform consistingof loopsonly. Differentq canbe
chosenfor differentapplicationsof thecurve-skeleton.

q=-0.5 q=-0.8 q=-1.01q=-0.99

Figure 11: A seriesof curve-skeletonsof Proteinwith dif-
ferentqs.

5.6. Computing tubular regions

Many shapeshave pronouncedfeatureswhichareperceived
to betubularand�at. Thisshapeinformationshouldberead-
able from the medial axis which encodesthe shapecom-
pactly. A recentwork of Goswami et.al [GDB06] points
toward this direction. As a subsetof the medial axis, the
curve-skeletontogetherwith theeccentricityvaluecanindi-
catehow muchtheshapedifferslocally from a tubularone.

First,all skeletonedgesareclassi�edinto two types,ones
with eccentricityvalueslessthana“threshold”andthe rest.
Second,we computethe geodesiccircle for eachskeleton
edgeE and attachthe meshtrianglesintersectedwith the
geodesiccirclewith anid number(say1) if e(E) is lessthan
thethresholdandanotherid number(say0) otherwise.Fig-
ure12(a) shows theresultafterthis stepwherethemeshtri-
angleswith only oneid numberarerenderedwith blueif id
numberis 1 or white if it is 0, thosewith no id numberare
renderedwith grey color, andthosewith two id numbersare
renderedwith redcolor. To computea componentwe carry
out a depth�rst searchstartingfrom a meshtrianglewith
only oneid numberandwalk to theadjacenttrianglesuntil a
trianglewith a differentid numberis reached.Figure12(b)
shows thetubular part(in blue)for Genus3with a threshold
1:41.

Figure13showstheidenti�cation of tubularpartsfor two
othermodels.

6. Comparisons

In this section,we make a brief comparisonbetweenour al-
gorithmandsomeexisting ones.Our algorithmextractsthe
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Figure12: Genus3:theupperthreelegsare �at.

Hand Mechpart

Figure13: Thetubular part (in blue)of HandandMechpart
with threshold1:3.

curve-skeletonby erodingthemedialaxis.Unlikeotherme-
dial axis basedalgorithms,the extractedcurve-skeletonby
our algorithmremainsstableagainstthe noiseeven though
themedialaxismaynot.Distance�eld basedmethodsworks
nicely andef�ciently for thetubular objects,see[HF05] for
recentresults.Sincethepointswith thesamedistancesfrom
the boundaryof someshapesmay form surface patches,
the distance�eld basedmethodsmay facedif�culty in ex-
tractingcurve-skeletonsfor thoseshapes.Thepotential�eld
basedmethodis proposedto �x this problemby takinginto
accountthesurfacearea,seefor example[CSYB05]. How-
ever, in practice,the potential�eld basedmethodstill may
fail for theshapescontainingthin �at parts.Imaginea very
thin �at plate.Thevariationof thepotential�eld canbevery
subtlein the middle of this shapesincethe surfaceareaon
thesides(theonly placeproducingdifferentpotentials)are
relatively small and far away from the middle. Figure 14
shows the comparisonresultsbetweenour methodandthe
potential�eld basedmethodof [CSYB05]. Notice that the
earsof Dog arethin and�at. Thesurfacesshown in Figure
14(a),(c)aretheextractedisosurfacesof thevolumedata.We
choosetheparameter'Potential�eld strength'to be8 and6
andthe parameter'highestdivergencepoints' to be 65 and
20 for (a) and(c) respectively, which give the bestresults.
The curve-skeletonextractedusingpotential�eld may not
be connected(a) or may not be centered(earsin (c)). One
moreadvantageof our methodis that our algorithmneeds
only one usersuppliedparameteras opposedto many for
theexistingalgorithms.

7. Discussionsand Futur ework

In this paper, we introduce a mathematicalde�nition of
curve-skeletons for 3D shapeswith connectedmanifold
boundary. We presentan algorithm to approximatethese
curve-skeletons.Extensive experimentsshow that the ap-
proximationalgorithmis effective in practice.Wealsoshow
that the extractedcurve-skeletonsenjoy many nice proper-
ties. It is appropriateto mention that our de�nition only
works for shapeswith connectedboundary. For otherwise
thegeodesicdistancesareunde�nedbetweenpointson dif-
ferentconnectedcomponentsof theboundary.

Therearepathologicalcaseswhereour algorithmfails to
extractacurve-skeletonthoughourde�nition providesa1D
curve. In thesecases,althoughtheboundaryof theshapeis
connected,its medialaxiscontainsaclosedsurfaceprevent-
ing theerosionprocessto proceed.Onesuchexamplecanbe
derived from the famous“housewith two rooms” [Hat02],
which is a contractibletwo dimensionalsubspaceof R3. A
small thickeningof this “housewith two rooms” createsa
shapewhosemedialaxiscontainsaclosedsurface.

It would be interestingto apply the curve-skeletonsex-
tracted by our algorithm in various applicationssuch as
shapematching,meshdecomposition,and animation.We
planto addressthis issuein futurework.
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